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1. QUESTION ONE

Suppose that A is an eigenvalue of A. Then there is a nonzero f such that

M) = [ Ko
= /08(1 — s)tf(t)dt + /1(1 —t)sf(t)dt
=(1—s) /OS tf(t)dt + 3/ (1—t)f(t)dt.

Since the right-hand side are sums of integrals of continuous functions, it is
differentiable with respect to t, and thus f(t) is differentiable as well, and in
fact twice-differentiable. Taking the derivative twice gives

Af'(s) = =sf(s) = (1= s)f(s)
=—f(s)
which is a differential equation of the form
Ay +y=0.

Suppose A < 0. Then the auxiliary equation to this differential equation as
the roots z = +4/—1/X (note —1/X\ > 0) so that the general solution is of
the form

f(t) = crexp(y/—1/At) + caexp(/—1/At).
1
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Putting s = 0 and s = 1 in the original formula for Af gives f(0) = f(1) = 0.
Putting these values into the above give

Cl+0220

cleﬁ + cge’ﬁ

where 8 = /—1/\. Thus ¢, = —¢; and so we are led to
e —e P =0

which gives €?® = 1 or 8 = 0, which is impossible. Hence there are no
negative eigenvalues.

If A > 0, the auxiliary equation of this differential equation has complex
roots z = +iy/1/X and so the general solution is given by

f(t) = c1cos(v/1/At) + casin(+/1/At).
Recall that f(0) = f(1) = 0 so that ¢; = 0. Hence

f(t) = casin(+/1/At)

which can easily be subtituted back into the original definition and shown to
be an eigenvector. If co # 0 then f(1) = 0 gives 0 = cosin(4/1/A) so that A =
A, are exactly the values for which this equation holds. Furthermore, for each
of these eigenvalues, the associated eigenspace is spanned by ¢y sin(y/1/At)
and so is 1-dimensional.

Finally, by inspection, 0 cannot be an eigenvalue.

2. QUESTION TwoO

Here ||.|| always means the supremum norm.

2.1. Part One. Let B be the unit ball in C[0, 1]. Let us show that A(B) is
equicontinuous and bounded. If || f|| < 1 then

A7 = sl [ fe)as
Ssgp/o |f(s)|ds

<t<1

This shows that A(B) is bounded. Let ¢ > 0 and set 6 = ¢. Then whenever
|t — s| < ¢ and an arbitrary f € B,

/S " Ho)da

[Af(s) = AF()] =

<|s—tl<d=e.

Thus A is a compact operator.
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2.2. Part Two. By the spectral theorem, 0 # X\ € o(A) if and only if A is
an eigenvalue of A. Thus if A € 0(A) then there is a nonzero f such that

/Otf(s)ds:)\f(t), t €[0,1].

Since f is continuous, the left-hand side of this equation is differentiable and
hence f is differentiable so that for all ¢ € [0, 1],

f@) = Af'(0).

Since f is nonzero, we must have f(t) = cet/* for some nonzero c. If A # 0
then the original integral equation gives f(0) = 0 so that ¢ = 0, and hence
f=0. Thus if A # 0 then X & o(A).

Finally 0 € o(A) because C[0, 1] is infinite dimensional.

2.3. Part Three. The inverse operator to (I — A) will give for a g € C|0, 1]
an f € C[0,1] such that

0 g(s) = £(5) — / " f(t)

Note that it is sufficient to describe (I — A)™' on a dense set in C]0,1].
In particular, we may restrict our attention to f being differentiable, since
with respect to the supremum norm the polynomials are dense in C[0, 1] by
Stone-Weierstrass.

In this case, g is also differentiable, and taking the derivative of both sides
of Equation (1) gives

g'(s) = f'(s) = f(s).

This is a standard linear first order equation. Multiplying both sides (inte-
grating factor!) by e™* gives

e g'(s) = e f'(s) —e*f(s)
= (e f(s))
so that

e f(s) = /0 Tty (Bt
=e%g(s) + /OS e 'g(t)dt

where the last line follows from the product rule of differentiation. Thus the
inverse operator on differentiable functions is given by

g— g(s)+ es/ e tg(t)dt
0

which is continuous and hence must also be the formula for the inverse of
(I —A) on C0,1].
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3. QUESTION THREE

For ¢ = 0, the operator A is the zero operator, and hence compact. We
claim that A is compact if and only if ¢ = 0. Indeed, if ¢ # 0, choose some
t € [0,1] such that ¢(t) # 0. Given any s € [0,1] with s # ¢, choose a
continuous function f € C10, 1] such that || f]|, =1, f(t) =1 and f(s) = 0.

For this f,

9(2)f(t) — o(s) f (1) = [¢(t)] > 0.

Thus the image of the unit ball under A cannot be equicontinuous and so A
is not compact.

4. QUESTION FOUR

Suppose that f : [[X; — {0,1} is a continuous function. Let z =
(x(7)),y = (y(i)) € [[X; be any two elements. Define a sequence (z;) in

[T X: by
= (y(1),y(2),...,y(i —1),2(),z(i + 1),...).

