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ABSTRACT
The aim of this paper is to consider the time-decay properties of the solution for
the Rosenau-Burgers equation in the form Us + Uppzpt — QUzy + Bugy + ¢(u), =
0. In particular, we prove some algebraic time decay rates of the solution within some
spatial Sobolev spaces. The asymptotic stability the solution of the corresponding of linear
equation is also obtained. To prove all of these, we make using of the method of Fourier
transform together with the energy method.
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1. Introduction

We consider the Cauchy problem for the generalized Rosenau-Burgers equation (R-
B) in the form

Ut + Upprzt — QUgz + Pugy +0(w) =0, z € Rt >0, (1.1)

with initial data
ult=o = ug(z), (1.2)

* This work was partly supported by Ministry of Education of Japan Grant-in-Aid under
Contract P-96196 for JSPS, and Sasakawa Scientific Research Grant No.8-069 from the Japan

Science Society.
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316 MING MEIL

where a > 0, 3 € R! are the given constants, the nonlinear function ¢(u) is smooth

and satisfies

|6/ (w)| < ClulP™, (1.3)

for some C >0 and p > 1.

"When a = 0, equation (1.1) is called as Rosenau equation proposed by P.
Rosenau [Ro] for treating the dynamics of dense discrete systems. Since the KdV
equation describes a unidimensional propagation of waves, wave-wave and wave-
wall interactions cannot be treated by it. Further, the slope and the behavior of
high amplitude waves may not be well predicted by the KAV equation, because it
was modelled under the assumption of weak anharmonicity. In order to overcome
the shortcomings of the KdV equation, P. Rosenau has developed the model of
(1.1) with @ = 0. This model has been studied by Park [Pa] and by Chung and
Ha [CH]. Both of them deal with the global existence and the uniqueness of the
solution for IBVP by using of Galerkin’s method. When « > 0, we call equation
(1.1) as the Rosenau-Burgers equation (R-B) somehow corresponding to the KdV-
B and the BBM-B equations, but it is given neither by Rosenau nor by Burgers.
The asymptotic properties of the solutions for the KdV-B equations and for the
BBM-B equations have been studied by many persons (see Bona and Luo [BL},
Zhang [Zh], and also the references therein). In this paper, we are going to show
the global existence and the time-decay rates of the solution for (1.1) and (1.2),
and the stability of the solution to the corresponding linearized equation of (1.1) by
means of the method of Fourier transforms with the energy method. The method
we adopt is similar to the skill used by Zhang [Zh], but more technical than Zhang’s.
The nonlinear stability of travelling wave solutions of (1.1) will be discussed by the

author in another paper [Me].

We first state some notations for simplicity. C always denotes some positive
constant, but never depends on t. H* (k > 0 integer) denotes the usual Sobolev
space with the norm || - ||x, L? denotes the square integrable space with the norm

I -1, and L* is the essentially bounded space with the norm || - ||oo. Suppose that
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f(z) € L' N L?(R), we define the Fourier transforms of f(z) as follows:
FIA© = f©) = [ S@etae.

Qur plan in this paper is the following: after stating our main results and some
elementary preliminaries in Section 2, we give the proofs of the main theorems in

Section 3.

2. Main Results and Preliminaries

We first state the following two well-known lemmas which can be found in Segal

[Se] (see also Matsumura [Ma]) and Kreiss and Lorenz [KL], respectively.

Lemma 2.1. Suppose that a >0 and b > 0, then

t
f (14871 +t—8)tds <CA+t)"™™@D)  for max(a,b) >1, (2.1)
0

/ t(1 +8)7%(1+t—5)"tds <C(1+1)'2  for max(a,b) < 1. (2.2)
O B
Lemma 2.2. Ifu(z) € HY(R), then

lullse < Mulllugll,  flegxll < flaefl >/ fruge ||/ (2:3)

for k € (1,1}, where k and | are integers.

