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JOHN LABUTE AND JAN MINAC

ABSTRACT. Using the mixed Lie algebras of Lazard, we extend the results
of the first author on mild groups to the case p = 2. In particular, we show
that for any finite set Sp of odd rational primes we can find a finite set S of
odd rational primes containing Sp such that the Galois group of the maximal
2-extension of Q unramified outside S is mild. We thus produce a projective
system of such Galois groups which converge to the maximal pro-2-quotient
of the absolute Galois group of Q unramified at 2 and co. Our results also
allow results of Alexander Schmidt on pro-p-fundamental groups of marked
arithmetic curves to be extended to the case p = 2 over a global field which
is either a function field of characteristic # 2 or a totally imaginary number
field.

A Serre

1. INTRODUCTION

In this paper we extend the theory of mild pro-p-groups developed in [8] to
the case p = 2. In particular, we obtain the following result which is the missing
ingredient in extending the results of Alexander Schmidt in [11] to the case p = 2
over a global field which is either a function field of characteristic # 2 or a totally
imaginary number field. Let H'(G) = H (G, Z/pZ).

Theorem 1.1. Let G be a finitely generated pro-p-group. If H?*(G) # 0 and
HYG) = U ® V with the cup-product trivial on U x U and mapping U @ V
surjectively onto H*(G) then G is mild.

For p # 2, Theorem 1.1 is a reformulation by Schmidt of a criterion for the
mildness of a pro-p-group that was proven in [8]. We will show that mild pro-p-
groups are also of cohomological dimension 2 when p = 2. To prove our results we
have to further develop the theory of certain mixed Lie algebras of Lazard [9)].

If S is a finite set of odd rational primes we let Gg(2) be the Galois group of
the maximal 2-extension of Q unramified outside S.

Theorem 1.2. If Sy is a finite set of odd rational primes there is a finite set S
of odd rational primes containing Sy such that Gg(2) is mild.
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Although the study of Galois groups of number fields with restricted ramifi-
cation can be traced already to work of L. Kronecker and others in the 19-th
century, the formal modern foundations were laid out by I.R. Shafarevic. His
work was influenced by geometrical considerations of finite coverings of Riemann
surfaces ramified in a given finite set of primes, class field theory and a deep un-
derstanding of the Galois groups of local fields. His papers [13], [14] as well as his
paper with E.S. Golod [15] demonstrated the extraordinary power of his vision.
Koch’s monograph [5], first published in 1970, summarized the important contri-
butions to the subject. For example, information of the cohomological dimension
of Gg(p) was obtained when p was odd and in S. When p was not in S, nothing
was known about Gg(p), other that it could be infinite by the work of Golod and
Shafarevich, until the recent work of the first author [8] where it was shown that
for p odd this group was of cohomological dimension 2 for certain S. The more
difficult case p = 2 was left open. This work finally extends these results to the
case p = 2.

2. MIXED LIE ALGEBRAS

Let G be a pro-2-group and let G,, (n > 1) be the n-th term of the lower
2-central series of G. We have

G1 =G, G, =G%G,G,)

where, for subgroups H, K of G, [H, K] is the closed subgroup generated by the
commutators [h, k] = h='k~*hk with h € H,k € K and H? is the subset of squares
h? of elements of H. Let L(G) be the Lie algebra associated to the lower 2-central
series of G. We have

L(G) = ®n>1Ln(G)
where L, (G) = G,,/Gn41 is denoted additively. This defines L(G) as a graded
vector space over Fo. If [, is the canonical homomorphism G,, — L, (G), the Lie
bracket [€,n] of & = I, (x), n = 1n(y) is lm4n([z, y]). To the homogeneous element

¢ = l,(x) we associate the homogeneous element P¢ = I,,,1(2?). If £, € L,(G)
then

P&+ Py ifn>1,
P¢+Pn+¢n ifn=1.

If ¢ e L, (G), n € L,(G) we have

) P[¢,n] ifm > 1,
Pl = {P[g,m Flelen) itm= 1.

Thus the operator P defines a mixed Lie algebra structure on L(G) in the termi-
nology of Lazard, cf. [9], Ch.2, §1.2. The operator P extends to a linear operator
on the Lie algebra

P(£+n)={

L+(G) = 69n>1]——4n(C71)

It follows that L™ (G) is a module over the polynomial ring Fo[7] where 7u = P(u).
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If A= ano A, is a graded associative algebra over the graded algebra Fo[n],
where multiplication by m on homogeneous elements increases the degree by 1,
then A, =3 _, Ay has the structure of a mixed Lie algebra where

P — w€ if € is of degree > 1,
S| mE+ €2 if € is of degree 1.

n>0

Every mixed Lie algebra g has an enveloping algebra Upix(g). This is graded
associative algebra U over Fy[m| together with and a mixed Lie algebra homomor-
phism f of g into U, such that, for every graded associative algebra B over Fa[r]
and mixed Lie algebra homomorphism g of g into B, there is a unique algebra
homomorphism ¢ of U into B satisfying ¢ o f = ¢g. The existence of Upix(g)
is proven in [9], Th. 1.2.8. It is also shown there that the canonical mapping of
g into U(g) is injective; this fact is referred to as the Birkhoff-Witt Theorem for
mixed Lie algebras. If X = {x1,..., 24} is a weighted set, the enveloping algebra
of the free mixed Lie algebra L,ix(X) on the weighted set X is the free associative
algebra A(X) over Fa[r] on X. Indeed, giving a mixed Lie algebra homomorphism
f Lmix(X) — By is the same as giving a graded map of X into B4 which is the
same as giving a homomorphism of the graded algebra A(X) into B. It is now a
straight-forward argument to verify the following Proposition.

Proposition 2.1. If0 — v — g — h — 0 is an exact sequence of mized Lie
algebras, we have

Umix(h) = Umlx(g)/m
where R is the ideal of Unix(g) generated by the image of t.

Let X = {x1,...,24} be aset and let F' = F(X) be the free pro-2-group on X.
The completed group algebra A = Zz[[F]] over the 2-adic integers Z is isomorphic
to the Magnus algebra of formal power series in the non-commuting indeterminates
X1,...,X4 over Zy. Identifying F' with its image in A, we have x; = 1+ X, (cf.

[12], Ch. 1, §1.5).
The lower 2-cental series of F' can be obtained by means of a valuation on A.
More generally, if 7y, ..., 74 are integers > 0, we define a valuation w in the sense

of Lazard by setting

Tlseeeslk

w( Z iy ,.oi Xy Xlk) = inf (U(ai1,~~~,ik) + Ty ot Tik)7
B] yeenslk

where v is the 2-adic valuation of Zy with v(2) = 1. Let A, = {u € A | w(u) > n}.
Then (Ay)n>o0 is a filtration of A by ideals and the associated graded algebra gr(A)
is a graded algebra over the graded ring Fao[n] = gr(Zs) with 7 the image of 2 in
27 [AZs. 1f & is the image of X; in gr_ (A) then gr(A) is the free associative Fy[r]-
algebra on &7, . .., &g with a grading in which &; is of degree 7; and multiplication by
7 increases the degree by 1. The Lie subalgebra L of gr(A) generated by the &; is
the free mixed Lie algebra over Fa[n] on &1, ..., &4 by the Birkhoff-Witt Theorem.
Note that when 7; = 1 for all ¢ we have A,, = I"™, where I is the augmentation
ideal (2, X1,...,Xy4) of A.
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Forn > 1,let F, = (1+ A,)NF and for € F let w(xz) = w(x — 1) be the
filtration degree of x. Then (F),) is a decreasing sequence of closed subgroups of
F with the following properties:

L =F, [Fn7Fk:] an+k7 Frr% an+1~
It is called the (z, 7)-filtration of F'. Such a sequence of subgroups of a pro-2-group
G is called a 2-central series of G. If 7; = 1 for all ¢ then (F},) is the lower 2-central
series of F.

