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Abstract. We show that many important convex matrix functions can be represented as the4
partial infimal projection of the generalized matrix fractional (GMF) and a relatively simple convex5
function. This representation provides conditions under which such functions are closed and proper6
as well as formulas for the ready computation of both their conjugates and subdifferentials. Special7
attention is given to support and indicator functions. Particular instances yield all weighted Ky Fan8
norms and squared gauges on Rn×m, and as an example we show that all variational Gram functions9
are representable as squares of gauges. Other instances yield weighted sums of the Frobenius and10
nuclear norms. The scope of applications is large and the range of variational properties and insight11
is fascinating and fundamental. An important byproduct of these representations is that they lay12
the foundation for a smoothing approach to many matrix functions on the interior of the domain of13
the GMF function, which opens the door to a range of unexplored optimization methods.14
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1. Introduction. The generalized matrix-fractional (GMF) function was intro-18

duced in [5] where it is shown to unify a number of tools and concepts for matrix19

optimization including optimal value functions in quadratic programming, nuclear20

norm optimization, multi-task learning, and, of course, the matrix fractional func-21

tion. In the present paper we greatly expand the number of applications to include22

all Ky Fan norms, matrix gauge functionals, and variational Gram functions [14]. Our23

analysis includes descriptions of the variational properties of these functions such as24

formulas for their convex conjugates and their subdifferentials.25

In what follows, we set E := Rn×m×Sn where Rn×m and Sn are the linear spaces26

of real n × m matrices and (real) symmetric n × n matrices, respectively. Given27

(A,B) ∈ Rp×n×Rp×m with rgeB ⊂ rgeA, recall that the GMF function ϕ is defined28

as the support function of the graph of the matrix valued mapping Y 7→ − 1
2Y Y

T over29

the manifold {Y ∈ Rn×m | AY = B }, i.e., ϕ : E→ R := R ∪ {+∞} is30

(1.1) ϕ(X,V ) := sup {〈(Y,W ), (X,V )〉 | (Y,W ) ∈ D(A,B)} ,31

where32

(1.2) D(A,B) :=

{(
Y,−1

2
Y Y T

)
∈ E

∣∣ Y ∈ Rn×m : AY = B

}
.33

A closed form expression for ϕ is derived in [5] where it is also shown that ϕ is smooth34

on the (nonempty) interior of its domain.35

Our study focuses on functions p : Rn×m → R representable as the partial infimal36

projection of the form37

(1.3) p(X) := inf
V ∈Sn

ϕ(X,V ) + h(V ),38
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2 J. V. BURKE, Y. GAO, AND T. HOHEISEL

where h : Sn → R is convex. Different functions h illuminate different variational39

properties of the matrix X. For example, when h := 〈U, ·〉 for U ∈ Sn++, and when40

both A and B are zero, then p is a weighted nuclear norm where the weights depend41

on any “square-root” of U (see Corollary 4.7). Among the consequences of the repre-42

sentation (1.3) are conditions under which p is closed and proper as well as formulas43

for the ready computation of both p∗ and ∂p (Section 3). As an application of our44

general results, we give more detailed explorations in the cases where h is a support45

function (Section 4) or an indicator function (Section 5). We illustrate these results46

with specific instances. For example, we obtain all weighted squared gauges on Rn×m,47

cf. Corollary 5.9, as well as a complete characterization of variational Gram functions48

[14] and their conjugates. In addition, we show that all variational Gram funtions are49

representable as squares of gauges, cf. Proposition 5.10. Other choices yield weighted50

sums of Frobenius and nuclear norms, see [5, Corollary 5.9]. The scope of applications51

is large and the range of variational properties is fascinating and fundamental.52

