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VARIATIONAL PROPERTIES OF MATRIX FUNCTIONS VIA THE
GENERALIZED MATRIX-FRACTIONAL FUNCTION

JAMES V. BURKE*, YUAN GAO', AND TIM HOHEISEL?

Abstract. We show that many important convex matrix functions can be represented as the
partial infimal projection of the generalized matrix fractional (GMF) and a relatively simple convex
function. This representation provides conditions under which such functions are closed and proper
as well as formulas for the ready computation of both their conjugates and subdifferentials. Special
attention is given to support and indicator functions. Particular instances yield all weighted Ky Fan
norms and squared gauges on R"*™ and as an example we show that all variational Gram functions
are representable as squares of gauges. Other instances yield weighted sums of the Frobenius and
nuclear norms. The scope of applications is large and the range of variational properties and insight
is fascinating and fundamental. An important byproduct of these representations is that they lay
the foundation for a smoothing approach to many matrix functions on the interior of the domain of
the GMF function, which opens the door to a range of unexplored optimization methods.

Key words. convex analysis, infimal projection, matrix-fractional function, support function,
gauge function, subdifferential, Ky Fan norm, variational Gram function
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1. Introduction. The generalized matriz-fractional (GMF) function was intro-
duced in [5] where it is shown to unify a number of tools and concepts for matrix
optimization including optimal value functions in quadratic programming, nuclear
norm optimization, multi-task learning, and, of course, the matrix fractional func-
tion. In the present paper we greatly expand the number of applications to include
all Ky Fan norms, matrix gauge functionals, and variational Gram functions [14]. Our
analysis includes descriptions of the variational properties of these functions such as
formulas for their convex conjugates and their subdifferentials.

In what follows, we set E := R™*™ x S™ where R™*™ and S™ are the linear spaces
of real n x m matrices and (real) symmetric n X n matrices, respectively. Given
(A, B) € RP*™ x RP*™ with rge B C rge A, recall that the GMF function ¢ is defined
as the support function of the graph of the matrix valued mapping ¥ — —%YYT over

the manifold {Y € R"*™ | AY = B}, ie, ¢ :E = R:=RU {+o0} is

(L.1) (X, V) :==sup{((V, W), (X, V)) | (Y, W) € D(4,B) },
where
(1.2) D(A, B) := {(Y ;YYT) EE|Y eR™™: AY = B} .

A closed form expression for ¢ is derived in [5] where it is also shown that ¢ is smooth
on the (nonempty) interior of its domain.

Our study focuses on functions p : R"*™ — R representable as the partial infimal
projection of the form

(1.3) p(X) 1= ot o(X,V)+ (V).
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2 J. V. BURKE, Y. GAO, AND T. HOHEISEL

where h : S® — R is convex. Different functions h illuminate different variational
properties of the matrix X. For example, when h := (U, -) for U € S} ,, and when
both A and B are zero, then p is a weighted nuclear norm where the weights depend
on any “square-root” of U (see Corollary 4.7). Among the consequences of the repre-
sentation (1.3) are conditions under which p is closed and proper as well as formulas
for the ready computation of both p* and dp (Section 3). As an application of our
general results, we give more detailed explorations in the cases where h is a support
function (Section 4) or an indicator function (Section 5). We illustrate these results
with specific instances. For example, we obtain all weighted squared gauges on R™*"
cf. Corollary 5.9, as well as a complete characterization of variational Gram functions
[14] and their conjugates. In addition, we show that all variational Gram funtions are
representable as squares of gauges, cf. Proposition 5.10. Other choices yield weighted
sums of Frobenius and nuclear norms, see [5, Corollary 5.9]. The scope of applications
is large and the range of variational properties is fascinating and fundamental.

Beyond the variational results of this paper, there is a compelling but unexplored
computational aspect of this representation. Hsieh and Olsen [13] show that (1.3)
with h = %tr (+) yields a smoothing approach to optimization problems involving the
nuclear norm. More generally, observe that many matrix optimization problems often
take the form
(P) min f(X) + p(X),

XeRrnxm

where f,p: R"™*™ — R := RU {+o00}. The function f is thought of as the primary
objective and is often smooth or convex while p is typically a structure inducing
convex function. Using the representation (1.3), the problem (P) can be written as

(XIR}?EEf(X) + (X, V) + h(V).
This reformulation allows one to exploit the smoothness of ¢ on the interior of its
domain. For example, if both f and A are smooth, one can employ a damped Newton,
or path following approach to solving (P). We emphasize, that this is not the goal or
intent of this paper, however, our results provide the basis for future investigations
along a variety of such numerical and theoretical avenues.

The paper is organized as follows: In Section 2 we provide the tools from convex
analysis and some basic properties of the GMF function. Section 3 contains the gen-
eral theory for partial infimal projections of the form (1.3). In Section 4 we specify
h in (1.3) to be a support function of some closed, convex set ¥V C S™. In Section 5
we choose h to be the indicator of such set. In particular, this yields powerful results
on variational Gram functions and Ky Fan norms, see Section 5.2-5.3. We close out
with some final remarks in Section 6 and supplementary material in Section 7.

Notation: For a linear transformation L, we write rge L and ker L for its range and
kernel, respectively. For A € RP*™ we abuse notation somewhat and write rge A
and ker A for its range and kernel, respectively, when A is considered as a linear
transformation between R™ and RP. Again, for A € RP*™ we set

Ker,A:={X eR" |AX =0} ={X e R"" |rgeX CkerA},
Rge, A:={Y eRP" |IX e R : Y =AX} = {Y € R”*" |rgeY CrgeA}

and write KerA or RgeA when the choice of r is clear from the context. Observe
that Ker; A = ker A, Rge; A = rge A, and (Ker, A)* = Rge, AT, where we equip any
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THE GENERALIZED MATRIX-FRACTIONAL FUNCTION 3

matrix space with the (Frobenius) inner product (X, Y) := tr (X7Y). The Moore-
Penrose pseudoinverse of A, see e.g. [11], is denoted by Af. The set of all symmetric
matrices of dimension n is given by S™. The positive and negative semidefinite cone
are denoted by S’ and S", respectively.

For two sets S, T in the same real linear space their Minkowski sumis S + T :=
{s+t]|seS, teT}. For ICRwealsoput I-S:={Xs|Ael, s€S}.

2. Preliminaries.

Tools from convex analysis. Let (&, (:, -)) be a finite-dimensional Euclidean

space with induced norm || - || := /(:, -). E.g. on matrix spaces we use the Frobenius
norm induced by the trace operator. The closed e-ball about a point z € £ is denoted
by Be(z).

Let S C € be nonempty. The (topological) closure and interior of S are denoted
by clS and int S, respectively. The (linear) span of S will be denoted by span S. The
convez hull of S is the set of all convex combinations of elements of S and is denoted
by conv S. Its closure (the closed convexr hull) is tonv S := cl(conv S). The conical
hull (also positive hull) of S is the set

posS =Ry -S={dzx|zeS A>0}.
The convex conical hull of S is
cone S := {Z)\sz |reN, x; €5, )\iEO}.
i=1

It is easily seen that cone S = pos (conv.S) = conv (posS). The closure of the latter
is come S := cl (cone S). The affine hull of S is denoted by aff S.
The relative interior of a convex set C C £ is given by

riC={zxeC|JF>0: B(zx)naff C Cc C}.
The points z € ri C' are characterized through (see, e.g., [2, Section 6.2])
(2.1) pos (C — x) = span (C — x).
The polar set of S is defined by
S={vel|{v,z)<1l(xe€S)}.

Moreover, we define the bipolar set of S by S°° := (5°)°, so that §°° = conv (SU{0}).
If K C £isacone (i.e. pos K C K) we have

Ke={vel|{wz)<0(zxeK)} =K.

If U C € is a subspace, U° is the orthogonal subspace U+.
The horizon cone of S C £ is the the closed cone given by

S i={vel | FH{ M} 10, {ap€5}F: Mpxp — v}

For a cone K C & we have K*° = cl K. Moreover, for a convex set C C &, C®
coincides with the recession cone of the closure of C, i.e.

(2.2) C¥=Av|z+tvecdC(t>0,z€C)}={y|C+ycC}.
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4 J. V. BURKE, Y. GAO, AND T. HOHEISEL

For f: & — R its domain and epigraph are given by
dom f:={z €| f(z) <+oo} and epif:={(z,a) eEXR| f(z) <a},

respectively. We call f converx if its epigraph epi f is a convex set, and we call it
closed (or lower semicontinuous) if epi f is closed. If f is proper, we call it positively
homogeneous if epi f is a cone, and sublinear if epi f is a convex cone. In what follows
we use the following abbreviations:

I&):={f:& — RU{+o0}|f proper, convex} and I'g(E):={f € T'(€) | f closed}.

The lower semicontinuous hull cl f and the horizon function f*° of f are defined
through the relations

cl(epif) =epicl f and epif™ = (epi f)™,

respectively. For f € T'o(£) the horizon function f°° coincides with the recession

function, see e.g. [15, p. 66], and all of the respective results apply. Note that also

the moniker asymptotic function is used for the horizon function, see e.g. [1, 10].
The horizon cone of a function f is defined as

hzn f:={z | f<(x) <0}.
By [15, Theorem 8.7], for f € T'g, we have
hon f = (W | f(2) < p}° (ueR: {W | W (W) <} £0).