If (G,) is a 2-central series of G, let gr,,(G) = G,,/Gp41 with the group opera-
tion denoted additively. Then gr(G) = @&,>1¢r,,(G) is a graded vector space over
Fs with a bracket operation [, 7] which is defined for £ € G, n € G to be the
image in gr,, . (F') of [x,y] where z,y are representatives of &, in gr, (G), gr,.(G)
respectively. Under this bracket operation, gr(G) is a Lie algebra over Fy. The
mapping = — z? induces an operator P on gr(G) sending gr, (G) into gr,,(G).
For homogeneous &, 7 of degree m, n respectively, we have

P+n)=PE)+Pn)+[Enifm=n=1,
PE+n)=PE)+P(n)it m=n>1,
(1

)=
P(&),nl = P(&n) + €, [§,n]] if m =1,
P(&),n] = P([&n) if m > 1.

Hence gr(G) is a mixed Lie algebra.

In the case F = F(X) and F,, = (1+A,)NF, the mapping « — 2 —1 induces an
injective Lie algebra homomorphism of gr(F') into gr(A). Identifying gr(F) with
its image in gr(A), we have P(§) = w€ unless £ € gry(F') in which case

P(§) =€ +m¢.
The Lie algebra gr(F) is the smallest Fa-subalgebra of gr(A) which contains

&1,...&q and is stable under P. To see this, let X,, be the set of elements z;
with 7, = n and define subsets T}, inductively as follows: 77 = X; and, for n > 1,
T, =T, UT/ where

T ={2*|zecT, 1}, T)=X,U{z,y]|zecT/ yeT! r+s=n}

If F), is the closed subgroup of F' generated by the T}, with k > n, then (F)) is a 2-
central series of F' (cf. [9], §1.2). If gr’(F') is the associated graded Lie-algebra, the
inclusions F C F,, induce a mixed Lie algebra homomorphism gr'(F) — gr(F).
We obtain a sequence of mixed Lie algebra homomorphisms

Linix(X) = g’ (F) — gr(F) — gr(A),

where the homomorphism Lyix(X) — gr/(F) sends &; to &/, the image of &; in
gr’ (F'), and hence is surjective since the £ generate gr'(F') as a mixed Lie algebra
over Fy[r]. The composite of these homomorphisms sends &; to & and hence is
injective. Thus gr'/(F) — gr(F) is injective from which it follows inductively that
F! = F, for all n. Hence we obtain that gr(F (X)) = Lmix(X). The above 2-
filtration (F,,) of F is called the (z,7)-filtration of F. If 7; = 1 for all i then (F},)
is the lower 2-central series of F'. Thus we have shown the following result.
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Theorem 2.2. If L(F(X)) is the Lie algebra associated to the (x,T)-filtration of
the free pro-2-group F(X) on the weighted set X = {x1,...,xq}, with x; of weight
7i, then L(F(X)) = Lnix(X), the free mized Lie algebra on X = {&,..., &4},
where &; is the image of x; in L, (F(X)).

Theorem 2.3. LT (X) is a free Lie algebra over Fa[n]. If &1,...,&m are the ele-
ments of X of weight 1 then, as a free Lie algebra, LY (X) has a basis Y consisting

of
(1) the ("F1) elements
P&, ... P&y, [6,6] 1 <i<j<m),
(2) the elements
ity o€ [6:6] (1<i<m, m+1<j<d),
(3) for 3 <k, the (k—1)(,"",) commutators

ad(&;,)ad(&,) -~ ad (&, _,)ad(£)? (G, _,),

where m > iy >ig > - >ip 0>1,1<j<m, jF#i1,...,05_2,
(4) for 3 <k, the (k—1)("}) commutators

ad(gll)ad(glz) T ad(gik—Z)a’d(gik—l )(glk)?

where m > i1y > g > - > i1 > 1, i1 < i <M, ig %il,...,ik_g,
(5) for 3 <k, the (,",)(d —m) commutators

ad(&;, )ad(&;,) - - ad(&,_,)ad(&, )&y )
where m > 41 > iy > -+ > i1 > 1, i > m.

If A= A(X) is the free associative Fao[r]-algebra on X and B is the subalgebra of
A generated by Y then B is the free associative algebra over Fa[rr] on the weighted
set' Y. Moreover, A is a free B-module with basis 7' -+ &% (e; = 0,1).

Proof. Let A be the free associative algebra on X = {&;,...,&4} over Fa[n] and let

L be the Lie subalgebra over Fy generated by X. Then L is the free Lie algebra
over [y generated by X. If L = L,;x(X) we have

m
Ly=1L1 =) T,
=1

Ln == Wn_ZZnggi +7rn—2f/2 + .- —‘r’ﬂ'l_/n,l —f—in (’I’L Z 2)
i=1

Let Z be a homogeneous basis of L containing X with &;,...,&,, the elements of
Z of degree 1. If Z7 is the set of elements of Z of degree > 1 then

Z*:{Pgl,sz’...7P€m}UZ+

is an Fa-basis for LT modulo 7L+ and hence is an Fy[n]-basis for the free Fa[r]-
module L*. If Z = {n; | 4« > 1} is linearly ordered so that n; < n;41 and
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degree(n;) < degree(n;+1) then, by the Birkhoff-Witt theorem for Lie algebras
over Fy, the elements
n® =]

i>1
where o = ()i>1 with a; = 0 for almost all i, form a Fa-basis of A= A/rA, the
enveloping algebra of L. It follows that the elements

m m
Hni i H ,,71.2% H 77?17
i=1 i=1

i>m
where 8; = 0,1 and v;,a; € N, are also an Fy-basis of A. Note that, in our
convention, 0 € N. Hence the elements

m m
IESIEZSIEE
=1 =1

i>m

where ; = 0,1 and v;, a; € N, are a Fa[r]-basis for A. In particular, the elements

m
1120 ] e
i=1

i>m

where v;, a; € N, are an Fy[r]-basis for the Fy[r]-subalgebra B of A generated by
Z*. This implies that A is a free B-module with basis

e Em (i =0,1).
Let a, be the number of elements of Z of degree n. Then
1
H(l _ t">_a” =,
n>1 1= Zl it

where e; < eg < -+ < e, are the possible values of the 7; = deg(§;) and m; is the
number of j with 7; = e;. We can rewrite this equation in the form (1+¢t)"P(t) =
(1=, mit%)~! where

Pity=@1-) " JJa -t

n>2

= (1 — )"t TT@ -t~
n>3
1

1-— (Cgt2 4 cgtd + -+ Cm+1thrl + Zk21 qk(t)) ’

ck—(k—1)<m2_1)

where
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The power series P(t) is the Poincaré series of B = B/nB; the Poincaré series of
Bis P(t)/(1 —t).

