AnswerMdt/M ATH318/Fall 2007

[1] 1) Assumethat x and y arerational, to show that x+y isrational. We have
x=g, y=c,with p, q,r,sOZ, q#0, s#0.Then x+y :%+r_:—ps+qr . Since

S gs
ps+qr, gqs OZ ,and qs#0 , we havethat x+y isrational.
If u:% isrationa, thensois -u = - S

If x and x+y arerational, thensois (x+y) + (-x) =y isrational, by the above.

The same goes for "If x and x+y arerational, thenso y ."

2) R isreflexive: xRx , since x- x=0 isrational (O:%).

R issymmetric: xRy = yRx :if x-y isrationa, sois y-x=-(x-y) .

R istranditivee xRy &yRz = xRz : Assume xRy & yRz . x-y and
y-z arerationa. Then, by 1), x-y +y-z isrational; that is, x-z isrational, that is,
XRz .

(3.1 ( Pl) . "Av-Bv-aC
( P2) . A—(BvO)
( P3) . B—(AVQO)
( P4) . C—(AVB)

(© : ="AA-Ba-C.

Remark In math, "or" is always meant in the non-exclusive sense. That is, when we say
"either Aor B", we mean "either A, or B, or both".

(3.2) (Pg) © (AB) —C
(Pg)  (BAO) —A
(P;) : (AAQ) —B

The entailment is
AvBvC, A—(BvC), B—(AVC), C—(AVB),
(AAB) — C, (BAC) — A, (AAC) — B F AABAC
(3.3)* First, transform in the usual way:
AvBVC, AvBVC, BVAVC, CvAvB, AABVC, BACVA, AACVB + AABAC ;

( AvBvC) (AvBvC) ( BVvAVCO) ( CvAvB) (AvBvC) (BVCvA) (AVCvB) F ABC .



The FDNF of AvBvC has seven terms, all meet-expressons A OB OC such
that at least one of the letters is unbarred (only one missing, the term ABC ). When you take
the complement of AvBvC, you get ABC . When you take the complement of the FDNF,

you get the expression on the left of | . Hence, the two expressions on the left and the right
of F arein fact identically equal.
If one takes away any one of the premisses, one gets as complement a FDNF which is strictly
< AvBvC for suitable values of A, B, C: therefore, the expression on the left of F isnow
strictly > than the conclusion; the entailment is not correct.
[2] 1A) Thetable of the operation f :
y=0 1 2 3
0 0O 00O
1 01 2 3
2 0 2 0 2
3 0 3 21

1B)  Listing the sets closed under f :

#=0 : 0:OK
#=1: {0} : OK, {1} : K {2}: notOK(f(2,2)=0), {3}:notK
#=2: {0,1} : K {0,2} : K, {0,3}:notOK(f(3,3)=1) ,
{1,2} : notOK, {1,3}: OK(!), {2,3} :notXK
#=3 : {0,1,2} : X, {0,1,3} : X, {0,2,3} :notX, {1, 2,3}
- not OK.
#=4 . {0,1,2,3} : XK

Listof A: A={X =0, X,={ 0}, Xg={1}, X,={0, 1}, X:={0, 2}, X;={1, 3},
X,={0,1, 2}, Xg={0, 1, 3}, X4={0, 1, 2, 3}} .

1C) Hasse



X

N S
Xy

23

1D) Incomparables and their meets and joins:

g Xt XoXg=X,  XonXg=Xg
2 Xg o KovXg=Xg, XonXg=Xq

X3,X5 X3vX5=X7, X3/\X5=X1
X5,X4 X5vX4=X7, X5AX4= 2
X5,X6 X5vX6=X9, X5/\X6=X1
X4,X6 X4vX6=X8, X4AX6: 3
X5,X8: X5vX8=X9, X5/\X8=X2
X6,X7: X6vX7= : X6AX7: 3
X7,X8: X7vX8=X9, X7AX8: 4

2A) Assumethat X, Y arein A, toshow that XnY isin A. We need to show
?
that XnY isclosed under f . Let x, yOXnY, to show that f (x,y)OXnY . Since XnYUX
and XnYOX, we havethat x, yOX and x, yOY . Since both X and Y areclosed under f ,
we havethat f(x,y)OX and f(x,y)OY. Therefore, f(x,y)OIXnY ,whichwasto be
shown

*
2B) By asimilar argument, we can show that if 2 isanon-empty subset of A,
then [\ X isagainin A. It followsthat, in thiscase, themeet /\ ¥ existsin A, anditis
equal to N\ & .For =0, A 0O(=1)=B.Since /\ ¥ existsforany AUA, (A0 isa
complete lattice.

8 1



AB =1

A
ABC =1
AB=A%1 o o
ABC=Az, ABCD=AD#L : ABCD=AD : atom
ABCD=AD#L : ABCD=AD : at om
ABC=1
Al ABCD=B#1 : ABCD=B: atom
B ABCD =1
A
o ABCD=C#1 : ABCD=C: atom
ABC=C#£1 o
AB#L ABCD =L
ABCZL ABCD #1 : ABCD atom
ABCD #1 : ABCD : at om

2) #[A B, C, DO= 2nun‘oer of atons _ 26 — 64

3 A=ADv AD
B=B
c=cC

D=Bv CvADv ABCD .

4] 1) U=(((A>B)—C D) =AB v C vD=(AvB) ACv D
=(AVB)Cv D;

U=ACvBCvD.

V=(((D-C) —»B) —-A = DBvCBVA
V=BDvBCvVA

(thisis obtained from the previous result by exchanging A, B, C, D for D, C, B, A,



respectively).

X=U—V=(ACvBCvD) — (BDVvBCVA) =

= (ACvBCvD) v (BDvBCvA) = (AvC) ( BvC) D v BDVBCVA
=ABD v BCD v ACDvCDvBDvBCvA=CDvBDvBCvA

absorbed into
A and BD

X=CDvBDvBCVA .
Y=V—U=BAvVvCAvCBvD=ABVvACVvBCvD
from the previous result, by exchanging A, B, C, D for D, C, B, A, respectively.

For Z, first X

X = (CDvBDvBCvA) = ( CvD) (BvD) (BvC) A=

(BCvBD vCD vD)(BvC) A= (BCvD) (BvC) A= (BCvBDv BC v CD)A=
abs abs

rep
X = ABCv ABD v ACD .

Z=X—Y= XvY=ABCv ABD v ACD v ABVACvBCvD

abs abs abs

Z = ABVACVBCVD.

Better for Z: Z=(U-V) — (VU =UWN v (WU =W vVvU=VvU=V->U=
Y (1) ;

Z =ABvACvBCvD.

2) AB = ABCD v ABCD v ABCD v ABCD .



o (=) (- -
From AC, weneed only those A B C D which do not appear in AB ; there are
two of those:

AB v AC = ABCD v ABCD v ABCD v ABCD v ABCD v ABCD .

From BC, weneed only those A BC D which do not appear before; there are two
of those:

ABv ACv BC =
= ABCD v ABCD v ABCD v ABCD v ABCD v ABCDv ABCD v ABCD

Finadly, from D, fromtheeight A B C D, there are four ones not appearing before:
ABvACvBCvD=
= ABCD v ABCD v ABCD v ABCD v ABCD v ABCDv ABCD v ABCDv

3) In the FDNF expression of Z , the only atom of [A, B, C, DO that ismissing is the
second one, ABCD = AD. Thismeansthat Z isthe complement of AD, Z=AvD.