For a convex function f : &€ = RU {400} its subdifferential at a point Z € dom f is
given by
of(@) :={vel|flz)=f@)+(v,z-T)}.

Recall that, for a convex function f, we always have
ri(dom f) C domdf C dom f,

see e.g. [15, p. 227], where domdf := {z € £ | df(x) # 0} is the domain of the
subdifferential. - -
For some function f : & — R its (Fenchel) conjugate f* : £ — R is given by

[ (y) = sup{(z, y) — f(z)}.

zel

Note that f € T'g(€) if and only if f = f** := (f*). The definition of the conjugate
function yields the Fenchel-Young inequality

(2.3) fl@)+ " (y) 2z, y)  (z,y€f).
Given a nonempty set S C &, its indicator function g : £ — RU {+oo} is given by

0 if z€8,
6s(x).:{+oo i ords

The indicator of S is convex if and only if S is a convex set, in which case the normal
cone of S at z € S is given by

Ng(z) =00s(@)={vef|{(v,z—Z)<0(xef)}.
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THE GENERALIZED MATRIX-FRACTIONAL FUNCTION 5

The support function og : € — RU{+o0} and the gauge function vg : € — RU{+o0}
of a nonempty set S C £ are given respectively by

os(x) :=sup (v, z) and 7vg(z):=inf{t>0|zectS}.
vES

Here we use the standard convention that inf ) = +00. It is easy to see that

(2~4) 05 = Ogonv s and Yeonv S = Yeonv S-

Moreover, given two (nonempty) sets S,T C £ and x € &, it is easily seen that
(2.5) 05+ 01 = 0547

Suppose C' C £ is closed and convex. Then its barrier cone is defined by bar C :=
domog. The closure of the barrier cone of C' and the horizon cone are paired in
polarity, i.e.

(2.6) (bar C)° = C*° and cl(barC) = (C*)°.
For two functions f1, fa : £ — R, their infimal convolution f; O f, is defined by

(f1 O f2)(x) := ;Ielg{fl(x —y)+ fa(y)} (zed).

The generalized matrix-fractional function. As noted in the introduction,
the GMF function is the support function of D(A, B) given in (1.2). Hence, we write

(2.7) op(a,B) (X, V) =p(X,V)
and also refer to op(4,p) as the GMF function. From [5, 6], we obtain the formula

Ttr ((g)TM(V)T(g)) it rge ()J_é) CrgeM(V), V € Kau,

400 else,

(28) (X, V)= {

where (A, B) € RP*™ x RP*™ with rge B C rge A and K 4 is the cone of all symmetric
matrices that are positive semidefinite with respect to the subspace ker A, i.e.

(2.9) Ka={VesS"|[u"Vu>0(uckerA)},
and M (V)T is the Moore-Penrose pseudoinverse of the bordered matrix

(2.10) M(V) = (X ‘%T) .

The matriz-fractional function [4, 9] is obtained by setting the matrices A and B to
Z€ero.

A detailed analysis of the GMF function appears in the papers [5, 6]. In particular,
it is shown that

domopa,p)y = domdop 4, B)

X
rge (B) Crge M(V), VE/CA}.
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6 J. V. BURKE, Y. GAO, AND T. HOHEISEL

For the study of the convex-analytical properties of the support function op(a,p)
the computation of the closed convex hull of the (nonconvex) set D(A, B) has been
critical. A representation of conv D(A, B) relying mainly on Carathéodory’s theorem
was obtained in [5, Proposition 4.3]. A refined and more versatile expression was
proven in [6], see below. The key object for this expression is the (closed, convex)
cone K4 defined in (2.9), which reduces to S for A = 0.
We briefly summarize the geometric and topological properties of K 4 useful to
our study, and which follow from [6, Proposition 1] (by setting S = ker A).
PROPOSITION 2.1. For A € RP*" [et P € R™ ™ be the orthogonal projection onto
ker A and let K4 be given by (2.9). Then the following hold:
a) Ca={VeS" | PVP >0}
b) K4 =cone {—vv [vekerA} ={W eS"|W =PWP =0}.
¢) intKa={Ves"|[uVu>0(ueA\{0})}.
The central result from [6] is the following characterization of conv D(A4, B).
THEOREM 2.2 ([6, Theorem 2]). Let D(A, B) be given by (1.2). Then

1
conv D(A, B) = Q(A, B) := {(Y,W) €E ‘ AY = B and 5YYT+W € /Cj,}.

In particular, Theorem 2.2 in combination with (2.4) implies that OD(A,B) = OQ(A,B)>
an identity which we will employ throughout.

3. Infimal projections of the generalized matrix-fractional function. We
will now focus on infimal projections involving the GMF function. For these purposes
consider the function ¢ : E — R, given by

(3.1) Y(X,V) = 0ga,p) (X, V) + V),

where h € T'(S™) and (A, B) is given by Theorem 2.2. Our primary objective is
the infimal projection of the sum ) from (3.1) in the variable V, i.e. we analyze the
marginal function p : R"*™ — R defined by

(32) p(X) = inf H(X,V).

We lead with an elementary observation.

LEMMA 3.1 (Domain of p). Let p defined by (3.2). Then the following hold:
a) p is convex.
b) domp ={X e R"™*™ | IV € Ky Ndomh : rge (%) Crge M(V)}. In partic-
ular, p is proper if and only if domh N K 4 is nonempty.
Moreover, if domp # (0 then the following hold:
¢) If B=0 (e.g. if A=0) then domp is a subspace, hence relatively open.
d) If rank A = p (full row rank) then domp = R ™ hence open.

Proof. a) The convexity follows from, e.g., [16, Proposition 2.22].

b) The formula for dom p follows from the definition of p and the representation of
domoga,py in (2.11) which also gives the properness exactly when dom hN /K4 # 0.
¢) If B = 0, note that, X € domp if and only if span{X} C domp. Since domp is
also convex, it is a subspace, see, e.g., [16, Proposition 3.8].

d) The bordered matrix M (V) from (2.10) is invertible if (and only if) rank A = p.
In this case the condition rge (%) C rge M (V) is trivially satisfied for any X € R™*™
and B € RP*™. Therefore the statement follows from b). |
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THE GENERALIZED MATRIX-FRACTIONAL FUNCTION 7

The following example shows that the domain of p may not be relatively open (hence
not a subspace) if B # 0, which proves that this assumption in Lemma 3.1 ¢) is not
redundant.

EXAMPLE 3.2 (domp). Let A=(11) b
ker A=span{( )} and Ka={(3%) |v+u>2w}.
Moreover, put V := (3 }) and define

Vi=[0,1]-V={(?*%)|wel01]}CS%.

w

Then V is clearly convex and compact. Now let h € T'o(S?) be any function with
domh =V (e.g. h:=dy). Note that

domh Ny =V.

We hence infer that

Therefore, we find that
domp =1[0,1] - (§) + span{({)},
and hence
ri (domp) = (0,1) - (§) +span{(})},
so that domp is clearly not relatively open.

As mentioned above, the former example shows that dom p may fail to be a subspace
if B# 0. Lemma 3.1 d) and Example 3.17 a), on the other hand, illustrate that dom p
might still be a subspace even if B # 0, hence the condition B = 0 is only sufficient
for domp to be a subspace (if nonempty).

3.1. ¢, ¥*, and their subdifferentials. Our study of the infimal projection p
given in (3.2) requires a thorough understanding of the properties of the functions v,
1*, and their subdifferentials. For this we make extensive use of the condition

ri(domh) Nint K4 # 0,

which we refer to as the conjugate constraint qualification (CCQ).

LEMMA 3.3 (Conjugate of ¢). Let ¢ be given as in (3.1) and define

n: (Y,W)€eE R (W — T).

inf
(Y,T)EQ(A,B)
Then
1
(3.3) domn = {(Y, W) ‘ AY = B, <—2YYT + K%) N (W —domh™) # @}

and the following hold:

This manuscript is for review purposes only.
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8 J. V. BURKE, Y. GAO, AND T. HOHEISEL

a) ¥ is closed and convex.

b) If domhN K4 # D then i, v* € To(E) with ¢* = cln.

¢) Under CCQ , we have ¥* = 1. Moreover, in this case, the infimum in the
definition of n is attained on the whole domain, i.e.

T(Y,W):=argmin {h*(W—-W) | (Y,W)eQA,B), Y=Y}
(3.4) ;W)
={(Y, W) | (Y, W) € QA,B), v*(Y,W)=h*(W-W)}.

is nonempty for all (Y, W) € dom* .
d) Under CCQ, domoy* = {(Y,W) |0 # T(Y,W)} and, for every (Y,W) €
dom 0v*, we have

AT eS": Vedh (W -T)NKa,

o (Y, W)={ (X,V) <v, ;YYT+T> =0, rge (X — VY)C (KerA)*

Proof. Note that n(Y,W) < +4oc if and only if there is a T € S™ such that
(Y,T) € Q(A,B) and W — T € dom h*, or equivalently, AY = B, T € —%YYT + K5
and T' € W — dom h*, which proves (3.3).

