
MATH 247/Winter, 2007
A calculation of a Fourier series

The function is:

x 0<x<π
f(x) = ; f periodic with period 2π .

-π -π<x<0

π∞ imximx 〈f, e 〉 1 ⌠ -imxf(x) =
�
c e ; c = ��������������������� = ��� ⋅ f(x)e dx .m m imx imx 2π ⌡-∞ 〈e , e 〉 -π

π 0 π 0 2 π 2 2⌠ ⌠ ⌠ x 2 π π2πc = f(x)dx = -π ⋅dx + xdx = [-πx] + [��� ] = -π +��� = -��� ;0 ⌡ ⌡ ⌡ 2 2 2-π 0-π -π 0

πc = �0 4

For m≠0 :

0 π
⌠ -imx ⌠ -imx2πc = -π e dx + xe dx = -πI + I .m ⌡ ⌡ 1 2

-π 0

⌠ -imx 1 -imx i -imxIndefinite integral: e dx = - ����� ⋅e = � ⋅e ;⌡ im m

0i -imx 1 mI = � ⋅[e ] = i ⋅ � ⋅(1-(-1) ) .1 m m-π

π ππ π⌠ -imx i -imx i ⌠ -imx i m i -imxI = xe dx = � ⋅[xe ] - � ⋅ e dx = � ⋅(π(-1) -[� ⋅e ] )2 ⌡ m m ⌡ m m0 00 0
u=x

-imxv’=e

u’=1
i -imxv= � ⋅em

i m i m 1 m π m= � ⋅(π(-1) - � ⋅((-1) -1)) = ��� ⋅((-1) -1) + i ⋅ ��� ⋅(-1)m m 2 mm

π m 1 m π m2πc = -πI + I = -i ⋅ � ⋅(1-(-1) ) + ��� ⋅((-1) -1) + i ⋅ ��� ⋅(-1) =m 1 2 m 2 mm
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1 m π m= ��� ⋅((-1) -1) + i ⋅ � ⋅(2 ⋅(-1) -1)2 mm

1i ⋅ ��� if m is even2m
c =m 1 3- ����� - i ⋅ ��� if m is odd2 2mπm

���"Real" expression: for f a real-valued function, we have c = c .-n n

∞ ∞imx inx -inxf(x) =
�
c e = c +

�
(c e + c e )m 0 n -n-∞ n=1

∞ ����������� ∞inx inx inx= c +
�

(c e + c e ) = c +
�

2Re(c e )0 n n 0 nn=1 n=1

For n even:

inx 1 1Re(c e ) = Re(i ⋅ ��� ⋅(cos(nx) + i ⋅sin(nx)) = - ��� ⋅sin(nx) .n 2n 2n

For n odd:

inx 1 3Re(c e ) = Re((-����� - i ⋅ ��� ) ⋅(cos(nx) + i ⋅sin(nx)) =n 2 2nπn
1 3= -����� ⋅cos(nx) + ��� ⋅sin(nx) .2 2nπn

The Fourier expansion of our f :

π 1 2 3f(x) = - � +
�

- � ⋅sin(nx) +
�

(- ����� ⋅cos(nx) + � ⋅sin(nx))4 n 2 nn even n odd πn
n>1 n≥1

=
π 2 1 2- � - � ⋅cos(x) + 3 ⋅sin(x) - � ⋅sin(2x) - ��� ⋅cos(3x) + sin(3x) + ... .4 π 2 9π

f(0+)+f(0-) 0-π πFor x=0 : f(0) = ��������������������� = ������� = - � ;2 2 2
π 2the series gives: - � +

�
- ����� ; from the equality of the two:4 2n odd πn

n≥1

21 1 1 1 π�
��� = 1 + � + ��� + ... + ������������� + ... = ��� .2 9 25 8n odd n 2(2k+1)n≥1
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