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1 Review

Definition 1.1. Let (2,.#, P) be a probability space. Random variables
{X1,...,X,} are called jointly Gaussian with variance matrix

D = [Di;] >0
if 1
dMXl...Xn = (27T)_n/2[det l)}_l/2 e—1/2<x,D’ > o
where = = (21,...,2,) € R", do = dxy - - dxy,

Remark 1.2. 1. {Xy,...,X,} are Gaussian with variance D = [D;;] if
and only if

CX X, = E(eit1X1+...+itan) — e—1/2<t,Dt>
1...Xn

n
<t,Dt>= Y tit;Dij, t=(t,...,tn)
i,j=1

2. Di; = E(X:X;), E(X;) =0
3. {Xi,...,X,,} are Gaussian if and only if

Vo, €R, o1 Xy +...+ a, X, is Gaussian.

4. Let {X1,...,X,} be Gaussian with variance I, xp,.

0 if [ is odd

E(X{" X" X)) = A .
(X7 X ) {2&,)&,)! i1 =2

where l =mq + ... +m,

2 Gaussian Random Fields

Definition 2.1. Let GG be a countable set. The family of random variables
{Xn}neq is called a Gaussian Random Field (GRF), if for any finite subset
{ni,...,nk} C G, the random variables

{Xn1s- s X}

are jointly Gaussian.



Remark 2.2. 1. G could be finite, or G could be a singleton, in which
case we have a single random variable. However, we only care about
the case when G is infinite.

2. Same definition applies for an arbitrary G (e.g. G = [0, 00) for Brow-
nian motion, say). The only real difference is that some measure the-
oretic aspects are more delicate.

2.1 Uniqueness
Given a GRF { X, },cq, we have
Dy =E(X,Xp),and D : G x G — R, D(n,m) = Dy,

Theorem 2.3. Let (Q, .7, P) and (¥, F', P") be two probability spaces, and
{Xn}tnec and {X] }neer be two GRF on these spaces with variances Dy,
and D).

Suppose Dy = D, and assume also, that F,F' are minimal o-fields
with respect to which {X,} and {X]} are measurable.

Then, (Q, 7, P) and (Y, F', P") are isomorphic, and under this isomor-
phism, X; corresponds to X J/

Remark 2.4. Equivalent formulation:
3W, a unitary map, W : L*(Q,dP) — L*(Q,dP")
such that
1. W,W~! map bounded functions to bounded functions.
2. W(XY)=W(X) -W(Y) for bounded X,Y.
3. W(X,) =X],

2.2 Existence and Basic Model
Let D : G x G — R be a map, D(n,m) = D,,,, such that

Vni,...,ng € G, [Dnn,li<ij<k is strictly positive definite.

Set
Q=R =][R we {wh)lnee, wn) R
neG



and let .# be the Borel o-algebra generated by cylinders, i.e. sets of the
form

{w:w(n) € By,...,w(ng) € By}, where B; are Borel in R

If ap > 0,),cqan < 0o and

d(w,w’) _ Z a \w(n) _(’_‘)/ ”I'L)‘

22" T o) — /()

then d is a metric on 2, and (€2, d) is a complete and separable metric space.
Moreover, the Borel o-field generated by the sets open with respect to d is
precisely .%.

Given a cylinder C' = {w : w(n1) € By,...,w(ng) € By}, set

P(C) = ftm...m (C) = (27)*/2(det D,)/? / S (LR
i=1 Bi

where D = [Dy,n;]1<i,j<k- This a good definition (does not depend on the
way we write C') and if we take a field consisting of finite disjoint unions of
cylinders, P is a countably additive set function. Hence, by Caratheodory
Extension Theorem (or by Kolmogorov Theorem), P extends uniquely to a
probability measure on (2, ).

