Assignment 8/MATH 247/Winter, 2010
Part 1. Notes on systems of differential equations
(First installment: only the text part is here now. Hopefully, later today, you’ll have the

problems too.)

| give a recipe that describes the general solution of a system of differential equations the
kind we saw in class, this time without any talk of the matrix exponential or Jordan’s
S/N decomposition. Of course, the recipe is justified by the theory, learned in class,
involving those ideas just mentioned. And, of course, it is much better to remember the
solution via the steps through those two ideas than memorizing the recipe.

Given

X=AX | (1)

a system of homogeneous linear differential equations with constant coefficients
(SHLDECC) , a complete system of linearly independent solutions are formed by the
columns of the matrix

X = P-diag(e"" e”,..e") - (IH-N%“-N%...W 11)‘.”‘1-1\“1“1) (2)
r—1!

(in other words: all solutions of (1) are of the form X = X-C , for some (uniquely
determined) value of the constant (nx1)-vector C)

where:

e  the numbers
A== iml =ty ﬂ“ml+l T = ﬂ“ml+m2 =Hyr e ﬂ“ml+m2...+mk4+1 e = ﬂ'ml+m2...+mk71+mk =n = H

form the complete system of eigenvalues of the matrix A, with g, 1, ..., 4,
the distinct eigenvalues of A , with respective algebraic multiplicities m;, m,, ..., m,;

e (P,., PR,) is any basisof the subspace U, = nuIIsp((A—ﬂlI)ml) of C"
(complex numbers may be involved!);



(P

PEERRRLLE

Pml+m2) is any basis of the subspace U, = nuIIsp((A—yzl)mZ);

(P jomytm s+ = P jamy.am_sm, —n) 1S any basis of the subspace
U, = nulisp((A— 1)) .

(U, U,, ... ,U, arethe generalized eigenspaces of A; their non-zero elements are the
generalized eigenvectors of A).

e P=[P..P, P P

it v Pimy 1 e
“stack the bases of the spaces U,, U,, ..., U, into matrix P”;

P P

My+My..+m_g+17 1 my+my . +my_ +my =n]'

e | isthe nxn identity matrix;

A

e N = PYAP- diag(i 4nd) ;

J r is the minimal number r such that nullsp((A-z1)") = m; for all
1=12,...,.k; of course, any number greater than this r also works just as well, and thus
r =min(m;, m,,..m,), and then, of course, r=n are also values that make the formula

correct (r taken larger than the minimum value just adds zero terms to the third factor of
X).

The theorem on the Jordan normal form says that the matrix P can be chosen in such a
way that the matrix J = P~ A-P isin Jordan normal form, meaning that

1) all entries of J outside the main diagonal and the diagonal immediately
above the main diagonal are equal to zero;
2) the main diagonal of J is (the same as that of) diag(4,4,,....4,);

3) all entriesin J in the diagonal immediately above the main diagonal are
either equal to 0, or equal to 1; and

4) the entry immediately above the first element of each of the k-1 uniform
blocks, other than the first one, of eigenvalues in the main diagonal, is equal to zero.



Note again: the above prescription works for any choice of the matrix P as described,
not only those that transform the matrix A to a Jordan form.

In the non-trivial cases, that is, when the matrix A is non-diagonalizable, the
transforming matrix P is “highly” non-unique, and hence, the resulting form of the
general solution is “highly” non-unique. This is the same phenomenon as the one in the
fact that the basis of a (sub)space of dimension > 2 is “highly” non-unique.

However, all issues concerning the question what form the general solution should take
disappears in the serious applications, when one asks for a solution with additional,

“initial”, conditions. The most important case is when the solution X of X =A-Xis
asked for that satisfies the initial condition X(t,) = X,: here, t, is any fixed value of
the (real) variable t,and X, is any fixed (numerically given) vector.

(The equation X = A-X describes the interacting motions of n particles, each moving
in a one-dimensional space, the position at time t of the ith particle being x(t). The

initial condition represents the knowledge that the i th particle at time t, is at the given
position X,;; here

Xl(t) XO,l
X(t) = Xz(t): ,X, = %oz )
Xn(t) XO,n

It is an important fact that any initial condition X (t,) = X, determines the solution X
uniquely.

Example
-3 51 -1
-3 4 2 -1
Let A = Then n=4,
-2 2 2 0
-1 1 0 2
char,(4) = A'-5°+92°-74+2 = (1-1°(1-2) ;

=== =1, m=3; A=u=2; m=1.



