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Abstract. In this paper, we study conformal invariants that arise from nodal sets

and negative eigenvalues of conformally covariant operators on manifolds with bound-
ary. We also consider applications to curvature prescription problems on manifolds

with boundary. We relate Dirichlet and Neumann eigenvalues and put the results

developed here for the Escobar problem into the more general framework of boundary
operators of arbitrary order.
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1. Introduction

The Yamabe problem on a closed Riemannian manifold is to find a metric of constant
scalar curvature in a given conformal class; it generalizes the uniformization theorem for
Riemann surfaces. It was solved by Yamabe, Trudinger, Aubin and Schoen. A related
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problem is to prescribe scalar curvature in a given conformal class; the two-dimensional
version (prescribing Gauss curvature on a surface) is the Nirenberg problem. The problem
of prescribing scalar curvature without fixing a conformal class was solved by Kazdan and
Warner [KW2] (the solution is known as the trichotomy theorem). Fixing a conformal
class makes the problem more difficult.

The conformal Laplacian appears naturally in the study of the Yamabe and curva-
ture prescription problems. Nonzero eigenfunctions in its kernel provide obstructions
to prescribing curvature; see [CGJP1, CGJP2] for precise statements. In addition to
the conformal Laplacian, in the papers [CGJP1, CGJP2, GHJL] the authors considered
general conformally covariant operators (including the Paneitz operator), and studied
negative and zero eigenvalues of those operators on manifolds without boundary. They
also considered applications to the associated curvature prescription problems (including
the Q-curvature), and constructed conformal invariants determined by eigenfunctions in
the kernel of the corresponding operator. In the current paper, we aim to generalize those
results to manifolds with boundary.

The Yamabe problem on manifolds with boundary was solved in a series of works by
Escobar [Esc92-1, Esc92-2], Marques [Mar], Chen [Chen] and Mayer-Ndiaye [MN]. They
proved that on any compact manifold with boundary of dimension n ≥ 3, there exists in
every conformal class a scalar flat metric in the interior with constant mean curvature of
the boundary.

The problem of prescribing scalar curvature Rg on the manifold M and mean curvature
hg on the boundary ∂M was considered in [Esc03] and other papers. It was shown in
[Esc03, Cor. 2] that the solution attaining (Rg, hg) is unique in the conformal class of [g]
if Rg ≤ 0 and hg ≤ 0.

In the current paper we consider general conformally covariant operators on manifolds
with boundary, and generalize the conformal invariants constructed in [CGJP1, CGJP2]
to this setting. We extend the results of [GHJL], showing that 0 is generically not an
eigenvalue in certain natural boundary value problems. We also answer some natural
questions about the number of negative eigenvalues for conformally covariant boundary
value problems.

Main results. We summarize below several important results of the present paper. The
first theorem extends the main result of [GHJL] to manifolds with boundary:

Theorem 1.1. Generically, 0 is not an eigenvalue of the conformal Laplacian on a
manifold with boundary.

The proof follows easily from Proposition 3.1 of Section 3 by methods of [GHJL].
The next result shows that the number of negative eigenvalues of the conformal Lapla-

cian on manifolds with boundary can be made arbitrarily large:

Theorem 1.2. For any compact manifold with boundary and any natural number m,
there exists a conformal class C such that for any metric g ∈ C one has λm(PR1,g) < 0,

where the operator PR1,g is defined below in (2.6).

The proof in section 4 uses the ideas of El Sayed [Els].
The next result provides an obstruction to prescribing curvature in a conformal class

[g] with non-trivial ker(PR1,g), formulated as an inequality for a single nodal domain of a

function u ∈ ker(PR1,g).
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Theorem 1.3. Let (Q, f) ∈ R([g]) be the scalar curvature and the mean curvature of
some metric in the conformal class [g]. Then, there is a pair of positive functions ωi ∈
C∞(M), ωb ∈ C∞(∂M) such that for any nonzero u ∈ ker(PR1,g) and any nodal domain
Ω of u, ∫

Ω

Q|u|ωi dvg +

∫
∂Ω∩∂M

f |u|ωb dσg < 0.

Finally, Theorem 6.1 (the main result in Section 6) provides a generalization of a result
in [Fried] to conformally covariant operators, relating the number of negative eigenval-
ues for the Dirichlet and Robin problems to the number of negative eigenvalues for a
conformally covariant version of the Dirichlet-to-Neumann map.

Outline of the paper. In section 2 we give examples of conformally covariant boundary
value problems and describe natural extensions of the results in [CGJP1, CGJP2] to
manifolds with boundary. In section 3, we show that generically the conformal Laplacian
on manifolds with boundary does not have the eigenvalue 0. In section 4, we show that the
number of negative eigenvalues of the conformal Laplacian on manifolds with boundary
can be arbitrarily large. In section 5 we explore some natural curvature prescription
problems (in a given conformal class) on manifolds with boundary; we also study the
relationship between nodal sets of eigenfunctions in the kernel of the conformal Laplacian
in the interior of the manifold, and the corresponding nodal sets on the boundary. In
section 6, we study inequalities between Dirichlet and Robin eigenvalues, and establish
Friedlander-type results in the conformal setting. In section 7 we study a continuous
family of GJMS operators and their conformal extensions to the boundary of Poincare-
Einstein manifolds. In section 8 we outline some natural questions that we have not
considered in this paper.

2. Conformally covariant boundary value problems

A key observation used in [CGJP1, CGJP2] (and many other papers) is that eigen-
functions that belong to the kernel of a conformally covariant operator (on a manifold
without boundary) are multiplied by a positive function under a conformal change of
the metric. As a consequence, their nodal sets and nodal domains are preserved; other
consequences of this fact were explored in [CGJP1, CGJP2].

Here we consider a manifoldM (of dimension n ≥ 3) with smooth boundary ∂M . Given
a conformally covariant operator P on M , we consider eigenfunctions Pφ = λφ on M .
We are interested in boundary value problems for P where eigenfunctions corresponding
to λ = 0 transform in the same way as when ∂M = ∅.

