A FAMILY OF p-ADIC ANALYTIC TAME p-CLASS TOWERS
JOHN LABUTE

ABSTRACT. Let p be an odd prime, let S be a finite of primes ¢ = 1 mod p but
g # 1 mod p? and let Gg be the Galois group of the maximal p-extension of Q
unramified outside of S. If |S| = 3 and [Gs,Gs] C G we show that the linking
algebra [g is either sly(F,), in which case Gg is p-adic analytic, or 0 in which case
|Gs| <p°.

Let p be an odd prime, let S = {q1, g2, g3} be a finite of primes ¢ = 1 mod p but ¢ #
1 mod p? and let G5 be the Galois group of the maximal p-extension of Q unramified
outside of S. The pro-p-group Gg has a presentation F(z1,xs,x3)/(r1,72,73) Where
x; is a lifting of a generator of an inertia group at ¢; and

r; = ab” H[mi,xj]e” mod Fj
J#i

with ¢; = (¢; — 1)/p # 0 mod p and the linking number ¢;; of (g;,q;) defined by
¢ = g}zij mod ¢; with g; a primitive root mod ¢; and where Fj the third term of the
descending p-central series of the free pro-p-group F' = F(x1,x9,23), cf. Koch [3],
Example 11.11.

Let ggs be the finitely presented Lie algebra over F,[r| generated by &, &, £ with
relators py, p2, p3s where

pi = cm&; + Z&j (&, &5l
J#i

The Lie algebra gs has as a quotient gr(Gg), the Lie algebra associated to the de-
scending p-central series of Gg. A related Lie algebra is the finitely presented Lie
algebra [g over [F, generated by &, &2, {3 with relators o4, 09, 03 where

oi = cli+ Y lglé &).
J#i
We call this Lie algebra the linking algebra of S.
The set S is said to be powerful if (15053031 # (13032021. This s equivalent to

lgs, 9s] C mgs

which in turn is equivalent to [Gg, Gs] C G%, i.e. that Gg is a powerful pro-p-group.
The set S is said to be uniform if ¢;; # 0 for all ¢, 7 and

613/01 = —523/02, 521/02 = —531/037 512/01 = —532/03-

Note that, since ¢; = g;&j mod g;, this is equivalent to

c3 C2 c3 c1

(¢12¢5")? =1 mod ¢3, (¢5°¢5*)™ =1 mod ¢1, (¢°¢5')? =1 mod go.
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For example, using PARI/GP, we found that S is uniform if p = 3, S = {7, 31,229}
orif p=>5and S = {11, 31,1021}. However, the number of such S is relatively small:
if p = 7 and the primes in S are at most 104707, the set S is uniform about .2% of
the time and powerful approximately 80% of the time.

Theorem 1. If S is powerful then either s =0 or lg = sly(F,). We have g =0 if
and only if S is not uniform.

Lemma 2. If | is a three dimensional Lie algebra over F,, (p # 2) with | = [[,1] then
[ = SlQ(IFp).

Proof. By [5], page 13, and the classification of quadratic forms over [, for p # 2
there is a basis e, eo, e3 for [ such that

[627 63] = €1, [637 61] = €9, [61, 62] = des
with § # 0. If h = aje; + ases + azes the characteristic polynomial of ad(h) is
AN+ a? + 6%a3 + a3).

Since the equation a? + §%a3 + a3 = —1 always has a solution we obtain a non-zero
f € Uwith [h, f] = f which is enough to show that [ = sly(F,); cf. [5], page 14. O

Proof of Theorem 1. If S is powerful then either [ = 0 or [ has dimension 3 in which
it is isomorphic to sly(F,) by Lemma 2. If S is not uniform then by [6], Theorem 1.7,
every 2-dimensional representation of [g is trivial which shows that [¢ = 0. 0

Theorem 3. If S is powerful but not uniform then |Gg| < p°.
Proof. It S is powerful but not uniform then, using the fact that
gs ®Fp[7r] IFp(ﬂ-> = [S ®Fp ]Fp<7r)7

we obtain the fact that gg is a finitely generated torsion F,[r]-module which implies
that gg is finite. Hence gr(Gyg), which is a quotient of gg, is finite which implies the
finiteness of Gg.

Suppose that |Gg| > p°. Then 72 : gr,;(Gs) — grs(Gs) is an isomorphism. Other-
wise, there exists a basis 7y, 72,73 of gr;(Gs) with 721, = 0 so that the dimension of
grs(Gg) is less that 3. Then since

™1 gry(Gs) = gry(Gs)
is an isomorphism, the elements ¢; = 7 [n1, m2], (o = 7|1, N3] are linearly indepen-
dent over F,. But then 73¢; = 7°¢3 = 0 which shows that the dimension of gr,(Gs)

is less than 2. Completing (3, (s to a basis (1, (s, (4 of gry(G), the elements 71, 72, 73
defined by
=1l =10 Gl =1 GG

form a basis of gr;(Gs) and 7'7; = 0 for all ¢ which shows that grs(Gs) = 0. Hence
the dimension of gr(Gyg) is at most 9 which implies that |Gg| < p°, a contradiction.

Since 72 : gr,(Gs) — grs(Gg) is an isomorphism, gr,(Gg) is a Lie algebra over F,
under the bracket < £, 7 >= 7~1[¢,n]. But the relations for gg then imply that, with
this Lie algebra structure, gr;(Gg) is a quotient of [g which is zero since S is not
uniform. But this contradicts the fact that gr,(Gg) # 0 O



A FAMILY OF p-ADIC ANALYTIC TAME p-CLASS TOWERS 3

In [1] Andozskii and Cvetkov show that if G is a powerful pro-p-group with 3
generators and 3 relations and with G/[G, G] = (Z/pZ)? then either G is finite or G
is isomorphic to

SLSY(Z,) = {A € SLy(Z,) | A= 1 mod p}.

The following gives another proof of the fact that Gg is p-adic analytic if Gg is

infinite in the case that S is uniform.

Theorem 4. If S is uniform then gg is a free Fy[m| module on &, &, &s.

Proof. Since [§;, ;] is a linear combination of 7€, 7€, m€s in gg it follows that, as an
F,[r]-module, gg is generated by &1, &2, 3. They form a basis for gg since their images
in

95 @, [n Fp(m) = sly(Fy(m))

are linearly independent. 0

Theorem 5. If S is uniform and Gg is infinite the map ¢ : gs — gr(Gg) is an
1somorphism.

Proof. If S is uniform and Gy infinite the surjective map
95 OF,[x] Fy(m) — gr(Gys) QF,[n] F,(m)

is an isomorphism since gg ®p, 7 Fp(m) = sla(Fy(7)), a simple Lie algebra, and
gr(Gs) @, Fp(m) # 0. But this implies that ¢ is an isomorphism. O

Thus, if S is uniform and Gy infinite, the Lie algebra gr(Gyg) is a free F,[r]-module
on &1, &, &5, But this implies that Gg is a uniform pro-p-group and hence an analytic
pro-p-group. See [4] for the theory of uniform pro-p-groups.

It is not known if Gg can be infinite when S is uniform. The Fontaine-Mazur
Conjecture (cf. [2]) implies that it it is finite. For example, if p = 3 and S={7,31,229}
then G is p-adic analytic but it is not known whether Gy is finite or not.
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