189-265A: Advanced Calculus

Solution Outlines for Assignment 4

1. Applying Green’s Theorem to the region D between C and the ellipse C’ : 422 4+ 9y? = 1 with positive
orientation, we get
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Now, using the parametrization x = %cos 0, y= %sin 0, 0 <6 <2m for C’, we get
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2. (a) F =V(¢), where ¢(x,y,z) = zyz + €Y.
(b) [oyzde + (22 + ze¥%) dy + (zy + ye¥?) dz = ¢(—1,2,2) — ¢(1,1,1) = e* —e — 5.

3. (a) We have

fla z)—/l wdt _ 1=z du
i /By (E—2)? Pl VaEra

where a? = 2% 4+ y?, u = t — z. Using the substitution u = atan @, we find
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and hence that
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(b) We have
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where 11 = /22 + 42+ (z — 1)2, 12 = /22 + 2 + (2 + 1)2.
(c) A straightforward calculation shows that V2 f = 0. In fact the divergence of each of the two terms
in the above formula for the gradient of f is zero.

4. By symmetry the centroid lies on the z-axis. The moment of the cap S; with respect to the xy-plane

is
27 pm/2
// zdS:/ / (1+ cos @) sin ¢ dpdf = 3w
S o Jo

and the moment of the cylinder Sy with respect to the xy-plane is
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The moment of S with respect to the zy-plane is therefore 47. Since the area of the surface S = S;US5
is 4, its centroid is (0,0, 1).



5. The flux of F across the cap S is
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and the flux across Ss is

2 1
// F-NdS = / / (zcos6,sinb, z) - (cosf,siné,0) dzdf = 3r /2.
51 o Jo

The flux across S is therefore “?T’T.



