
MATH 564

ASSIGNMENT 10

This assignment is due in class on Monday, November 22

There are five problems on this assignment. Each problem is worth 10 points.

[1] Let A be a set, µ the counting measure on A, ϕ : A→ [0,∞). Prove that∫
A

ϕdµ = sup
F⊂A
|F |<∞

∑
α∈F

ϕ(α).

[2] (1) Using Hausdorff Maximality Theorem, prove that any Hilbert space has an or-
thonormal basis. (In other words, please read and write down the proof of Theorem
4.22.)
(2) Let H be a separable Hilbert space and {xn}∞n=1 a countable dense set in H. By pass-
ing to a subsequence one may assume that xn 6∈ span{x1, · · · , xn−1}. Set u1 = x1/‖x1‖,
and define inductively

vn = xn −
n−1∑
j=1

(xn, uj)uj, un = vn/‖vn‖.

Prove that {un} is an orthonormal basis of H. Hence, if H is separable, one can construct
an orthonormal basis without invoking the axiom of choice (or its equivalent).

[3] A sequence xn in a Hilbert spaceH converges weakly x iff for all y ∈ H, limn→∞(xn, y) =
(x, y).
(1) Let {un}∞n=1 be an orthonormal set in H. Prove that un → 0 weakly.
(2) Using (1), prove that the unit ball {x | ‖x‖ ≤ 1} is a compact subset of H if and only
if H is finite dimensional.

[4] Let H be a Hilbert space, {uα}α∈A an orthonormal basis of H, and E ⊂ H a closed
and bounded set. Prove that the following statements are equivalent.
(1) E is compact.
(2)

(∀ε > 0)(∃F ⊂ A, |F | <∞)(∀x ∈ E)

 ∑
α∈A\F

|x̂(α)|2 < ε

 .

Hint. Try first the case H separable. If you run out of ideas, you may consult Analysis
3 website (assignment 7, problem 5).
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[5] Let us(t) = eist for s, t ∈ R. Let X be a vector space consisting of all finite linear
combinations of these functions. If f, g ∈ X, show that

(f, g) = lim
T→∞

1

2T

∫ T

−T
f(t)g(t)dt

exists. Show that (f, g) is an inner product on X and that the completion of X w.r.t.
this inner product is a non-separable Hilbert space H. Show also that {us}s∈R is an
orthonormal basis of H.
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