Under the product metric, x; — y. For each j, define the function

gj :Xj—>HXj —{0,1}
by
9i(z) = fy(1),y(2),...,y(G — 1), 2z,2(j +1),...).

The function g; is continuous since the inclusion X; — [[X; is continuous,
and this is because d(g;(z1), g;(22)) depends only on a metric equivalent to
d;. Since Xj is connected and g; is continuous, g; is therefore constant. Thus

9i(x(5)) = 9;(w(7)) = gj+1(x(j +1)).
By definition of g;, this implies

f(zi) = f(xig1)

for all .. Now note that x = z; and so f(xz) = f(x;) and since z; — y, we
get lim f(z;) = f(y) and so f(x) = f(y). Hence f is constant so [ X; is
connected.

5. QUESTION FIVE

5.1. Part A. Suppose that cl(A) = UUV where U and V are open (relative
to cl(A4)), and U and V are disjoint. We will be done if we can show that
either U or V is empty.
Since A is connected, without loss of generality, A C U. Thus V¢ is a closed
set and A C V¢, But then cl(A) C V¢ so V is empty because cl(A) =UUV.
An example where A is not connected but cl(A) is: A= (0,1)U(1,2) CR
because cl(A) = [0, 2].
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5.2. Part B. For notational convenience we might as well assume X =

2, A;. Suppose that X = UUV with U and V open, disjoint, and nonempty.
Since each A; is connected, without loss of generality there is some n such
that A, C U and A,,; C V. But this contradicts U NV = & because by
hypothesis A,, N A, is nonempty.

5.3. Part C. [Note: we no longer assume that each A; is connected.]

Again, we suppose that X = UA; for notational convenience. If X = UUV
with U,V disjoint, nonempty, and open, then there is some n such that
A, UA,.1 CU and A1 UA, 1 CV. Therefore, A,.1 CU and A,,,; CV,
but by hypothesis U NV = @ and each A; is nonempty and therefore A,
is nonempty. Contradiction.

6. QUESTION SIX

6.1. Part A. Suppose that X C R is connected. If X = @& then X is by
definition path-connected®.

Let a,b € X. If there is a ¢ € [a,b] but ¢ ¢ X then (—o0,c) N X and
(¢,00) N X are two open subsets of X, so that X is not connected. Hence
if a,b € X then [a,b] C X. Thus X is clearly an interval and so it is
path-connected.

6.2. Part B. By Part A, the connected sets are of the form

o J

e (a,b),(a,bl,[a,b),[a,b],a,b € R

e (—00,a),(—00,dal,(b,00),[b,00),a,beR
o R

6.3. Part C. Let U be an open subset of R. Then U is certainly the union
of all of its connected components. Let V be a connected component of U.
By Part B, V is an interval and since U is open, V is an open interval. If V' is
another connected component, then VNV’ = &, for otherwise V UV’ would
be connected and V' C V U V', contradicting the maximality of V. Since R
is separable, the set of all connected components is at most countable.

7. QUESTION SEVEN

7.1. Part One. First, S C cl(S1). Let (0,y) € Sy. Define a sequence

(T, Yn )nen BY (Tn, Yn) = m,y . Since sin(1/x,) = sin(arcsiny +

2mn) =y, each (x,,y,) € S;. Furthermore, lim, . (x,,y,) = (0,y); since
there is a convergent sequence of points of S; converging to (0,y), (0,y) €
cl(Sy). Since (0,y) was an arbitrary element of Sy, Sy C cl(S;). Clearly
Sy C cl(Sy), so that S = S; U Sy C cl(5).

Now we have to show that cl(S;) C S. Suppose that (z,y) is a limit
point of S;. If x € (0,1/7] then we must have y = sin(1/z), in which case
(x,y) € S1. Now suppose x = 0. The set [0,1/7] x [—1,1] is a closed set

How this is “by definition” depends on your defintion of path-connected. It either
holds vacuously or just as a special case by definition.
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containing Sy, so cl(Sy) C [0, 1] x [=1,1]. Then if z = 0, |y| < 1, in which
case (x,y) € Sa. So, cl(S1) C S;U S, = S.

7.2. Part Two. The function f : (0,1/7] — R? f(x) = (x,sin(1/z)) is
continuous on (0,1/x]. Since (0,1/7x] is connected, S; = f((0,1/7]) is also
connected. By part (1), S = cl(S), and by part (1) of problem 5 the closure
of a connected set is connected, so S is connected.

7.3. Part Three. Suppose for contradiction that S is path-connected. Let
f 00,1 — S, f(t) = (x(t),y(t)) be a path in S such that f(0) = (0,0),
f(1) € S;. Since f(0) € Sy and letting ¢ = sup f~1(Ss), f(c) € Sy but for
t> C, f(t) € Sl-

Let n € N. If n is odd, choose k such that

set u, =

37r/2{i-27rk < x(c + 1/TL) and
Then sin(1/u,) = sin(3 + 2rk) = sin(3) = —1. If
m < z(c+ 1/n) and set u, = Tr/Z—ﬂrﬂk
Then sin(1/u,) = sin(}) = 1. Using the intermediate value theorem, since
z(c) =0 < u, < x(c+1/n), there exists t,, € [¢, c+1/n] such that x(t,,) = u,.
Furthermore, lim,,_, t, = ¢ so that lim, . u, = lim, . z(t,) = z(c) = 0,
because z : [0,1] — [0, 1/7] is continuous.
If n is odd, write n = 25 — 1.