We start with a discussion of the conformal Laplacian,

(2.1) P1,g = ∆g +
n− 2

4(n− 1)
Rg,

where ∆g is the positive-definite Laplacian for g, and Rg is the scalar curvature. If
ĝ = e2ωg is a metric in the conformal class [g], then P1,g transforms according to the law

P1,ĝ = e−(n/2+1)ωP1,ge
(n/2−1)ω.

Accordingly,

(2.2) kerP1,ĝ = e−(n/2−1)ω kerP1,g.
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Consider now a boundary value problem for P1,g on (M,∂M). In the interior we have
P1,gφ = λφ. Next, we need to specify boundary conditions on ∂M . We would like the
transformation formula (2.2) to hold for eigenfunctions with λ = 0.

Standard boundary conditions include Dirichlet BC

(2.3)

{
P1,gφ(x) = λφ(x), x ∈M

φ(x) = 0, x ∈ ∂M

and Neumann BC

(2.4)

{
P1,gφ(x) = λφ(x), x ∈M
∂νφ(x) = 0, x ∈ ∂M.

Here ν = νg is the unit (with respect to the metric g) outer normal vector field on ∂M .
We remark that the direction of ν is preserved under conformal transformations.

Example 2.1. If 0 is an eigenvalue of P1,g on a closed manifold, then it is an eigenvalue
of the Dirichlet problem on any nodal domain of the corresponding eigenfunction.

We next state the first result about boundary value problems

Proposition 2.2. Let ĝ = e2ωg be two metrics on M lying in the same conformal class.

(a) Solutions of the Dirichlet BVP (2.3) with λ = 0 transform under the rule (2.2).
(b) Solutions of the Neumann BVP (2.4) with λ = 0 transform under the rule (2.2),

provided ω satisfies ∂νω(x) = 0 for all x ∈ ∂M .

Proof. The condition (2.3) is clearly invariant under the transformation (2.2). For the
condition (2.4), we remark that

∂ν

(
e−(n/2−1)ωφ

)
= e−(n/2−1)ω ((1− n/2)∂νω + ∂νφ)

and both expressions in the bracket vanish if ∂νω = 0. �

It follows that choosing boundary conditions as in Proposition 2.2 allows one to develop
the theory analogous to that in [CGJP1, CGJP2]. In particular, the following Proposition
can be proved easily by the methods of [CGJP1].

Proposition 2.3. Let P be a conformally covariant operator on (M,∂M) whose kernel
transforms according to (2.2). Let g be a Riemannian metric such that dim kerPg ≥ 1.
Then the following quantities give rise to invariants of the conformal class [g].

(1) The dimension k of kerPg
(2) The number of negative eigenvalues of Pg
(3) Nodal sets N (u) and nodal domains of any nonzero eigenfunction u ∈ kerPg
(4) Non-empty intersections of nodal sets of eigenfunctions in kerPg and their com-

plements, provided k ≥ 2

(5) Let k ≥ 2, and let (u1, . . . , uk) be a basis of kerPg. Let M̃ = M \
(
∩ki=1N (ui)

)
.

Define Φg : M̃ → RPk−1 by Φg(x) = (u1(x) : . . . : uk(x)). Then the orbit of

Φg(M̃) in RPk−1 under the action of GLk(R) is conformally invariant.
(6) The same results hold for ∂M and the restrictions of eigenfunctions to ∂M .
(7) Let p = 2n/(n − 2), and let u ∈ kerPg. Then the density |u(x)|pdvol(x) is

conformally invariant. In particular, the following quantities are conformally
invariant: ||u||p, as well as

∫
Ω
|u(x)|pdvol(x), where Ω is any domain in M .
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Similar results hold for restrictions of u to submanifolds N of M , with suitably
adjusted exponents p = p(N).

Next, consider the boundary operator Bg given by

Bgu(x) = ∂νgu(x) +
n− 2

2(n− 1)
hgu(x),

where hg = trgII is the mean curvature of the boundary. We have

Proposition 2.4. The operator Bg is conformally covariant, i.e.

Be2ωg

(
e(−n2 +1)ωu

)
= e−

n
2 ωBgu.

Proof. By definition, the second fundamental form is given by IIij = 1
2∂νgij . Thus, one

has the following formula for the mean curvature

(2.5) hg =
1

2
(∂νggij)g

ij .

Note that νe2ωg = e−ωνg. Therefore, formula (2.5) implies

he2ωg =
1

2
e−3ω(∂νg (e2ωgij))g

ij = e−ω(∂νgω)gijgij +
1

2
e−ω(∂νggij)g

ij

= e−ω((n− 1)∂νgω + hg).

Applying this transformation law to Bg, we obtain

Be2ωg(e
(−n2 +1)ωu) = e−ω∂νg (e(−n2 +1)ωu)+

e−ω
n− 2

2(n− 1)
((n− 1)∂νgω + hg)e

(−n2 +1)ωu = e−
n
2 ωBgu.

�

Proposition 2.4 allows us to define two types of conformally covariant eigenvalue prob-
lems on M .

Conformal Robin BVP:

(2.6)

{
P1,gφ(x) = λφ(x), x ∈M
Bgφ(x) = 0, x ∈ ∂M.

Proposition 2.4 implies that solutions of the Conformal Robin BVP (2.6) with λ = 0 trans-
form under the rule (2.2). In the following we denote the operator P1,g with conformal
Robin BC as PR1,g.

Conformal Steklov BVP (Conformal Dirichlet-to-Robin map) Suppose that λ = 0 is
not an eigenvalue of the Dirichlet BVP (2.3). Then for any u ∈ C∞(∂M) there exists a
unique solution Hg(u) (see e.g. [LLS, §1.3]) to

(2.7)

{
P1,g(Hg(u))(x) = 0, x ∈M

Hg(u) = u, x ∈ ∂M.

We define the Conformal Dirichlet-to-Robin map Dg : C∞(∂M)→ C∞(∂M) as

(2.8) Dg(u) = Bg(Hg(u)).
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We have then

Proposition 2.5. The operator Dg is conformally covariant, i.e.

De2ωg
(
e(−n2 +1)ωu

)
= e−

n
2 ωDg(u).

Proof. Conformal covariance of P1,g implies that

He2ωg(e(−n2 +1)ωu) = e(−n2 +1)ωHg(u).

