Let T [T]) be the theory of I-diagrams of categories,

diag[:’::I - (Ldiag[I] ’Zdiag
functors, and natural transformations. T diag [I]

[I] are those L

is a theory in ordinary multisorted logic

with equality. The models of T -structures that are

a; [T]
iag
ag [ I]-structure (see above). Indeed, we can

diag
isomorphic to some D:I—Cat as an Lqs

easily write down a set of axioms X g [I] over L whose models are, up to

dia diag[I]

isomorphism, precisely the D’s. Now, the construction D}~ D# is related to an interpretation

q):Lanadiag [l — [Tdiag [Z]] (19)
. ) - oo -
of the DSV Lanadiag [I] in the theory Tdiag [I] ; namely, D" = Do® ; here,
D: [Tdiag [IT]] —> Set is the coherent functor induced by D: Ldiag [I] >Set.
To describe @ , I first introduce certain specific formulas over the language L diag [I] . We
1
refer to the (arbitrary) objects, arrows and 2-cell T ELJ in I.
J
II(K) 45f EIXEII.iI(x):K (K:AI)
II(X, K) 43f II(K)/\dI(K)ZX (X:OI,K:AI)
TI(f, g, h) 45f EIXETI. tIO (x) =f/\tIl (x) =g/\tIO (x)=h ( £, g, h:AI)

TI(X, Y’ Z’ f9 g’ h) déf
dI(f) =X/\CI(f)=Y/\dI(g)=Y/\CI(g):Z/\dI(h):X/\CI(h):Z A TI(f, g, h)
(XY, Z:OI; £, g, h:AI)
Iso (M) 43¢ Elv,K,)LEAI.II(K)AII()L)ATI(u,v,K)ATI(v,u,)L)
(u:AL)
Oi(X’ A, U) 43f IsoJ(,u.) /\CJ(X) =A/\EIXEOl..ol.O (x) =X/\dJ(,u)=ol.l (x).
(X:OI, A:OJ, ,LL:AJ)
CommJ(,u, g, h, v) 45f EIkEAJ.TJ(,u, g, k) /\TJ(h, v, k)
(‘LL, ga h’ V:AJ)
Ai(X’ Y, A B U, Vv, £, g) daf
Oi (X, A, W) /\Ol.(Y, B, V) /\EIXEAl..al.O (x) =f/\CommJ(,u., g a.q (x), V).
(X, Y:OI, A, B:OJ, f:AI, u, v, g:AJ)
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O, (X, A B W v, h) 4=¢

OlO (x) =X/\CommJ(,u., h o ,(x), V).

Oi(X’ A, ,u)/\Oj(X, B, v)/\EIXEOl.ol.O 12

(X:OI, A, B:OJ, u, v, h:AJ)
This is the description of the effect of ® on objects:

Q)(OI) = [XEOI: t]
Q)(AI) = [XEAI: t]

Q)(II) = [XEOI, KEA _: II(X, K) ]

I

Q)(TI) = [X, Y, ZEOI;f, g, hEAI: T (X, Y Z,f, g h)l

I
d)(ol.) = [XEOI, AEOJ, ueAJ: Oi(X’ A, 1)l
d)(Al.) = [X, YeO ; A, B€O 5 fER W, V, g€EA ;: AL (X, Y, A B UL, V, £, 9)1]

d)(ol) = [XEOI; A, BEOJ; u, v, heAJ: OL(X’ A B U, Vv, h)l]

To complete the definition of ® as in (19), we should also specify the effect of ® on arrows;

this is done in the way straightforwardly suggested by our intentions with @ .

#

The fact mentioned above that D" = Do® holds will be seen directly. In fact, if we define D

in the standard way (among the possibilities that differ by isomorphisms only), we obtain an

equality D# = Do .

