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Bernstein Approximation Theorem. (S. Drury’s Math 354 notes, Theorem 86).

C([0,1]). Let the n-th Bernstein approzimation polynomial B, (f, ) be defined by

Bu(f.z) = i (Z)f <%> 2 (1 — z)" k.

k=0

Then B, (f,z) converges uniformly to f(z) on [0, 1] as n — oc.
Lemma. The following identities hold:

:z:<) (1—a)" ",

n

n = kZ_Ok<Z) 2k (1 — z)nk,
n(n —1)z* = ék(k -1 (Z) aF (1 — )"k,

Proof of the Lemma. By the binomial formula, we have

(x+y)" = Z (k) aky"r,

k=0

Substituting y = 1 — x into (2) proves the first identity in (1).
Applying the operator z(d/dx) to both sides of (2), we get

n

z(z +y)" Z()’“”’“

Substituting y = 1 — z into (3) proves the second identity in (1).
Applying the operator z2(d?/dx?) to both sides of (2), we get

n(n —1)z?(z 4+ y)" Zk —1() Fyn=k,

Substituting y = 1 — x into (4) proves the third identity in (1).
QED
Proof of the Theorem. We first note that

k=0 k=0

Opening the brackets and using (2) we find that the last expression is equal to

x2—2$2+7n(n2 )x2+%x=7x( I)

n n n

Let f(x) €
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Choose § > 0. Consider all k such that  — k/n| > §. Then using the previous identity, we find

that > (Z)mk(l k< kz_o (m_ 2)2 (Z)mk(l )k = w (5)

kilz—£|>6

Next, we remark that f is uniformly continuous and bounded, since [0, 1] is compact. Using the
first identity in (1), we can write

o) = Y 6ot - o

k=0

It follows that

n

> [f<x> —f (g)] (Z) T

k=0

|f(@)=Bn(f, )| =

<
k=0

1@ -1 (£)] ()t amar .

(6)
In the last expression, denote by S; the sum over all k such that |z — k/n| > 6, and by Sa the
sum over all k such that |x — k/n| <. It follows from (5) that

2(1-2) _ [flle
né2  — 2né?’

Si < sup|f(z) - f(k/n)|

since 0 < z(1 —z) < 1/4.
Now, given € > 0, choose § in the definition of the uniform continuity of f such that |z —y| < ¢
implies |f(z) — f(y)| < e. Tt follows that in the second sum Sy we have |f(x) — f(k/n)| < e

Accordingly,
Sp<ey <Z>xk(1 —z)" k=
k=0

Putting together the estimates above, we see that

IIES
2n62

|f(z) = Bu(f,2)| < +e
Choosing n large enough, we can make the right-hand side less than 2¢, proving the uniform con-
vergence.

QED