Thus, (2,.7, P) is a probability space such that, by our construction,
Xn(w) = w(n), n € G is a random variable, and the joint distribution of

{Xnys---, Xn, } 1S piny,...n,, and so, they are Gaussian with variance D =
[Dij].
From now on, we will work only with that model:
Q — RC

% — DBorel o-field

P — Gaussian measure induced by the marginals fip,, .. n,

2.3 Support properties of P

Proposition 2.5. Let A, > 0, n € G be a sequence such that

Z A, Dy < 00
neG
and let
A ={we: Z Apw?(n) < oo}
neG
Then the following holds:



1. Q' is measurable.
2. P(Y)=1
Proof. Property (1) is trivial. To prove (2), let

Flw)=> Aw’(n), F:Q—[0,00], F>0

neG
Then
= w?(n w) =
| Peare = [ 3 A ()P
= A, | W (n)dP(w) = Ap Dy < 00

= F(w) <oo P-ae w

2.4 Hilbert Spaces
Consider the Hilbert space

PG ={w: Q=R ‘ Y w(n)l? < oo}

neG

equipped with the usual inner product

(Wlw'y =Y wn)'(n)

neG

Remark 2.6. Usually, (?(G) denotes the complex version of this Hilbert
space. However, in this document, we are mostly considering l]12§’ and we de-
cided to simplify our notation by dropping the subscript R. Hence, to avoid
confusion, we will always write l(% when referring to the complex space.

The matrix D = [Dy,,] defines a linear map, which naturally extends
to a (possibly unbounded) self-adjoint linear operator on [?(G). We will
assume that both D and D! are bounded. This amounts to say that, if

(Dw)(n) = Z Dpmw(m)

meG



then the sum on the right hand side is convergent, and also assuming that
for some M >0

Y IDw)m)P < MY |wn)P, Yw e P(G)(G)
neG neG
This assures that D is bounded and self-adjoint, or more explicitly, that

{ (w|Dw) < VI w?
(' |Dw) = (Do )

To insure the existence and boundedness of D!, we further need to assume
that )
Im >0, (w|Dw)>mlw|*= D" <m

In terms of {Dy,,}, D is bounded if
sup{ Z |Dpm|} < o0
nelG meC

In particular, Vn, m < Dy, < VM, so that

ZAnDnn<OO <~ ZAn<OO

neG neG

2.5 Explicit Computations with GRF

Let a € 1?(G), and suppose that only finitely many coordinates are non-zero.
The vector space of such o’s is denoted ;1% (G).

2(G) = {a € I*(G) : a(n) # 0 for finitely many n}
For a € t1%(G), set

neG neG
—_——

finite sum!

Hence, ®,(w) is a Gaussian random variable and since

2 = aln)axlm wlin)wlm =
/Q%(w)dP(w)— S a(mal >/ (n)ew(m)dP

n,meG Q
= > a(m)a(m)Dum = (a|Da)
n,meG

®,(w) has variance (a|Da).



Remark 2.7. If §,,(m) is the Kronecker delta on I?(G), i.e.

1 ifn=m

(5n(m):{ 0 ifn#m
Then obviously, &, € (I*(G), and 5, = X,,
The map
P(G) 3 aw &, € L*(Q,dP)

is linear (because ®,, is a finite linear combination), and

|Pallfsaar) = | PalwdP() = (a|Da) < D] -l

This implies that the map a — @, is uniformly continuous. Then,
by Extension by Uniform continuity Theorem (MATH-354, Analysis 3), it
extends uniquely to a bounded linear map

I(G) = L*(Q,dP)
and if o, € I%(G) is such that o, — «, then @4, — @, in L*(Q,dP).

Claim 2.8. For all a € I*(G), ®, is a Gaussian random variable with
variance {(a|Da).

Proof. We know that Yoy, € (I*(G),
/ oit®an P — o= blanlDan)
Q

Furthermore, ®,, — ®, in L?(Q,dP) implies that there exists a subse-
quence ay,, — o, such that P, = Po P-ae. w.

Then, as ®,,, is real, |eit%"k | = 1, and thus, by Dominated Conver-
gence Theorem,

lim [ e"®enk gp = / et gp
Q

k—o00 ()

And obviously,

lim e~ z{@n|Pan,) — o—3(alDa)
k—o0

So that we have

. . 1 1
P gp = lim [ P dP = lim e~ 2(@m|DPan,) — o~ 3(alDa)
Q k—o0 Q k—o0



Note also that, by the same argument, fQ b, dP =0
Ezercise 1. Show that

¢, = Z (O |ov) D5,

neG
where the sum on the right is converging in L?-sense.