To show that the elements of Y generate L' it suffices to show that they
generate L as a vector space over Fo modulo 7L +[LT, LT]. For k > 2, we have
L; = L, modulo 7LT. For k > 2, every element of L;, can be uniquely written
modulo [, L] as a linear combination of the sequence S of elements of the form

ad(fil)ad(fiz) T ad(gikfz)a‘d(gikfl)(gik)

withd > i3 >i9 > - >ip_1 > 1 and ix_; < ix. Modulo 7LT we have

[P(&), P(&))] = ad(&)ad(&5)* (&),
[P(&), u] = ad(€)*(u) if u € L*
and ad(&;)ad(&;)(u) = ad(&;)ad(&;)(u) modulo [L*, L1] if w € LT. If follows that

the only terms of the sequence S which possibly do not lie in 7 L™ + [L*, L™] are
the terms of the subsequence T of elements of the form

(A) ad(fll)ad(&z) T ad(gik—z)ad(gik—l)(gik)

with m > 41 > i9 > -+ >ip_1 > 1 and ix_1 < i, or of the form

(B) a‘d(gil)ad(giz) U ad(é-ik—.’i)ad(é-ik—2)2(€ik—1)

with m >i1 > i > >ip_o>1, 4o <ip_1 <m, or of the form

(C) ad(gh )ad(fiz) e ad(gik_Q)ad(gik_l)(gik)

with m > 41 > g > -+ > 41 > 1 and ix_1 < i = ¢;. Working modulo
7Lt + [L*, LT], this last element is equal to

a'd(glé) T ad(fikfz)ad(fil)ad(&k71)(£ik> = ad(éw) e ad(gikfz)ad(£i1)2(§ik71)

which is an element in the family (3) in the statement of the theorem. Using the
identity

ad(z)ad(y)?ad(z) = ad(z)ad(y)?ad(x) (mod 7L + [L*, L1]),

the elements of the form (B) can be also written in the form (3). The elements
in (A) with i < m account for the elements in (4) and the elements in (A) with
ir > m account for the elements in (5). The later account for the terms gx(t) in
P(t). Thus Y generates L*(X) and so the canonical mapping of L(Y), the free
Lie algebra over Fa[n] on the weighted set Y, into L™ is surjective. It is injective
since L(Y) and LT have the same Poincaré series. O

Corollary 2.4. Let f/mix(X) = Lunix(X)/TLimix(X)T and let Y be as in Theo-
rem 2.3. Then Emix(X)+ = L(Y), the free Lie algebra over Fo onY . Its enveloping
algebra B is the subalgebra of A = A(X) (the free associative Fa-algebra on X )
generated by Z(X)Jr, The B-module A is free with basis consisting of the elements

i G (i =0,1).

~ This follows immediately from the fact that A is a free B-module with basis
11 2 ;
Pegr (n=0,1).
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3. QUADRATIC LIE ALGEBRAS

If g is a mixed Lie algebra we let § = g/mg™. Then § is a Lie algebra over Fy
which we call the reduced algebra of g. The operator P on g induces an operator
on g, also denoted by P, which is zero in degree > 1 and which, for homogeneous
elements &, n, satisfies

(QLL)  P(¢+n) = P(€) + P(n) + [&,1] if &7 are of degree 1,
(QL2)  [PE,n] = [¢, [€.n]] if & is of degree 1.

Thus g satisfies the axioms for a mixed Lie algebra where P(£) = 0 if £ is
homogeneous of degree > 1. It is an example of what we call a quadratic Lie
algebra.

Definition 3.1 ((Quadratic Lie Algebra)). A quadratic Lie algebra is a graded
Lie algebra b = @;>1h; over Fo together with a mapping P : b1 — ba satisfying
(QL1) and (QL2).

A homomorphism f : h — b’ of quadratic Lie algebras is a homomorphism of
graded Lie algebras (over Fy) such that f(P(s)) = P(f(s)) for every homogenous
element s of degree 1. By an ideal of ) we mean an ideal a of ) as a Lie algebra
over Fy such that P(s) € a for every element s of a of degree 1. Every quadratic
Lie algebra is a mixed Lie algebra if we set P = 0 for every homogeneous element
& of degree 1. In this way Quadratic Lie algebras form a full subcategory of the
category of mixed Lie algebras.

If A = ®;>04; is a graded associative algebra over Fy then the mapping P : z —
22 of A; into A, together with the bracket [x,y] = xy+yx defines the structure of a
quadratic Lie algebraon A, = ®;~0A;. Indeed, we have (z+vy)? = 2% +y*+xy+yz
and

[z, [2,y]] = [z, 2y + yz] = 2%y + zyz + 2yz + y2* = [2%,y).

Definition 3.2 ((Derivation of a quadratic Lie algebra)). If b is a quadratic Lie
algebra then by a derivation of h we mean an additive mapping D : b — b that

(Der 1) There is an integer s > 1 such that D(h,,) C bh,1s (s is the degree of D),
(Der 2) D(P(&)) =& D(&)] if € is homogeneous of degree 1,

(Der 3) D&, n] = [D(§),n] + €, D(n)]-

The set Derquaa(h) of derivations of the quadratic Lie algebra b is a quadratic Lie
algebra under the operations of addition and Lie bracket [Dy, Do] = D1 Dy+ Do D,
with P(D) = D? if D is of degree 1. The grading is defined by the degree of a
derivation.

If a and § are Lie algebras over Fo and f is a homomorphism of b into the Lie
algebra of derivations of a, the semi-direct product of a and b is the direct product
a x b as vector spaces with the Lie algebra structure given by

[(§,0), (&', 0")] = (I €T+ (o) (&) + £(0")(§), [0, 0.
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We denote this Lie algebra by a x ¢ h. We will agree to identify a and b with their
canonical images in a x¢ h. If a and h are graded then so is a x ¢ b with n-th
homogeneous component a,, X h, = a, + bhy.

Theorem 3.3. Let a and h be quadratic Lie algebras and f is a homomorphism
of by into Derquada(a). If (§,0) is an element of a x b of degree 1 then

P&, 0) = (P(§) + f(0)(&), P(0))

defines the structure of a quadratic Lie algebra on a X b.

Proof. Let £+ o, £ + ¢’ be elements of a x b of degree 1. Then
Pé+o)+€& +0)=PE+E +o+0)=
PE+E)+ flo+d)E+E)+Plo+d) =
P(&)+ P(&) + (5,81 + f(0)(©) + f(0)(€) + f(0")(€) + f(o')(€)+

P(o)+ P(d') + [o,0'] =

P+o)+PE+0)+[E+0,+0.

