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1 PROBLEM 1 1

1 Problem 1

Show that J jo(z) is a constant multiple of z~1/%sin(z).

To do this, you have to use the 2 following recurrence relations for Bessel func-

tions:
L] = @) 1
%[af”J,,(x)} = —x "Jqi(2) (2)

Let’s take the derivative of (1) with v = 1/2 and plug (2) with v = —1/2 to get:
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Let z(z) = 2'/2J; j5(2) and solve the ODE
d2
@[z(a:)] +z(z) = 0
z(x) = Asin(x) + Bcos(x)

Since z(0) = 0, we get,

z(x) = Asin(z)
$1/2J1/2($) = Asin(z)
Jijo(x) o 12 sin(x)

2 Problem 2

Determine the Laplace transforms of the following functions:

a)

[ =

et 0<t<3
2 —4 t>3



2 PROBLEM 2 2

By the definition of a Laplace transform,

3 o
F(s) = / e_Stegtdt—&—/ e S (t? — 4)dt
0 3

3 N N
= / =4t + lim (/ t2e=stdt — 4/ efStdt)
0 N—oo \ J3 3

To evaluate the second integral, use integration by parts twice. We then obtain,

e(2—5)3 -1 ) _NQe—sN 9e—3s 9 _Ne—sN 3e—3s

The limits go to zero since e! grows faster than any power of ¢ as it goes to

infinity.
63(275) -1 9e—3s 6e—3s 92¢—3s de—3s
Fs) = 2—s + s + 52 + s
e32=9) — 1 (5s% 4 65+ 2)e 3"
= + 3
2—s s
b)

F(s) = L{f(®)}
By linearity of the Laplace transform,

F(s) = ﬁ{t5 +e COS(\/gt) - t2e_2t}
— E{t5} + ﬁ{e_zt Cos(\/gt)} . E{th_Qt}

Looking at a table of Laplace transforms, we get,

Fls) — 57!4_ s+ 2 2!
YT S T 5+22+3  (s+2)
120 s+2 2

o TG 223 (srop

F(s) = L{f(®)}
By linearity of the Laplace transform,

F(s) = L{(t—2)*+tsin®(t) + 2%}
= L{(t—2)} + L{tsin®(t)} + L{t?e3"}



3 PROBLEM 3

Using trigonometric identities, we obtain,

t—1 2t
F(s) = L{t*—8t>+24t* — 32t + 16} + £{CQOS()} + L{t?e3}
4! 3! 2! 11 16 1! 1 s2—4 2!
= o8 o4t 3o 42— o
sP s + s3 s2 * s * 252 2(s2+4+4)2  (s—3)3

24 48 48 63 | 16 2 1 s*—4

Q)
F(s) = L{f(®)}
By linearity of the Laplace transform,
F(s) = L{sin(3t)cos(3t) + > cos(bt)}
= L{sin(3t) cos(3t)} + L{t® cos(bt)}

Using trigonometric identities, we obtain,

o = (00 ()

1 6 d3 ( s )
282436 ds3\s24 b2
Computing the derivatives, we get,

i( 5 ) _ b? — 2
ds \s2+ b2 (s2 +12)2
ai( b? — 52 ) _ 25(s? — 3b?)
ds? \ (s2 + b2)2 (s2+ b2)3
d® 12s(s? — 3b?) —6(s* — 65%b% + b%)
@(W) - (s2 + 02)1
Finally,
3 6(s* — 6520% + b*
F(s) = s% + 36 < ( (2 + b2)* ))

3 Problem 3

Determine the Inverse Laplace transforms of the following functions:

a)
1
$3(s—1)%2(s+2)

A B C D E
= S+ + +
S S S

F(s) =

—1 (3—1)2+s+2+?3

i S R v R EPU N P D (I



3 PROBLEM 3

Putting everything on the same denominator, we obtain,

As*(s —1)*(s +2) + Bs(s — 1)*(s + 2) + Cs*(s — 1)(s + 2)
+Ds3(s+2)+ Es3(s — 1)2 + F(s — 1)%(s + 2)

(A+C+D)s° +(B+C+D—2E)s* + (=34 —-2C 42D + E + F)s®
+(2A — 3B)s? + (2B — 3F)s + 2F

We then obtain the following system of equations,

A+C+D =
B+C+D-2E =
—3A-2C+2D+E+F =
2A—-3B =

2B —-3F =

2F =

- o o o o o

Solving this by matrix method to get:

9
A = -
8
3
B = -
4
—10
cC = —
9
D = 1+
3
F = —
72
R
2
Finally,
9 3 1 10 1 1
= Lo+ e -
1) 8s + 452 + 283 9(s—1) + 3(s—1)2 T2(s+2)
9 3t 2 10et  tel e
) = S+ 42— — -
U 8+ 4 4 9 + 3 72

b)

752 —4l1s + 84
(2 —4s+13)(s — 1)

F(s) =



3 PROBLEM 3

7s2 —41s+ 84
((s—22+3%)(s—1)