Define h : E — R by A(X,V) := h(V). Then domh = R ™ x domh and
P = 0Q(A,B) T h.

a) The sum of two closed and convex functions is always closed and convex.

b) The sum of two proper functions is proper if and only if the domains of both
functions intersect. Here, note that

domizﬁdomap(A’B) 40 <= domhNK4#0.
Therefore, 1 is proper if (and only if) the latter condition holds. Combined with a)

this shows 9 is closed, proper, and convex, and hence, so is its conjugate ¥*.
Moreover, from Theorem 7.1 a) we infer

GV, W) =l (Sagam OR*) (¥, W),
Since h* (Y, W) = d103(Y) + h*(W), we have

Q(A,B) (Y, w) (y,T)le]%z(A,B) ( )

which proves ¥* = cln.

¢) We have ri(domh) = R™™ x ri(domh). Also, by [5, Theorem 4.1], we have
int (domogea,py) = {(X,V) | V €int K4 }. Hence

(3.5) ri (dom h) Nri (dom opa,p)) #0 <<= ri(domh)NintKy # 0.
Theorem 7.1 a) (applied to o4, 5) and fz), CCQ, and (3.5) then imply ¢* = n with

0 #T(Y,W):=argmin {h*(W —W) | (Y, W) € QA,B), Y =Y }.
(Y, W)

This manuscript is for review purposes only.
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THE GENERALIZED MATRIX-FRACTIONAL FUNCTION 9

d) Observe that 9oy, 4 5) = Noca,p) and Oh* = R™™ x 9h*. Then part c) and
Theorem 7.1 d) (applied to o4, ) and h) yield

our vy = {x,vy | (500 2 Db Wiy W) 00 12),

(Y, W) = (Y1, W1) + (Yo, Wa)
= {(X,V) | 3T eR™™: (X,V) € Noqap)(Y,T), V € dh*(W —T)}.

The claim follows from the representation for Noa,5)(Y,T) in [6, Proposition 3]. 0O

We now turn our attention to the subdifferential of 1) which will be used for computing
the subdifferential of its infimal projection p.

COROLLARY 3.4 (Subdifferential of ). Let ¢ be given by (3.1) and T(-,-) by
(3.4). Then the following hold: B o
a) If (Y, W) € 0oqa,p)(X,V) + {0} x Oh(V), then T(Y ,W) # 0 and

(36) TV, W)={TeS"|W-TednV), (Y,T)€ dog,p(X,V)}.
b) Under CCQ we have

dom Oy = {(X,V) ‘ V € domohNKa, rge <)‘§> CrgeM(V)}.

Moreover, for all (X,V) € domdy and all (Y, W) € 0(X,V), we have
TY,W)#0 and

8w()_(, ‘7) = aO'Q(A,B)(X, V) + {0} X 8h(17)

3.7 _ 2 _
(3.7) ={(Y,W)eE |T(Y,W)#0}.

Proof. Set f1(X,V) := 0qa,p)(X,V) and fo(X,V) := (V). Then part a) fol-
lows from Theorem 7.1 b), and part b) follows from Theorem 7.1 c). |

3.2. Infimal projection I. We are now in position to prove our first main result
about the infimal projection p defined in (3.2).

THEOREM 3.5 (Conjugate of p and properties under CCQ). Let p be given by

(3.2). Moreover, let ¢ : R"*™ — R be given by
q:Y — inf h*(W).

(Y,—-W)€eQ(A,B)
Then the following hold:

a) domg={Y e R™™ | AY =B, (3YYT —K9) Ndomh* #0}.

b) p* =clq, hence dom g C dom p*.

¢) If CCQ holds for p, then we have:

I) p* =gq, i.e.

(3.8) p*(Y) = nf h*(W).

(Y,—Wl)eQ(A,B)

Moreover, for all Y € domp*, the infimum is a minimum, i.e. there
exists W € dom h* with (Y,-W) € Q(A, B) such that p*(Y) = h*(W).
In particular, p* is closed, proper, and conver with dom p* = domq.

II) p € To(R™ ™) is finite-valued (hence locally Lipschitz).

This manuscript is for review purposes only.
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Proof. a) Obvious.

b) The expression for p* (without CCQ) follows from [16, Theorem 11.23 ¢)] and
Lemma 3.3 b). The domain containment is clear as p* = clq < q.

c.I) From [16, Theorem 11.23 ¢)] we have p* = ¢*(+,0), hence Lemma 3.3 ¢) gives the
claimed statements.

c.Il) p is convex by Lemma 3.1 a), and it does not take the value —oo as p* is proper
by I). To prove the desired statement it therefore suffices to see that domp = R™*™,
To this end, observe, see Lemma 3.1, that

domp = L(domoga,py NR™*™ x dom h),
where L : (X,V) — X. By CCQ we have ri (domh) Nint K4 # (), hence

ri (dom og(a,py NR™™ x dom h) = int (dom g4, 5)) NR™*™ x ri (dom h)
=R™™ xint K4 NR™™ X ri (domh)
=R™"™ x int K4 Nri(domh),

where we use [5, Theorem 4.1] to represent int (dom o (a,p). This now gives
ri (domp) = L [ri (domog(a, gy NR™™ x dom h)| = R™*"™. 0

We now take a broader perspective on infimal projection by embedding it into a
pertubation duality framework in the sense of [16, Theorem 11.39] or [1, Chapter 5].
Given X € R"™*™ we define ¥ 5 by

Px(X,V) =X +X,V) ((X,V)€E).
Moreover define pg by
(3.9) px(X) = inf ¥£(X,V) (X €R™™).
Then -
Vvx(V W) =4t (Y, W) —(X,Y) ((Y,W) €E),
see [16, Equation 11(3)]. Defining

(3.10) ax(W) == *sgp{@, Y) =" (Y, W)} (W eS),

then ¢x is a proper (see Lemma 3.7 for its domain) and convex function and we have
a natural duality pairing of pg and gg with weak duality reading

px(0) > —qx(0) (X €R™™).

Applying the general pertubation duality to our scenario yields the following result.

PROPOSITION 3.6 (Shifted duality for p). Letp be defined by (3.2), let X € domp
and qx be defined by (3.10). Then the following hold:
a) If 0 € ri(domgqyg) then p(X) = —qx(0) € R, argmaxy(X,:) # 0, and
9ax(0) # 0. ’ )
b) If X € ri(domp) then p(X) = —qx(0) € R, argmaxy {(X, V) —¢* (Y, W)} #
0, and Op(X) # 0.

This manuscript is for review purposes only.



341
342
343

346
347
348
349

350

360
361
362
363
364
365
366
367

368

369

370

5

THE GENERALIZED MATRIX-FRACTIONAL FUNCTION 11

¢) Under either condition 0 € ri(domqyg) or X € ri(domp), p is Isc at X and
—qx s Isc at 0.
d) We have

- 2")% ’Y‘;); : s (V,0)€00(X, V) = (V,0) 00" (X, V).
= —qx(0)
Proof. Let X € domp and observe that

p(X +X) =px(X) (X €R™™),

hence, in particular, p(X) = p(0) € R. Applying [1, Theorem 5.1.2-5.1.5, Corollary
5.1.2] to the duality pair pg and g5 and translating from pg at 0 to p at X gives all
the desired statements. O

The domain of g% is given below. Here, the set

(3.11) C(A,B)={WeS"|3Y: (Y,W)e QA B)},
which will play a crucial role in what follows, occurs naturally.
LEMMA 3.7 (Domain of gg). Let X € R™™ and qx defined by (3.10). Then
domgg = C(A4, B) + dom h*.
Proof. a) Using Lemma 3.3, observe that
0x (W) = inf {9 (Y, W) - (X, )}
= igf {77(Y, W) — <X, Y>}

B (Y,T)iGI})f(A’B) {h*W-T)-(X,Y)}.

Therefore, we have

domgg ={W | 3(Y,T) e QA,B): W —-T € domh*} =C(A, B) + domh”*.
Before we proceed with our analysis, we will discuss various constraint qualifications
for the optimization problem defining p in the next section.

3.3. Constraint qualifications. We start our analysis with a result about the
set C(A, B) from (3.11), which was used in Lemma 3.7 to represent the domain of ¢x.

LEMMA 3.8 (Properties of C(A, B)). Let C(A, B) be as in (3.11). Then we have:
a) C(A, B) is closed and convex with C(A, B)>® = K9.

b) C(A,B) = domoga,p)(X,)* for all X such that oo py(X,-) is proper.

c) We have

1iC(A, B) = {W ‘ 3y : AY = B, %YYT + W eri(K9) }
= ri(domoga,p)(X,)*)

for all X such that 09(,473)()2, -) is proper.

This manuscript is for review purposes only.
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Proof. a) With the linear map T : (Y, W) — W we have C(A, B) = T(Q(A, B)).
Therefore C(A, B) is convex. By [6, Proposition 10] we have Q(A, B)* = {0} x KS.
Therefore, ker T' N Q(A, B)>* = {0}. Hence [16, Theorem 3.10] gives the rest of a).

b) Apply Corollary 7.2 to g := oqa,p)(X, ) to infer that

g (W)=

- if (-X,Y) (Wes.
Y:(Y,W)€Q(A,B)

This proves the claim.

¢) Observe that riC(A, B) = riT(2(A, B) = T'(ri2(A, B)) and use [6, Proposition 8]
to get the first representation. The second one follows from b). 0

We now define the constraint qualifications central to our study. Note that CCQ was
already defined earlier.