Proposition 2.4 and the definition of Dg then imply

De2ω (e(−n2 +1)ωu) = Be2ωg

(
e(−n2 +1)ωHg(u)

)
= e−

n
2 ωBg(Hg(u)) = e−

n
2 ωDg(u).

�

Remark 2.6. It is easy to see that (kerPR1,g)|∂M = kerDg. Also, the number of negative
eigenvalues of Dg is equal to the number of negative eigenvalues of the Robin boundary
value problem (2.6) minus the number of negative eigenvalues for the Dirichlet problem
(2.3). This is proved in Theorem 6.1. Both of these claims remain true when 0 is a

Dirichlet eigenvalue, provided Dg is replaced by the operator D̂g defined below.

If 0 is an eigenvalue of the Dirichlet problem (2.3), then kerPD1,g is nontrivial. Define

S =

{
u ∈ C∞(∂M) :

∫
∂M

u∂νw dσg = 0 for all w ∈ kerPD1,g

}
.

The boundary value problem (2.7) has a solution for any u ∈ S. Moreover, the solution
is unique if we require it to be orthogonal to kerPD1,g in L2(M). Denoting this unique

solution by Ĥg(u), we define the operator D̂g : S → S by

(2.9) D̂gu = ΠSBg(Ĥg(u)),

where ΠS is the L2(∂M)-orthogonal projection onto S̄. If w ∈ kerPD1,g, then Bgw =

∂νw ∈ S⊥, so ΠS(Bgw) = 0 and we in fact have

D̂gu = ΠSBg(ψ)

where ψ is any solution to the boundary value problem (2.7). Alternatively, one can

easily show that there exists a unique solution H̃g(u) to (2.7) with the property that

Bg(H̃g(u)) ∈ S, and so

D̂gu = Bg(H̃g(u)).

3. Generically there is no zero eigenvalue: proof of Theorem 1.1

Let g be a metric such that dim kerPR1,g = k > 0. For simplicity we assume Rg ≡ −1
and hg ≡ 0. The goal of this section is the following proposition.

Proposition 3.1. There exists gt = g + tg̃ such that for all small enough t� 1 one has
dim kerPR1,gt < k.

Repeating the deformation inductively one gets that for a generic metric, 0 is not an
eigenvalue of PR1,g. Our proof closely follows [GHJL], where the same statement is proved
for closed manifolds.

Our main observation is that if g̃ ≡ 0 in a neighbourhood of ∂M , then the computations
of [GHJL, §4] follow through verbatim. Let E0 = kerPR1,g be the 0-eigenspace and let
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cn = n−2
4(n−1) . Consider the operator Qg,g̃ = ΠE0

d
dt |t=0(∆gt + cnRgt)

∣∣
E0

on E0. Then

Proposition 3.1 is equivalent to the statement that Qg,g̃ 6≡ 0.
In [GHJL] one obtains that if trg g̃ = 0, then

(Qg,g̃ψ,ψ) = (g̃, cnψ(2Hess◦(ψ)− ψRic◦) + (2cn − 1)(dψ ⊗ dψ)◦),

where ◦ denotes the traceless part of a bilinear form.
Assume that q = cnψ(2Hess◦(ψ) − ψRic◦) + (2cn − 1)(dψ ⊗ dψ)◦ 6≡ 0. Then there

exists p ∈ intM such that q(p) 6= 0. Let p ∈ U ⊂ intM be a neighbourhood of p and let
ρε ∈ C∞0 (U) be a cut-off function such that ρε(p) = 1. Set g̃ = ρεq, then (Qg,g̃ψ,ψ) > 0
for ε� 1, i.e. Qg,g̃ 6≡ 0.

Assume now that q ≡ 0. Then, since Rg ≡ −1 and hg ≡ 0, ψ is an eigenfunction of
∆g with eigenvalue cn, i.e it is orthogonal to constant function. As a result, the nodal
set N(ψ) intersects intM nontrivially. Let us restrict q = 0 to N(ψ) ∩ intM . Then, by
definition of q one obtains (dψ ⊗ dψ)◦ = 0 there. The latter is equivalent to

dψ ⊗ dψ =
1

n
|ψ|2gg,

which implies dψ ≡ 0. This is impossible by, e.g. [Ha, HHL, HHHN], as in [GHJL].

4. Number of negative eigenvalues: proof of Theorem 1.2

The proof is very similar to the proof of Proposition 3.2 in the paper of El Sayed [Els].
Let g0 be some metric on M . The Rayleigh quotient of PR1,g is given by

Rg[u] =

∫
M
|∇u|2 dvg + n−2

4(n−1)

∫
M
Rgu

2 dVg + n−2
2(n−1)

∫
∂M

hgu
2 dσg∫

M
u2 dVg

.

The plan is to locally change the metric g0 to a new metric gp around a point p to
create a function up supported in the neighbourhood of p such that Rgp [up] < 0. Doing
so at m different points creates an m-dimensional negative subspace for the Rayleigh
quotient.

Let pi, i = 1, . . . ,m be a collection of points in the interior of M and let pi ∈ Ui be
sufficiently small pairwise disjoint geodesic balls lying in the interior of M . We identify
each Ui with a copy of Sn\{p} for some fixed point p ∈ Sn. By a result of Aubin [Au]
there exists metric g on Sn such that the Yamabe invariant Yg(Sn) < 0. Therefore there
exists a function u ∈ C∞(Sn) such that Rg[u] < −2ε for some ε > 0. Let Vδ ⊂ V2δ ⊂ Sn
be two small balls around p small enough so that there exists a cut-off function ϕδ with
ϕδ ≡ 1 on Sn\V2δ, ϕδ = 0 on Vδ, 0 6 ϕδ 6 1 and ||∇ϕδ||2L2

g(Sn) 6 δ. As dimM > 3, such

balls exist for all δ > 0. Then one has Rg[uϕδ]→ Rg[u] as δ → 0.
Thus, for small enough δ > 0 one has Rg[uϕδ] < −ε. We let ui be the functions defined

as uϕδ in the neighbourhood Ui of pi. We define the metric gk on M to be any metric
equal to g on Ui\Vδ, where Vδ lies in the corresponding copy of Sn. Then there exist
pairwise disjoint functions u1, . . . , um such that Rgn [ui] < 0 for all i. Thus, the same is
true for any linear combination of these functions, i.e. λm(PR1,gn) 6 0.