Beyond the variational results of this paper, there is a compelling but unexplored53

computational aspect of this representation. Hsieh and Olsen [13] show that (1.3)54

with h = 1
2 tr (·) yields a smoothing approach to optimization problems involving the55

nuclear norm. More generally, observe that many matrix optimization problems often56

take the form57

(P ) min
X∈Rn×m

f(X) + p(X),58

where f, p : Rn×m → R := R ∪ {+∞}. The function f is thought of as the primary59

objective and is often smooth or convex while p is typically a structure inducing60

convex function. Using the representation (1.3), the problem (P ) can be written as61

min
(X,V )∈E

f(X) + ϕ(X,V ) + h(V ).62

This reformulation allows one to exploit the smoothness of ϕ on the interior of its63

domain. For example, if both f and h are smooth, one can employ a damped Newton,64

or path following approach to solving (P ). We emphasize, that this is not the goal or65

intent of this paper, however, our results provide the basis for future investigations66

along a variety of such numerical and theoretical avenues.67

The paper is organized as follows: In Section 2 we provide the tools from convex
analysis and some basic properties of the GMF function. Section 3 contains the gen-
eral theory for partial infimal projections of the form (1.3). In Section 4 we specify
h in (1.3) to be a support function of some closed, convex set V ⊂ Sn. In Section 5
we choose h to be the indicator of such set. In particular, this yields powerful results
on variational Gram functions and Ky Fan norms, see Section 5.2-5.3. We close out
with some final remarks in Section 6 and supplementary material in Section 7.

Notation: For a linear transformation L, we write rgeL and kerL for its range and
kernel, respectively. For A ∈ Rp×n, we abuse notation somewhat and write rgeA
and kerA for its range and kernel, respectively, when A is considered as a linear
transformation between Rn and Rp. Again, for A ∈ Rp×n, we set

KerrA :=
{
X ∈ Rn×r | AX = 0

}
=
{
X ∈ Rn×r | rgeX ⊂ kerA

}
,

RgerA :=
{
Y ∈ Rp×r

∣∣ ∃X ∈ Rn×r : Y = AX
}

=
{
Y ∈ Rp×r | rgeY ⊂ rgeA

}
and write KerA or RgeA when the choice of r is clear from the context. Observe68

that Ker1A = kerA, Rge1A = rgeA, and (KerrA)⊥ = RgerA
T , where we equip any69
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THE GENERALIZED MATRIX-FRACTIONAL FUNCTION 3

matrix space with the (Frobenius) inner product 〈X, Y 〉 := tr (XTY ). The Moore-70

Penrose pseudoinverse of A, see e.g. [11], is denoted by A†. The set of all symmetric71

matrices of dimension n is given by Sn. The positive and negative semidefinite cone72

are denoted by Sn+ and Sn−, respectively.73

For two sets S, T in the same real linear space their Minkowski sum is S + T :=74

{s+ t | s ∈ S, t ∈ T } . For I ⊂ R we also put I · S := {λs | λ ∈ I, s ∈ S } .75

2. Preliminaries.76

Tools from convex analysis. Let (E , 〈·, ·〉) be a finite-dimensional Euclidean77

space with induced norm ‖ · ‖ :=
√
〈·, ·〉. E.g. on matrix spaces we use the Frobenius78

norm induced by the trace operator. The closed ε-ball about a point x ∈ E is denoted79

by Bε(x).80

Let S ⊂ E be nonempty. The (topological) closure and interior of S are denoted81

by clS and intS, respectively. The (linear) span of S will be denoted by spanS. The82

convex hull of S is the set of all convex combinations of elements of S and is denoted83

by convS. Its closure (the closed convex hull) is convS := cl (convS). The conical84

hull (also positive hull) of S is the set85

posS := R+ · S = {λx | x ∈ S, λ ≥ 0} .86

The convex conical hull of S is87

cone S :=

{
r∑
i=1

λixi | r ∈ N, xi ∈ S, λi ≥ 0

}
.88

It is easily seen that cone S = pos (convS) = conv (posS). The closure of the latter89

