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(a)

Letx,y € R, e > 0. Then, there is a z € F such that |y — z| < §(y) + . Then:

Sx)<x—zl<lx—yl+ly—z| <|xr -y E+(}/)+f

Sod(x)—4d(y) < t¥~yr+£f0r any ¢ > 0,50 6(x) — 0(y) < lx —y|. Symmet-
rically, we obtam that |0(x) — &( 1/)] |x —y|, and ¢ satisfies the described
L1psch1tz condition, so & is continuous. N

Suppose x ¢ F.

Then I claim that 6(x) > 0. Indeed, since é(x) = inf{|x — y| : y € F}, then
if 6(x) = 0, we would obtain a sequence of elements of F converging to x.
Since F is closed, then x € F, which is a contradiction. So 6(x) > 0. Since &
is continuous, then there is an interval [x — ¢, x + ¢] such that 6(x) = M on
this interval. So:

o[ ély) M _
“”"flxwlzdwﬁ e g2 2 Mf 12‘“’
]

First, 6(x) = 0 iff x € F, from above. In addition, d(y) < |x — y| whenever
x € Fand y € F°. By Fubini, we have:

_ o(y) ) [ ( 1 )
dx = T dy ) dy = dx | di
le : JP(JIR —yv) fmé(y) ffl —ypt )
1
—| s x| di
f‘éh/) (j\ —y|=d{y) |9L ,“yIZ ) Y
) y=y) g o 1
:Lo(y) U_T : *VldeL‘ww m—‘XMy*sz) dy

= JC 5(y)gz%dy =2m(F") < w

Since this integral is finite, then [(x) < oo for a.e. x € F. ]

Let f be defined as follows, where 1 > 2:
nix+n-n’  ifxe[n— L n);
) n ifxenn+ L),
flx) = 4 5 ey LT 2
—n*x +2n+n 1f,xe[n+’7;,n+;§),
0 otherwise.

Such a function is indeed positive, continuous and can be drawn as a se-
quence of trapezoids of height n and bases of length =5 L and 2 5 forn = 2.
Then:




So f is integrable. In addition, limsup,_,, f = o since forany N, sup .y f(x) =
N

(b)

Note that I = U UV, where U = {(x,y) e R? 1y < f(x)}and V = {(x,y) €
R?:y > f(x)}. Then:

U= Uf“l(.“g:»,a) x (—o0,a)
aeQ)

V= Uf“l(—oo,a) x (a,0)
acQQ

since Q is dense in R. Since f is a measurable function, then U and V are
measurable sets, so I'¢ is measurable and I is measurable.

Since I is measurable, then xr is measurable and non-negative. By Tonelli:

nir) = [ vz = | ( [ xelxy)dy ) dx
But for a fixed x, we have:
jm e y)dy = m({y - (x,y) €T = m({f(x)}) = 0

So indeed, m(I') = 0. |

Note the following:

am(Ey) = J(x)cgadx

Since f(x) > « on E,, then:

m(Ey) = 1 Ja;ggadx < ~1— dex
x o
N
14.

(a) The unit ball in R? consists of all points with (x2+y*)2 < 1,1ie. all points
satistying y < (1 — )V 20ry = —(1— x?)1/2, By Corollary 3.8, we have:

vy = m(By)
(e y) e R0 <y < (1- )Y +m({(xy) e RP: —(1 =) <y <0})
1
o) R0y = (1- )V =2 [ (1)
~1

04 arcsin(1) mzarcsin(—l) _




(c)

Let si(x) ZH 127" f(x —ry). Since f is measurable, then 27"f(x —r,) is
measurable s0 si{x) is measurable. Then, by Corollary 1.10

JFd*c-“JZ?”f*{m;,;dwaf ’ff{rdxmf ,,,,dx:z
=l {

=1 ) VA

so F is integrable. If the series describing F diverged on a set of positive mea-
sure, then {Fdx would be infinite, so it must be that the series describing F

converges for a.e. x € R.

(a) Drawing the values of f in the plane, some results become evident
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Fixing y € [0, 1), we have that:

f\fy|dx:a0:bo<s<oo
ifyenn+1)forn =1, then:

Jlfyldx =da,+da,.1 =<25 <o

Similarly, fixing x € [n, 17 + 1), we have that:

fl,flld}/ =dy+da, <25 < w0

So that f, and f¥ are integrable. Indeed, for all x:

Jf\dy =day—a, =0

J Uﬂx'?f’)dy> dx = 0

So that:



(b) Fix y € [0,1), we see that:

Jf»"’dx =ag

Ifyenn+1), withn > 1, then:

ffydx = dy —O0p-1

Thus:

oA
J' (J.f(x; y)dx) dy = 4y -+ nZ:j‘l(an - an_,l) P 7}_113}( ay = §

(c) We have that:

xL
f(x,y)ldxdy =2 ) | an
J‘IRXJR nz::()

Since {by} is a positive sequence, then for any N, the tail of this series has
>.sN n = s. Since the tail cannot be made arbitrarily small, then the series
diverges, so:

[ itmlasdy = oo
R«R

21.

(a) By Proposition 3.9, we know that the function flx,y) = f(x —y) is mea-
surable on R, In addition, by Corollary 3.7, §(x,y) = g(v) is measur-
able on R%. Since the product of measurable function is measurable, then
f(x,1)§(x,y) = f(x —y)g(y) is measurable on R O

(b) By Tonelli’s theorem, we have:

fjvu~w@wMWx:j@@ﬂjVQ~wmmy:([m)(jm)<w

So f(x —y)g(y) is integrable. |

(c) By Fubini’s theorem, since f(x —y)g(y) is integrable on R, then the slice
fx is integrable on R? for a.e. x, so f « ¢ is well-defined for a.e. x. O

(d) If f, g are integrable, then:
”ff(x - y)g(y)dytidx < fflf(x —y)8(y)ldydx < oo

4



(e)

As shown in (b), we indeed have:

If =gl = f”f’wwwdudx Jff«’f“'lf (y)ldydx = |[flg]

with equality holding if |{ f(x — y)g¢(y )dy| = {1f(x — y)g(y)|dy, in particu-
lar when f and ¢ are non-negative. ]

We first show that f is bounded:
F@)1< [I1Flle™ 2 < [ 1] <
So it is bounded. Now, let n = 1. Then:
e+ ) =F@l=| [ - iy
B U f(’x)e"z’""*'%e-?-fff*% - dei
< [IFtemes — fx

Since f(x)e 2T f(x) for a.e. x as n — o0, and If(x)e_zmx'}i\ < |f(x),
which is integrable, then by the Dominated Convergence Theorem, we get
that:

FE+ ) = F@)1 < [ 1Fxe 2%~ f)ldx -0

So f is continuous. In addition:

Feo@ = [ ([ ror-wg ) e
By Fubini:

(F1© = [s) vavez'““dx)d
= [t ([ flae-pe 0070 ) ay
= J gly)e e ( f f (r‘)e"‘zm‘*“;d:f) dy
= ([stwezmivtas) ([ srmerian) = foge




22.
Note that:

J{f(X) — Fx - )] T = %f@ - % Jf(x)ehzm(ﬂziét?)@dx
=Ly~ L[ e tena = @

!
2

Suppose |¢| — . then || = i{lﬂ — 0. By Proposition 2.5, we have:

F@) = 5 1) - e et < 3 [t = (e - )l 0