5. Curvature prescription

5.1. Background. A natural extension of the Yamabe problem on a manifold M with
boundary ∂M is to prescribe the scalar curvature Rg in the interior of M and the mean
curvature hg on ∂M . Existence and uniqueness for this problem was considered e.g.
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in the papers [Esc96, Esc03]. In the paper [CGJP2, §5], the authors obtained several
results that give obstructions to prescribing curvature in terms of eigenfunctions lying
in the kernel of the conformal Laplacian. In this section, we generalize those results to
manifolds with boundary.

We start with the following result:

Theorem 5.1. For any u ∈ kerPR1,g one has the following identity

n− 2

4(n− 1)

∫
M

Rgu dvg +
n− 2

2(n− 1)

∫
∂M

hgu dσg = 0.

Proof. By definition one has n−2
4(n−1)Rg = P1,g(1). Integrating by parts we obtain∫

M

P1,g(1)u dvg =

∫
M

P1,g(u) dvg +

∫
∂M

∂nu dσg = − n− 2

2(n− 1)

∫
∂M

hgu dσg.

�

This theorem has consequences for the curvature prescription problem which we de-
scribe below. For a fixed conformal class of metrics C = [g] one defines the following
curvature map

R : C → C∞(M)× C∞(∂M), R(g) = (Rg, hg).

Our goal is to determine the image R(C). It turns out that non-trivial elements u ∈
ker(PR1,g) constitute obstructions to this curvature prescription problem. An easy example
is the following corollary.

Corollary 5.2. For any u ∈ kerPR1,g \ {0}, the pair (u, u|∂M ) does not belong to R(C).

Proof. By Theorem 5.1 and formula (2.2), for any metric ĝ = e2ωg one has

n− 2

4(n− 1)

∫
M

Rĝe
−(n/2−1)ωu dvĝ +

n− 2

2(n− 1)

∫
∂M

hĝe
−(n/2−1)ωu dσĝ = 0.

Assume the contrary, i.e. R(ĝ) = (u, u|∂M ). Then the previous formula implies

n− 2

4(n− 1)

∫
M

e−(n/2−1)ωu2 dvĝ +
n− 2

2(n− 1)

∫
∂M

e−(n/2−1)ωu2 dσĝ = 0,

which is impossible. �

Similarly, any pair that has the same or the opposite strict signs as (u, u|∂M ) can not
belong to R(C).

Corollary 5.3. Let M be a manifold with boundary equipped with a conformal class C,
let g ∈ C and u ∈ kerPR1,g\{0}. Then any pair (Q, f) such that (Q, f) has the same or
the opposite strict sign as (u, u|∂M ) can not belong to R(C).

Examples of such pairs include (eω1up1 , eω2up2 |∂M ) for any pair of odd natural numbers
(p1, p2) and (ω1, ω2) ∈ C∞(M)× C∞(∂M).
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5.2. Obstructions from nodal domains. Next, we would like to generalize [CGJP2,
Thm. 5.5, Cor. 5.6] to manifolds with boundary. There is an extensive literature studying
the relationship between the spectral theory of conformally covariant operators on a
manifold M , and the behaviour of a related conformally covariant operators on ∂M , see
e.g. [GZ, Case, C-G, GP-18]. The following discussion deals with the relationship between
nodal sets of eigenfunctions of a conformally covariant operator P on M , and the nodal
sets of eigenfunctions of a related operator Q on ∂M . Clearly, if the nodal set N (u) of
an eigenfunction u of P intersects the boundary, the limiting value of u on ∂M is equal
to 0. Conversely, let us suppose that u(x) is an eigenfunction of a conformally covariant
BVP, and that u(y) = 0 for some y ∈ ∂M . A natural question is whether there exists
a sequence xi ∈ intM such that u(xi) = 0 and xi → y. In other words: is a nodal set
on the boundary always a limit of an interior nodal set? This is the case by a simple
application of the strong maximum principle. Indeed, assume the contrary, i.e. that
u(y) = 0 but u(x) > 0 for x in the pointed neighbourhood of y. Then by Hopf’s lemma
(see, e.g. [K, Theorem 2.8(b)]) one has ∂νu(y) < 0. At the same time, the boundary
condition Bg(u)(y) = ∂νu(y) + n−2

2(n−1)hgu(y) = 0 yields ∂νu(y) = 0, a contradiction.

We now describe the obstruction in question. We prove

Theorem 5.4. Let u ∈ ker(PR1,g) and let Ω be a nodal domain of u. Then, for all
v ∈ C∞(M)

(5.1)

∫
Ω

|u|P1,g(v) dvg = −
∫

∂Ω\∂M

v|∇u|g dσg −
∫

∂Ω∩∂M

|u|Bg(v) dσg.

Proof. Up to a change of sign, we can assume that u > 0 on Ω. Integrating by parts we
obtain ∫

Ω

uP1,g(v) dvg =

∫
Ω

vP1,g(u) dvg −
∫
∂Ω

(u∂nv − v∂nu) dσg.

Decomposing the second summand on the right hand side into the sum of integrals
over ∂Ω ∩ ∂M and ∂Ω\∂M we obtain∫

∂Ω∩∂M

(u∂nv − v∂nu) dσg =

∫
∂Ω∩∂M

u

(
∂nv +

n− 2

2(n− 1)
hgv

)
dσg,

∫
∂Ω\∂M

(u∂nv − v∂nu) dσg = −
∫

∂Ω\∂M

v∂nu dσg.

Since on ∂Ω\∂M one has ∂nu = −|∇u|g the proof is complete. �

Theorem 5.5. Let (Q, f) ∈ R([g]) be the scalar curvature and mean curvature of some
metric in the conformal class [g]. Then, there is a pair of positive functions ωi ∈ C∞(M),
ωb ∈ C∞(∂M) such that for any u ∈ ker(PR1,g) and any nodal domain Ω of u,∫

Ω

Q|u|ωi dvg +

∫
∂Ω∩∂M

f |u|ωb dσg < 0.