Solution. If a € ¢I*(G), then the sum is finite, and the result holds trivially.
Now let a € 1?(G) be fixed and let {g1,go, ...} be a numbering of elements

of G. Define
alg;) i<k
k(91) { 0 99 else

Then clearly, ay, € ¢I*(G) and ay — a. Hence, ®,, — ®, in L?(Q, dP) and
thus,

> (Onlon) s, — o in L*(Q,dP)

neG

Finally, notice that, the k* partial sum of Y, .. (6, |a) ®;, is
Y (Gnla)®s, =D (dnlak) s,
gl""?gk TLEG

Hence, the sequence of partial sums converges in L?-sense as required. [J

Proposition 2.9. If {a1,...,a,} are linearly independent in I12(G), then
{Pay,. .., Po, } are jointly Gaussian with variance matriz

[Dij] = [(evi |Daj>}1§i7j§n

Proof. The matrix [(o; |Day )] is strictly positive definite since

1<i,j<n

n

n n
Z Yivj (i |Dag) = <Z Vit ZD’Yjaj> =
i=1 =1

ij=1

>0

n n n
<Z%%D S >an|| S
i1 j=1 i=1

unless ) . vio; = 0 (because |D| > m > 0 by assumption). But, by the
linear independence of «;’s, this is possible only if «; = 0, Vi. Hence

Q

Q
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_ 87%<Z" tnan|D > o tnon > _ e—% 22, titj(an|Day)

Fact 2.10. For any z € C,
e*® ¢ L2(Q,dP), and

2

1 .2
/ez{)a dP:/eZ$62WrCIM>dI :e—%@z\Da)
Q R

3 Trace Class

Background reading Barry and Simon, Functional Analysis
Volume I, Chapter VI (last section).
3.1 Trace Class Operators
Definition 3.1. Let H be a real Hilbert space, and let
AH—H

be a bounded self-adjoint operator (as H is real, self-adjoint simply means
symmetric). We say that A is a trace class operator if

A= Z)‘n (anfn
n=1

where A\, € R, Y7 | |\| < 00, and {f,} form an orthonormal basis of H

Note that from this definition it follows that f,, is the eigenvector asso-
ciated to eigenvalue \,, as

Afn = )\nfn

Definition 3.2. Also define the trace of a trace class operator A:

Tr(A) = i An
n=1

and the trace norm -
1Al =D (Al
n=1

Note that we will continue to use the standard operator norm, and we will
denote it ||-|| as usual, while [-||; will now denote the trace norm.
Also, we say that A is Hilbert-Schmidt if 3 % | [A]? < oo.



— For a more detailed introduction to traces and trace norms,
see Trace ideals and its applications by Barry Simon.

If A is a trace class, the standard operator norm

| Al ZSglpIAnl

Note that the supremum is actually achieved, as

> Anl <00 = [An| =0

n=1

Moreover, A > inf,, A,,, meaning that Vi € ‘H

W 14%) > (inf A,) (1)

Now, let A be trace class such that A > —1, i.e. inf, A, > —1 or
equivalently, Vn, A\, > —1. Then,

det(l + A) = lim kHl(l + i)

Claim 3.3. The limit on the right hand side exists.
Proof. Write

H(l + Ak)) — 622:1 ln(1+)\k)
k=1

Now, as
In(1
iy R +2)

x—0 T

=1 (by L'Hospital Rule)
For small enough |z|, we have that
Slel < (1 + )] < 2la]
Now, as |A,| — 0, we have that for large enough n,
3Pl < 1In(1+ A < 2]
and thus,

oo o0
D [l <oo= > In(1+X) < oo
n=1 k=1

10



Hence, we have convergence, and we can write

det(I + A) = H 14 A)

3.2 Variance Induced Inner Products

As before, consider [2(G), and let D be self-adjoint and positive definite.
Define

;
<'|'>D:<'|D(')>:< : ‘D2->
Then, (- |- )p is an inner product on [?(G), and (12(G), (- | - ) ) is a Hilbert
space. We will denote it by 1% (G).
Note that, if D is bounded the resulting norm is equivalent to the Eu-
clidean norm. Also,

m

li(G) = (G)

