Midterm examination/MATH 247/Winter, 2010
March 11
Corrected copy: April 6
Numbers in BOLD ITALIC: part marks

1. Details are all-important, both in exposition and calculation. Results without
justification, and numerical answers that seem to be guessed, are severely down-scored.

2. Calculators are allowed, but they are not really necessary. Do not calculate irrational
quantities such as V2 in decimals; leave them as they are. In general, it is not important

to calculate everything completely. An answer in the form +/23? +34* may be
considered final.

3. All five questions [1], [2], [3], [4], [5] are worth the same number of marks.

, Z,= , vectorsin R*.

Let U = span(Z,,Z,,Z,,Z,), asubspaceof R*.
{ 1) Determine a basis and the dimension of each of the subspaces U and U* of
R*.

6 2) Let T:R*—R* be the operator for which T(X) = proj, (X), the
orthogonal projection of the vector X onto the subspace U . Provethat T is linear.

{ 3) Determine the matrix [T]. of T givenin2) relative to the standard basis &’

of R* inthe form of a product of numerically given matrices and, possibly, inverses of
such. There is no need to calculate the matrix completely. Justify your formula.



1 -1 1 0 1

0 1 -1 1 0
2] Let X, =| |, X, = LY = Cf=|" |, g=
[2] SRR A S 9=,

1 0 -1 1 1

U =span(X,,X,) and W =span(Y) are subspaces of R*.

10 1) Determine the orthogonal projections Projy.w)(g—f) and
proj(lHW)l (g—f). The result may be left in the form of an expression of matrix

operations applied to numerically given items.

10 2) Let F=U+f and G=W +g, flatsin R* (aplaneanda linein R*).
Determine points (vectors) f,eF, g,eG suchthat |g,— f,| is minimal among all

HQ —~ f” for feF, §G.Also, determine the value |g, - |, the distance between
F and G.

[3] Letthe fourpoints P, P, P, P, inthe x,y-plane be given as follows:

RO,11), P, -01, R2,11), P@3,38) .

10 1) Determine the values of the parameters a, b, ¢ that make the parabola
y = f(x) = ax’+bx+c

the best fit, in the sense of least squares, to the four given points. The calculations should
be carried out to the point where only expressions containing numerical determinants are
left to be calculated; the final numerical values are not important.

2  2) Write down precisely the quantity that is being minimized by the calculation
in 1).

6 3) Verify that for the four points

RO.D)., RL.0, R2.1), PGB 9,



there is a parabola y = f’(x) that fits precisely the points P*, P,", P,, P, .
Calculate f*(2.5).

2 4) Write down the value in algebraic form, without actually calculating it, of the
error that we make in estimating the value f’(2.5) when we use our parabola y = f (x)
obtained in 1) in place of y=f (x) .

[4] Let A bethe symmetric matrix A = . here, a is a real number,

D O O B+
o O N O
O —r O O
N O O D

assumed to be non-zero. Let q(X) be the quadratic form g(X)=X"AX (X =

S N < X

12 1) Determine an orthonormal basis ©=(P,P,,P,,P,) of R* such that if
S

t
[X], =Y = , then q(X) = As°+4,t* + A,U? + A,v* with suitable constants

< C

Ay A, A, 4, determine the constants 4, 4,, 4;, 4, aswell. The vectors
R, P, P, P, will be algebraic expressions of a. The expressions need not be simplified.

a(x) and m:minq(x)

X[ X[

4 2) Determine the values M = max and vectors

X,, X, such that Lxlz):M, q(_><22):m
X [X.]

4 3) Determine the values of a for which q(X) is positive/negative definite,
positive/negative semidefinite but not definite, indefinite.



[5] Let F[x,y] be the vector space of all functions f :RxR — R having partial
derivatives of all orders. Reminder: we have the linear operators

I, D,, D, My, M, 1)
on F[x,y], defined by
of of
1(f)=", Dx(f)=&, Dy(f)=@, (M, (FD(X,y) = x-f(xy)

and similarly for M, .

10 1) Prove the following identities:

MM,=MM,, DM, =MD,

DM, =1+M,D, , IT =TI =T for any linear operator on F[x,y].

10 2) Consider the linear operator T = (D, +D,)’M M, . Write T in the form of
a sum each of whose terms is a product (possibly of one factor only) of items in the list
(1) insuch away that in the product all M -operators precede all D -operators. (For
instance, M,D, is allowed as a term in the sum, but D, M, is not.) To produce the
desired expression, use general laws of operator algebra, the identities in 1), the obvious
analogs of the latter obtained by interchanging x and y, plus the basic commutation
law D,D, =D,D, .