DEFINITION 3.9 (Constraint qualifications). Let p be given by (3.2). We say
that p satisfies
i) PCQ if 0 € ri (dom h* + C(A, B));
it) strong PCQ (SPCQ) if 0 € int (dom h* + C(A4, B));
i4i) boundedness PCQ (BPCQ) if domhNK4 # 0 and (domh)>* N K4 = {0};
iv) CCQ if ri (domh) Nint K4 # 0.

Note that PCQ stands for primal constraint qualification and CCQ for conjugate
constraint qualification.

The next results clarify the relations between the various constraint qualifications.
We lead with characterizations of PCQ and BPCQ.

LEMMA 3.10 (Characterizations of (B)PCQ). Let p be given by (3.2) and let

(3.12) fg =v(X,) (X eR™m),

Let X € domp. Then the following hold:
a) The following are equivalent:
i) 0 €ri(dom f%);
it) PCQ holds for p;
i) Y e R"*™ . AY = B, %YYT € ri (K9 + domh*).
In addition, similar characterizations of SPCQ hold by substituting the rela-
tive interior for the interior.
b) BPCQ holds for p if and only if domh N K4 is nonempty and bounded.

Proof. a) Defining g5 := oqa,p)(X,-), we find that fy = cl(9% OR*) and
therefore ri(dom f%) = ri(dom g% + domh*) = ri(C(A, B) + dom h*), see Lemma
3.8 ¢). This proves the first two equivalences. The third follows readily from the
representation of ri (£2(A, B)) from [6, Proposition 8].

b) Follows readily from [16, Theorem 3.5, Proposition 3.9]. d

We point out that, under PCQ, Lemma 3.10 shows that the objective functions
¥(X,-) (X € domp) occuring in the definition of p in (3.2) are weakly coercive when
proper, see [1, Theorem 3.2.1]. The latter reference tells us that the infimum in (3.2)
is attained under PCQ if finite, a fact that will be stated again (and derived alterna-
tively) in Theorem 3.14. Under SPCQ, the objective functions ¥(X,-) (X € dom p)
are level-bounded (or coercive), in which case the argmin(X,-) is nonempty and
compact (and clearly convex).
The next result shows the relations between the different notions of PCQ.

This manuscript is for review purposes only.
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LEMMA 3.11. Let p be given by (3.2). Then the following hold:
a) BPCQ = SPCQ = PCQ.
b) If int (dom h*) Nint (—C(A, B)) # 0 then PCQ and SPCQ are equivalent.

Proof. a) The first implication can be seen as follows: If BPCQ holds then
dom fg C domh N K4 is bounded (and nonempty exactly if X € domp). There-
fore fx is level-bounded for all X € domp, i.e. 0 € int (dom f%) (X € domp), see
e.g. [16, Theorem 11.8]. In view of Lemma 3.10 a) this implies that SPCQ holds.

The second implication is trivial.

b) Obvious from the definitions. d
We now provide characterizations for CCQ.

LEMMA 3.12 (Characterizations of CCQ). Let p be given by (3.2). Then
i) domhNint K4 #0 < i) CCQ holds for p < iii) (—K%)Nhznh* = {0}.

Proof. The first equivalence is a direct consequence of the line segment principle
(cf. [15, Theorem 6.1]): The fact that ii) implies i) is obvious. For the converse
direction let y € domhNint L4 and pick = € ri (domh). Then z) := Az + (1 — Ny €
ri (dom h) for all A € (0,1]. Letting A | 0 we find that z) € ri(domh) Nint 4 for all
A € (0, 1] sufficiently small, which proves that ri (dom i) Nint K4 # 0.

The second equivalence can be seen as follows: We apply [15, Corollary 16.2.2]
(to f1 := h and fo := dxc,). This result tells us that ri (domh) Nint 4 # @ if and
only if there does not exist a matrix W € S™ such that

(3.13) (W)® (W) +oxc, (W) <0 and (B*)°(=W) + o, (W) > 0.

Since ok, (—W) = dxeo, (—W), the first of these conditions is equivalent to the con-
dition W € (—K%) Nhznh*. In particular, we can infer that (—K%) Nhznh* = {0}
gives the inconsistency of (3.13) and thus establishes iii)=-ii).

The second condition in (3.13) implies W # 0. Thus, in view of Proposition 2.1
b), 0 # —W € K4 C S, and hence W ¢ K. Thus, every nonzero element of the
set (—K9) Nhzn h* satisfies (3.13). Thus, the nonexistence of a W satisfying (3.13)
implies that (—K%) Nhzn h* = {0}, which altogether proves the result. O

We note that for any proper, convex function f we always have hzn f C (dom f)*°
which, in view of Lemma 3.12, implies that the condition

(3.14) (—K3%) N (dom h*)™® = {0}

is stronger than CCQ. However, we do not use it in our subsequent study.
Moreover, since K4 = S™ if (and only if) A has full column rank we have

rankA=n = CCQ.

3.4. Infimal projection II. We return to our analysis of the infimal projection
defining p in (3.2). The following result reveals that the two critical conditions 0 €
ri (dom ¢g) and X € ri (dom p), respectively, that occured in (3.6), embed nicely into
our constraint qualifications studied in Section 3.3.

COROLLARY 3.13. Let p be defined by (3.2), let X € domp and qx be defined by
(3.10). Then the following hold:
a) PCQ holds for p if and only if 0 € ri (domqx);
b) If CCQ holds then X € ri(dom p).

This manuscript is for review purposes only.
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Proof. a) Follows immediately from Lemma 3.7 and the definition of PCQ.
b) Under CCQ we have dom p = R™*™_ see Theorem 3.5, hence b) follows. ]

As a consequence of Corollary 3.13 and Proposition 3.6 we can add to the properties
of p proven in Theorem 3.5.

THEOREM 3.14 (Properties of p under PCQ). Let p be defined by (3.2) such that
PCQ is satisfied and let g5 be given by (3.10). Then the following hold:
a) pEc FO(RnXm);
b) argminy »(X,V) #0 (X € domp) (primal attainment);
¢) p(X)=qxg(0) (X €domp) (strong duality).

Proof. a) Under PCQ, by Corollary 3.13, we have 0 € ri(domgg) for all X e
dom p. Hence, by Proposition 3.6 ¢), p is Isc at X € domp. Since p is proper and
convex, see Lemma 3.1, this shows that p € I'g.

b), ¢) Follows readily from Corollary 3.13 and Proposition 3.6 a). 0

We note that Theorem 3.14 could have been proven entirely without using the shifted
duality framework from Proposition 3.6, but by using the following approach: With
the linear projection L : (X, V) — X which has been used implicitly throughout our
study, it can be seen that p = L is a linear image in the sense of [15, p. 38]. Then
[15, Theorem 9.2] gives all statements from Proposition 3.14. This can be seen after
realizing that the constraint qualification from the latter reference, which for p = L
reads

P(0,V) >0 or ¢>(0,-V)<0 (Ves"),

as ker L = {0} x S", is exactly PCQ, which, however, also takes some effort. For the

sake of uniformity, we have chosen to derive Theorem 3.14 from the shifted duality

scheme, which will also be serviceable for our subsequent subdifferential analysis.
The next result follows readily from the foregoing analysis.

COROLLARY 3.15. Let p be given by (3.2). If PCQ and CCQ are satisfied for p
then the following hold:
a) p € To(R™™) is finite-valued and for all X € R™™ there exists V such that
p(X) =v(X,V). ) e
b) p* = q and for all Y € domp* there exists W such that (Y, W) € Q(A, B)
and p*(Y) = h*(=W).
Proof. Follows from Theorem 3.5. ]

The table below summarizes most of our findings so far. Here X € domp and
Y € domp*.

Consequence\Hypothesis | - | PCQ | SPCQ | BPCQ | CCQ | PCQ + CCQ
pel v
p €l
(%) = —4x00)
argmin(X,-) # 0
argmin ¢ (X, -) compact
dom p = R™*™
p — p**
argmin h*(=T) # 0
(V. T)eQ(A,B)

SENENEe!

ANENENENES

ANENENENEN

v
v
v
v
‘/l

{\
\

v

ANENENENENENENEN

SNENEN
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In view of Proposition 3.6 b) and Corollary 3.13 one might be inclined to think that
using CCQ instead of the pointwise condition 0 € ri(domp) is excessively strong.
However, computing the relative interior of dom p without CCQ is problematic, cf.
the derivations in the proof of Theorem 3.5 c¢.II) under CCQ. Moreover, CCQ is
exactly what is needed to establish desirable properties of p*, see Theorem 3.5 c.I).
Hence, we do not consider constraint qualifications weaker than CCQ.

We now turn our attention to subdifferentiation of p.

PROPOSITION 3.16 (Subdifferential of p). Let p be given by (3.2). Then the
following hold:
a) Under CCQ we have

3.15 Ip(X) = X, Y)Y~  inf  A(=T)Y,
(3.15) p(X) argglaXK YY) v (-7}

which is nonempty and compact.

b) Under PCQ equation (3.15) holds, and, for X € dom p, we have
op(X)={Y |3V : (Y0

={Y | v: (X,V) e (}7,

={Y |3V :p(X) = w(X,‘)
¢) Under PCQ and CCQ, we have

which is compact and nonempty.

Proof. a) Under CCQ, p is convex and finite-valued (hence closed and proper),
therefore (3.15) follows from [15, Theorem 23.5] and the fact that the closure for p*
can be dropped in the argmax problem.