Now, let A be a trace class operator on (% (@), and write

A= lul i fo
n=1

where {f,} is an orthonormal basis of I%(G), and Y22, |A,| < 0.
Consider

DiAD3 :;)\n (fa]|D7% () >D Dif, =

i <fn >D2fn—ZA <D2fn| >D%fn

Now, the set {D5 fn} is an orthonormal basis of I?(G), as

(D3

1
D fn ) = fulfm) p = Onm
And thus, D2AD™% is trace class on I?(G) with eigenvalues \,, and eigen-

vectors Dz fn. Conversely, if A is trace class on I2(G), D2 AD? is trace
class on [3,(G) with eigenvectors Dz I

11



3.3 Example

Consider %(G) and let A be a self-adjoint trace class operator such that

A > —1. Write
A:Z/\n<fn" >Dfn
n=1

where {f,} are orthonormal w.r.t. (- |-),. Now, set

W)=Y An®F (w)
n=1

Claim 3.4.
F e LY(Q,dP)

Proof. By Monotone convergence Theorem, we have

/yF )|dP(w /Z\)\ |27 (w ZM;/@? )dP(w
n=1
Z | (fa|Dfa) = Al < 00
n=1 n=1

Ezample 3.5. Show that

fetreare) = [dtulmy

Solution. We wish to compute [, e 2F W dP(w). To this end, let us first
compute
/ o2 D M5 ) ()
Q
By Proposition 2.9, {®, }}_, are jointly Gaussian with variance

(fi|Dfi))i<ij<n = Inxn

Hence,

/ o3 Thoy M, (@) AP(w) = (1)n/2/ D SRR S S S
Q 2 n

12



n

1n/2 / o5 Lo Mt )a} g, — H (14 )" 2/2
(2m) " k=1

Taking n — oo in the above, we get that

lim [ o7 Zkm M7 ) dP(w H 14+ M)~ Y2 = [det(I + A)] /2

n—o0 Q

Now, since A\, — 0, there exists ng such that ¥n > ng, |A\,| < % So, set

no—1

Z )\k(I)2k Z |>\k|q)fk

k=ng

As before, F € L*(Q,dP), and since F(w) < F(w), we have that

/Q 2P gp(w) < /Qe 2P @) gp(w)

As the second sum in F'(w) is monotone, we can use the Monotone Con-
vergence Theorem and we have

1 1 no—1 o)
/Qe 2 dp = /Qexp (—2 Z Ak@?‘k@”)) exp Z \/\k]q)?ck(w) dP(w) =
k=1

k=ng

no 1 n
MCT .
= nh_}ngo exp ( Z Akq)zk ) exp Z |>\k|<I>3ck (w) | dP(w) =

k=ng

—1/2 n -1/2

IT -

k=ng

no—1
= nh_)rrolo [ H (1+Ag)

k=1

Since, |Ax| < &, Vk > ng, the second product is non zero, and as o | |Ax| <
oo and |A,| < 1/2, the limit exists by Claim 3.3. And thus,

/ e 3F() dP(w) < oo = / e 2F() dP(w) < o0
Q Q

making e 3F®) integrable.

13



Now, as F(w) = Hmy e S0 Ay <I> - (w), with the sum converging in
L'-sense, there exists a subsequence N}, —> oo such that

But

So, by Dominated Convergence Theorem,

/ —1F(w) dP(w) = li *%ZN’cMn‘I’? (w) dP(w) 1 V2
2 = n= n =
0 Y Jo© Y7 det(T + 4)

O]

Case D =1: As seen before, in this case, A is trace class on I2(G), and so,

(e}

A= Nlful ) o
n=1

Then, for w € 12(G), we have that

(w]Aw) ZA | (fn |w) | 2:§:An©2n(w)
n=1

This leads us to define:

(wAw) €3 N,02 () = F(w)

n=1

Hence, we can rewrite the result of Example 3.5 as

L (w] Aw) 1 V2
— = {w|Aw P N
/Qe ’ P (w) [det(InLA)]

3.4 Variance Induced Measures

Let A be trace class on l%(G) and suppose A > —1. As usual, write,

A:Z)‘n<fn“>Dfn Z|/\n]<oo
n=1

n=1

14



where {f,} is an orthonormal basis of % (G).
We were prompted to define

(w|Aw) defZA o2 (

And we showed that

1. (w]Aw)p € LY(Q,dP) (Claim 3.4)
[y exp (=3 (w]Aw) p) dP(w) = [det(I + A)] 2 (Example 3.5)

We can now introduce the probability measure
dQ = [det(I + A)]"/? e 2l4)p gp
and discuss its effect on the GRF.