If £ + o is of degree 1 we have

[P(€ +0),€ +0') = [P(&) + F(0)(€) + P(0),€ + '] =

[P(&) + f(0)(€), €T+ f(P(0)) (&) + f(o)(P(E) + f(0)(€) + [P(0),0'] =

[P(€),€1+ [f(0)&. €T+ f(0)*€" +[§, f(o) )]+ f(0) f(0)(€) + [Po),0'] =

(6,16, €T+ [F(0) (& €+ F(0)*(€) + [€ f(0) () + £(0) f(0)(€) + [0, [0,0"]] =

(€, 1€, €T+ 1€ F()EN + 1€ F(o)E] + f(0) (& €T+ [(0)*(§) + (o) f(o)(€)
+ f([lo,0NE) + [0, [0, 0]] =

[£+0[€,§’} + f(@)(€) + f(0)(&) + o0 = [E+0,[§ + 0,8 +0]].
O

If X is a homogeneous subset of the quadratic Lie algebra b then the quadratic
subalgebra of h generated by X is the smallest Lie subalgebra a of  which contains
X and which contains P(z) for every x € X of degree 1. Let h* = P(h1) + [b, b].
Then h* is a vector subspace of ) by (QL1). The proof of the following result is
left to the reader.

Proposition 3.4. The subset X generates the quadratic Lie algebra §y if and only
its image in the vector space h/h* is a generating set.

If X is a weighted set then the natural map of f/mix(X) = Linix(X) /T Linix(X) T
into A(X) = A(X)/mA(X) is injective map of quadratic Lie algebras. We use this
to identify Ly (X) with the quadratic subalgebra of the free associative algebra
A(X) over Fy generated by X. If L(X) is the Lie subalgebra of A(X) generated
by X we have

f/mix( = Z/ —|— ZFQS
ses
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where S is the set of elements of X of degree 1 and P(s) = §2 for s € S. The Lie
algebra L(X) is the free Lie algebra over Fa on X. Note that Luix(X)/Liix(X)* =
L(X)/[L(X), L(X)].

Proposition 3.5. The Lie algebra f/mix(X) is the free quadratic Lie algebra on
the set X.

Proof. Let f be a weight preserving map of X into a quadratic Lie algebra h. Then
f extends uniquely to a Lie algebra homomorphism g of L(X) into h. The only
way to extend g to a quadratic Lie algebra homomorphism ¢ of Emix(X ) into b
is to define ¢(P(s)) = P(p(s)) for any s € S and to extend by linearity to all of
Limix(X). A straightforward verification yields that o([P(s),y]) = [¢(P(s)), o(y)]
for any y € L(X) and that p([P(s), P(t)] = [¢(P(s)),(P(t))] for any s,t € S and
hence that ¢ is a homomorphism of quadratic Lie algebras. O

Every quadratic Lie algebra b has a universal enveloping algebra U = Uquaa(h).
More precisely, there is a graded associative algebra U over F9 and a quadratic
Lie algebra homomorphism f of h into U, such that for every quadratic Lie al-
gebra homomorphism ¢g of § into an associative algebra B over Fy there is a
unique algebra homomorphism ¢ of U into B satisfying ¢ o f = ¢y. We have
Uquad(imix(X )) = A(X) since A(X) has the correct universal property. More
generally, we have
Proposition 3.6. Let g = imix(X)/t be a presentation of a quadratic Lie algebra
g and let R be the ideal of A(X) = Ugnad(Lmix(X)) generated by the image of t.
Then

A(X)/m = Uquad (9)-

Proposition 3.7. Let g be a mized Lie algebra and § = g/mg™ the reduced algebra
of 9. If U = Upnix(9) then Ugnaa(8) = U/7U.

Proof. If g = Lynix(X)/v then g = Emix(X)/E, where t is the image of t in f/mix(X).
Then

Uquad(g) - A(X)/%,
where R is the image of R in A(X). O

4. STRONGLY FREE SEQUENCES

Let p1,...,pm € L = Lnix(X) with p; homogeneous of degree h; > 1 and let ©
be the ideal of the free mixed Lie algebra L generated by p1,...,pm. Let g = L/t
Then M = t/[r,t] is a module over the enveloping algebra U = Upx(g) via the
adjoint representation.

Definition 4.1. The sequence p1,...,pm s said to be strongly free in L if the
following conditions hold.

(i) The Fy[r]-module U is torsion free.
(ii) The U-module M is free on the images of p1,. .., Pm-
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Let p; be the image of p; in L= Einix(X ) and let ¥ be the ideal of L generated
by p1,.-.,pm. Let g = L/t. Then M = t/[t,7] is a module over the enveloping
algebra U = Uqguaa(g) via the adjoint representation.

Definition 4.2. The sequence p1,. .., pm s said to be a strongly free in L if the
U-module M is free on the images of p1,. .., pm-

Let X = {&1,...,&} with &; of weight e;.

Theorem 4.3. The sequence pu,...,pm is strongly free in L if and only if the
Poincaré series of U is

/(1= (t 4 o) 4t oo thm),

Proof. Let 9 be the ideal of A(X) generated by . Then A(X)/R = Uquaa(§) = U.
If I is the augmentation ideal of V' = A(X) and J is the augmentation ideal of
W = Uquad (%) then, by tensoring the exact sequence 0 — I — V — Fy — 0 with
Fo = W/J over W, we obtain the exact sequence
TorlY (Fy, V) — ¥/[5,§] = I/RI = V/R = Fy = 0

using the fact that

(1) If M is a W-module then M @w (W/J) = M/JM;

(2) R=7TV =TT

(3) Tor}V (Fy,Fy) = t/[F, 7] (cf. [3], Ch. XIII, §2).

The map t/[¢,¥] — I/RI is induced by the inclusion ¥ C I. Since I is the
direct sum of the left ideals V&;. The U-module I/RI is the direct sum of the
free U-submodules Ug; where g; is the image of & in U = A(X)/R. Since ¥ C L
the algebra V = A(X) is a free W-module by Corollary 2.4 and the Birkhoff-Witt
Theorem for Lie algebras over Fsy. In this case we have the exact sequence

0 —t/[t,t] = I/RI - A(X)/R — Fa — 0.

Expressing M = t/[t,%] as a quotient U™ /N using the relators j;, we obtain the
exact sequence of graded modules whose homogeneous components are finitely
generated free Fo-modules

0= N = &, Uhj] = &I, Ule;] = U =+ F2 =0
where U[n] = U but with degrees shifted by n; by definition, Uln)(t) = t"U(1).

We have N = 0 if and only if M is a free U-module on the images of the ;.
Taking Poincaré series in the above long exact sequence, we get

N(t) = (" 4t U () + (t + -+ t)U(t) = U(t) + 1 = 0.
Solving for U(t), we get U(t) = P(t) + N(t)P(t), where
- 1
1— (£ + -+ tod) +tht + -+ thn
Hence N(t) =0 < U(t) = P(t). O

P(t)
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Theorem 4.4. The sequence pi,...,ppm is strongly free in L = Luyix(X) if and
only if the sequence p1,. .., pm is strongly free in L.