is cone S := cl (cone S). The affine hull of S is denoted by aff S.90

The relative interior of a convex set C ⊂ E is given by91

riC = {x ∈ C | ∃ε > 0 : Bε(x) ∩ aff C ⊂ C } .92

The points x ∈ riC are characterized through (see, e.g., [2, Section 6.2])93

(2.1) pos (C − x) = span (C − x).94

The polar set of S is defined by95

S◦ := {v ∈ E | 〈v, x〉 ≤ 1 (x ∈ S)} .96

Moreover, we define the bipolar set of S by S◦◦ := (S◦)◦, so that S◦◦ = conv (S∪{0}).97

If K ⊂ E is a cone (i.e. posK ⊂ K) we have98

K◦ = {v ∈ E | 〈v, x〉 ≤ 0 (x ∈ K)} =: K−.99

If U ⊂ E is a subspace, U◦ is the orthogonal subspace U⊥.100

The horizon cone of S ⊂ E is the the closed cone given by101

S∞ := {v ∈ E | ∃{λk} ↓ 0, {xk ∈ S} : λkxk → v } .102

For a cone K ⊂ E we have K∞ = clK. Moreover, for a convex set C ⊂ E , C∞103

coincides with the recession cone of the closure of C, i.e.104

(2.2) C∞ = {v | x+ tv ∈ clC (t ≥ 0, x ∈ C)} = {y | C + y ⊂ C } .105
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4 J. V. BURKE, Y. GAO, AND T. HOHEISEL

For f : E → R its domain and epigraph are given by106

dom f := {x ∈ E | f(x) < +∞} and epi f := {(x, α) ∈ E × R | f(x) ≤ α} ,107

respectively. We call f convex if its epigraph epi f is a convex set, and we call it108

closed (or lower semicontinuous) if epi f is closed. If f is proper, we call it positively109

homogeneous if epi f is a cone, and sublinear if epi f is a convex cone. In what follows110

we use the following abbreviations:111

Γ(E) :={f : E → R ∪ {+∞} |f proper, convex} and Γ0(E) :={f ∈ Γ(E) | f closed} .112

The lower semicontinuous hull cl f and the horizon function f∞ of f are defined113

through the relations114

cl (epi f) = epi cl f and epi f∞ = (epi f)∞,115

respectively. For f ∈ Γ0(E) the horizon function f∞ coincides with the recession116

function, see e.g. [15, p. 66], and all of the respective results apply. Note that also117

the moniker asymptotic function is used for the horizon function, see e.g. [1, 10].118

The horizon cone of a function f is defined as119

hzn f := {x | f∞(x) ≤ 0} .120

By [15, Theorem 8.7], for f ∈ Γ0, we have121

hzn f = {W | f(x) ≤ µ}∞ (µ ∈ R : {W | h∗(W ) ≤ µ} 6= ∅).122

For a convex function f : E → R ∪ {+∞} its subdifferential at a point x̄ ∈ dom f is123

given by124

∂f(x̄) := {v ∈ E | f(x) ≥ f(x̄) + 〈v, x− x̄〉} .125

Recall that, for a convex function f , we always have126

ri (dom f) ⊂ dom ∂f ⊂ dom f,127

see e.g. [15, p. 227], where dom ∂f := {x ∈ E | ∂f(x) 6= ∅} is the domain of the128

subdifferential.129

For some function f : E → R its (Fenchel) conjugate f∗ : E → R is given by130

f∗(y) := sup
x∈E
{〈x, y〉 − f(x)}.131

Note that f ∈ Γ0(E) if and only if f = f∗∗ := (f∗). The definition of the conjugate132

function yields the Fenchel-Young inequality133

(2.3) f(x) + f∗(y) ≥ 〈x, y〉 (x, y ∈ E).134

Given a nonempty set S ⊂ E , its indicator function δS : E → R ∪ {+∞} is given by135