Claim 3.6. {<I>fn1, ceey <1>an} are jointly Gaussian w.r.t. dQ, with variance
matrizc

[5ij(1 + )‘m)_l] 1<i,j<K
Proof. Consider

EdQ |:ei(t1<1)fn1+ +tK‘I>an):| _ / ei(t1q>fn1+ +tK<I)an> dQ —
Q

= [det(I + A)] 1/2/ exp < Ztkq)fnk> exp (— Z)\k@ )
and Vm € N,
K 1 m
‘ 2
exp <Z;tj®fnk> exp (—2 ;)\kq) k(w))' =

Recall that in Exercise 3.5, we have shown that there exists a subsequence
m; — 00 such that

exp (—; Z )\k§>2k (w)) ‘

k=1

0o my
Z )\kfbfck (w) = Jlggo Z /\kfb?ck (w) P-ae. w
= k=1

m;

and Vj, exp (— Z)\k(b )) < exp (—;ﬁ@)) e’

k=1

15



Then obviously,

K ]
. 1
exp (z E tkq)fnk) exp (—2 E )\k@?k(wo =
k=1 k=1

K mj
1
li '§ D —f§ M@
Jggo lexp <Z k=1 ’ fnk) exp( 2k=1 ’ fk(w>>]

Thus, by Dominated Convergence Theorem, we get that

/Qexp( (t1<1>fn1+ +tK‘I)an>)dQ:

= lim [[det(I+A) 112 / exp( Ztkcpfnk ZAkchk(w)) dP
k=1

Jj—o0
. HEM1+MP” IS
e I O W YR
k 1
Now, we integrate out all the coordinates except {zp,, ..., Tn, }, and for all

mj > max{ng : 1 <k < K} we get

m; m;
ijl(;jr)—;/;‘k)lm / exp < Ztkl‘nk - 1;(1 + A\p)x ) dr =
[Ty (1+ A, )2 . L+ Ay o
= (27T)K/2 /RK exp <; [zthnk — 5 xnk}> Axp, -+ - dxn,
And thus, by uniqueness of characteristic function, {® fn1""’q)fnk} are

jointly Gaussian w.r.t. d@, with variance matrix

[6i(1 + )\m)_l] 1<i,j<k

Now consider the random variables ®5_(w) over dQ.

Proposition 3.7. {®5 122, form a GRF over (Q,.%,dQ), with variance
D(I+ A)7!

16



Proof. First of all, notice that {®s, }°°; form a GRF over (2,.%#,dP) with
variance D, essentially by construction. It is obvious, when we apply Propo-
sition 2.9 to any finite subcollection of 4,,’s.

Now, over d@, consider

th)(SnI + ...+ tK(I)5nK

Expanding in f,, we have that d,, = >272, (fj [0n, ) fj and thus,

K 00 K 0o
> kb, = <fj Ztk5nk> fi=Y (filo)p fi
k=1 j=1 k=1 D j=1
where 0; = Zle t10n, . And so,
K 00
S i, =g s, = P =S
k=1 Jj=1

with the sum on the right hand side converging in L?(2,dQ). Therefore,
there exists a subsequence J; — oo such that

Ji
®;, = lim ; (filo)p @y, Q-ae.

Now, consider

EdQ |:ei(t1<1>5n1 +...+tK‘I>6nK):| _ / ei(t1<1>5n1+...+tK<I>6nK> dQ — / ei<1>5t dQ
Q Q
By Dominated convergence Theorem, (bounded by 1), we get

/ ¢'®5 dQ = lim eizjl:1 iloe) ps, d@Q
Q

l—00 Q

But by previous claim, ®,’s have variance [(5@(1 + )\ni)_l} w.r.t. dQ@,

1<i,j<k

17



SO ;
iZjl:1 <fj|5t>D(I)fj dQ —

lim e
=00 Jo
_lgcr)loexp —*Z (filoe) p 1+)‘) =
1 g 2
S R
=1
1 jJ’ 2
_ llggoexp —3 Z [<f] ‘(I+A)—1/25t>D} =
j=1
~on (45 (o), ) -
con( e