10 G. COX, D. JAKOBSON, M. KARPUKHIN, AND Y. SIRE

Proof. By Theorem 5.4 one has∫
Ω

|u|P1,g(v) dvg +

∫
∂Ω∩∂M

|u|Bg(v) dσg < 0

for any positive function v ∈ C∞(M). Let ĝ = e2ωg be the metric such thatR(ĝ) = (Q, f).
Let us apply the previous inequality for v = 1 and the metric ĝ, taking into account the
transformation law (2.2)

n− 2

4(n− 1)

∫
Ω

e−(n/2−1)ω|u|Qdvĝ +
n− 2

2(n− 1)

∫
∂Ω∩∂M

e−(n/2−1)ω|u|f dσĝ < 0.

Equivalently,

n− 2

4(n− 1)

∫
Ω

e(n/2+1)ω|u|Qdvg +
n− 2

2(n− 1)

∫
∂Ω∩∂M

e
n+1
2 ω|u|f dσg < 0.

Setting ωi = n−2
4(n−1)e

(n/2+1)ω and ωb = n−2
2(n−1)e

n+1
2 ω completes the proof. �

Corollary 5.6. For any (Q, f) ∈ R([g]) and any nodal domain Ω of u ∈ ker(PR1,g), either

Q or f must be negative for at least one point of Ω̄.

Theorem 5.7. Let u ∈ kerPR1,g and let Ω be a nodal domain of u. Then for any ĝ =

e2ωg ∈ [g] one has

−
∫

∂Ω\∂M

e(1−n2 )ω|∇û|ĝ dσĝ =
n− 2

4(n− 1)

∫
Ω

|u|Rg dvg +
n− 2

2(n− 1)

∫
∂Ω∩∂M

hg|u| dσg,

i.e. the expression on the left hand side is a conformal invariant.

Proof. Applying Theorem 5.4 for the metric ĝ and v = e(1−n2 )ω yields

−
∫

∂Ω\∂M

e(1−n2 )ω|∇û|ĝ dσĝ =

∫
Ω

|û|P1,ĝ(v) dvĝ +

∫
∂Ω∩∂M

|û|Bĝ(v) dσĝ.

By the transformation laws for P1,g and Bg one has P1,ĝ(v) = e−(n/2+1)ωP1,g(1) and
Bĝ = e−

n
2 ωBg(1). Therefore one has

−
∫

∂Ω\∂M

e(1−n2 )ω|∇û|ĝ dσĝ =

∫
Ω

|e−(n/2−1)ωu|e−(n/2+1)ωP1,g(1) enωdvg+

∫
∂Ω∩∂M

|e−(n/2−1)ωu|e−n2 ωBg(1) e(n−1)ωdσg.

�

Remark 5.8. Suppose there is a function u ∈ kerP1,g (not necessarily kerPR1,g!) such
that it has a nodal domain Ω b M . Then by the maximum principle for Schrödinger
operators, for any (Q, f) ∈ R([g]) the function Q must change sign inside Ω.
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6. Inequalities between Dirichlet and Neumann eigenvalues

In the paper [Fried], Friedlander obtained inequalities between Dirichlet and Neumann
eigenvalues of the Laplacian using the equality

(6.1) NN (λ)−ND(λ) = N−(D(λ)),

where NN (λ) (resp. ND(λ)) denotes the Neumann (resp. Dirichlet) eigenvalue counting
function, D(λ) denotes the Dirichlet-to-Neumann operator, and N−(D(λ)) denotes the
number of its negative eigenvalues. This equality was given a geometric interpretation by
Mazzeo in [Maz].

We prove a Friedlander-type result for the conformal Laplacian. Let NR and ND
denote the number of negative eigenvalues for the conformal Laplacian with Robin and
Dirichlet boundary conditions, respectively, and recall the definition (2.9) of the conformal

Dirichlet-to-Neumann operator D̂g.

Theorem 6.1. NR −ND = N−(D̂g) + dim kerPD1,g.

Proof. For each s ∈ [0,∞) consider the operator P1,g(s) defined to be the conformal
Laplacian P1,g with boundary conditions

Bgu+ su = 0.

This is the unbounded operator on L2(M) generated by the bilinear form

as(u, v) =

∫
M

(
∇u · ∇v +

n− 2

4(n− 1)
Rguv

)
dvg +

∫
∂M

(
n− 2

2(n− 1)
hg + s

)
uv dσg

with form domain H1(M). From this one sees that each P1,g(s) is self-adjoint and the
family is analytic with respect to s.

We show that the eigenvalues of P1,g(s) are strictly increasing. Suppose λ = λ(s)
is an analytic curve of eigenvalues, with normalized eigenfunctions u = u(s), so that
as(u, v) = λ 〈u, v〉 for all v ∈ H1(M). Substituting v = u′ yields

as(u, u
′) = λ 〈u, u′〉 .

On the other hand, differentiating and then letting v = u yields

a′s(u, u) + as(u
′, u) = λ 〈u′, u〉+ λ′‖u‖2

and hence

λ′ = a′s(u, u) =

∫
∂M

u2,

which is strictly positive. (If u vanishes on ∂M , the boundary condition would imply that
∂νu also vanishes, which contradicts the unique continuation principle.)

Note that P1,g(0) = PR1,g has NR negative eigenvalues. On the other hand, the proof
of [AM1, Theorem 2.4] implies that the kth ordered eigenvalue λk(s) tends to the kth
Dirichlet eigenvalue λDk as s → ∞. This implies P1,g(s) has ND + dim kerPD1.g negative
eigenvalues for all sufficiently large s.

Therefore, the difference NR−ND−dim kerPD1,g equals the number of eigenvalue curves
that have λ(s) = 0 for some finite s > 0. This occurs when there is a nontrivial solution
to the Robin boundary value problem

P1,gψ = 0 in M

Bgψ + sψ = 0 on ∂M.
(6.2)
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If 0 is not a Dirichlet eigenvalue, this is equivalent to Dgu + su = 0, where u = ψ
∣∣
∂M

.
Moreover, the multiplicity of λ = 0 as an eigenvalue of the above Robin problem equals
the multiplicity of −s as an eigenvalue of Dg.