U, = nullsp((A-z1)™) = nulisp((A-1)%) = span ( )

1) (0) (O
0| 1| 1|0
0| |0 |2
0) \0) (1
The subspaces nullsp(A—1 ), nullsp((A- I)2) have respective dimensions 1 and 2.
Therefore, the minimal value for the integer parameter r in the formula will be 3.

U, = nuIIsp((A—yzl)mZ) = nullsp(A-21) = span (| |

e

(Of course, these bases are not unique; the basis for U, is “highly” non-unique; the basis
vector of U, is determined up to a constant factor.)

1 0 01
0101
P = ;
00 21
0011
-4 510
R 3330
N = P*A.-P- diag4,4,,...A) = = ;
9(4, 4, 0) 111 0
0 00O

r=3;r-1=2;

X = P.diag(e e?, . eh) . (|+t"<‘+%t2‘ﬁl2+...+( 11).tr‘1.|\|“f‘1) -
r—1)!



1 0 01 -4 5 1 0
0101 -3 330

X = . diag(e',e',e',e?) - (I +t- L.
0 0 21 -11 1 0| 2
0 011 0O 0 0O

which is equal to
ell-4t) e'(5t-2t%) elt+6t2) e

-3¢t et(1+3t—gt2) et(3t+%t2) e?!

D

2t 26! (t—%tz) 2e!(1+t +§t2) 2

D

-e't et(t—%tz) et(1+t+gt2) 2

Let us solve the initial value problem that prescribes X (t,=0) = X, =

We have X (t, =0)

(3)

O O O -
O O +— O
L N O O
N Y

Therefore, for

O

N

X () = X(t)-

ho £ O

O Fk W Pk
o O O o



C, 1 001 C, 1
c 0101 c 1
we have X(0) = X(0)-| *|= I -
C, 0 0 2 1| |c 1
C, 0011 lc -1
which says that
-1
C, 1 0 01 1 10 1 -2 1 4
c,| |0 101 1| _J0o1 1 2| |1| |4
c,| |00 21 1| oo 1 1 1| |2
c 0 011 -1 0 0 -1 2 -1 -3

Therefore, our desired solution is:

el@-4t) el(st—2t?) el(t+6t?) 2

e
Belt  ela+at-S1) el@elr) o :
2 2 4
X = ° =
2e't 26! (t—%tz) 26! (1+t+gt2) et 2
-3
-elt el (t—%tz) et(1+t+§t2) et

el(4+6t+4t?)—3e?
el (4+6t+3t%) —3e?
el (4+4t+2t2) —3e?
el(2+2t +1%)—3e?

Isitan accidentthat X (t, =0) = P ? No: if we substitute t=0 in the general
formula (2), we obtain exactly this!

As a comparison, let us note that the Jordan normal form of our matrix A, as given by
MAPLE 9, is



2 00O
0110
J =
0 011
0 001
with transforming matrix
-1 8 _E §
3 3
-1 6 1 1
R =
-1 4 2 2
3
-1 2 1 1
3

This meansthat J=R™*-A-R . R isanexample forwhat P isabove; with R as P,
then

0 00O

~ 0010
N = R*A-R - diag(4,4,,....4,) =

Ot ®) = |0 0 0y

0 00O

worksas N above did. Therefore, another formula for the general solution is
X =X-C, where

X = R - diag(e',e' et e?) - (I+t-N+%t2N2) =
5.2
3 3
et el el+6t)  ell+t+3t?)

e’ ge! et(—§+8t) el( t+4t?)

et gl et(§+4t) et(2+§t+2t2)

2%t § et(%+2t) et(l+%t+t2)



-1
4 g 25 0 0 1 -2
c, 3 3 1 1 11 1 13 1
c 16 1 1 1 12 72 18 72 1
C=| *|= 2 . =l 1 7 1 5] - =C
| |[-14 £ 2 1 = L 2 2 1
3 2 3 12
C4 1 _1 1 1 —1
12 = 1 0o -= 1 -=
3 2 2
3
13
C = 356 . Andfinally,
6
1

2t t t, 2 t,5 2 )
-e 8¢ e (——+8t) e (———t+4t
( i ) (3 3 ) 3

el (4 +6t+4t?) —3e?
2t it t t 2 13

X = 3 =
et el gl (§+4t) el (2+§t+2t2) el (4+4t +2t2) — 362
el(2+2t+1%)—3e?

= oo,

2%t ¢t et(%+2t) et(1+%t+t2)

same as above!
As a matter of fact, the “standard” solution, via the Jordan normal form, have used more
fractions than the more direct method!

Note, again, that the Jordan normal form solution is in fact just a special case, a particular
choice of parameters, in our general solution scheme. The point is that there is

no need for the extra care of choosing the transforming matrix that
provides the Jordan normal form.