—exp | —= <(I+A)_1/26t ’(I+A)‘1/25t>D> =
(5 |<I+A>‘15t>D> =
(¢ \D(I+A)15t>) =

= exp Ztt

And thus, {®s, }5°; form a GRF w.r.t. dQ, with variance D(I + A)~!. O

= exp

=exp | —

D(I+A)"6,,) | =

3.5 Mutual Absolute Continuity

Let Dy, Dy be two variances under usual assumptions, and let P, P, be
the corresponding Gaussian measures on (£2,.%#). That is {®;,} are jointly
Gaussian w.r.t. P; with variance D;, i = 1, 2.

Question: When are P; and P, mutually absolutely continuous?

Theorem 3.8 (Shale Theorem). Py and P> are mutually absolutely contin-
wous if and only if the operator (D1_1D2 —I) is trace class on l%l.

Remark 3.9. This is a fundamental result

18



Remark 3.10.

sym

(W|(Dy'Dy = Dw) = (w|Di(Dy D2 = Nw) = (w|(Dy — Di)w) =

= (D2 = D1)w|w) = (Di(Dy ' Dz = Nw|w) = ((Dy "Dy = Nw |w ),

That is (D] ' Dy — 1) is self-adjoint on l%l, and the statement of the theorem
makes sense.

Remark 3.11. Trace class assumption means:

Dl_lDQ_I: ZATL <fn|>D1 In

neG
DDz = DY = 3 M) o, DI
neqd -
[D;1/2D2 _ Di/z} D1—1/2 _ Z A <Di/2fn ">Di/2fn

neG

As {D%/an} form an orthonormal basis of lQ(G),(Dl_l/QDng_l/2 — 1) is
trace class on [?(G). This implies that Dl_l/Q(Dg — Dl)Dl_l/2 is trace class.
By properties of trace class operators, this yields that (D; — Ds) is trace
class.

So, the natural formulation of Shale Theorem is

“P; and P, are mutually absolutely continuous if and
only if (D1 — Ds) is trace class on I2(G).”

Ezxercise 2. Express the “(D; — Dg) is trace class” condition in terms of
matrix elements. In particular, show that

2.

n,meqG

[Dl]nm - [D2]nm < 00

is necessary.

Solution. Suppose D is trace class on £?(G). WLOG assume G = N and let
{fe}72, be the eigenbasis and {9, }72; the standard basis. Expanding fj, in
terms of the standard basis yields

Fe = (nlfi)0n =" andn

19



Then, by trace class definition, we have

D= "N lfel ) fe=>_ Mlfel) (Z%%) =
k k n
= Z)\kan <Zam6m‘ : >5n = Z Ak@n@m (G | - ) On
k,n m

kyn,m
Hence, formally,
2
S 14 = S 10508 = (] 3 vt 501615} -
gl 4.l 4.l k,n,m

2

>

k

2
=3 |af? <5j ZAkan5n> = laif* |l
4, k,n Jid
2
= (Z)\k> Za%a?
k al
2

Now, by Parseval’s Theorem and by the definition of trace class, ) az
and ), A\, are both absolutely convergent. Hence, all the rearrangements
of the sums are justified and moreover, the sum on the right hand side is
convergent as a Cauchy product of absolutely convergent sums. Thus,

2
Z | Dy = (Z )\k) Za?a? < 0
n,m k 75l

Note that this equality only makes sense if D is assumed to be trace class.
Setting D = D1 — Dy we get the necessary condition for D1 — Ds to be
trace class in terms of matrix coefficients. O

Proof of Shale Theorem. We will prove only one direction, namely

If (Dl_l_DQ —1I) is trace class on l2D1, then P; and P, are mutually
absolutely continuous.