Next, we explain a translation of formulas to formulas induced by ® . Temporarily, let us call
a FOLDS variable u special if p:0, (X, A) for (unique) suitable i:I—JeArr (I) and

X:0p, A:0 . Let us fix a 1-1 mapping ,U.H,u* of special variables u to variables ,LL* in

*
ordinary multisorted logic over L diag [I] such that, when u is as above, u :A J The
anadiag ciliag[l-:I ; if

X:OI, X:OI in the sense of multisorted logic, and if X:AI(_Y, z) , then X:AI in the

sense of multisorted logic.

non-special variables over L [I] are considered variables over L

For a special variable u as above, we have the formula ¢ [u] d&f 0.(X, A, ,u*) , with the

;5
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latter formula introduced above. For a finite context 4, we let 4 =~ {ued: u
special } U{ ,u*eﬂ’ : u special} (exchange every special variable u for u* ), and consider the

formula Py aaf /\ {(P[‘u] : ue & special} ; Var((p[{l,] ):/l’* . For a finite set ) of

variables over L , we write {} for the product-object [Yit]= [] [ yEKy: t] in

diag (1] ey

[ [I]1] , where @ﬁ’Ky'

Tdiag
Recall that, with @ as in (19), for any finite context 4, we have the object ®[4] defined as
a certain pullback. Inspection shows that ®[4] can be taken to be |[4 * P 11, the
domain of the subobject [4 " P ] of {4 *} ; we have a canonical monomorphism
m:o[X] —{X *} . Thus, for any 6 in FOLDS with restricted equality, with Var (0)cd,
O[F:0] —d[4F] may be regarded a subobject ®[4:0] —O[L] SN {zl’*} of {/l’*} .

We can produce a formula 0" such that Var ( 9*) =Var (0) " and

O[Y:0] = 07

*

{4}

(equality of subobjects of {4 *} ) as follows. We have, for atomic formulas

(T(X K) = T(XK)

(Xx:0 K:AI)

II
* .
(TI(X, Y, Z, f,qg h)) = TI(X, Y, Z, £, g, h)

(X, Y, 2:05 £:A_(X,Y); g:A (Y, 2); h:A_(X, Z))

I
* . * *

(Ai(X’ Y’A’B’.LL’ Vv, f’g)) EAi(X’ Y,A,B,M,V,f,g)

(X, Y:OI; A,B:OJ; ,LL:Oi(X, A), V:Oi(Y, B), f:AI(X, Y), g:AJ(A, B) )

*

* . *
(0, (X A, B, U, v, h)) 0, (XA B MU,V ,h)

(X:OI, A,B:OJ; ,LL:Oi(X, A), V:Oi(Y, B), h:A

g(A B) )

(f:AI(X, - g) = d (f)=d (g)=Xnc(f) =CI(9’)=Y/\f=AIg
(X, Y:05 £:AL(XY), g:AL(X Y))
) = Oi(X’ A, ,u)/\Ol.(X, A, V)AL =AJV

*

(“:oi(x, a)Y
( X:0p5 A:0 5 M, V:0, (X, A));
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for connectives

*

t =t
*
£f =f£
* * *
(8rp) " = 67 Ap
* * *
(Bvp) " = 6" vp
* * *
(0—p) = QD[I]A(G —p ) (X=vVar(6—p) )
and for quantifiers
* *
(Vx0) = Vx€0_.0 (x:0,)
(Vx0) = VxeA_. ((d (x)=yAc (x)=2) —0 ) (x:A_(y, 2) )
(Vx0) = VX*EAJ. (0, (. z. x)—0") (i:I57,%:0,(y,2) )}

the existential quantifier is dealt with correspondingly.
*
Notice that if Var (0) is a restricted context, then Var (0 )=Var (0) .

The upshot of all this as follows. For an I-diagram D:I—Cat , and its saturation D# ,if X

is a finite restricted context over L [I], 6 isa FOLDS formula with

anadiag
Var (0)ct, and geD[/l’] , then

p"E0[a] —— DF 6 [a]

For a structure M over a language extending L diag [I], |Ml denotes its reduct to

Ldiag [ZT]; IMl is the underlying I-diagram of M.

