
MATH 564

ASSIGNMENT 4

This assignment is due in class on Friday, October 8

Problems

Each question is worth 10 points. In all the problems X is a topological space.

[1] (1) Suppose that X is Hausdorff and let {Ki}i∈I be a collection of compact sets such
that ∩i∈IK=∅. Prove that some finite subcollection of {Ki}i∈I also has empty intersection.
(2) Ley Y be another topological space and f : X → Y a continuous function. Let K ⊂ X
be a compact set. Prove that f(K) is a compact subset of Y .

[2] Suppose that X is Hausdorff.
(1) Prove that if K ⊂ X is compact and x 6∈ K, then there are open sets O1, O2 such that
K ⊂ O1, x ∈ O2 and O1 ∩O2 = ∅.
(2) Prove that if K1, K2 ⊂ X are compact disjoint sets, then there are open sets O1, O2

such that K1 ⊂ O1, K2 ⊂ O2 and O1 ∩O2 = ∅.

[3] Prove Urysohn’s Lemma: Let X be a locally compact Hausdorff space, V ⊂ X open,
K ⊂ V compact. Then there is an f ∈ Cc(X) such that K < f < V .
Remark. This is Theorem 1.36 in Rudin. You should read the proof, understand it, and
write it down in your own words.

[4] Let fn be a sequence of real non-negative functions on R and consider the following
four statements:

(a) If f1 and f2 are upper semicontinuous, so is f1 + f2.
(b) If f1 and f2 are lower semicontinuous, so is f1 + f2

(c) If each fn is upper semicontinuous, so is
∑∞

n=1 fn.
(d) If each fn is lower semicontinuous, so is

∑∞
n=1 fn.

Show that three of these are true and that one is false. What happens if the word ”non-
negative” is omitted? Is the truth of the statement affected if R is replaced by a general
topological space?
Remark. This is Exercise 1 in Chapter 2 of Rudin.

1