Theorem 2.3 (Existence). Suppose that (1.8) holds. If ug(z) € H*(R), then there
erists a positive constant § such that |upll4 < 8, then the initial value problem (1.1)

and (1.2) has a unigque global solution u(t,z) with
u(t,z) € C(0,00; H*), wuy(t,z) € L*(0,00; H?).
Moreover, u(t,z) satisfies
(o 9]
lu@)ll4 < lluolla, /0 lluz (B)lI3dt < Clluoll?, (2.4)

fordit>0.
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Proof. By the standard energy method, combining the local existence with the a
priori estimates somewhat like (2.4), we can prove the global existence. To prove
(2.4), we multiply (1.1) by 26°u/0z* (i = 0,1,2,3,4), respectively, and integrate
over [0,00) x R, those yield (2.4).

Theorem 2.4 (Decay Rates). When p > 7/2, and ug(z) € W1 N H, then u(t,z)
satisfies the following for allt >0
[u(®lleo S CU+D)T2, Jug®)llo < CA+1)7 (2.5)

When p > 2, and ug(z) € Wt N H4, then u(t,z) satisfies the followings for all
t>0
[u@l < CA+1)7H4, lug (B < CA+1)7%/4, (2.6)

which imply
lu® oo < C(1+1)7H4 2.7)

Remark. To get the decay rates likes (2.5), Zhang[Zh] needs p > 5 for the BBM-B
equation. However, without any difficulty, Zhang’s result (p > 5) can be improved
as p > 7/2 by our scheme in this paper. For the details, see below Section 3.

Let v(¢,z) be the solution of the linear equation corresponding to (1.1) by

dropping the nonlinear term ¢(u), namely,
Vg + Vpppzt — QVgp + P, =0, z € Rt >0, (2.8)

with the same initial data
U‘t:O = U()(.’E), (29)

we have the asymptotic stability as follows.

Theorem 2.5 (Asymptotic Stability). When p > 7/2 and up(z) € WH1NH?, then

we have

lu@®) =@l SCA+T2, Jug(t) = va(Bllo < C(L+)7" (2.10)
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When p > 2 and uo(x) € W3 N H?, then we have

[u®) ~ vl S CA+DT Jua(t) — v ()| < C(L+1)7%,

lu(t) = v(t)lloo < C(1+1)74

3. Proofs of Theorem 2.4 and Theorem 2.5

Taking the Fourier transform to (1.1), we have
@ + (i€) 0 — a(i€)%d + iB€0 + ¢(u)s = 0,
which means

ﬁ(g,t):e-A(é)tﬁo(g)_/O o~ AE)(t— s)¢(11£)+(§§4,s) .,

where . .
Q) = B+ Ty =

Taking the inverse Fourier transform to (3.2) yields

319

(2.11)

(2.12)

(3.1)

(3.2)

(3.3)

ult,z) = i/ e _A(E)tﬁo(g)dg__/ / etz o= A(E)(t—3) ¢(U) e deds.

2
Lemma 3.1. There hold

o —B(&)t < -172,
/_oo 1+§4d§ C(1+1)

'/ A% )d{’ < Clluollwar (1 +1)~Y2,

[ ememniones “’ % ds| < Cllulo) 55V 1+ = )72

for allt > 0.

1+¢t

(3.4)

(3.5)

(3.6)

3.7)
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Proof. Since

/. ?i?gdfﬁ/ow :@ / =) ;f;ts (38)

and that

2 —B(é) 2 ae?
| s [ prae
o 1+¢&* o 1+¢*

22 2 og?
<effe [[eE g <oy (3.9)
o]

on the other hand, let A = 9@ = 1—5_%;, and note that %é;—g is positive and
bounded for £ € [2,00), we have

2 148 o 265 - 2¢

4/17
< Cet/17 / e~y < Cc(1 +1)7 (3.10)
¢}

then we obtain (3.5) from (3.8)—(3.10).
To prove (3.6), we first note

(1+€)iof6)] = l(l 46 [ e tugeyis

-0

= | [ % o) + tormaa o))
< /  (1u0(@)| + fugezss =) i

by using of (3.5) and above mentioned, we then have

‘/w eiize—A(E)tﬁo(g)dé) < /oo E—B(é)tlﬂo(ﬁ)ldﬁ

—B én

144 at

< supd{ (1 + € o)) /

<O+ / (luo(@)| + luosssel)dz

< Cllugllwen (1 +1)712,
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Finally, to prove (3.7), noting (3.5) and (1.3), we have

16T o= AE) (¢~ s) () (), / — i(f)(t__i)
’/ 1+€4d€‘ (1) | T1ée /3

e—B)(t—s)

< sup T / s <Cri-97 [ " (w)sldz

SC+t—s)72 / ()] s
< O+t =)™ 2 ufs)lIB ¥luz (5)lloo flu(s) ]
<O+t =) 72 u(s))[8 %[z (5) oo

where we used ||u(s)|| < ||uglls (see (2.4)).