(20)(a) Let T be a theory extending T diag [T] . Let X be a finite restricted context over

L : [I], 0 an L, -formula such that Var (o) cd . The following two conditions (i),
anadiag T

(i1) are equivalent.
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(i) Forany M, NET and tuples ac |M [X] , be Nl [X] , MrFola] and

(1M, a) <> (IN,B) imply Neo[b] .

(i1)) There is O in FOLDS over L [T] with Var (0)cd such that for all

anadiag
MET and tuples ae M| [X] , we have MEG[a] iff M=6 [a] .

(b) In particular, if o is a sentence over LT ,and for any M, NET, Mo and

Ml ~ [N imply Nko, then there is a sentence 6 of FOLDS over L . __[I] such
anadiag

that for any MET, MFo iff M= .

Proof. ((ii)— (i)) Given 6 as (ii), we have

Meola] e M0 [a] «— M FO [a] — M TEO[a]

and similarly,
Neo[B] — IV "EO[B]

Assume the hypotheses of (i), in particular, ( [M], 5) PN ( INT, 5) . By (8), for

L=L 1z, (1w * 3=, (¥, B) | hence, by 5.2)(b),

anadiag
|| #|=6[§] & |NI #|=6[B] . By what we saw above, this means MI=G[5] = 1\7|=G[.8]
as desired.

((i)—> (ii)) Assume (i). We apply 5.(15) with 6:m* ([X:0] € S(O[L]) in place of 0
m:®[X] —> {X} as above. The condition MFo[a] translates into (a)eM[G] ; now,

#

(ay=a.Recall that MML=Mo® = |M| ™ . Thus, also using (8), we have

forall M, NET, ac (ML) [X] . be (N'L) [X] .

(a)eM[o) , (MML, a) = (NIL, b) — (b)eN[o]
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Since every PEC is isomorphic to one of the form M , with MET , we have the hypothesis of

5.(12). The conclusion gives 6 in FOLDS over L such that 6:q) (2] ®[4:0] , which

suffices.

The result of (20) can be paraphrased by saying that a first-order property of a diagram of
categories, functors and natural transformations is invariant under equivalence iff the property
is expressible in FOLDS with restricted equality as a property of the saturated anadiagram

canonically associated with the diagram.
It is left to the reader to formulate stronger versions of (20), based on results of §5.

A normal theory for I-diagrams is a theory T extending T diag [I] such thatif MFT and

D~ |M| , then there is NET such that [Nl =D . For a restricted context 4, and formula ©

of L with Var (o)cd’, we define the concepts " o is preserved/reflected along

dia [T]
g
equivalences of models of T

"

in the obvious way, in analogy to the case of a single category

(see above). We have the following analog of (3).

(20') Let T be a normal theory of I-diagrams of categories, functors and natural

transformations. Let 4 be a finite restricted context over L [I] . Suppose that the

anadiag

first-order formula o over L diag [I] with free variables all in 4 is preserved and

reflected along equivalences of models of T . Then there is a formula ¢ in FOLDS over

L : [I] such that o is equivalent to qo* (defined above) in models of T.
anadiag

Let us discuss the special case of I = ( 0 M 1) consisting of two objects and an

arrow between them; there are no 2-cells. The intended structures for

_ (0,1) i . .
Lean™L diag [ (0—~—"=>1)1 are functors; more precisely, structures consisting of two

categories connected by a functor. Fibrations are such structures. There are many first-order
conditions on fibrations and on objects and morphisms in fibrations that are of interest. On the

other hand, in [MR2], several elementary (first-order definable) classes of L n—structures

fu
were introduced as categorical formulations of modal logic; these "modal categories" are not in

general fibrations.
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Let me restate the basic concepts for L fun * Cfun 8 the following graph:

Ty To
t00\\201 oz /1o
/
A

Ty T
tlo\\\ill\ilz//ll

a

. A

a
0
0 A 1
Ao el el
(0] (0] (0]
0 oO o1 1
(0,1)

Lonafun = Yana diag[ (0—~—=%>1)1 is generated by L fun ’ subject to appropriate
equalities of composite arrows. A functor F: X—> A isregarded an L £up - Structure in such a
way that the interpretation of the relations O and A are the graphs of the object-function and

of the arrow-function of F, respectively.

