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Bistable Equation with
Inhomogeneous Diffusion

Uy = a1 (w1 — uj) — aj(u; —uj—1) — f(u))

(0]

i = GRS = j < m
/ a |jl>m

Diffusion coefficients vary on the lattice to give a region of
decreased excitabllity.

The nonlinearity
flu) = u(u —a)(u—1)

IS the derivative of a double-well potential W(u).
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Numerical Simulations for
the Evolution Equation

: 0.6 5 =30
For the case of a single defect Q= ]
1  7+#30

A slightly slower wave is stopped by the defect.
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Bistable Waves In Discrete
Homogeneous Media

Cahn, Mallet-Paret, and Van Vleck (1998) derive an analytic
solution for a; = a for all 5 € Z.
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Bistable Waves In Discrete
Homogeneous Media

Cahn, Mallet-Paret, and Van Vleck (1998) derive an analytic
solution for a; = a for all 5 € Z.

Traveling Wave ansatz
uj(t) =€) for L=j—ct
gives

—cd'(§) = aP(§ + 1) — 26(§) + ¢(£ — 1)) — f((E))
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Bistable Waves In Discrete
Homogeneous Media

Cahn, Mallet-Paret, and Van Vleck (1998) derive an analytic
solution for a; = a for all 5 € Z.

Traveling Wave ansatz

uj(t) =)  for  £=j—ct

gives

—cd'(§) = aP(§ + 1) — 26(§) + ¢(£ — 1)) — f((E))

Seek solutions with ¢(—oc) = 0, ¢(c0) = 1 and ¢(0) = a with

p(€) <a for £<0 and d(&) >a for £>0.



McKean’s Caricature of the Cubic

d(¢_1)7 §Z5>CL,
f(¢):< d[¢_17¢]7 gb:a,
 do, o < a.
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McKean’s Caricature of the Cubic

d(¢_1)7 §Z5>CL,
f(¢):< d[¢_17¢]7 gb:a,
 do, o < a.

or  f(¢(§)) = ¢(§) = h(#(§) — a) = ¢(§) — h(£),

where h Is the Heaviside function.
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An Analytic Solution

via Fourier Transform

Using the Fourier transform

gives the solution

I 1

@(5):§+;

J

©@,

B(s) = / e 1 (E)ds

— 0

cos s&

> A(s)sin(s€) [
3(A(3)2—%c932)d8-+.ﬂ'/£ A(

A(s) =14 2a(1 — cos(s)).

8)2 + c2 g2

ds
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Detuning Parametera
vs. Wave Speed

In the case of iInhomogeneous diffusion we do not have
translation invariance.

a fixed =— the wave form and c
will depend on the position of the wave in the media.
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Detuning Parametera
vs. Wave Speed

In the case of iInhomogeneous diffusion we do not have
translation invariance.

a fixed =— the wave form and c
will depend on the position of the wave in the media.

cfixed — the wave form and a
will depend on the position of the wave in the media.
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Ansatz for Inhomogeneous Diffusion

Traveling Wave ansatz

uj(t) = ¢(§;¢7)  for =5 —ct

and for some ¢* € R gives

—cg'(§) = (€ + 1) — ¢(£)) + aj-1((§ — 1) — (&) — f(#(E))



Ansatz for Inhomogeneous Diffusion
Traveling Wave ansatz
uj(t) = ¢(&;€7)  for  L=j—ct
and for some ¢* € R gives
—cf (&) = a(d(€ + 1) — (&) + aj—1(P(€ — 1) — $(£)) — f(&(8))
Seek solutions with
G(—00;87) =0,  P(o0;&7) =1, (€)= alE")

and
(§;¢&°) <a(€") for £<&°
(&&%) > a(€*) for &> ¢

S S
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Significance of¢*
Each £* defines a new problem.

We want solutions ¢(&; &%) for £ = 57 — £*, which gives
uj(t) = ¢(&;€7)

for fixed £* (i.e. fixed ?).
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Significance of¢*
Each £* defines a new problem.
We want solutions ¢(&; &%) for £ = 57 — £*, which gives
uj(t) = ¢(&;€%)
for fixed £* (i.e. fixed ?).

Variation of £* allows one to translate the wave with respect
to the defect.
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Significance of¢*
Each £* defines a new problem.
We want solutions ¢(&; &%) for £ = 57 — £*, which gives
uj(t) = ¢(&;€%)
for fixed £* (i.e. fixed ?).

Variation of £* allows one to translate the wave with respect
to the defect.

The result is

a(&") = o(&5€7) =T(E7, oy, ).
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Case: A Single Defect

If o; = afor j #0, and v = ap — «, then

—c¢'(§) = a(d(§+1)—26(8) + o(§ — 1)) — f(#(E))
+ 79§ —&o)(o(€ +1) — o(€))
+ 70§ —&1)(o(€ — 1) — 9(£))



Case: A Single Defect
If o; = afor j #0, and v = ap — «, then

—c¢'(§) = a(d(§+1)—26(8) + o(§ — 1)) — f(#(E))
+ 79§ —&o)(o(€ +1) — o(€))
+ 70§ —&1)(o(€ — 1) — 9(£))

Fourier transform implies
O(&€) = P(E—E7) +7(0(60; €7) — (&1 €7))(F(E—&1) — F(E—&o))

for

_ 2 [*° A(s)cos(sz) — cssin(sz) ]
g 77/0 s(A(s)? + c?s?) o
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Wave Forms¢(&; £%) for ay = 0.6
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Wave Forms¢(&; £%) for ay = 0.6
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