δS (x) :=

{
0 if x ∈ S,

+∞ if x /∈ S.136

The indicator of S is convex if and only if S is a convex set, in which case the normal137

cone of S at x̄ ∈ S is given by138

NS (x̄) := ∂δS(x̄) = {v ∈ E | 〈v, x− x̄〉 ≤ 0 (x ∈ S)} .139
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THE GENERALIZED MATRIX-FRACTIONAL FUNCTION 5

The support function σS : E → R∪{+∞} and the gauge function γS : E → R∪{+∞}140

of a nonempty set S ⊂ E are given respectively by141

σS (x) := sup
v∈S
〈v, x〉 and γS (x) := inf {t ≥ 0 | x ∈ tS } .142

Here we use the standard convention that inf ∅ = +∞. It is easy to see that143

(2.4) σS = σconv S and γconv S = γconv S .144

Moreover, given two (nonempty) sets S, T ⊂ E and x ∈ E , it is easily seen that145

(2.5) σS + σT = σS+T .146

Suppose C ⊂ E is closed and convex. Then its barrier cone is defined by barC :=147

domσC . The closure of the barrier cone of C and the horizon cone are paired in148

polarity, i.e.149

(2.6) (barC)◦ = C∞ and cl (barC) = (C∞)◦.150

For two functions f1, f2 : E → R, their infimal convolution f1 � f2 is defined by151

(f1 � f2)(x) := inf
y∈E
{f1(x− y) + f2(y)} (x ∈ E).152

The generalized matrix-fractional function. As noted in the introduction,153

the GMF function is the support function of D(A,B) given in (1.2). Hence, we write154

(2.7) σD(A,B)(X,V ) = ϕ(X,V )155

and also refer to σD(A,B) as the GMF function. From [5, 6], we obtain the formula156

(2.8) ϕ(X,V ) =

{
1
2 tr
((
X
B

)T
M(V )†

(
X
B

))
if rge

(
X
B

)
⊂ rgeM(V ), V ∈ KA,

+∞ else,
157

where (A,B) ∈ Rp×n×Rp×m with rgeB ⊂ rgeA and KA is the cone of all symmetric158

matrices that are positive semidefinite with respect to the subspace kerA, i.e.159

(2.9) KA :=
{
V ∈ Sn

∣∣ uTV u ≥ 0 (u ∈ kerA)
}
,160

and M(V )† is the Moore-Penrose pseudoinverse of the bordered matrix161

(2.10) M(V ) =

(
V AT

A 0

)
.162

The matrix-fractional function [4, 9] is obtained by setting the matrices A and B to163

zero.164

A detailed analysis of the GMF function appears in the papers [5, 6]. In particular,165

it is shown that166

(2.11)

domσD(A,B) = dom ∂σD(A,B)

=

{
(X,V ) ∈ Rn×m × Sn

∣∣∣∣ rge

(
X

B

)
⊂ rgeM(V ), V ∈ KA

}
.

167
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For the study of the convex-analytical properties of the support function σD(A,B)168

the computation of the closed convex hull of the (nonconvex) set D(A,B) has been169

critical. A representation of convD(A,B) relying mainly on Carathéodory’s theorem170

was obtained in [5, Proposition 4.3]. A refined and more versatile expression was171

proven in [6], see below. The key object for this expression is the (closed, convex)172

cone KA defined in (2.9), which reduces to Sn+ for A = 0.173

We briefly summarize the geometric and topological properties of KA useful to174

our study, and which follow from [6, Proposition 1] (by setting S = kerA).175

Proposition 2.1. For A ∈ Rp×n let P ∈ Rn×n be the orthogonal projection onto176

kerA and let KA be given by (2.9). Then the following hold:177

a) KA = {V ∈ Sn | PV P � 0}.178

b) K◦A = cone
{
−vvT | v ∈ kerA

}
= {W ∈ Sn |W = PWP � 0} .179

c) intKA =
{
V ∈ Sn

∣∣ uTV u > 0 (u ∈ A \ {0})
}
.180

The central result from [6] is the following characterization of convD(A,B).181

Theorem 2.2 ([6, Theorem 2]). Let D(A,B) be given by (1.2). Then182

convD(A,B) = Ω(A,B) :=

{
(Y,W ) ∈ E

∣∣∣∣ AY = B and
1

2
Y Y T +W ∈ K◦A

}
.183

In particular, Theorem 2.2 in combination with (2.4) implies that σD(A,B) = σΩ(A,B),184