Given functors F:X—>A and G:Y > B, an equivalence between them is a triple
(Ey, By, €) asin

x5 sa

Eol e/lEl : e:ElF;%G'EO

Y 5 >B

in which E, and E, are equivalence functors. This notion of equivalence of functors can be

motivated by saying that it is the combination of two simpler notions: one is the isomorphism

of two parallel functors

X =le A,
G
F Eo  F
and the other is the relation between X-—~>A and the composites Y——>X >4,
Fo, M
X ~—>A——>B where E,, E. areequivalence functors. Since the second notion only

0> "1
involves changing a category to an equivalent one, the change affected on the functor should

be an "inessential" one; the resulting composites should be "equivalent" to F'; they are,
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according to our definition. It is clear that the equivalence relation generated by the two

special cases of "equivalence" is the full notion of "equivalence".

For F: X—>A asan L n—structure, F# , the saturation of F, an La n—structure, has,

fu nafu

among others,

F'O= {(X A W): XeX, ACA, U:FX-=54}
and
F'A= (X A W Y. B v, £ g)
- _ _ Fx-—Hoa
(x-S v)ex, (A-95B)ea, u:FXx-=>A, v:FY-=>B suchthat Ff| o lg}.
FY— B

In the spirit of [M2] , within the notation for F#A , the object A is also written as Ft (X) ,

and g = F#

‘u’v(f).

The various kinds of modal categories of [MR2] are each defined by a finite set of first-order
axioms, and each kind of modal category is invariant under equivalence: if F:X->A belongs
to the given kind, and G:Y > B is equivalentto F:X >A, then sodoes G:Y>B. It
follows by our invariance theorem (15) that the axioms can be formulated in FOLDS, although
not as statements about the functor itself, but as statements about its saturation. However, it is
not necessary to use the invariance theorem (which is anyway proved in a non-constructive
way) to obtain the individual FOLDS-statements; in each case, one can find them directly,

rather easily. I will give an example of an axiom thus reformulated in FOLDS.

Suppose the functor F:X—A preserves monomorphisms, and consider the following

condition on F':

(21) For any XeX, the induced map (X) ——8S, (FX) of posets has a right

F %* S x
adjoint (denoted Y}>OY , the necessity operator).

I want to show that the (21) can be equivalently written as a statement about F# . The simple
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observation is that if (21) holds, and u: FX =4 , then the map

Q=@ U] :SX(X) HSA(A) defined by ¢([Z E5x1) = [Fz MA] also has a right

adjoint ( [Z L5 X1 s the subobject of X given by r); it is this latter, more general,

statement that we can (almost) directly formulate in FOLDS about F# .

For variables U, V:OO , u:AO (U, v) , let MO (U, V, u) , abbreviated as MO (u) , and
intended to say that u is a monomorphism, be the L -formula

anafun
VW;OO_VV, W;AO(W, U) (EIZEAO(W, V) .TO(V, u, z) /\TO(W, u, z) 'HVZAO(W, o) w) .

Changing all subscripts 0 to 1, we get the formula M, (u) . Here is the sentence 0 for

which F#I=9 is equivalent to (21):

VX:OOVA:01V/.L:O(X, A) VB:01Vm:Al (B, A) {Ml (m) —
HY:OOHH:AO(Y, X) [MO (nn) /\VZ:OOVC:01VV:O(Z, C) Vr:AO (Z, X)VS:A1 (C, A)

(MO(r)/\MO(s)/\A(v, uwr, s ) —
d c aO a;
Elt:AO(Z, Y) .TO(Z, Y, X, t, n, r) < Elu:Al(C, B) .Tl(C, B, A ums))]}

To help reading the sentence interpreted in F , here is a display of the data involved:

x A
y» 1 sx B *éAzF‘uX Fx—H a
o o 7 =
K/f ‘N/S—Fv‘u(r) FrT (:) Ts
7z C=F 2 FzZ—=—>C
FX =5a
H (rz 22F5 a1 = 10 S a
FZ =scC

Let us discuss fibrations. The first thing to say is that the concept of fibration is not invariant
under equivalence of functors. An equivalence functor is, clearly, not necessarily a fibration;

an identity functor is one, however; it follows that the concept of fibration is not invariant
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under equivalences of the form (EO, Id, id) .