From (3.4), by using of (3.6) and (3.7), we immediately get the following

estimate.

Lemma 8.2. It holds that
t
lu®leo < C||Uollw4'1(1+t)'l/2+c/ (1+t—5) "2 [lu(s) 153wz (5) o ds, (3.11)
0

for allt > 0.

Now we also have from (3.4)

ug(t,x) = —1— /00 igeif"ce—A(E)t‘ £)de — —/ / zgelfw —A(§)(t~s) Y\ D)z ¢(u) 2 deds.
z\Y o S e 64
(3.12)
The next Lemma 3.3 can be proved by the same scheme to Lemma 3.1, we here

state it as follows without the detail proof.

Lemma 3.3. There hold that

-B(¢
[ <ca o, 8.13)

(3.14)

o0
|| etz A O aq(@)de] < Clluolwes (14 9)
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[ e 2000 2 i) < Cluge) g a1 4 157 @15)

forallt > 0.

Proof. We first prove (3.13). Similar to the proof of (3.5), we have

[ [+ e

2 B 2 ¢ oy
/o§1+§4d£§,/0 ac e

a2?

2 )
< Ceir?® / e_l_f;‘(prt)dﬁz <Cl+t)7!
0

B(¢&)t 4/17 4
/ & = €=/ LEE pmanigy
1+¢& 0o 28t-2

4/17
< C€4a/17/ e—a/\(1+t)d/\ < C(l +t)_1
0

and that

where we used the fact that 21—525_4—2 is positive and bounded for £ € [2,0), and
A= 5% € [0, 5] Then, all of these facts imply (3.13).

Using (3.13) and by the same schemes in the proofs of (3.6) and (3.7), we
easily prove (3.14) and (3.15).

Thus, (3.12) and Lemma 3.3 immediately yield the following energy estimate.

Lemma 3.4. It holds that
¢
lue (oo < Clluollwsn (1+1)71 +C/ 1+t = 8)"Hu()IE > us (s)llwods. (3.16)
0
To prove (2.5) in Theorem 2.4, we can use the continuity argument based on

the local existence with the a priori estimates as follows. Therefore, to prove the

following lemma is our main purpose.
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Lemma 8.5. Suppose that p > 7/2, up(x) € W4l N H* and u(z,t) is a local
solution of (1.1) and (1.2) for t € [0,T], where T > 0 is a any given constant. Let

My (t) = Oiugt{(l + )2 {w(9) oo + (L + 8)||uz(8)lloo}
then there exist positive constants C and 61, such that when M, (T) < &y, then
lu®lloo £ CA+)7Y2, Nug(tlleo < C(A+1)7, (3.17)

fort e [0,T].

Proof. Combining Lemmas 3.2 and 3.4, and by Schwartz’s inequality, we have
(1 + )M 2[u(®)lleo + (1 + )z (2) oo
t
< C{luollwes + (1 +) / (14— )2 ()| s (5) oo ds
0
t — &) w()|[B 3| [us(s)|| ds}
04 [ o)) e
t
- C’{({ucllw4,1 +(1 +t)1/2/ (L4t —8)"V2(1 4 5)~r-1/2
0
p—3
(1 +9)2ul)le) (14 ) ua(S)llo ) ds
+(141) /t(l +t—s) N1 4 )P/
0
r—3
(42 @) (1 + el ) ds
< C{llullwes +(1+1)12 /t(l 1= 8) V2 (14 5) P/
o}
(97216 10)™ ™ + (04 )oY s
+(1+1) /t(1 +t—8)" (1 45)" P12
0

. [((1 + s)l/2||u(s)||m)2(”_3) + ((1 +s)l|uz(s)llm)2]ds}. (3.18)

Let M;(t) be small, say M;(t) < & < 1, and let ¢ := min{2(p — 3),2} > 1 due to
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p > 7/2. Using Lemma 2.1, we obtain from (3.18)
Mi(t) < C{{luollw4,x + (1 +)Y2M (1) /Ot(l +t—s)"V2(1 4 5)"P-D/2g
+ (14 8)M(t)° /Ot(1 +t—8)7H 1+ s)—(l’-1>/2ds}

< Clluollwar + CMi(2)Y,
which implies (3.17) for some small M;(t). So, we complete the proof of this lemma.