When 0 is a Dirichlet eigenvalue we have to consider D̂g instead of Dg. If ψ solves
(6.2), it must be the case that u = ψ

∣∣
∂M
∈ S, hence

D̂gu = ΠSBgψ = −sΠSu = −su.

Therefore −s is an eigenvalue of D̂g. If ψ1 and ψ2 are linearly independent solutions to
(6.2), the corresponding functions u1 and u2 on the boundary must be linearly indepen-
dent as well. Otherwise, there would exist a linear combination ψ = c1ψ1 + c2ψ2 with
P1,gψ = 0, ψ

∣∣
∂M

= 0, and Bgψ = 0, hence ∂νψ = 0, which is only possible if ψ ≡ 0, a
contradiction. Therefore, the multiplicity of −s is at least as large as the multiplicity of
λ = 0 for (6.2).

Conversely, if −s is an eigenvalue of D̂g, with eigenfunction u, there exists a function ψ
on M such that P1,gψ = 0 and ΠSBgψ = −su. Given ψ, there exists a unique v ∈ kerPD1,g
so that Bg(ψ + v) ∈ S. Then P1,g(ψ + v) = 0 and

Bg(ψ + v) = ΠSBg(ψ + v) = ΠSBg(ψ) = −sψ
∣∣
∂M

= −s(ψ + v)
∣∣
∂M

,

hence 0 is an eigenvalue of (6.2), with eigenfunction ψ + v.

Suppose u1 and u2 are linearly independent eigenfunctions of D̂g, with the same eigen-
value −s. If the corresponding eigenfunctions ψi+vi of (6.2) are not linearly independent,
there will exist constants c1 and c2 so that c1(ψ1 + v1) + c2(ψ2 + v2) = 0. Restricting to
the boundary yields c1u1 + c2u2 = 0, a contradiction. This proves that the multiplicity

of λ = 0 for (6.2) equals the multiplicity of −s for D̂g, and thus completes the proof. �

Remark 6.2. Repeating the above argument with P1,g replaced by P1,g − λ, we obtain a
similar equality in terms of the counting functions NR(λ) and ND(λ) for the conformal
Laplacian. However, these quantities are only conformally invariant when λ = 0.

7. A continuous family of GJMS operators and their conformal
extensions to Poincare-Einstein manifolds

In this section, we put the previous results in a much more general framework which
has been developed in recent years. First we consider higher order extensions of the con-
formal Laplacian, i.e. the so-called GJMS operators [GJMS]. The original construction
of these operators did not provide useful information on their analytic properties, due
to the nature itself of the construction. The important result on their analytic proper-
ties came with the paper by Graham and Zworski [GZ]. Roughly speaking, they prove
that if (Mn, [g]) is a smooth compact manifold endowed with a conformal structure, then
the GJMS operators Pk can be realized as residues at the values γ = k of the mero-
morphic family S(n/2 + γ) of scattering operators associated to the Laplacian on any
Poincaré-Einstein manifold (X,G) for which (Mn, [g]) is the conformal infinity. These
are the ‘trivial’ poles of the scattering operator S(s); typically S(s) has infinitely many
other poles, which are called resonances. In this geometric framework, multiplying this
scattering family by some regularizing factor, one obtains a holomorphic family of elliptic
pseudodifferential operators denoted P gγ (which patently depends on the filling (X,G))
for γ ∈ (0, n/2). This realization of the GJMS operators (and their continuous in γ coun-
terpart) has led to important new understanding of them, including, for example, the
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basic fact that P gγ is symmetric with respect to dvg. Hence even though the family P gγ
is not entirely canonically associated to (M, [g]), its study can still illuminate the truly
canonical operators which occur as special values, i.e. the GJMS operators.

Let us sum up the main properties of these operators: P g0 = Id, and more generally,
P gk is the kth GJMS operator; P gγ is a classical elliptic pseudodifferential operator of order

2γ with principal symbol σ2γ(P gγ ) = |ξ|2γg ; P gγ is Fredholm on L2 when γ > 0; if P gγ is

invertible, then P g−γ = (P gγ )−1; and, most importantly,

(7.1) if ĝ = u
4

n−2γ g, then P gγ (uf) = u
n+2γ
n−2γ P ĝγ (f)

for any smooth function f . Generalizing the formulæ for scalar curvature (γ = 1) and the
Paneitz-Branson Q-curvature (γ = 2), for any 0 < γ < n/2 we define the Q-curvature of
order γ associated to a metric g by

(7.2) Qgγ = P gγ (1).

It is then natural to define a “generalized Yamabe problem”: given a metric g on a
compact manifold M , find u > 0 so that if ĝ = u4/(n−2γ)g, then Qĝγ is constant. This
amounts to solving

(7.3) P gγ u = Qĝγu
n+2γ
n−2γ , u > 0,

for Qĝγ = const. From the analytic point of view, this problem exhibits the same features
as the standard Yamabe problem (lack of compactness, for instance) with the additional
major difficulty that the equation involves a pseudodifferential operator.

In the last decade or so, several works have studied this generalized Yamabe problem.
The first major tool is a result of Chang and Gonzalez [C-G] realizing the operators
P gγ for γ ∈ (0, 1) as boundary operators, i.e. Dirichlet-to-Neumann type operators. It
relies heavily on the original construction based on scattering of Graham and Zworski,
reformulating it in a suitable form. However, a drawback of the Chang-Gonzalez result
is that the operator defined on the Poincaré-Einstein manifold (X,G) is not conformally
covariant except in the case γ = 1/2, which corresponds precisely to the Escobar problem
we considered in the previous sections. This was later resolved by Case and Chang [C-C],
where they reinterpret the scattering theory of Graham and Zworski in terms of smooth
metric measure spaces. We now introduce this framework.

Smooth metric measure spaces and conformally covariant operators of order
2γ with γ ∈ (0, 1). We will refrain from going deeply in the theory of Case and Chang
since it is quite technical and would obscure our goal of applying their construction to
the spectral geometry of their operators. Notice first that the most popular range of
powers is γ ∈ (0, 1) since in this case the problem enjoys a standard maximum principle.
However, as already noted, the case γ = 2 is also of major importance since it corresponds
to the Paneitz-Branson operator. We will thus focus on the range γ ∈ (0, 1), but several
results mentioned in this section can be obtained for a wider range (under appropriate
assumptions). We now describe their construction. Notice that we change slightly the
notations below to be consistent with the previous discussion starting this section.