On the other hand, once we know that F: X—>A and G:Y—> B are fibrations, then the

usually considered additional properties of F', and of diagrams in the fibration F, are

inherited along arbitrary equivalences F =5 G . The reason is that any equivalence F=56
gives rise to a "strong" equivalence from F to G ; and the usually considered properties are
invariant under the strong equivalences. In fact, the notion of strong equivalence is related to

looking at a fibration as a structure for a new DS vocabulary L Let me explain.

fib~

Consider the following DSV L fip

O O\\O 1\0 2/
po e

Wl

1 l
% — dll lcl
o T .
— 0, ;
here, besides the two obvious copies of L. We have the equalities
odOaO = dla1 , OCpay =Cqiaq

(The simpler version that has an arrow A, —>A. in place of Aj<—A-——A is not suitable;

0 1 1
we need equality on A, toexpress fully the properties of the arrows of the base category;

with the version indicated, Ay would not be a top kind, therefore would not be eligible for

carrying an equality predicate in the language.)

Among the L fib—structures, we find the functors; given F:X— A, it is understood as an
L. ,-Structure in the natural way in which the 0-copy of L.t is X,the 1l-copy A, o

is the object-function of F', and the relation A is the graph of the arrow-function of F . Note

that whereas L is a simplification of L , its height is 4 , and that of L is 3.
fun fun

fib

Here is an axiom in FOLDS over L that formulates the existence of (strongly) Cartesian

fib
arrows:
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VA:0,VB:0,Vf:A (A B)VY:0,(B)3u:A (4 B X Y) (A(u, £)A
¥C:0,¥g:A, (C, 4)3h:A, (C, B) [rfl(g, £, h) AVZ:0,Yv:A, (C, A, Z, V) (A (v, h) =

J1wing (C, A 2, X) (A(w, @) AT (w, u, v))) ]} .

Here is a diagram to accompany the sentence:

We have employed the usual abbreviations in writing the atomic formulas; the unique
existential quantifier 3! may be expanded in the expected way. Adding further axioms that

are easily obtained, we get a sentence in FOLDS over L that axiomatizes the notion of

fib

fibration. This would not be possible to do over L .
anafun

Let us call functors F:X—>A and G:Y— B strongly equivalent, F~ G, if there is an
equivalence ( EO, El’ id) : F~G (in the previous sense), with an identity in the third

component;

x5 sa

Eol o lEl (22)

Y5 B

(23) For functors F and G, FzSG iff F= G . As a consequence, a first order
fib
property of objects and arrows in a prefibration (functor), in particular, in a fibration, is

L

invariant under strong equivalence iff the property is expressible in FOLDS over L Fib -

I only outline the proof. Of course, the second statement is obtained
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as a consequence of the first by §5. Given (&, r, s) :FWG , for any

fib
A€FO,=0b(A) , let us pick Ae 7801 by the Axiom of Choice such that r(A) =4, and put
Ey (A)=s(A) . For XeOb (X) ,let A=F(X) ; thus, XEFO, (A) . By the very surjectivity of

r, there is }}eﬂoo (A) such that r(X)=X: we let Eo (X)=s(X) . We have defined the
object-functions of equivalence functors E|:A>B, Ej: XY, and note (the main point)
that, at least as far as the effect on objects is concerned, the diagram (22) commutes (and not

just up to an isomorphism). The rest of the verification is left to the reader.

Note that the treatment of fibrations did not require a passage to an "anafunctor". The usually
considered properties of fibrations are invariant under strong equivalence. On the other hand,
there is a simple, and well-known, "transfer property" for morphisms of fibrations which

ensures that for fibrations F and G, F~ G iff Fzs G ; in fact if (EO, El’ e):F~G,

there is E(’):X%Y such that Eé = E and (E(’), El’ id) :F~G.
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