
MATH 564

ASSIGNMENT 10

This assignment is due in class on Wednesday, December 1

There are ten problems on this assignment. Each problem is worth 10 points.

[1] Prove that a normed space is an inner product space if and only if the norm satisfies
the parallelogram law: ∀x, y ∈ X,

‖x− y‖2 + ‖x+ y‖2 = 2(‖x‖2 + ‖y‖2).

[2] Let B = {x : ‖x‖ ≤ 1} be the unit ball in a Banach space X. Prove that B is
compact iff X is finite dimensional.

[3] Consider Banach space `p(A), p ∈ [1,∞), where A is an arbitrary set. Let E ⊂ `p(A)
be a bounded closed set. Prove that the following statements are equivalent:
(1) E is compact.
(2)

(∀ε > 0)(∃F ⊂ E, |F | <∞)(∀x ∈ E)

 ∑
α∈A\F

|x(α)|p <∞

 .

[4] Consider Banach space `∞(A), where A is an arbitrary set. Let ϕ : A → [0,∞) be
given and consider the set

E = {x ∈ `∞(A) | |x(α)| ≤ ϕ(α) for all α}.

Prove that the following statements are equivalent:
(1) E is compact.
(2)

(∀ε > 0)(∃F ⊂ E, |F | <∞)(∀x ∈ E)( sup
α∈A\F

|x(α)| < ε).

[5] Let X be a Banach space and suppose that X∗ is separable. Prove that X is also
separable.

[6] Let c0 ⊂ `∞(Z) be the subspace of all sequences {xn} of complex numbers such that
limn→∞ |xn| = 0. Prove that c0 is closed. Let µ be the Lebesgue measure on [0, 2π] and
for f ∈ L1(µ) set

f̂(n) =
1√
2π

∫
[0,2π]

f(t)eintdµ(t).
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Show that f 7→ {f̂(n)} is a one to one bounded linear transformation of L1(µ) into (but
not onto) c0.

[7] Let c0 be as in the Problem 6.
(1) Prove that c∗0 = `1(Z).
(2) Prove that `1(Z)∗ = `∞(Z).

[8] Let CR([0, 1]) be the (real) vector space of all real continuous functions on [0, 1] with
the supremum norm. Let Xn be the subset of CR([0, 1]) consisting of those f for which
there exists a t ∈ [0, 1] such that |f(s)− f(t)| ≤ n|s− t| for all s ∈ [0, 1]. Fix n and prove
that that each open set in CR([0, 1]) contains an open set which does not intersect Xn.
Show that this implies the existence of a dense Gδ set in CR([0, 1]) which consists entirely
of nowhere differentiable functions.

[9] A sequence {xn}∞n=1 in a normed space X is called absolutely summable if
∑∞

n=1 ‖xn‖ <
∞. It is called summable if

∑N
n=1 xn converges as N →∞ to an x ∈ X.

Prove that X is a Banach space if and only if every absolutely summable sequence is
summable.

[10] Let (X, ‖‖X) be a normed space and M ⊂ X a closed subspace. x ∼ y if x− y ∈M
is an equivalence relation on M . Denote the set of equivalence classes by X/M . Set

α[x] + β[y] = [αx+ βy].

(1) Show that these operations are well defined and that X/M is a vector space.
(2) Show that ‖[x]‖ = infm∈M ‖x−m‖X is a norm on X/M .
(3) Suppose that X is a Banach space. Prove that X/M is also a Banach space. (Hint.
Use Problem 9).
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