Proof. If p1,...,pm is a strongly free sequence then the enveloping algebra U of
the mixed Lie algebra g = L/t is a torsion free Fo[r]-module. By the Birkhoff-Witt
Theorem for mixed Lie algebras, the canonical mapping of g into U is injective.
Hence g* = L™ /v is a torsion free Fy[r]-module. If B is the subalgebra of A =
A(X) generated by Lt then B is the enveloping algebra of L. By Birkhoff-Witt
the canonical mapping of the enveloping algebra W of v into B is injective and B is
a free W-module. Since A is a free B-module it follows that A is a free W-module.
Thus, if M = t/[r,t] and 2R the ideal of A generated by v and I the augmentation
ideal of A, we have an exact sequence

0— M — I/RI - A/R — Faln] — 0.

As in the proof of Theorem 4.3 we obtain that the Poincaré series of U is

1
(1 —t)(1— (ter + -+ tea) + tht 4 oo thm)’

Q(t) =

If U is the enveloping algebra of L/(py, . . ., pm) we have U = U/nU = U @, Fa[r].
Since U is torsion free over Fo[r] the Poincaré series of U is (1—#)Q(t) which proves
that the sequence p1, ..., pn, is strongly free.

Conversely, suppose that the sequence p1, ..., p,, is strongly free in L. We have
the exact sequence of graded vector spaces over Fo

0K —->M-—=Ule|®---®Uleg) > U —Fy — 0.

Taking Poincaré series we get
1

K(t) — M(t) + (t 4 -+ t°)U(t) fU(t)+17_t =0
from which we get M (t) = K(¢t) — (1 — (t** +--- +¢t°4))U(t) +1/(1 — t). Hence
M(t) B K(t) 1

—U®).

1_(7561 +...+t€d) 1_(7561 +...+t€d) T (1_t)(1_(t€1 +...+ted))
Now suppose that py, ..., pm is strongly free. Then, if t is the ideal of L generated
by p1,...,pm and M = t/[t, 7], we have surjections

Uhy) @ - @ Ulhm] = M — §/[5, 7

whose composite is an isomorphism. It follows that

M 2/[6,§) 2 U] & @ Ulhml,

M(t 1 thi 1 g phem
1—t¢ 1—¢ 1_(t51+...+ted)+thl+...+thm
U(t) 1 1
U(t) < = : .
()—14 1—t 1—(ter 4 tea) +th ... f thm
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Using the fact that K(¢) > 0, we get

M(t) . 1 U _

T—(ter 4 4tea) = (1—t)(1—(tr +---+tea)) 1—¢

1 ( 1 1 -

T—t (L= (tr 4o tea) 1 — (ter 4 oo temd) fths 4 ooo o phm”
M(1) M(t)

> .
(1 —t)(l—(tel +...+t€d)) - 1- (tel +...+ted)
It follows that K (t) =0, U(t) = U(t)/(1 —t) and M(t) = M /(1 —t). Hence U is
a free Fy[r]-module and M is a free U-module since we have a natural surjection
Uhi]®---Ulhm] = M

with both sides having the same Poincaré series. O

In general it is very difficult to determine whether a sequence in L is strongly
free but we can construct a large supply using the following elimination theorem
for free quadratic Lie algebras.

Theorem 4.5 ((Elimination Theorem)). Let S be a subset of the weighted set X
and let a be the ideal of the free quadratic Lie algebra Luyix(X) generated by X —S.
Then a is a free quadratic Lie algebra with basis

ad(oq1)ad(og) ---ad(0,)(€), (>0, 0,€ 8, £€ X —89).

Proof. We first show that the quadratic Lie algebra L (X) is the semi-direct
product of the quadratic Lie algebras a and Ly (S). Let f be the adjoint rep-
resentation of ﬂmiX(S) on a. Then f is a homomorphism of the quadratic Lie
algebra imiX(S) into the quadratic Lie algebra Derqyaq(a) of derivations of the
quadratic Lie algebra a. More precisely, if f(¢) = D then f(P(c)) = D? and
D(P(¢)) = [¢, D(¢)] if 0, € are homogeneous of degree 1. Every element of Lyyiy (X))
can be uniquely written in the form £ + o with £ € a,0 € Z/mix(S)- We have

(614 01,8 + 02] = [§1,82] + f(o1)(&2) + f(o2)(&1) + [01,02]
and P(§ +0) = P(§) + f(0)(&) + P(o) if £, 0 are of degree 1. As a quadratic Lie
algebra, a is generated by the family of elements
ad(oq1)ad(o2) ---ad(0,)(€), (n>0,0;,€ 5, X —15).
If o € S and f(o) = D then
D(ad(oq)ad(o3) - --ad(o,)(§)) = ad(o)ad(o1)ad(o2) - - - ad(0,)(&).

Let T be the family of elements (o1, 02,...,0,,&) withn > 0,0, € 5,6 € X -8
and weight equal to the sum of the weights of the components o;,{. Let 1 be the
quadratic Lie algebra homomorphism of Ly,ix(T") into a such that

p1(o1,09,...,0,,&) = ad(o1)ad(o2) - - - ad (0, ) (€).

Since ¢ is surjective it suffices to prove ¢, is injective. Let g be the quadratic Lie
algebra homomorphism of Lk (S) into Derquad (Lmix(T")) where, for o € S, we de-
fine g(o) be the derivation which takes (01,09, ...,0,,&) into (o,01,09,...,04,,§).
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That such a derivation exists follows from the fact that the derivations D of the
free Lie algebra L(T) can be assigned arbitrarily and can be uniquely extended
to derivations of the quadratic Lie algebra L(T)) by defining D(£2) = [¢, D(¢)] if
¢ is an element of T of degree 1. Let L be the semi-direct product of imix(T)
and flmix(s) with respect to the homomorphism g. Every element of L can be
uniquely written in the form £ + o with £ € Zmix(T), o€ f/mix(S). Then

[§1+ 01,82 + 02] = [€1,&2] + g(01)(&2) + g(02)(&1) + [01, 02].

and P(§+0) = P(§) +g(0)(§) + P(0o) if £, o are of degree 1. Since ¢1(g(0)(&)) =
f(0)(p1(€)) we see that there is a unique homomorphism ¢ of L into Ly (X)
which restricts to ¢1 and is the identity on imix(S ). If ¢ is the homomorphism of
L(X) into L which is the identity on X we have ¢ o) and 1 o ¢ identity maps so
that ¢ and hence ¢ is bijective. O

Corollary 4.6. If B is the enveloping algebra of imiX(S) = imix(X)/a then, via
the adjoint representation, a/[a,a] is a free B-module with basis the images of the
elements £ € X — S.

Let X be a finite weighted set and let S C X. Let a be the i~deal of L = EmiX(X)
generated by X — S and let B be the enveloping algebra of L/a.

Theorem 4.7. Let T = {71,...,7:} C a whose elements are homogeneous of
degree > 2 and B-independent modulo a*. If p1,..., pm are homogeneous elements
of a which lie in the Fy-span of T modulo a* and which are linearly independent
over Fy modulo a* then the sequence pi,. .., pm is strongly free in L.