So, write
(Dy'Dy = 1) = A {fal)p, fn
n=1

where {f,} form an orthonormal basis of 17, , and Y 77, [A,| < oc.
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Consider now the random variables {®y, } on L?(€2,dPy).

| @5.25.aPy = 1D o) = (i), = B

Then, as {®,} are jointly Gaussian w.r.t. dP;, we have that

Eqp, {eiZﬁthncbfn} :/ez‘zszltn@fn dpP; —
Q
]. - N 1 N

Now, (Dy Dy —I) is trace class, so
)\n5nm = <fn |(D;1D2 - I)fm>D1 = <fn ‘Dl(Df1D2 - I)fm> =

= <fn ’D2fm> - <fn ‘lem> = (fn ‘D2fm> — Onm

So, if we consider {®y } w.r.t. dPa, they have variance D = [Dyp,],
Dy = (14 A\p)dpm. Also, notice that (f, |Dfn) > 0=\, > —1, Vn. We

can now compute

. N NV
EdPQ |:eZZn=1 tnq)fn:| = / eZanl t'"-q)fn dP2 —
Q

. ) 1/2 2
N 1 N Tn
_ el > tn®n e 2 D on=1 T | doy -+ - dx
(2m)N/2 [HnNzl (1+A\n) /]RN [ 1 :
Consider
1
2
1 / o K, Py, e_% Shey ‘1+‘§nk ‘I’?‘nk e% She 4’?% dP, =
HkK:1 (1+ An) Q
=Py

. _lsykK 1 2 K K
= 4731( ZZle teny o 2 2 k=1 TFany, Tng e—% 2 k=1 :v%k e% > k=1 $?Lk dx =
(27T)K/2 RK

=1

P K B D — SK 4
— 2 K/2 eZZkzl thnk e 2 k=1 1+)\nk ny dX — elzkzl ny f”k dP2
(2m)8/2 Jrx Q
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Thus,
K K
tn, @ _ytn, ®
EdP2 [elezl K fnk,i| _/elzkl k= fny dPy =
Q

1 K 1N A 2
_ llm /2 el Zk:l tkq)fnk ez zﬂ:l 1+Kn q)fn dPl
Q

e o)

since for N > max{n; : 1 < k < K} we simply integrate out all the extra
coordinates. Now, by Claim 3.3,

. 1 . .
lim 3 exists since

N—o0 1/
7L )]

220:1 |An| < oo
An > —1

Hence, consider the function

2

1 oo A
F(w) = e2 Zn=1 T537 i

We will show that F' € L'(Q2,dP;), so that the limit and the integral can be
interchanged by Dominated Convergence Theorem. So, as

/Q;HM@Z _;uﬂn <

=1

. lZN An @2
F' is well defined. Hence, set Fiy = €2 ~n=1 T+in " /n

As >72° 1 |An| < oo, there is Ny > 0 such that Vn > N, [An| < 3. So for
N > Ny, consider

- 1, L1 N
Fy = - 7 + =
N = eXp 2nzll+/\ *3 ; A,

Then, F v is monotonically increasing, and fQ F NdP; =

1 Pnl
- e2 Zn 1 1+§n eQ Zn No+1 1+)\n e QZn 1 ndx—

(QW)N/Z
No N
1 / 1 1, 1 < A ) )
= exp | —= T, — = E 1-— x; | do =
N/2 n n
2m)N/2 Jgn 26~1+ An 2 N 14+ A,
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n=1 n=No+1
And
~1/2 ~1/2
N N
_ < _
Az | 1] (1 1+ A <Jdm I (1 1-1/3
n=Np+1 n=Np+1
N ~1/2
L 3[Anl :
= A}gnoo H <1 =3 > < oo (by Claim 3.3)
n=Ng+1
as > 2, 3‘2"' < oo and |A,| < 1/3. Thus, we have a uniform bound
_ No —1/2 N ’A ’ —1/2
FydP, < 1+ An) <1 — "> < 00
/Q 7!:[1 nll;g—‘rl 1+ /\n

Hence, as ﬁN is monotonically increasing, by Monotone Convergence
Theorem, we have that:

lim [ FydP, = / [lim ﬁN] dpP, = / FdP, < oo
QO QO N—o00 Q

N—oo

Now, as Fiy < Fy<Fe LY(Q,dPy) for all N > Ny, we apply Dominated
Convergence Theorem to get

lim FNdPlz/FdPlg/ﬁdP1<oo:>F€L1(Q,dP1)
Q Q

N—oo Jo
So that
_1
iYE 4@ o ’ i E 4@
/e k=1"k= fny dPQ = H (1+An) /e =17k fny, F((,U)dpl
Q n=1 @