Moreover, we have domp = R™*™  which gives the remaining statements in a).

b) Under PCQ we also have that p € T'g, hence the same reasoning as in a) gives

(3.15). We now prove the remainder: For the first identity notice that (see e.g. [10,
Chapter D, Corollary 4.5.3])

op(X) = {Y | (Y,0) € 3w(X,V)} (Ve argérlinw(X,V)),

the latter argmin set being nonempty due to what was argued above. The ’C’-inclusion
is hence clear. For the reverse inclusion invoke also [16, Example 10.12] to see that if
(Y,0) € (X, V) then V € argminy ¢(X,V).

The second identity in c) is clear from [15, Theorem 23.5] as ¢ € T'o(E).

The third follows from Proposition 3.6 in combination with Corollary 3.13 and
recalling that ¢* (Y, 0) = p*(Y).
¢) Apply Corollary 3.4 to the first representation in b). d

For X € rbd(domp) the subdifferential dp(X) can be empty. Moreover, it is un-
bounded if X ¢ int (dom p). The latter may even occur under BPCQ as the following
example shows.

L dom (X, -) is bounded.
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EXAMPLE 3.17. Let A= (}9) and b= (}) so that
Ka={(s%) [uz0}.
Defining h := &y for
Vi={(§u) [u<0,ve01]}
we hence find that
domhNKa={(§8)|vel0,1]} and domhNintK, =0,
so that CCQ is violated but BPCQ (hence (S)PCQ) holds. We find that

zedomp =3IV eVNnKa: (})erge (44 )

0=
(6) = (
<~ Jve(0,1],p,0 eR:z=(§3)[(}
<=z espan{(})}.

— Jvel0,1],r,seR?:

Therefore we have domp = span{(})}. In particular, domp is a proper subspace
of R, hence relatively open with empty interior. Therefore Op(x) is nonempty and
unbounded for any x € domp.

4. h is a support function. We now study the case where h is a support
function. Concretely, given a closed, convex set V C S", we consider the function
p: R™™ — R given by

(4.1) p(X) == vlgsfw oaa,p) (X, V) +ap(V).

Recall that, by Hoérmander’s Theorem, see e.g. [15, Corollary 13.2.1], this covers
exactly the cases where h is positively homogeneous (and closed, proper, convex).

We commence by analyzing the constraint qualifications from Section 3.3 in the
case that h is a support function. Here, and for the remainder of this section, observe
that the choice h = oy implies that dom A = barV and dom h* = V.

LEMMA 4.1 (Constraint qualifications for (4.1)). Let p be given by (4.1). Then
the following hold:
a) (CCQ) The conditions

(4.2) barV Nint K4 # 0,
(4.3) V=N (=K3) = {0},
(4.4) cl(barV) — K4 =8S"

are each equivalent to CCQ for p.
b) (PCQ) PCQ holds for p if and only if

(4.5) pos (C(A, B) +V) = span (C(A, B) + V).
¢) (BPCQ) The conditions

(4.6) barVNK4s #0 and cl(barV)NK4 = {0},

(4.7) bar VN K4 # 0 is bounded,

(4.8) barVNKa #0 and V*°+ K5 =S"

are each equivalent to BPCQ for p, hence imply (4.5).
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Proof. Observe that with h = o0y we have dom h = barV and hzn h* = V.

a) (4.2) is condition i) in Lemma 3.12 for h = oy, while (4.3) is condition iii).
Employing [3, Section 3.3, Exercise 16]) we have

(4.3) <= cl(barV — K4) = S".

This completes the proof of a).
b) This is just an application of (2.1).
c¢) Using (2.6), we see that (4.6) is exactly BPCQ (for h = o), while the equivalence
to (4.7) follows from Lemma 3.10 b). The equivalence of (4.8) to the former follows
from the fact that

(4.6) <= (V= +Ky) =8",

see [3, Section 3.3, Exercise 16]), where the closure can be dropped by interpreting
[15, Theorem 6.3] accordingly. O

By the additivity of support functions, see (2.5), we find that

o nxXm
(4.9) p(X) = inf ox(X,V) (X eR™™),
where

(4.10) Y :=%(A,B,V):=QA,B)+{0} xVCE.

This facilitates some of the analysis.

PROPOSITION 4.2. Let p be given by (4.1). Then the following hold:

a) p € Ty (i.e. p=p**) under any of the conditions in (4.2)-(4.4) or (4.5).
In particular this holds under any condition (4.6)-(4.8). Under any of the
conditions (4.2)-(4.4) p also finite-valued.

b) p* = dax(-,0) where the closure is superfluous (i.e. X is closed), in particular,
under any condition (4.2)-(4.4).

Proof. a) Follows respectively from Lemma 4.1, Theorem 3.5 ¢) and Theorem
3.14.

b) By [16, Exercise 3.12], ¥ is closed if (—K%) N V> = {0}, i.e. under any condition
in (4.2)-(4.4), see Lemma 4.1 a). The rest follows from [16, Proposition 11.23 (c)]. O

We are now interested in computing refined representations for the conjugate of p
given by (4.1).

COROLLARY 4.3. Consider the function p from (4.1) with V C S™ nonempty,
closed and convex. Under any condition (4.2)-(4.4) we have

p* = 5E(A7B)
where
EAB)={Y |[IW eV: (Y,-W) e QA4,B)}
= {Y ’ AY = B, (;YYT—ICZ> mv;ﬁ@}.

In particular, we have p = o=(4, gy which is finite-valued.
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Proof. By Theorem 3.5 ¢) and Lemma 4.1 we find that

0 if 3IWeV:(V,-W)eQA,B),

*(Y) = inf op(W) =
p(Y) (Y,fwl)réQ(A,B) V(W) {+oo else, 0

which shows that p* = d=(A, B). The fact about p follows from Proposition 4.2 a).

4.1. The case B = 0. We now consider the case when B = 0. Recall from [6,
Theorem 11] that this implies that 04,0y is a gauge function. Similarly, if 0 € V,
then oy is also a gauge, in fact, oy = o, cf. [16, Example 11.19].

This combination of assumptions has interesting consequences when the geome-
tries of the sets V and —K¢ are compatible in the following sense.

DEFINITION 4.4 (Cone compatible gauges). Given a closed, conver cone K C &,
we define an ordering on € by v <k y if and only if y —x € K. A gauge v on & is
said to be compatible with this ordering if and only if

v(z) < (y) whenever 0 =g = 2k y.

The following lemma provides a characterization of cone compatible gauges.

LEMMA 4.5 (Cones and compatible gauges). Let 0 € C' C & be a closed, convex
set, and let K C &€ be a closed, convex cone. Then ¢ is compatible with the ordering
=<k if and only if

(4.11) Kny—-K)ycC (yeKnC).
Proof. Note that, for y € K, we have
KNn(y-K)={z|0=xz =gy}

Suppose that y¢ is compatible with K, and let y e CNK. If z € KN (y — K), then
~vo(z) < 7vely) <1, and, consequently, K N (y — K) C C.

Next suppose (4.11) holds, and let z,y € £ be such that 0 <x = <k y. Then,
y€ K and z € KN (y — K). We need to show that vo(x) < vo(y). If vo(y) = +oo,
this is trivially the case, so we may as well assume that vo(y) =: t < +oo. If £ > 0,
thent 'y e CNK andt 'z € KN(t ly—K) C C. Hence, yo(t 1y) =1 > vy (t 1x),
and so, yo(x) < vo(y) as desired. In turn, if ¢ = 0, then ty € KN C (¢t > 0), so that
tre KN(ty—K) C C (t>0),ie., 2z € C™ and soyo(xz) =0. 0

COROLLARY 4.6 (Infimal projection with a gauge function). Let p be given by
(4.1) where V is a nonempty, closed, convex subset of S™. Suppose that B = 0. Then
the following hold:

a) Under any of the conditions (4.2)-(4.4) we have

(4'12) p* = 5{y| AY =0, IWEV: AW=0, %YYTjW}'
b) If 0 € V and 7y is compatible with the ordering induced by —K¢ then
P'(Y) =81y | av=o, w(zvyr)<i} (V)

(4.13) 1
= 6~k <2YYT> .

This manuscript is for review purposes only.



637
638
639
640
641

642

643

659
660
661
662
663
664
665
666
667
668
669
670

671

THE GENERALIZED MATRIX-FRACTIONAL FUNCTION 19

Proof. a) Follows readily from Corollary 4.3 by setting B = 0 and using the
representation of K4 in Proposition 2.1.

b) First observe that —K% = {W € S% | rgeW C ker A }, see Proposition 2.1 b), recall
that rgeY = 1geYYT (Y € R"*™) and V € V if and only if y,(V) < 1. Exploiting
these facts, we see that

AY =0, HWGV:AW:O,%YYTjW

1
=AY =0, IV EV: (W) >y <2YYT>

1
= AY =0, vy <2YYT> <1

1
— AY =0, 5YYTEV

1

— 1geYY7T C ker A, 5YYT ey
1

— §YYT € (=K NnV.

Therefore b) follows from a). |

Linear functionals are special instances of support functions. We hence obtain the

following remarkable result as a consequence of our more general analysis above. Here

|| - ||« denotes the nuclear norm?.