Proof. Let t is the ideal of L generated by pi1,...,pm and let U = Ugyaq be the
enveloping algebra of L/t. The elements

ad(o1)ad(oz) - - - ad(on)(p;)

with 1 <7 <m,n >0, 0; € S generate t as an ideal of the quadratic Lie algebra a.
Suppose that these elements form part of a basis of the free quadratic Lie algebra
a. The elimination theorem then shows that M = t/[t,t] is a free module over the
enveloping algebra C' of a/t with the images of these elements as basis. Now let ;
be the image of p; in M and suppose that >, u;p; = 0 with u; € U. Then, since
every u; can be written in the form

U; = E CijWj

where the w; are distinct products of elements of S and ¢;; € C with ¢;; its image
in U, the dependence relation

0= Zui,ui = Z(éij w;) i = Z cij(wjpi)
i .7 1,3
implies that all ¢;; are zero and hence that each u; is zero.

To show that the elements of the form ad(oq)ad(o2) - - - ad(o,,)(p;) are part of a
Lie algebra basis of a it suffices to show that p1,..., pn are B-independent modulo
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a*. We now work modulo a*. If H is the Fo-span of p1, ..., pm, we can find a basis
Y1, -+, Ym of H such that

S
Vi = a0 + Zaz’jﬂj

j=1

where a;,a;; € Fo,a; #0, m+s=t,T ={ai,...,0m,01,...,0s}. Hug,...,um €

B, we have

m m S m

Z Uiy = Z ;U0 + Z(Z aiju;)B;.

i=1 i=1 j=1 i=1
If > uv; = 0 mod a* then by the B-independence of the elements of 7' we
a;u; = 0 so that u; = 0 for all 4 which implies the B-independence of ~1,...,vm
and hence of p1,..., pm. O

Corollary 4.8. Let X = {&1,...,&a} withd > 4 even and let p1,. .., pq € Emix(X)
with

d
pi = ai&} + Z&j (€, &5
j=1
where (a) a; =0 if i is odd, (b) £;; =0 if 1,5 odd, (c) l1a =laz = ... =l4_14=
lin =1 and (d) l1glaa—1-- L3221 = 0. Then the sequence p1, ..., pq is strongly
free.

Proof. Let a be the ideal of imix(X ) generated by the &; with ¢ even and let b be
the subspace of ay generated by the &2, [€i,&;] with 4,7 even. Then the p; are in
a and their images in V' = (a/a*)s = az/b are linearly independent. Indeed, the
images in V' of the elements [;,&;] with ¢ odd, j even ¢ < j form a basis for V
which we order lexicographically. If A is the matrix representation of pi,..., pq
with respect to this basis, the d columns (1,2),(2,3),(3,4),...,(1,d) of A form
the matrix

(612 0 0 0 —lim
b1 a3z 0 0 0
0 fgg £34 0 0
0 0 Y43 0 0
0 0 0 - byma O
L 0 0 0 te Em,mfl gml |
which has determinant 612623 s gm—l,mgml + €1m€21£32 s gm,m—l =1. O

Example 4.9. If d > 4 is even then
a1€} + [61,&2], 4283 + [€2, €3], - -, g€ + [€a, &1]

is a strongly free sequence if a; = 0 for i odd.
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5. MILD GROUPS

Let F = F(x1,...,xq) be the free pro-2-group on x1,...,x4 and let G = F//R
with R the closed normal subgroup of F' generated by 71, ...,7,. Let (F,) be the
filtration of F' induced by the (z,7)-filtration of F. It is induced by the (z,7)-
filtration of A = Zs[[F]]. Let Gy, be the image of F), in G and let T',, be the image
of A, in T = Zs[[G]].

Let p; be the initial form of r; with respect to the (x,7)-filtration of F ; by
definition, if r € Fy, r ¢ Fj4+1, the initial form of r is the image of r in Ly (F) =
gr.(F). We assume that the degree h; of p; is > 1.

Definition 5.1 ((Strongly Free Presentation)). The presentation G = F/R is
strongly free if p1, ..., pm is strongly free in Lyix(F).

Definition 5.2 ((Mild Group)). A pro-2-group G is said to be weakly mild if
it has a minimal presentation G = F/R of finite type which is strongly free with
respect to some (x,7)-filtration of F. It is called mild if the 7, = 1 for all i in
which case the (x,T)-filtration is the lower 2-central series of F.

Theorem 5.3. Let F//R be a strongly free presentation of G with R = (r1,...,7m).

Let v is the ideal of L(F(X)) generated by the initial forms p1,...,pm of the

defining relators r1,...,7m. Then

(a) L(G) = L(F)/x.

(b) The group R/|R,R] is a free Z[[G]]-module on the images of r1, ..., m.

(¢) The presentation G = F/R is minimal and cd(G) = 2.

(d) The enveloping algebra of L(G) is the graded algebra associated to the filtration
(Ty) of T = Zs[[G]], where Ty, is the image of A, in G.

e) The filtration (Gy,) of G is induced by the filtration (T'),) of T

f) The Poincaré series of gr(T) is 1/(1—t)(1— (7t +- - - +¢7a) +tM .. 4 thm)).

(g) If b, = dim L,, then the Poincaré series of gr(I')/m gr(T') is equal to

L+o" [Ja—e)="r,

n>2

—_

where r = by is the number of i with 7, = 1.
(h) If by, r are as in (g) and
T— (T 4o t™) M thm) = (1 —aqgt) - (1 — aut)
then dimgr, (G)* = 3" _, by with

1 n
b=~ > n(p)0f o +al+ (<)),
ln

Except for (g) and (h), the proof this theorem is the same as the proof of
Theorem 4.1 in [8] except that the freeness of the Lie algebra v over Fa[n] is
deduced from the fact that v is an ideal of the free Lie algebra Ly (X)™ and that
Lmix(X) T/t a torsion free F3[r]-module.
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To prove (g) and (h) let A be the enveloping algebra of the mixed Lie algebra
L = Lyix(F(X)) and let B be the enveloping algebra of the Fa[n]-Lie algebra L*.
Then L is the free mixed Lie algebra on &1,...,&,, where &; is the image of x; in
gr,. (F). By Theorem 2.3, L is a free Lie algebra over F[r] and the canonical
map of B into A is injective. Moreover, assuming that £1,...,&, the & of degree
1, then A is a free B-module with basis £ -+ - €% (e; = 0,1). If tp be the ideal of
B generated by t then

ta= Y & fop

e;=0,1

is the ideal of A generated by t. It follows that the canonical map of B/tp
into A/ty is injective and that A/ty is a free B/vp-module with basis &7 - - €2
(e; = 0,1). The algebra U = A/ty is the enveloping algebra of the mixed Lie
algebra g = L/v and V = B/tp, the enveloping algebra of the Lie algebra L™/t
over Fay[n]. If U = U/7U and V = V /7V we obtain that the canonical map of V'
into U is injective and that U is a free V-module with basis £{* - -- €% (e; = 0, 1).
The algebra U is the enveloping algebra of the quadratic Lie algebra g and V is
the enveloping algebra of the Lie algebra g+ over Fs.