We will now show that

AP, =
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First, consider dn, = >272, (f; [0n, ) p fj, and

o0

(I)énk = Z <fj |Gy, >D (I)fj

=1

is converging in L2-sense in both L?(2,dP;) and L?(€,dP,), because the
expansion is in the same space, namely l%. Then, by taking two successive
subsequences, we get J,, — oo such that

K
Ztkq)gnk = hm Z <fj
k=1

both Pj-a.e. w and P»-a.e. w, and thus, fQ exp (z Zszl tk‘bénk> dP, =

JIm
= n%gnoo exp |1 Zl <f]
]:

Q

Z t30n, > i3

D

K
Ztkénk> Oy | dPy =
k=1

D
Im

_ N 1/2 .
—mlgnoo 1_[11+)\) /exp Z;<fﬂ
n= J

K
Ztkénk> oy | FdPy | =
k=1

D
—-1/2

= [ﬁ (14 An)

n=1

/ exp< ZtkCD(; )del

That is the characteristic functions of the marglnals of the measures

(dP,) and <ﬁ (14 An)_1/2FdP1>

n=1

are the same, which implies that the marginals are the same. Thus, these
measures coincide on the cylinders, and are therefore the same. ]

Ezercise 3. Show that F € LP(Q,dP;) for some p > 1, and find the optimal
p in terms of A,’s.
4 Weak Convergence of Gaussian Measures

4.1 General Definition

Let (M, d) be a complete and separable metric space, .% - the Borel o-algebra
on M, and {P;}¢~o (or {P,}nen) a family of Borel probability measures on
(M, F).
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Definition 4.1. We say that P; converges weakly to P as t — oo if for any
bounded continuous function F : M — R,

lim/ FdPt:/ FdP

We then write P, = P.

— For a more detailed discussion of weak convergence, see the
first 18 pages of Convergence of Probability Measures by Patrick
Billingsley.

4.2 The case of GRF

Suppose now, for our setting:

QO — RC

% — Borel o-field

P, — Gaussian measures with variances D®)

®s5  — GRF over P, with variance D® (&5, = X,,)

n

For a € ¢1*(G), the map

Phig(w) =Y a(n)w(n)

neG

is continuous, and so, €'®=(“) is continuous as well.

So, if P, = P, we must have

/ ®a(@) gp, / (@) gp —s 1im ¢~ V/2(a[PPa) _ / ®a(®@) gp
Q 0 t Q

— 00

We don’t want the integral on the right to be neither 0, nor co, so we assume
that {D®} are uniformly bounded, i.e. that there exist 0 < m < M such
that

m<D® <M < m|a|?< <a ‘D(t)a> < M ||a)?

Then,
lim <a ‘D(t)a> exists

t—o0
By polarization,

lim <a ‘D(t)ﬁ>

t—00
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exists for a, 8 € fZQ(G). By continuity and boundedness, the limit exists
Va, B € ¢13(G).

If a =6, and 8 = 0, Dpm = limg_ o Dg)n exists. Let D be an operator
with matrix [Dy,,]. Then, D is self-adjoint and bounded, namely

m< D<M
Moreover,

Va, B € 2(G)m  lim <a ‘D(t)ﬁ> — (a|DB)

li
t—o0
Hence, D is a good variance, and

lim efl/2<a|D(l)a> _ e—1/2(a|Da>
t—o00
so that, P is Gaussian with variance D.

Theorem 4.2. Let P, be a family of Gaussian measures with variances D®
such that for some M, m > 0,

m < DY <M
Then P, = P if and only if DY — D, and in that case, P variance D.

Proof. We have just shown the = direction.
Conversely, if D®) — D,

/eicba(w) 4P, = ¢~ 1/2(a[D®a) ., ~1/2(aiDa) _ / oi®a(@) gp
Q Q

From Billingsley, this implies that for every cylinder C
Jim P(C) = P(C)
And this implies that P, = P. O

Corollary 4.3. Let {P,}1~0 be a family of Gaussian measures with variances
DW satisfying,
0<m<D® <M

Then there exists a subsequence t, — oo such that P, = P for a Gaussian
P.

Proof. By diagonal argument, extract a subsequence t,, — oo such that
D) 5 D

and by theorem, we are done. O
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