To prove (2.6) in Theorem 2.4, same to above-mentioned, the following energy
estimates must also be necessary. Like as Lemmas 3.1 and 3.3, we firstly establish

some estimates as follows.

Lemma 3.6.
H / &=t (€)dg | < Clugllwaa (1 +1)74, (3.19)
| [ ememaotin 20 e < Ol (o)1 +1 - 574, (320)
H / igeiﬁze-A(@tao(g)dgH < Cllugllwan (1 + )34, (3.21)

| [ igeree e ”f’f)idfuwnu( P2l ()21 +t =) 74 (3:22)
Proof. Since
sup(liof? (1 +€*)) < (sup([ol (1 + £2))°
EER (ER

o0 2
= ([ uote)| + uoze(e)de) " < ol
—00
using the Parseval’s equality and (3.5), we can prove (3.19)

1 < _ R
|5 / it A 6)de|
— | P (e A@ay ()] = ||e A,

~{ / =286 g2}
2B

" 1/2
< {sup(aoP+ ) |~ S}
< Clluollwza (1 +1) 74
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Similarly, making use of the Parseval’s equality and (3.5), we have

[ [ e e

_ ” ~A©—s) DD
T+é

—QB(E)(t—S)d 1/2
<
sup el [ S de)

< C(+1t-5)""4sup |6(u).].
€eR

From (1.3) and using Schwartz’s inequality and Lemma 2.2 yield

sup |6 (@] < / 16/ () s |z
EER

< Mu()NES 2 luls)lllua ()]
< Ollu()IP2[luz (572,
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(3.23)

(3.24)

where we used Lemma 2.2 to get the last term of (3.23). By (3.23) and (3.24), we

can prove (3.20).
To prove (3.21) and (3.22), we first see the fact

e 2B@r ~3/2
/_II E s Cuy R

(3.25)

Since the approach is also same to the proofs of (3.5) and (3.13), we here omit the

proof of (3.25). Then the Parseval’s equality and (3.25) yield

[ s

= ||F e 4@ ao()| = [ige4@rao(e)|
={ [t agfrag}

< {sup(tiol* 1+ 1) [ e

e—2B(&)t 1/2 '
1+4¢6 }

e~2B(&) 1/2

e k)

< sup(aol(1-+ e { | e

o0
< C(1+41)-%4 / o] + |tozas|dz
— o0

<O +8)7¥4lugllws.1.

(3.26)
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Finally, to prove (3.22), we make use of the Parseval’s equality, (3.25) and (3.24),

we then have

J57  seemoren Be

o —A(E)(t— (u)z
Z§€ " 8)i+—£‘1

= {[Z |€|26—2B(5)(t-5)@z]_2d§}1/2

(1 +€4)2
. o e 2BO)-s) 1/2
S?Elglsb(um{/_w 7 i

(oo}
<CO+t=o [ 16 wlurlde
S CL+t— )73 |u(e) [P fuz ()72, (3.27)
We have finished the proof of this lemma.

From (3.4) with (3.19) and (3.20), and (3.12) with (3.21) and (3.22), respec-

tively, we can easily show the following lemma.

Lemma 3.7. There hold that

Ju(®)]] SCHUoIIW?»l(1+t)‘1/4+0/0 (L+t—8) " u(s) [P/ ||ug (s)|[P/2ds, (3.28)

t
[[uz ()] SCHUOHW3'1(1+t)_3/4+C/O (1+t—8) "4 [lu(s) [P/ ?[fuz (s)[[7/2ds. (3.29)

We prove (2.6) in Theorem 2.4 also by means of the continuity argument based

on the local existence with the following a priori estimates.