COROLLARY 4.7 (h linear). Let p:R™™ — R be defined by
p(X) = Viggfn oaa,0(X, V) +(U, V)

for some U € S NKery A and C(U) :={Y | iYYT XU }. Then we have:
a) P* = 0¢c(0)nKer, A 15 closed, proper, conver.
b) p = OC(T)NKern A = VCO(U)°+Rge, AT S sublinear, finite-valued, nonnegative
and symmetric (i.e. a seminorm,).
¢) If U =0 with 2U = LLT (L € R"*") and A =0 then
p=oc@) = IIL" ()l

o

i.e. pis a norm with C(U)° as its unit ball and Yooy as its dual norm.

d) If U is positive definite, C(U) and Q(U)O are compact, convet, symmetric’
with O in their interior, thus pos C(U) = pos C(U)° = S™.

Proof. a) Observe that h := <U, > = oygy. Hence the machinery from above
applies with ¥V = {U}. As V is bounded, CCQ is trivially satisfied (cf. (4.2)-(4.4))
and the representation of p* follows from Corollary 4.6 a).

b) We have

p=p*
= 0c(U)nKer, A
= Y(Cc(U)nKer,, A)°
= Yel (C(U)°+Rge, AT)

= YC(U)°+Rge, AT -

2For a matrix T the nuclear norm ||T'||« is the sum of its singular values.
3We say the set S C £ symmetric if S = —S.
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As CCQ holds, the first identity is due to Proposition 4.2. The second uses a), the
third follows from [15, Theorem 14.5]. The sublinearity of p is clear. The finite-
valuedness follows from Proposition 4.2. Since 0 € C(U) the nonnegativity follows as
well, and the symmetry is due to the symmetry of C(U).

c) Consider the case U = %I: By part a), we have p* = d;y | yyr<ry. Observe that

(Y| YY" I} ={Y [[[V[2<1}=:Ba

is the closed unit ball of the spectral norm. Therefore, p = o5, = || - [[g3 = || - [+-
To prove the general case suppose that 2U = LLT. Then it is clear that C(U) =

{Y | L7'Y € C(1I)}, and therefore
p(X) = o¢@)(X)

= sup Y, X)
Y:L-'YeC(i1)

= sup (L7, LTX)
L=1YeC(L1)
=ocan(L7X)
= IL X,
Here the first identity is due to part b) (with A = 0) and the last one follows from

the special case considered above.
d) Follows from c¢) using [15, Theorem 15.2]. O

We point out that Corollary 4.7 generalizes the nuclear norm smoothing result by

Hsieh and Olsen [13, Lemma 1] and complements [5, Theorem 5.7]

5. h is an indicator function. We now suppose that the function A in (3.1)
is given by h := 4y for some nonempty, closed, and convex set V € S", i.e., in this
section, the infimal projection p : R™*™ — R is given by

(5.) P(X) = inf op(a ) (X V) +u(V).
We first want to discuss the constraint qualifications from Section 3.3 in this particular

case. Here, and for the remainder of this section, observe that the choice h = dy
implies that dom h =V and dom h* = bar V.

LEMMA 5.1 (Constraint qualifications for (5.1)). Let p be given by (5.1). Then
the following hold:
a) (CCQ) The conditions
(5.2) VNintKa # 0,
(5.3) cone Y — K4 =8"

are each equivalent to CCQ for p.
b) (PCQ) The PCQ holds for p if and only if

(5.4) posC(A, B) 4+ bar ¥V = span (C(A, B) + bar V).
¢) (BPCQ) The qualification conditions

(5.5) VNKA#0D and V°NK4 = {0},

(5.6) VNK4 # 0D is bounded,

(5.7) VNKa#0 and barV+ K5 =S

are each equivalent to BPCQ for p, hence imply (5.4).
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Proof. a) First, observe that , with h = §y,, condition i) in Lemma 3.12 is exactly
(5.2). By the same lemma this is equivalent to

hznoy N (—K%) = {0}.
Moreover, as oy = o}y, we have
hznoy ={V |op(V) <0} =V".
Invoking [3, Section 3.3, Exercise 16 (a)] implies that
hznoy N (—=K%) = {0} < cl(coneV — K,4) =S",

where the closure in the latter statement can clearly be dropped, e.g. by interpreting
[15, Theorem 6.3] accordingly.

b) Use (2.1) to infer that PCQ holds for p if and only if

pos (C(A, B)) + bar V = pos (C(A, B) + V) = span (C(A, B) + bar V).

¢) The equivalences of BPCQ, (5.5), and (5.6) are clear. Since V*° and cl (bar V) are
paired in polarity, see (2.6), [3, Section 3.3, Exercise 16 (a)] implies that

V*NKas={0} < cl(barV +K%) =8",
where the closure in the latter statement can be dropped as in a). This establishes

all equivalences. 0

The following result provides sufficient conditions for the occurence of p = p** when
p is given as in (5.1), i.e. in the case that h is an indicator function.

COROLLARY 5.2. Let p be given by (5.1). Then p € T'o(R™ ™) (i.e. p = p**)
under any of the conditions in (5.2)-(5.7). Under condition (5.2)-(5.3) it is also
finite-valued.

Proof. Follows from Lemma 5.1 and Theorem 3.5 ¢) and Theorem 3.14, respec-
tively. ]
We treat the case A =0 and B = 0 separately as we will use it in Section 5.2.

COROLLARY 5.3. Let p be given as in (5.1) and assume that A =0 and B = 0
and such that V NS is nonempty. Then we have

PCQ <= S} +barV =8" <= BPCQ.

Moreover, p € I(R"*™), i.e. p = p*™* under any of following conditions:

i) VNS, #0 (CCQ);
i) VST # 0 is bounded (or equivalently ST, +barV =S")  ((B/S)PCQ).
Under condition i) p is also finite-valued.

Proof. For the first statement notice that C(0,0) = S™ = K§ and invoke Lemma
5.1. The rest follows from Corollary 5.2 and Lemma 5.1. ]

To compute the conjugate p*, instead of using Theorem 3.5, a direct derivation relying
on [5, Theorem 3.2] yields a powerful result.
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THEOREM 5.4 (Infimal projection with an indicator function). Let p be given by
(5.1). Then its conjugate p* : R™*™ — R is given by

1
p(Y) = 39VNKa (YY) + 6y | ay=py (V).

In particular, for A =0 and B =0 we obtain

1
pr(Y) = 30Vvnsy (Yvy7).

Proof. By (2.7), we have

p*(Y) = s;p {(X, Y)— ir‘}f opa,B) (X, V) + 5V(V)]

= Supsup [(X,Y) —op(a,p) (X, V) = du(V)]
1/x\" (X -
= sup sup tr | —= M(V) +Y'X
VevnKa rge (g)Crge M(V) 2\B B

for Y € R™™. Since rge (g) C rge M(V'), we can make the substitution M (V) (g,) =
(g), to obtain

p*(Y)= sup sup tr (—; (VUV) TM(V) (V%) +YT(VU+ATW)>

vVevnKks, UW
AU=B
Uj T Ug
( ) M<V>( ) —yz-TVui—w?AyJ
Ww; Wy

1
= sup -— Z inf (uZTVuZ — Vyi, ui) + (w;, by — Ayﬁ)
VevnKka i=1 Aulli,:z;u 2

1
2

m
a3 (

VevnKa i=1 Au;=b;

- 1
e inf (S Vi — (Vi ui ) + inf ((w;, b — Ay; ]
Lo =], ( (Vo) ) +inf (¢ )

“ 1
=0 (Y)Y + su — inf <uZTVul — (Vy;,u; > ,
(z) az=1(Y) Vev‘EKA ;Aui:bi B (Vyi, i)

where the final equality follows since dpy|b,—ay, 3 (i) = sup,, (wi, b — Ay;) (i =
1,...,m). By hypothesis rge B C rge A, and so, by [5, Theorem 3.2]

1(Vy\" (Vv _ . I 7 .
_2< b; ) M(V) b; _Allt?ibi 2uz Vu; — <Vy17uz> (Z_ 1a"'7m)7
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Therefore, when AY = B, we have

m

R S (O RTIE )

vevrka = 2\ bi bi

w53 (e () o (e ()
- 3y () mon (k)

1 m
T
= sup =Y ylVy,
vevnka 257

(where Ay; = b; so>

() = MV)(%)

1
= sup tr(YIVY),
vevnka

which proves the general expression for p*. The case A = 0, B = 0 follows readily. 0O
We now study the subdifferential of p given by (5.1).
COROLLARY 5.5. Let p be given by (5.1). If VNint K4 # 0 (CCQ) then

7) = X, Y)—  inf -T
Ip(z) arg;naX{( ,Y) v, 5 v}

is nonempty and compact for all X € domp. If, in addition, posC(A, B) + barV =
span (C(A, B) + bar V) (PCQ), then
op(X) =V |IV.T: —T € Ny(V), (V. T) € doaap (X, 7))}
is nonempty and compact for all X € R"*™,
Proof. Follows readily from Proposition 3.16 in combination with Lemma 5.1. O

5.1. B=0 and 0 € V.. We now consider the important special case of p given
by (5.1) where 0 € V and B = 0. In this case p turns out to be a squared gauge
function, see Corollary 5.9. We start with a technical lemma.

LEMMA 5.6. Let C, K C E be nonempty, convexr with K being a cone. Then
(C+K)=C°NK°. IfC+ K is closed with 0 € C, then (C°NK°)°=C+ K. In
particular, the set C'+ K is closed if C and K are closed and K N (—C>) = {0}.