A B(s—2)+3C
-1 (52243

Putting everything on the same denominator, we obtain,

A((s =22 +3) +(B(s—2)+3C)(s—1) = 7s*—41s+84
A(s> =45+ 13) + B(s* =35 +2) +3C(s —1) = 75> —41s+84
We then obtain the following system of equations,

A+B =7
—4A-3B+3C = -41
13A+2B-3C = 84

Solving this by matrix method to get:

A =5
B = 2
cC = -5
Finally,
P G 2(s —2) +3(-5)
) = £ {3—1 (s —2)2 + 32 }
f(t) = bel 4 2e* cos(3t) — 5e* sin(3t)
f(t) = bet 4+ e*(2cos(3t) — 5sin(3t))
¢)
25+5
sF(s)—F(s) = Gri?
25 +5
Fs) = G e
A B C

5 +

G+l T GrD? 51

Putting everything on the same denominator, we obtain,
A(s—1)(s+1)+B(s—1)+C(s+1)* = 25+5
A(s* 1)+ B(s— 1)+ C(s* + 25+ 1)

25+ 5



3 PROBLEM 3

We then obtain the following system of equations,
A+C = 0

B+2C = 2

-A-B+C =5

Solving this by matrix method to get:

-7
A= 7
-3
B = 5
7
¢ =7
Finally,
-7 -3 7
_ 1
o= L {4(s+1)+2(8+1)2+4(s—1)}
-7 3
f) = Te_t—ite_t+4et
d)
753 — 252 —35+6
Fs) = $3(s—2)
A, B _C_ D
s 82 88 52

Putting everything on the same denominator, we obtain,
As*(s —2)+ Bs(s —2) +C(s —2) + Ds®* = 75> —2s>-35+6
A(s® —25%) + B(s* = 25) + C(s —2) + Ds* = 7s%—25> —35+6

We then obtain the following system of equations,

A+D =7
—2A+B = -2
—2B+C = -3

-2C = 6

Solving this by matrix method to get:

A =1
B =0
¢ = -3
D = 6



4 PROBLEM 4 (OPTIONAL)

Finally,
1 -3 6
— -1) = _-
1 = £ {5+ 83 +572}
12
ft)y = 1—37+6621t

e) First, obtain an important property of Inverse Laplace transforms using the

following property of Laplace transforms,

LU FWONE) = (1) (£47)s)
LU W)6) = (FOH)
LHEOWN) = ()

we can use

and plug its first derivative (n = 1) in (3):
1 1
—1 _ _ ()l
-0 = '
e415 3t 7tf(t)
3t _ 4t

)
I

4 Problem 4 (Optional)

Use the method of Frobenius to find the first four nonzero terms in the series

expansion about x=0 for a general solution of the equation 6x3ym + 11x2y// —

2zy — (x —2)y = 0.
Let

o0
y(x) _ Zananrr
n=0

y/ (.’t) = Z an(n + T)xn-i-r—l
n=0
y'(z) = Z an(n+7r)(n4+r—1)z"tr2
n=0
y/”(x) = Zan(n+r)(n+r —1)(n+r—2) "3

n=0



4 PROBLEM 4 (OPTIONAL) 8

Plug this back into original ODE to obtain:

623 Z an(n+r)(n+r—1)(n+r—2)z" 3 4 1122 Z an(n+7r)(n+r—1)z"t 2

n=0 n=0
-2z Z an(n+r)z" ™t — (- 2) Z anz"t"
n=0 n=0
o0
Z(G(n +r)n+r—Dn+r—2)+1l(n+r)(n+7r—1)=2(n+7) + 2)a,z""
n=0

%)
o Z anxn+r+1
n=0

Take out the n = 0 term in the first series and express everything as a single

series for powers of ™71,

6(r—=2)(r — )r+11r(r — 1) — 2r 4+ 2)agz” + i(G(n +r)n+r—1)(n+r—2)

n=1

+1l(n+r)n+7r—1) = 2(n+7r) + 2)a,z"™" — Z B
n=0

6(r—2)(r — Dr+11r(r — 1) — 2r 4+ 2)agz” + i((6(n +r+)(n+r)(nt+r—1)
n=0

Hll(n+r+D)n+7r)=2m+7+1) +2)an1 — a,)z" ™ =
Set the first term to zero to get the indicial equation.

6(r—2)(r—Lr+1lr(r—1)—2r+2 =
6r3 —Tr? —r4+2 =

(2r+1)(3r* —5r+2) =
2r+1)(r-1)Br-2) =

o o o O

The roots are then r; =1, ro = —1/2 and r5 = —2/3.



4 PROBLEM 4 (OPTIONAL) 9

Taking r» = 71, the highest root, we get the following recurrence relation.

6n+r+1)n+r)(n+r—1D+11(n+r+(n+7r)—2n+r+1)+2)apy1 —a, =0

6(n+2)(n+1n+11(n+2)(n+1) —2(n+2) +2)ant1
n+1)(6(n* +2n) + 11(n +2) — 2)a,11

n+1)(6n? + 23n + 20)a, 41
n+1)(n+4/3)(n+5/2)an+1

Qnp

(
(
(
(

Plug values for n to get the first four nonzero terms to get

() ~ (m +ix +i +i5)
y 107 " 190 2450