We now use the fact that I~//t, where T is the image of ¢ in L, is a strongly free
presentation to deduce that P(£) ¢ t for every non-zero element & of L of degree 1.
Indeed, if P(€) lies in T then, if £ is the image of P(£) in /[f, ] and £ the image
of £ in g, we would have 5,575 0

ad(§)(§) =0
which contradicts the fact that t/[t,] is a free V-module via the adjoint represen-
tation and the fact that V is an integral domain. Thus multiplication by P(¢) = &2
maps V injectively in to V which implies that multiplication by ¢ is injective on
V. This in turn implies that

ng/ (t) = tPy(t).
We thus obtain that Pg(t) = (1 +¢)°Py-(¢t). This implies (g) since
Po(t) = [T -1m
n>2

and U,y (er(G)) = U. The assertion (h) follows form the fact that gr(G)* is a
free Fo[n]-module and a standard argument to compute b,, using the formula

(1 +t)T£[2(1 — ") = a _alt)}_ Aot

6. ZASSENHAUS FILTRATIONS

Theorem 5.3 can be extended under certain conditions to filtrations induced
by valuations of the completed group ring Fo[[F]]. The Lie algebras associated
to these filtrations are restricted Lie algebras in the sense of Jacobson [4]. A
sufficient condition is that the initial forms of the relators lie in a Lie subalgebra
over Fy which is quadratic and that these initial forms are strongly free. This will
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give a second proof that the pro-2-group with these relators is of cohomological
dimension 2.

Let F' be the free pro-2-group on z1,...,x4. The completed group algebra
A = Fy[[F]] over the finite field Fy is isomorphic to the algebra of formal power

series in the non-commuting indeterminates Xi,..., Xq over Fa. Identifying F
with its image in A, we have z; = 1+ X;. B
If 7y,...,74 are integers > 0, we define a valuation @ of A by setting

.

w( Z Wiy i Xiy - Xy ) = iliﬂf, (75, + -+ Tip)-
11 ik

Let
Ap ={uc Al w(u) >n}, gr,(A) = Ap/Any1, gr(A) = @nxogr, (A).

Then gr(A) is a graded Fo-algebra. If &; is the image of X; in gr, (A) then gr(A)
is the free associative Fap-algebra A on &1,...,&; with a grading in which &; is of
degree 7; . Note that when 7, = 1 for all ¢ we have A, = I, where I is the
augmentation ideal (X71,...,X4) of A.

The Lie subalgebra L of A generated by the &; is the free Lie algebra over Fy
on &1,...,&, by the Birkhoff-Witt Theorem. The Lie subalgebra L generated by
&1,...,&; and the £2 where &; is of degree 1 is the free quadratic Lie algebra on
&1,...,&q.

A decreasing sequence (G,,) of closed subgroups of a pro-2-group G which sat-
isfies

[Gi,Gj] € Givy, G} C G
is called a called, after Lazard [9], a 2-restricted filtration of G.

For n > 1, let F,, = (1+ A,) N F. Then (F,) is a 2-restricted filtration of F.
This filtration is also called the Zassenhaus (z,7)-fitration of F. The mapping
x +— x? induces an operator P on gr(F) sending gr, (F) into gr,,,(F). With this
operator, gr(F) is a restricted Lie algebra over Fo. If 7; = 1 for all ¢, the subgroups
F,, are the so-called dimension subgroups mod 2. They can be defined by

Fo= Ay, [ [r—1s 0] 1% [ w1, sy € F, 72° > ).

Let r1,...,7, € F?[F,F] and let R = (ry,...,7,,) be the closed normal sub-
group of F' generated by 71,...,7,. Let p; € gr), (F) be the initial form of r; with
respect to the Zassenhaus (x, 7)-filtration (F,,) of F. If G = F/R and G,, is the
image of F,, in G = F/R then (G,,),>1 is a 2-restricted filtration of G. Let ', be
the image of A,, in T' = F3[[G]].

Theorem 6.1. Suppose that the initial forms p1,...,pm of T1,...,7m are in L

and are strongly free. Then

(a) We have gr(G) = gr(F)/(p1;- .., pm),

(b) The group R/R?[R, R] is a free F3[[G]]-module on the images of r1,...,"m,

(¢) The presentation G = F/R is minimal and cd(G) = 2.

(d) The enveloping algebra of gr(G) is the graded algebra associated to the filtration
().
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(e) The filtration (I'y) of T induces the filtration (Gy) of G.
(f) The Poincaré series of gr(I') is 1/(1 — (t™ + -+ +t7a) + ¢/ 4 . 4 thm).
(&) If ; =1 for all i and a,, = dimgr, (G) then

[T+ =
n>1

Proof. In [6], Koch proves that if R/RI is a free A/R module on the images of
p1,-- - pm then gr(l') = A/R, where R is the ideal of A = gr(A) generated by

1
1 —dt +mt?’

P1y-- -, pm. The former is true if p1,..., py, lie in L and are strongly free since
R/RI is the image of the free A/R-module t/[t, ] under the injective mapping
t/[t,t] — I/RI

where T is the ideal of the quadratic Lie algebra L generated by p1,.. ., pm. Now
consider the exact sequence

0 — t/[t,t] — gr(D)? — gr(T) — Fy — 0,

Since t/[t, ] is a free gr(I')-module of rank m, we obtain the exact sequence
0 — gr(D)™ — gr(T)* — gr(T') — Fy — 0.
This yields (f). By a result of Serre (cf. [9], V, 2.1), we obtain the exact sequence
0T 5T 5T - Fy—0.

By a result of [2], section 5, this proves (b) and (c). If R = (p1,. .., pm) is the ideal
of the restricted Lie algebra gr(F (X)) generated by p1, ..., pm, we have canonical
homomorphisms of restricted Lie algebras

gr(F(X))/R — gr(G) — gr'(G) — gr(D),

where the first arrow is surjective and gr'(G) is the restricted Lie algebra associ-
ated to the Zassenhaus filtration (G},) of G induced by the filtration of I'. Since
gr(T) is the enveloping algebra of the restricted Lie algebra gr(F) /R, the Birkhoff-
Witt Theorem for restricted Lie algebras shows that all arrows are injective which
yields (a) and (d). The injectivity of gr(G) — gr'(G) yields G,, = G, for all n
by induction which proves (e). The proof of (g) follows from (d), (e), (f) and
Proposition A3.10 of [9]. O

Remark. The formula given in (g) partially answers a question of Morishita
stated in [10] in a remark after Theorem 3.6.

7. PROOF OF THEOREM 1.1

Let (xi)1<i<a be a basis of H'(G) with (x;)ics a basis of U and (x;)jes a
basis of V. Let (&;) be the dual basis of H'(G)* = L1(G) and let g; be any lift
of & to G. Let F be the free pro-2-group on x1,...,z4 and let f : FF — G be
the homomorphism sending x; to g;. Then the induced mapping of L,(F') into
Ly (G) is an isomorphism which we use to identify these two groups. If R is the
kernel of f the presentation G = F/R is minimal and the transgression map tg :
HY(R/R?*[R, F]) — H*(G) is an isomorphism. Hence tg* : H?(G)* — R/R?[R, F|
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is an isomorphism which we use to identify these two groups. If ¢ is the inverse
of tg* and r € R we let 7 = ¢(r).