Flt2) = (ot ptt) = (stta)sin (o)) = (wnosin () ) = (wayos =)

If n is even, write n = 2j.

f(ta) = <UmSiH <uin>) = (ug;,1)

Then llm]_mo f(tQj_l) = (07 —1) while llm]_mo f(tgj) = (0, 1), so that f is not
continuous at t = ¢, a contradiction.

1
3w /24nk"
n is even, choose k such that

8. QUESTION EIGHT

8.1. Part One. Given an arbitrary z € A, the triangle inequality and the
definition of distance to a set implies that

d(z, A) < d(z,2) < d(z,y)+d(y, 2).

Since z was arbitrary, d(z, A) < d(z,y) + inf{d(y,2) : z € A} = d(z,y) +
d(y, A).

8.2. Part Two. By part (a), |f(z) — f(y)| = ld(z, A) — d(y, A)] < d(z,y),
so that f is Lipschitz with constant K = 1. Then f is uniformly continuous.

8.3. Part Three. Consider the map f : X — R? f(¢t) = (d(t, A),d(t, B)).
Since X is connected, f(X) is connected.

Suppose for contradiction that there does not exist t € X such that
d(t,A) = d(t,B). Then for all z € R, the point (z,z) ¢ f(X). Con-
sider the sets Uy = {(z,y) : y > x}, Uy = {(z,y) : y < x} in R? U; and
U, are both open. Since A and B are disjoint and nonempty, there exists
t, € A such that d(t1, B) > 0 which implies that f(¢;) € Us. Similarly there
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eixsts to € B such that d(ty, A) > 0 and f(t3) € Uy. Then f(X)NU; # 0,
f(X)NUy #£0. Since Uy NUs =0, f(X) is not connected, a contradiction.

8.4. Part Four. Since X is disconnected, there exist disjoint non-empty
open sets Uy, Uy such that X = Uy UU,. For every t € X either d(t,U;) = 0
or d(t,Us) = 0, because either t € Uy or t € Uy. Suppose that ¢t € Uy;
then d(t,Us) # 0. If d(t,Us) = 0, then t € cl(Us). Since U; is an open set
containing ¢, this implies that there exists y € U;NUs, which contradicts that
U1 N Ug = @ Similarly, ift e UQ, then d(t, Ul) 7§ 0. Then d(t, Ul) 7é d(t, Ug)
for any t € X, because one of d(t,U;) or d(t,Us) must be zero and the other
non-zero.

9. QUESTION NINE

[Note: observe that the following proofs only need that a metric space is
also a topological space.|

9.1. Part One. [Note: the question should also have the hypothesis that A
is nonempty.|

Since A is not connected, we can write A = U UV with U,V open and
nonempty relative to A. Since A is closed, if we set E = ANU¢, FF' = ANV¢,
we get A= FE U F with E and F closed and disjoint; F and F' are closed in
X because A is closed in X.

9.2. Part Two. By symmetry, it is sufficient to show that E is connected.
Suppose not. By the first part of this question, £ = F; U Ey with E; and
E5 closed. One of the closed sets £y N (ENF) and E; N (E N F) must be
empty because E N F' by assumption is connected.

Without loss of generality, assume that Fy N (E N F) = @. But then F;
and Fy U F are disjoint closed sets whose union is £ U F, which is impossible
because £/ U F' by hypothesis is also connected.

9.3. Part Three. The simplest example is perhaps the following: let £ =
[0,1)U(1,2] and F = {1}. Here, only E is not closed, and it is certainly not
connected, but ENF = & and FU F = |0, 2], both of which are connected.

10. QUESTION TEN

[This is almost exactly the same proof as the proof that [0,1] C R is
connected.

Suppose £ = U UV with U and V disjoint, nonempty, open subsets of
E. Since U and V' are nonempty, select a u € U and a v € V. Since U and
V' are disjoint, u # v and we can consider the line L. C F with endpoints u
and v; that is L is the set of all points on the line uv in R? with at least one
coordinate rational. For notational convenience, for ¢t € L, let [u,t) denote
the subsegment of L from u to ¢ but not containing ¢.

Let M ={te L:[u,t)} CU. Since U is open and u € L, M is nonempty.
Since M is nonempty, the set {d(u,t) : t € M} is nonempty and bounded,
and hence has a supremum, and furthermore since L is a closed line segment,
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there is a unique s € L corresponding to this supremum. But then s € U or
s € V, but since the points with at least one coordinate being rational are
dense in R?, this leads to a contradiction since U and V are open.
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