A smooth metric measure space is a four-tuple (X
n+1

, G, vmdvol, µ) determined by a
Riemannian manifold (X,G) with boundary M = ∂X, the Riemannian volume element
dvol associated to G, a nonnegative function v ∈ C∞(X) with v−1(0) = M and constants
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m ∈ R\ {1− n} and µ ∈ R. In the interior of X we define a smooth function φ by

vm = e−φ.

We say that (X
n+1

, G, vmdvolG, µ) and (X
n+1

, Ĝ, v̂mdvolĜ, µ) are pointwise conformally
equivalent if there exists a smooth function u such that

ĝ = u−2g

and

v̂ = u−1v.

We then define the weighted Laplacian (in relation to the Bakry-Emery Ricci tensor) and
the weighted GJMS operator of order 2 by

∆φ = ∆−∇φ

and

Lm2,φ = −∆φ +
m+ n− 1

2
Jmφ ,

where

Jmφ =
1

2(m+ n)
(R− 2mv−1∆v −m− (m− 1)v−2|∇v|2 +mµv−2).

The important property for us is conformality in the following sense: if ĝ = u−2g and
v̂ = u−1v, then

L̂m2,φw = u(m+n+3)/2Lm2,φ(u−(m+n−1)/2w)

for every smooth w. We can now state the main theorem (see [C-C], Theorem 4.1 and
Lemma 6.1) in the case γ ∈ (0, 1).

Theorem 7.1. Let (Xn+1,Mn, G+) be a Poincare-Einstein manifold and γ ∈ (0, 1).

Suppose that λ1(−∆G+) > n2

4 − γ
2 and set m0 = 1 − 2γ. Fix a representative h of the

conformal boundary and let r be the geodesic defining function associated to h. Then there
exists a unique defining function ρ such that

ρ = r + cγQγr
1+2γ +O(r3)

where cγ is just a normalizing constant and

Jm0

φ0
= 0.

Consider now the smooth metric measure space (X
n+1

, G := ρ2G+, ρ
m0dvol,m0 − 1).

Given f smooth, the function U is the solution of

(7.4)

{
Lm0

2,φ0
U = 0, x ∈ X
U = f, x ∈M

if and only if u = ρn−sU is the solution of

(7.5)

 −∆G+u− s(n− s)u = 0, x ∈ X
u = Frn−s +Grs

F |r=0 = f, x ∈M
for s = n

2 + γ. Moreover U is such that

Pγf −
n− 2γ

2
cγQγf =

cγ
2γ

lim
ρ→0

ρm0∂ρU.
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Applying the previous theorem, the generalized Yamabe problem (7.3) for γ ∈ (0, 1) is
equivalent to solving the BVP

(7.6)


−∆φ0U = 0, x ∈ X

lim
ρ→0

ρ1−2γ∂ρU −
n− 2γ

2
cγQγU = dγU

n+2γ
n−2γ , x ∈M

for some harmless constants cγ and dγ (with signs as defined in [C-C]). For γ = 1/2 this is
exactly the Escobar problem [Esc92-2]. Notice that by Hopf’s lemma (see [C-C]), one can
prove that the problem (7.6) admits a strong maximum principle. The point of the BVP
(7.6) is that, by integration by parts on the weighted smooth space and the conformality
of the operators, one can deduce obstructions by nodal domains for curvature prescription
problems in exactly the same way as in section 5. Similarly, one can define a version of the
conformal Robin BVP and obtain analogues of the whole set of previous results, adapting
straightforwardly the same computations. In particular, having in mind the program for
the conformal Laplacian on manifolds with boundary, one could study the analogue of
the Kazdan-Warner trichotomy.

The previous construction is developed here in the case γ ∈ (0, 1). Case and Chang
used the setting of smooth metric measure spaces to give the analogue of the previous
theorem for the whole family of operators P gγ . However, in that case the formulas are
much more involved and it starts being cumbersome to report the results in this section.

8. Further questions

In this section, we formulate several open problems that seem interesting to the authors,
continuing the list in [CGJP2, §7].

(A) We showed in section 3 that generically, 0 is not an eigenvalue of the conformal
Laplacian on manifolds with boundary, for the natural boundary value problems
considered in this paper. The following is a natural analogue of Conjecture C
in [CGJP1, §7.3] for manifolds with boundary: among metrics where 0 is an
eigenvalue of the conformal Laplacian, generically its multiplicity is equal to 1.

(B) Relative conformal invariants: Can the results in [Sch] be generalized from di-
mension 2 to higher dimensions?

It is known that on some closed manifolds ([GL, Ro]) the space of Yamabe-positive
metrics can have infinitely many connected components. On the other hand, the space
of Yamabe-negative metrics is connected and has trivial homotopy groups ([Lo1, Ka]).
The number of negative eigenvalues of the conformal Laplacian for one of the conformally
invariant boundary value problems considered in section 2 provides a natural grading
of the space of Yamabe-negative metrics; this leads naturally to Problem K raised in
[CGJP2, §7]. Below, we formulate its natural counterpart for manifolds with boundary.

(C) Let [g0] and [g1] be two conformal classes of metrics on (M,∂M) such that Pg0
and Pg1 have at least k negative eigenvalues for one of the conformally invariant
boundary value problems considered in section 2. Is it possible to connect g0 and
g1 by a curve of metrics gt such that Pgt has at least k negative eigenvalues for
the corresponding boundary value problems?



16 G. COX, D. JAKOBSON, M. KARPUKHIN, AND Y. SIRE

Acknowledgements

The authors would like to thank Asma Hassannezhad and A. Rod Gover for stimulating
discussions and very interesting remarks about preliminary versions of this paper. In
addition, the authors would like to thank Ailana Fraser, Pengfei Guan and Richard Schoen
for useful discussions. The authors would like to thank BIRS, CRM, Oberwolfach, McGill
and Johns Hopkins University for their hospitality.