The cup product H*(G) @ H'(G) — H?(G) vanishes on the subspace W gen-
erated by elements of the form a ® b+ b ® a and so, by duality, induces a homo-
morphism

H*(G) = Li(F)® L1(F) = (H'(G) ® H(Q))*,

whose image is contained in W°, the annihilator of the subspace W. Since
dimW = d(d — 1)/2 we have dimW° = d(d + 1)/2. Now Ly(F) can be iden-
tified with the subspace of the tensor algebra of L;(F) generated by the ele-
ments of the form £2 and [£,n] = &n + n€. Since these elements lie in W and
dim Ly (F) = dim W° we obtain that W° = Ly(F). If

HY (G)® H'(G) = (H'(G) ® H'(@))/W
is the symmetric tensor product of H'(G) with itself we have

HY(G) @ H(G)=Ux'UaVe ValU'V,
where U ®' V is the image of U ® V in H(G) ® H*(G). Since the cup-product
vanishes on U ®' U it induces a homomorphism
Ve VeUe'V=_HG) & H(G))/U& U — H*(G)

which is surjective since, by assumption, the cup-product maps U®V onto H2(G).
Since the annihilator of U ®' U is contained in az, where a is the ideal of L(F)
generated by the & with 7 € §’, we get an injective homomorphism

©*  H*(G)* — ap.

Let r1,...,7, generate R as a closed normal subgroup of F. Since r; € F» we
have
d
o= Hx?a““ H[mi,zj]a”j’“ mod F3
i=1 i<j

with a;, = 7r(x; Uxi) and a;j, = 7 (x: U x;) (cf. [7], Prop. 3). Moreover, if py, is
the initial form of r;, we have

d
©* (k) = pr = Zaikﬁf + Zazjk[&,fﬂ

i=1 i<j
By Theorems 4.4 and 4.7, the elements p1, ..., p, form a strongly free sequence
if their images in (a/a*)2 = a2/b, where b is the subspace of ay generated by the
elements &2, [&;,&;] with 4,7 € S’, are linearly independent. If ¢ is the subspace
of ay generated by the elements [§;, ;] with ¢ € S,j € S’ then ay = b & ¢. The
images of the p; in as/b form a linearly independent sequence if and only if the
projections of the p; on ¢ form an independent sequence. But this is equivalent to
the composite

H*(G)* —az — ¢

being injective. Now a5 is the dual space of

(HY(G)@ H'G)Y /U U=V VaeUx'V
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and, with respect to this duality, we have ¢ = (V ® V)" which implies that the
canonical injection

U V-V VeU'V
is dual to the projection of as onto ¢. Since ¢ o ¢ is surjective it dual * o ¢* is
injective. But the latter is the composite H?(G)* — az — ¢.

8. PROOF OF THEOREM 1.2 AND EXAMPLES

Without loss of generality, we may assume Sy = {q1,...,qm} with m > 2
¢1 =1 mod 4 and ¢,, = 3 mod 4. Let ¢}, ..., ¢, be primes = 1 mod 4 which are
not in Sy and such that
(a) ¢; is a square mod g; for all 4, j,

(b) ¢} is not a square mod ¢y, and ¢; is not a square mod ¢; and ¢;_; for 1 < i < m.

Let S = {q},q1,d5,92, Qs Gm>Gm+1} Where ¢pni1is a prime = 3 mod 4
distinct from ¢y, . . ., ¢m, and such that g,,11 is not a square mod ¢ but is a square
mod ¢} for all 4 # 1. Let

(pla v 7p2m+1) = (qllaqlvqquQv .. '7Q;n7q77’mqm+1)'

and let x71,...,Z2,m+1 be generators for the inertia subgroups of Gg(2) at
the primes pi,...,DPam+1 respectively. Then, by [5], Theorem 11.10 and Ex-
ample 11.12, the group G = Gg(2) has the presentation G = F(X)/R =

(1., Tam+1 | T1,- -+, Pom+1, 7)), Where
2m—+1
r, = I?ai H [Ii,xj]eij mod F3,
j=1
2m+1
r= H zit mod Fy
i=1

with a; = 0 if and only if p, = 1 mod 4 and ¢;; = 1 if p; is not a square mod p;
and 0 otherwise. Moreover, we can omit the relator ro,, 1. By construction we
have

m—1
r= H 9 Tom Tome1 mod Fo
i=2
a —
so that Tom41 = Tomay? - 2o 5 mod Fo. Hence G = (x1,...,Tom | 71, s Thm)
where
2m
A 20.1' 4
=] H[xi,xj] g
j=1
with £;; = 0 if 4, j are odd and
/A A A _ _ —
12=loy =Lgy ==Ly 1 0p =Llo,,1 =1

but £} 5,, = 0. The image of the initial form of r; in Limix(X) (here 7; = 1 for all
i) is

2m
o=+ 16,4
j=1
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By Corollary 4.8 the sequence pf, ..., pb,, is strongly free in Ly (X) and therefore
G is mild by Theorem 4.4.

Example 1. To illustrate the above proof, let Sy = {13,3} = {q1,¢2}. Then
q; =41, ¢4 = 5, g3 = 19 satisfy the required conditions. Then

S ={41,13,5,3,19} = {p1,p2, 3, P4, D5}
and the relators for the first presentation are

r1 = [x1, x2)[x1, 24][71, 5] mod F,

ro = [xo, x1][x2, x3][22, 5] mod Fj,

r3 = [r3, 22)[x3, £4] mod Fj,

T4 xi[x4,x1][x4,x3][x4,x5] mod F3,
Ty = .T§[£L'5,{E1][£E5,SIJ2] mod Fj,
r = x4x5 mod Fj.

Hence G = Gg(2) has the presentation < 1, x2,x3, x4 | 71,75, 75, 74 > where

ry = |71, 73] mod F3,

Ty = |19, 11|72, T3] (X2, T4] MOd Fj,
ry = [r3, T2][73, 74] mod Fj,

ry = 22[x4, 21][24, 23] Mod F.

Example 2. This example is due to Denis Vogel and while it does not illustrate
exactly the above proof it does contain the basic idea which led to the result. Let
S ={5,29,7,11,3}. Using the above notation for a Koch presentation of Gg(2)
with py = 5,p2 =29,p3 = 7,p4 = 11, p5 = 3 we have

71 = [21, x3][21, ¥5] mod F,
r2 = [22, 74][72, 75] mod F3,
rs = a3[rs, ¥1][23, 24) mod Fj,
r4 = 2314, 32)[24, 75) moOd F3,

rs = x2[xs, 21][x5, T2] mod Fy,

r = x3r4xs mod Fy.

Omitting 75 and setting x5 = x3x4 mod Fs, we get

23[z3, 71][x3, 4] mod Fi,
a3[z4, x2)[x4, 23] mod Fi.
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The images of the initial forms of these relators in Ly (X) (all 7; = 1) are

p1 = [€1, 4],
py = [€2,&3],
py = &5 + [&5, &) + [€3. &),
ph = 3+ (€4, &) + €4, &)

If a is the ideal of f/mix(X) generated by &3,&, the p) are in a and their images in
a/a* are the classes of

[€1,84]s [€2,83]5 [€1,63]s [€2,84]

which are part of a basis for (a/a*);. Hence Gg(2) is mild. If a, = dim L(Gg)
then a; = 4 and

m = Y e+ (1))

k=2 " ¢k
for n > 2 by Theorem 5.3.
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