MATH 255: Lecture 3
The Riemann-Stieltjes Integral: Integration by Parts and Change of Variable

Theorem 3. If f € R(g,a,b), then g € R(f,a,b) and
b b
/ f(x)dg(x) = f(b)g(b) — f(a)g(a) —/ g9(z) df (z).

Proof. Let ¢ > 0 be given and choose a tagged partition (Q, s) of [a, b] so that, for any tagged partition
(P, t) of [a,b] that is finer than (Q, s), we have

b
‘S(Pvtvfmg)*/ fdg‘ < €.

If A= f(b)g(b) — f(a)g(a) and P = {zg, 21,...,z,} we have

A= Zf w)g(er) = > f@r1g(ar).
k=1

=1

Since S(Pvtaga f) = ZZ:l g(tk)f(mk) - ZZ=1 g(tk)f(xk—l)v we have

A=S(Pt.g,f) = flax —g(tr)) + Y flae—1)(g(ts) — g(zr_1)
k=1

k=1

which is a Riemann-Stieltjes sum for the partition R obtained by taking the points ty,x) together.
Since this partition is finer than @, we have

b
|A_S(P7t7gaf)_/ fdg| < €.
QED

Theorem 4. Let f € R(«) on [a,b] and let g be a strictly increasing continuous function defined on
[c,d] where a = g(c), b= g(d). If h and § are the functions on [¢, d] defined by

h(t) = fg(t),  B(t) = alg(t) for c <t < d,

then b € R(B) on [¢,d] and [’ fda = [?hdf or, equivalently,

[ 1ot = [ o) dtatoio))

Proof. The function g has an inverse g~! defined on [a, b] which is also increasing. Let ¢ > 0 be given
and choose a tagged partition (Q’,s’) of [a,b] so that for any tagged partition (R,u) of [a,b] with R
finer than Q" we have |S(R,u, f,a) — fffdoz\ <e Let Q =g Q) and s = g~!(s').Then (Q,s)
is a tagged partition of [c,d]. Let (P,t) be a tagged partition of [c,d] which is finer than (Q,s). If
Q={xg <z < - <my} and yx = g(zk), up = g(tx), then R = {yo < y2 < -+ < yn} is a partition



of [a,b] with the tag u = (ug,ug,...,u,). Moreover, R = g(P) is finer than Q' = ¢(Q) since P D Q
implies g(P) D ¢(Q). Since

S(P.h,B) =Y fla(ti)(alg(ar)) — alg(wr-1)))

~
Il
—

[
NE

f(Uk)(Oé(yk) - Oé(yk—l)) = S(Ra U, fv Oé),

~
Il
-

we have |S(P,t, h,3) — f:fda| <e. QED

Exercise 1. Prove Theorem 4 in the case g is a strictly decreasing continuous function.