Proof. Clearly, C° N K° C (C + K)°. Conversely, if z € (C + K)°, then
(zyx+ty) < lforallz € C, y € K, and t > 0. Multiplying this inequality by
t~! and letting t — oo, we see that z € K°. By letting ¢ | 0, we see that z € C°.

Now assume that C' + K is closed with 0 € C. Then C + K is closed and convex
with 0 € C'+ K. Hence, by [15, Theorem 14.5], C + K = (C + K)°° = (C° N K°)°.

The final statement of the lemma follows from [15, Corollary 9.1.1]. 0
The first main result in this section is concerned with a representation of the conjugate
p* under the standing assumptions.

COROLLARY 5.7 (The gauge case I). Let p be given by (5.1) with 0 € V and
B =0 and let P be the orthogonal projection onto ker A. Moreover, let

S={WeS" |rgeW CkerA} ={W eS" | W =PWP}.!
Then the following hold:

4Here we consider S = S™ N Ker, A as a subset in the space S™.
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a) We have
1

1
p(Y) = 50(VNKA)+S+ (YyT) = VK a)ns (vy?)

where St = {V €S" | PVP =0}. In particular, p* is positively homoge-
neous of degree 2.
b) If V° + K< is closed (e.g. when K9 N —(cone V)° = {0}) then

. 1
(5.8) P (Y) = 5rvens)+ky (YyT),

where dom p* = {Y | YYT € cone V° NS + K9 }
Proof. a) We have

P (Y) =sovre, (YY) + 5{Y| AY =0}

~ovrk, (YYT) + 5 (vyT)

1
2
1
2
1 1 .
20’vm}CA (YY ) + 50’5L (YY )
1

1

=§’Y(V0KA)°m$ (YYT) :

Here the first equality uses Theorem 5.4, the second equality follows from the fact
that rgeY = rge YYT, the third can be seen from [16, Example 7.4], the fourth uses
(2.5), and the final equivalence follows from [15, Theorem 14.5] and Lemma 5.6.

b) If V° + K9, is closed, then Lemma 5.6 also tells us that (VNK4)° = V°+ K. Since
K9 C S, see Lemma 2.1 b), we have

V+KH)NS=(V°NnS)+K4
which, using a), gives the first equivalence in (5.8). d

Our final goal is to show that p, under the standing assumption in this section, is a
squared gauge. To this end, the next result is key.

LEMMA 5.8. Let 0 € C' C & be closed and conver and define q : £ — RU {+o0}
through q(z) := 37&(x). Then q* = $72..

Proof. Apply [16, Proposition 11.21] with 6 = 1(-)2. 0
We are now in a position to prove the last result of this section announced earlier.
Here we denote by B the (closed) unit ball in the Frobenius norm.

COROLLARY 5.9 (The gauge case II). Let p be as in Theorem 5./ with 0 € V and
B =10. For P € R™™™ the orthogonal projector on ker A, define the (closed, conver)
sets

Vi = {Ler | LT e PVNKAPY, Fi={LZ|LeV}? ZeBr},

and the subspace U := Ker,, A.> Then

1 1
b= §7J2f+w and p* = 5%2fomu-

5Hence U+ = Rge,, AT.
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In particular, for A =0 and F := {LZ | LLT cvynsSt, Z e BF} we obtain
_1 2 d * 2
p=37F and p" =7z
Proof. For all Y € R"*™ by Theorem 5.4 and the definition of U, we have

1 1
p*(Y) = o, YY) +6u(Y) == sup (PVPYYT)+5,(Y).
2 2 vevnKa

In turn, by the definitions of Vil/ ? and the Frobenius norm, the latter equals

1 1
= sup (LLT, YYT)+6(Y) = 5 Sup 1LY )% + 6u(Y).
Levy/? Levly/?

On the other hand, by the monotonicity and continuity of ¢+ € R, ~ 2 as well as the
self-duality of the Frobenius norm, we find that the latter can be written as

2 2
1 1
3 | s LY e +0u(Y) = sup (LY, Z)| +ou(Y).
Levy/* (Z,L)eBrxVy?

This, however, using the definition of F and the convention (+00)? = 400, we can
rewrite as

SOV 0u(Y) = 5 [or(¥) + (V)

All in all, using the latter, [16, Example 11.4], (2.5), and [16, Example 11.19] and the
polar cone calculus from, e.g., [3, p. 70], we conclude that
1 1, 1

P(V) =5 o7 (V) + (V)= 3 [or (V) + oy (V)] = 50 s (V)= 57k (Y).
]

This proves the representation for p*; the one for p then follows from Lemma 5.8.

5.2. Variational Gram Functions. Given a closed, convex set V C S" we
define

(5.9) Qy :R™™ R, Qp(Y) = %O’Vmgi (YyT).
These kinds of functions are called wvariational Gram function (VGF) and have re-
ceived some attention lately in the machine learning community due to their orthog-
onality promoting properties when used as penalty functions, cf. [14].

Note that our definition explicitly intersects V with the positive semidefinite cone
S while in the analysis in [14] a standing assumption is that Qy = Qynrgn. These
(equivalent) conventions guarantee that 2y, is convex. We also scale by % to have
more elegant formulas.

Our first result follows readily from our above analysis and refines [14, Proposition
4] about the conjugate of a VGF.

PROPOSITION 5.10 (Conjugate of VGFs and VGF's as Squared Gauges). Let {2y
be given by (5.9). Under either of the following assumptions
i) VNSt #0,
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i) VST # 0 bounded (or equivalently ST 4+ barV = S™),
we have
. . 1 . T
(X) = inf o0 (X, V) + (V) = 5 Veglmeiz tr (XTVIX) (X e R™™).
rge XCrgeV
Under i), S, is finite-valued, and under ii), Qy is finite-valued. In addition, if 0 € V
we also have

1 . 1
Qy = ify%o and ), = 5*@-

with F = {LZ | LLY € VNS%, Z € Br }.

Proof. Using Theorem 5.4, Corollary 5.3 and the function p occuring there, we
have €3, = p** = p. The rest is clear from the definition of p and the matrix-fractional
function as well as the respective results from Section 5, in particular Corollary 5.9
for the last statement. 0
Next we are interested in the subdifferential of a VGF in the sense of (5.9). Although,
by our definition, a VGF is always convex, we take the convez-composite perspective,
see e.g. [7], since essentially a VGF is simply the composition of a closed, proper,
convex function ovns? and a nonlinear map H : Y — YY7T. It turns out, that the

basic constraint qualification for Qy = %avﬂgi o H, which reads
(5.10) Ndom Tvnen (YY?)n (Ker,YT) = {0} (Y € domQy),

and which is essential for full subdifferential calculus of convex-composites, is inti-
mately linked with condition ii) in Corollary 5.3.

LeEMMA 5.11 (BCQ for VGF). Let Qy be given by (5.9) and assume that St NV #

(). Then the following are equivalent:
i) There exists Y € dom y such that (5.10) holds;

ii) V> NSY = {0} (or equivalently YV NS’ is bounded);

iii) (5.10) holds at every Y € dom Qy,.

Proof. 'i)=ii)": Assume ii) were violated, i.e. there exists 0 # W € (VNS})* =
Y NS. Moreover, by assumption there exists V' € St N'V. By the properties of the
horizon cone of closed, convex sets, see (2.2), we have

(5.11) Vii=V+tWeVvnsy (t>0).

Now, take any Y € dom Qy,. Then, for all ¢ > 0, we have

400 > Qy (Y)

= sup <V, YYT>
vestny

(Vi YY7)
>t (W, YYT).

Y]

Since W = 0, we have (YYT, W) = tr (YZWY) > 0. In view of the above chain of
inequalities this implies <VV, YYT> =0and as W, YYT > 0 this gives WYYT = 0.
Since rgeY = rge YYT this implies WY = 0 or, equivalently, Y7W = 0. Therefore,
we have 0 # W € (VN ST)® N (Ker,YT). Now, observe that Naom oy rer (2) =
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(VNSY)* for any Z € domoyngy , see e.g. [16]. This shows that (5.10) is violated at
Y. Since Y € dom Qy was chosen arbitrarily, this establishes the desired implication.

'il)=iii)": If VNS is bounded, then dom ovnst = S™, and hence Ngom ovesy (YYT) =

S™ for every Y € dom €2y, which gives the desired implication.

'iii)=1)’: Obvious. d

We now derive the formula for the subdifferential of the VGF from (5.9).
PROPOSITION 5.12. Let Qy, be given by (5.9). Then

W) D {VY |Vevnsy: (V,YYT)=0u(Y)} (Y €domQy).
If ST NV is nonempty and bounded, equality holds and dom Qy, = R"*™.

Proof. Combine Lemma 5.11 with [16, Theorem 10.6], [16, Corollary 8.25] and
the fact that for H: Y — YY7T we have VH(Y)*V = 2VY for all (Y,V) € E. 0

We next consider an example.

EXAMPLE 5.13 (Failure of subdifferential calculus for VGF). LetV := pos{l} C
S*, put m:=1 and let H : Y — YYT. Then clearly condition i) in Proposition 5.10
holds, but condition ii) and hence the BCQ (5.10) fails. We have

(5.12) ovnsn (W) = 51;[()) atr (W) = dryesn | (v)<oy (W) (W e 8").