References

[AM1] W. Arendt and R. Mazzeo. Spectral properties of the Dirichlet-to-Neumann operator on Lips-

chitz domains. Ulmer Seminaire Heft 12 (2007), 28–38.
[Au] T. Aubin. Some nonlinear problems in Riemannian geometry, Springer Monographs in Math-

ematics, Springer-Verlag, Berlin, 1998.

[CGJP1] Y. Canzani, R. Gover, D. Jakobson and R. Ponge. Nullspaces of Conformally Invariant Op-
erators. Applications to Qk-curvature. Electronic Research Announcements in Mathematical

Sciences 20 (2013), 43–50.

[CGJP2] Y. Canzani, R. Gover, D. Jakobson and R. Ponge. Conformal invariants from nodal sets. I.
Negative eigenvalues and curvature prescription. IMRN 2014, 2356–2400.

[Case] J. Case. Boundary operators associated with the Paneitz operator. Indiana Univ. Math. J. 67
(2018), no. 1, 293–327.

[C-C] J. Case and S.-Y. Alice Chang. On Fractional GJMS Operators. Comm. Pure Appl. Math. 69

(2016), no. 6, 1017–1061.
[C-G] S.-Y.A. Chang and M. del Mar Gonzalez. Fractional Laplacian in conformal geometry. Ad-

vances in Mathematics 226, No. 2 (2011), 1410–1432.

[Chen] S. S. Chen. Conformal deformation to scalar flat metrics with constant mean curvature on the
boundary in higher dimensions. arxiv:0912.1302

[Els] S. El Sayed. Second eigenvalue of the Yamabe operator and applications. Calc. Var. 50 (2014),

665–692.
[Esc92-1] J. Escobar. The Yamabe problem on manifolds with boundary. Jour. Diff. Geometry 35 (1992),

21–84.

[Esc92-2] J. Escobar. Conformal deformation of a Riemannian metric to a scalar flat metric with con-
stant mean curvature on the boundary. Annals of Mathematics 136 (1992), 1–50.

[Esc96] J. Escobar. Conformal metrics with prescribed mean curvature on the boundary. Calc. Var. 4
(1996), 559–592.

[Esc03] J. Escobar. Uniqueness and non-uniqueness of metrics with prescribed scalar and mean curva-

ture on compact manifolds with boundary. Journal of Functional Analysis 202 (2003), 424–442.
[Fried] L. Friedlander. Some Inequalities between Dirichlet and Neumann Eigenvalues. Arch. Rational

Mech. Anal. 116 (1991), 153–160.

[GHJL] A. Rod Gover, A. Hassannezhad, D. Jakobson and M. Levitin. Zero and negative eigenvalues
of the conformal Laplacian. Jour. of Spectral Theory, Volume 6 (2016), 793–806.

[GP-18] A.R. Gover and L.J. Peterson. Conformal boundary operators, T -curvatures, and conformal
fractional Laplacians of odd order. arXiv:1802.08366.

[GJMS] C.R. Graham, R. Jenne, L.J. Mason and G.A. Sparling. Conformally invariant powers of the

Laplacian, I: Existence. J. Lond. Math. Soc. 46 (1992), 557–565.

[GZ] C. Graham and M. Zworski. Scattering matrix in conformal geometry. Invent. Math. 152
(2003), 89–118.

[GL] M. Gromov and H. Blaine Lawson. The classification of simply connected manifolds of positive
scalar curvature. Ann. of Math. (2) 111 (1980), no. 3, 423–434.

[Ha] Q. Han. Singular sets of solutions to elliptic equations. Indiana Univ. Math. J. 43 (1994), no.

3, 983–1002
[HHL] Q. Han, R. Hardt, and F.H. Lin. Geometric measure of singular sets of elliptic equations.

Comm. Pure Appl. Math. 51 (1998), no. 11-12, 1425–1443.

[HHHN] R. Hardt, M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, and N. Nadirashvili. Critical sets of
solutions to elliptic equations. J. Differential Geom. 51 (1999), no. 2, 359–373.



CONFORMAL INVARIANTS II. MANIFOLDS WITH BOUNDARY 17

[Ka] M. Katagiri. On the topology of the moduli space of negative constant scalar curvature metrics

on a Haken manifold. Proc. Japan Acad. 75 (A), 126–128.

[K] J.L. Kazdan, Applications of partial differential equations to problems in geometry. Lecture
Notes 1996 (1983).

[KW1] J.L. Kazdan and F.W. Warner. Curvature functions for compact 2-manifolds, Ann. of Math.

(2) 99 (1974), 14–47.
[KW2] J. Kazdan and F. Warner. Scalar curvature and conformal deformations of Riemannian struc-

ture. J. Diff. Geom. 10 (1975), 113–134.

[LLS] M. Lassas, T. Liimatainen, M. Salo. The Calderon problem for the conformal Laplacian.
arXiv:1612.07939

[Lo1] J. Lohkamp. The space of negative scalar curvature metrics. Invent. Math. 110 (1992), 403–407.

[Mar] F. Marques. Conformal deformations to scalar-flat metrics with constant mean curvature on
the boundary. Comm. in Analysis and Geometry, 15, No. 2 (2007), 381–405.

[MN] M. Mayer and C.-B. Ndiaye. Barycenter technique and the Riemann mapping problem of Es-
cobar. arxiv:1505.06918

[Maz] R. Mazzeo. Remarks on a paper of Friedlander concerning inequalities between Neumann and

Dirichlet eigenvalues. IMRN 1991, No. 4, 41–48.
[PR] T. Parker and S. Rosenberg. Invariants of conformal Laplacians. J. Differential Geom. 25

(1987), no. 2, 199–222.

[Ro] J. Rosenberg. Manifolds of positive scalar curvature: a progress report. Surveys in differential
geometry. Vol. XI, 259–294, Surv. Differ. Geom., 11, Int. Press, Somerville, MA, 2007.

[Sch] E. Schippers. Quadratic differentials and conformal invariants. The Journal of Analysis 24 (2)

(2016), 209–228.

Department of Mathematics and Statistics, Memorial University of Newfoundland, St.
John’s, NL A1C 5S7, Canada

E-mail address: gcox@mun.ca

Department of Mathematics and Statistics, McGill University, Montréal, Canada.
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