
MATH 264, Midterm version 1, solution outlines.

1. We decompose c as c = c1 + c2 + c3, where c1, c2 and c3 denote the line segments from
(0, 0, 0) to (1, 0, 0), from (1, 0, 0) to (0, 1, 0) and from (0, 1, 0) to (0, 0, 0) respectively.
We have the parametrizations

c1(t) = (t, 0, 0), c2(t) = (1− t, t, 0), c3(t) = (0, 1− t, 0), 0 ≤ t ≤ 1,

with ||c′1(t)|| = ||c′3(t)|| = 1 and ||c′2(t)|| = √
2. It follows that

∫

c

(x + y)ds =
∫ 1

0

(t +
√

2(1− t + t) + 1− t)dt =
√

2 + 1.

2. We have
F = ∇V, V = x2yz3 + sin(xz).

Therefore
∫

c

Fdr = V (c(1))− V (c(0)) = V (2, 2, 0)− V (1, 0, 3) = sin 3.

3. By symmetry, ∫∫

S

|xyz|dS = 4
∫∫

S1

xyzdS,

where S1 denotes the portion of the paraboloid of revolution z = x2 + y2 which lies
in the positive octant x ≥ 0, y ≥ 0, z ≥ 0. We parametrize S1 as the graph

X(x, y) = (x, y, x2 + y2),

where (x, y) ∈ D and D = {(x, y) |x ≥ 0, y ≥ 0, x2 + y2 ≤ 1}, so that

||Xx ×Xy|| =
√

4x2 + 4y2 + 1.

This gives ∫∫

S

|xyz|dS = 4
∫ π/2

0

∫ 1

0

cos θ sin θr5
√

1 + 4r2drdθ

or ∫∫

S

|xyz|dS = 4

(∫ π/2

0

cos θ sin θ dθ

)(∫ 1

0

r5
√

1 + 4r2dr

)
.

Now, ∫ π/2

0

cos θ sin θ dθ = 1/2,



so that ∫

S

|xyz|dS = 2
∫ 1

0

r5
√

1 + 4r2dr.

To evaluate the radial integral, we let u = 1 + 4r2, which gives

∫ 1

0

r5
√

1 + 4r2dr =
∫ 5

1

1
16

(u− 1)2
1
8
√

u du =
1

128
[
2
7
5

7
2 − 4

5
5

5
2 +

2
3
5

3
2 +

16
105

],

and
∫∫

S

|xyz|dS =
1
64

[
2
7
5

7
2 − 4

5
5

5
2 +

2
3
5

3
2 − 16

105
] =

1
64

(√
5

400
21

− 16
105

)
.

.

4. We split our surface S as S = S1 + S2 + S3, where S1 and S3 denote the lids
y2 + z2 ≤ 1, x = 1 and y2 + z2 ≤ 1, x = 0 respectively, and S2 denotes the cylinder
y2 + z2 = 1, 0 ≤ x ≤ 1. We have

∫∫

S1

FdS =
∫∫

z2+y2≤1

(z, y, 1).(1, 0, 0)dzdy =
∫ 2π

0

∫ 1

0

r cos θrdrdθ = 0.

Likewise ∫∫

S3

FdS =
∫∫

z2+y2≤1

(0, y, 0).(−1, 0, 0)dzdy = 0.

Finally, we parametrize S2 by

X(x, θ) = (x, cos θ, sin θ), 0 ≤ x ≤ 1, 0 ≤ θ ≤ 2π,

so that
Xθ ×Xx = cos θj + sin θk.

We have ∫∫

S

FdS =
∫∫

S2

FdS,

and ∫∫

S2

FdS =
∫ 2π

0

∫ 1

0

(x sin θ, cos θ, x).(0, cos θ, sin θ)dxdθ = π.