Hence, we obtain domQy = {0} and VH(0)*9ovng (0) = {0}. On the other hand,
we have Qy = %O’Vmgi o H = d0y9y. Therefore, we have

O (0) = Nyoy(0) = R™™ 2 {0} = VH(0)*9ovnsy (0).

Example 5.13 establishes various things: First, it shows that condition i) in Propo-
sition 5.10 does not yield equality in the subdifferential formula for VGFs. It also
illustrates that equality in the subdifferential formula may fail tremendously in the
absence of BCQ, even for a convex-composite which is, in fact, convex.

Much effort is made in [14] to compute the conjugate of a (convex) VGF, cf. [14,
Proposition 7] and its proof. A slightly refined version of the latter result follows
readily from our analysis.

PROPOSITION 5.14 (Subdifferential of 23,). Let €2y be given by (5.9) and assume
that that 0 € ri (C 4+ bar V). Under either of the following assumptions
i) VNSi, #0,
i) VOSTE #0 and V> NS, = {0} (or equivalently V NS" # O bounded),
for any X € R™™ where X is finite we have

IV eVnSt rgeX CrgeV,
0NH(X)=XY _ 1 o o _
v 2 (X) = St (XTVIX) =(X,Y) —Q(Y)
with dom 0€)}, = dom €23;.

Proof. Using Corollary 5.3 and the function p occuring there, we have 3, =
and Qy = p* under either i) or ii). The subdifferential formula follows then from
Proposition 3.16 (see in particular the third identity in c)).

The fact that dom 0€)}, = dom €2}, is due to the fact that the latter is a subspace,
hence relatively open, cf. Lemma 3.1 ¢). O
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5.3. VGFs and squared Ky Fan norms. For p > 1, 1 < k < min{m,n}, the
Ky Fan (p,k)-norm [12, Ex. 3.4.3] of a matrix X € R™*™ is defined as

k 1/p
— p
Pk = (Z Oi) )
i=1

where o; are the singular values of X sorted in nonincreasing order. In particular,
the (p, min{m,n})-norm is the Schatten-p norm and the (1, k)-norm is the standard
Ky Fan k-norm, see [12]. For 1 < p < oo, denote the closed unit ball for || - ||, by
Bk :={X || X|lpx <1}. For 1 <p < oo, define s := p/2. Then, for 2 < p < oo, we
have

X1

1 1 k 1/s
2 _ 2\s
SIXIZ, =2 [Z@) ]

i=1
1 T 1 T 1 T
= §||XX s,k = igBSk<XX ) = §UB§,kﬁsi (XX )
1
= §QB:k (X)’

where the first equality follows from the definition of s, the second from the definition
of the singular values, the third from properties of gauges and their polars, the fourth
from the equivalence <V, XXT> = Z;":l ijij with the z;’s the columns of X, and
the final from (5.9). For the Schatten norms, where k& = min{n, m} we have Bf ; =
B;. i, where § satisfies % + % = 1, see [11]. For other values of k, the representation of
B can be significantly more complicated, e.g. see [8].

6. Final remarks. In this paper we studied partial infimal projections of the
generalized matrix-fractional function with a closed, proper, convex function h : S™ —
R. Sufficient conditions for closedness and properness as well as representations of
both the conjugate and the subdifferential of the infimal projections are given, along
with the essential constraint qualifications. Particular emphasis was given in the in-
stances where the function h is a support or an indicator function of a closed, convex
set in S™. As a special case of support functions, infimal projections with suitable lin-
ear functionals yielded smoothing variational representations for the family of scaled
nuclear norms. In the indicator case, it was shown that, under appropriate assump-
tions, the infimal projection is positively homogeneous of degree two, in fact, a squared
gauge. Moreover, in a special case, it was proven that the conjugate of the infimal
projection coincides with a variational Gram function (VGF) of the underlying set.
Thus we were able to easily establish a variational calculus for VGF's as a consequence
of our more general analysis. In addition, we made a connection with Ky Fan norms.

7. Appendix. In what follows we use the direct sum of functions f; € £ which
is defined by

O fi €™ = RU{+00}, @, filzr, . @m) =Y filz:).

THEOREM 7.1 (Extended sum rule). Let f; € To(€E) (i = 1,...,m) and set
f:=>"1 fi. Then the following hold:
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a) (Attouch-Brézis) It holds that f* = cl(fy O fo O---0O f}). Under the quali-
fication condition

(7.1) () ri(dom f;) # 0
i=1
we have f* = f{ O f30---0O fr which is closed, proper and conver and
0 # T(z) := argmin {Z i) | z= Zzz} (z € dom f*).
i=1 i=1

¢) Under (7.1) we have f = >_1", 8f;, domdf = (-, domdf;, and

x)z{izi’zieafi(x),izl,...,m} (Z € dom 9f)
={z|(z ™ eT(z) and 2' €9fi(x)i=1,...m}.
d) Under (7.1), f*=ff0Of;0---0f:, domdf* ={z|0#T(2)} #0, and

z) = {ﬂ ofi (2

Proof. a) See [15, Theorem 16.4]).
b) Let L : E™ — & be defined by L(z',...,2™) = 31" z°. Then its adjoint L* :
E — &m is given by L*(x) = (z,...,z) (x € £). Let z € Y_*, 8f;(Z), and take any
2zt € df;(z) (i=1,...,m) such that z = Y_"", 2*. By Proposition [15, Theorem 23.5],
z € 0fF(2") (i =1,...,m). Hence, by [15, Theorem 23.8, 23.9] and [2, Proposition
16.8] we obtain

0€rgel” +0ff(2") x -+ x 0f5(2™) C 060y (L(-) — 2) + B2y f7) (2, ..., 2™).
Hence, (z!,...,2™) € T(z). This establishes that

m

zZ= Zzz} (z € domof™).

i=1

m
0+ {(zl,...,zm) Zzz:zi, 2 e ofi(z), i = 1,...,m} C T(2).
i=1
To see the reverse inclusion, let (z1,...,2™) € T(2). By assumption and again [15,

Theorem 23.8], we have zZ € Zz 1 8f1( ) C 0f(z). By Proposition [15, Theorem 23.5]
and the fact that f*(z) = Y.~ f(z"), we have

Do E) = (5 @) = 1) + f@) = Y_(f () + f(@),
so that .
0= () + fi(@) — (1, &)
=1
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By the Fenchel-Young inequality, f;(2") + f;(z) — (z*, &) > 0 (i = 1,. ) hence
equality must hold for each i = 1,...,m, or equivalently 2* € df;(%) ( .o,m).
This establishes the reverse inclusion.

¢) The first two consequences follow from [15, Theorem 23.8]. For the third, the
first equivalence simply follows from the fact that 9f =Y.~ 8f;. To see the second
equivalence, let z € df(z). Then, by part b), 7(2) # ), and, for every (2!,...,2™) €
T (%), we have 2% € 8fi(9ﬁ), i=1,...,m. Hence,

c{z|(z ™ eT(z), 2 €dfi(z), i=1,...,m}.

The reverse inclusion follows from the first equivalence.

d) By part a), f* = f;f O fyO---0 f is closed, proper, convex, and T (z) # 0 for all
z € dom f*.

Let us first suppose that z € dom df* C dom f*, then 7 (z) # (). Let T € 8f*(Z).
By [15, Theorem 23.5], z € df(Z). By part c), this is equivalent to the existence of
2t € ofi(x) such that z =Y " 2% which, by [10 Theorem 23.5], is equivalent to
ze{Ni, 0f;(z") | z=>1" 1z} Hence@f c{Ni~ 1 0f7 (= 2%) St

On the other hand, let z € {("; 87 (2%) | z=>_i"; z* }. Then, by [15, Theorem
23.5] we have z € af(i‘) But then, again by [157 Theorem 23.5], Z € f*(7). Finally,
suppose that (21,...,2™) € T(z) # (). Then, as in part a), 0 € rge L* +9f (2) x -+ x
df% (z™), or equivalently, there is an Z such that € ([, 87 (2") with z = >"1" | 2%,
ie., T € 0f*(z). This completes the proof. d

An interesting consequence of Proposition 7.1 a) is the following result.
COROLLARY 7.2 (Partial conjugates). Let f € T'(&; x &) and T € & such that
g := f(z,-) is proper. Then g* is the closure of the function

w inf (z,w) — (T, 2)}.
z:(z,w)edomf*{f ( ) < >}

If £ € ri L(dom f), where L : (xz,v) — x, then the closure can be dropped.
Proof. We use Proposition 7.1 a) throughout: Observe that

P

g (w) = sup{{v, w) — f(z,w)}

= (Sup){<(w,v)7 (0,w)) = (f + dgzyxe,) (@, 0)}

= (f + 0{zyxe,) (0, w)
=cl(f* O0o(zyxe,)(0,w).

Now notice that oyzyxe, = (Z, -) ® df0}. Hence
(" Dotape)(0,) = nd () + (3,0 2) 4 57 (0 — )
= inf {f*(Z,’LU) - <':Ea Z>}

z:(z,w)€dom f*

This proves the first statement. Note that the closure can be dropped if ri(dom f)
and ri (dom d¢z)xg,) = {7} X & intersect, which is equivalent to the condition stated.
This concludes the proof.
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