Lemma 8.8. Suppose that p > 2, ug(z) € WHNH* and u(z,t) is a local solution
of (1.1) and (1.2) fort € [0,T], where T > 0 is a any given constant. Let

Ma(t) = sup {(1+9)"*[lu()ll + (1 +)**[|uz ()]},

0<s<t

then there exist positive constants C and b2, such that when Ma(T) < 8,, then

lu@l <CQ+)7Y4 Hua ()l < CAL+1)7%, (3.30)
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fort e [0,T].

Proof. By (3.28) and (3.29) in Lemma 3.6, and by Schwartz’s inequality and Lemma

2.1, we have
L+ u®)l + (1 + )3 *[lug ()]

1
< C{luolwan + (407 [ (@t 062 o) s
34 (714t — -3l [P/ (s)[P/2ds
+ 1409 [ @t )P g ()] s
21
= C{lollwss + (1401 [ 4t- 941492
0
(o ) (@ + 9 o1) s
+(1+t)3/4/0t(1 +t—s)"341 4 5)7P/?
(@ o) (4 4 g ))) s
< C{lluollws. + (1 +8)V* /t(l +t—8)"VE (1L + )77
0
(a9 @) + (@ + 9> 4@ ] s
+(1+1)%4 /Ot(1+t—s)‘3/4(1+s)_p/2
J(a+ 94 u@))" + (@ +9¥ (o)) ] s}
< {luollwes + 1+ 0VMae [ (12 s)H 1+ 5) 7%
]

T
+(1+ t)3/4M2(t)”/ (1+t—s5)"3*1+5)"P%ds
0
< Clluollwar + CMa(2)P. (3.31)

We then have (3.30) for some small M;(t) < 62 < 1. Here, the proof of Lemma 3.8

is complete.

Based on the Sobolev’s inequality, both of two estimates of (2.6) can reduce
(2.7). Therefore, up to now, we have proved Theorem 2.4 by above lemmas. The

next is to prove Theorem 2.5.
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The Proof of Theorem 2.5. Making Fourier transform to (2.8), we have
9(€,) = e a0(g). (3.32)

Then the inverse Fourier transform to be applied to (3.32) yields

o) = o [ " eitrem A0 (6)d, (3.33)

v (t, ) = % /_ " igeitee A, (€)de. (3.34)

Let (3.4) minus (3.32) and (3.12) minus (3.33), we have

u(z, t) — vz, t) = / / ez~ AOE-9) ¢( );dgd (3.35)

¢t poo
ug(z,t) —vz(z,t) = —%/0 /_ ifetm e~ AD=3) fi_ )54 déds. (3.36)

When p > 7/2 and ug(z) € W4l N H?, using (3.7),(3.15), (2.5) and Lemma 2.1, we
can prove (2.10)

|($t)—v($t|<——/‘/ B(§)(t- 8>¢(“)§ deld

< C/O ”U(S)Hgo—guuz(s)“oo(l 4t S)—l/zds

¢
SC/ (145)"P=3/2(1 4 6)"1 1+t — )"V 2ds
0

<C(1+1)~Y2 (3.37)

Juz(z,t) ~ vy (z, )] < _/ ‘/ ice~BO-9) 2Ws ¢(U)z dg
tus =3y (s — o) lds
<€ [ o) @1+ 5)7d

1
50/ (148" P21 4 )7 1+t —s)"lds
0

<C(L+t)~t (3.38)
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When p > 2 and up(z) € W 1 H%, using (3.20),(3.22), (2.6) and Lemma 2.1, we
can prove (2.11)

u(z, t) — v(z, t)|| < —/ “/ B(&)(t- s>ffzjdg“d

< C/o ”u(s)”p/2Huz(s)||p/2(1+t_s)_1/4ds

¢
< C/ (1+s)"’/8(1+5)—3p/8(1+t_s)—1/4d8
0

< C(1+)714, (3.39)

fustet) = oetel < o [ | [ §<%stfgﬁw

<0 [ TP @I + ¢ )~ 4ds

T
gc/ (1+8)7P/8(1+5)73P/8(1 4t — )73/ *ds
0

<CQ+1)734 (3.40)

This completes the proof of (2.11). By (2.11), and using the Sobolev’s inequality,
we can get (2.12).
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