an identity which we will employ throughout.185

3. Infimal projections of the generalized matrix-fractional function. We186

will now focus on infimal projections involving the GMF function. For these purposes187

consider the function ψ : E→ R, given by188

(3.1) ψ(X,V ) := σΩ(A,B) (X,V ) + h(V ),189

where h ∈ Γ(Sn) and Ω(A,B) is given by Theorem 2.2. Our primary objective is190

the infimal projection of the sum ψ from (3.1) in the variable V , i.e. we analyze the191

marginal function p : Rn×m → R defined by192

(3.2) p(X) := inf
V ∈Sn

ψ(X,V ).193

We lead with an elementary observation.194

Lemma 3.1 (Domain of p). Let p defined by (3.2). Then the following hold:195

a) p is convex.196

b) dom p = {X ∈ Rn×m | ∃V ∈ KA ∩ domh : rge (XB ) ⊂ rgeM(V )} . In partic-197

ular, p is proper if and only if domh ∩ KA is nonempty.198

Moreover, if dom p 6= ∅ then the following hold:199

c) If B = 0 (e.g. if A = 0) then dom p is a subspace, hence relatively open.200

d) If rankA = p (full row rank) then dom p = Rn×m, hence open.201

Proof. a) The convexity follows from, e.g., [16, Proposition 2.22].202

b) The formula for dom p follows from the definition of p and the representation of203

domσΩ(A,B) in (2.11) which also gives the properness exactly when domh∩KA 6= ∅.204

c) If B = 0, note that, X ∈ dom p if and only if span {X} ⊂ dom p. Since dom p is205

also convex, it is a subspace, see, e.g., [16, Proposition 3.8].206

d) The bordered matrix M(V ) from (2.10) is invertible if (and only if) rankA = p.207

In this case the condition rge (XB ) ⊂ rgeM(V ) is trivially satisfied for any X ∈ Rn×m208

and B ∈ Rp×m. Therefore the statement follows from b).209

This manuscript is for review purposes only.



THE GENERALIZED MATRIX-FRACTIONAL FUNCTION 7

The following example shows that the domain of p may not be relatively open (hence210

not a subspace) if B 6= 0, which proves that this assumption in Lemma 3.1 c) is not211

redundant.212

Example 3.2 (dom p). Let A = ( 1 1
1 1 ) and b = ( 1

1 ). Then213

kerA = span {
(

1
−1

)
} and KA = {( v w

w u ) | v + u ≥ 2w} .214

Moreover, put V̄ := ( 2 1
1 0 ) and define215

V := [0, 1] · V̄ = {( 2w w
w 0 ) | w ∈ [0, 1]} ⊂ S2.216

Then V is clearly convex and compact. Now let h ∈ Γ0(S2) be any function with217

domh = V (e.g. h := δV). Note that218

domh ∩ KA = V.219

We hence infer that220

x ∈ dom p⇐⇒ ∃w ∈ [0, 1] : ( xb ) ∈ rge
(
wV̄ AT

A 0

)
221

⇐⇒ ∃w ∈ [0, 1], r, s ∈ R2 :
x = wV̄ r +AT s,
b = Ar

222

⇐⇒ ∃w ∈ [0, 1], λ, µ ∈ R : x = w ( 2 1
1 0 )

[
( 0

1 ) + λ
(

1
−1

)]
+ µ ( 1

1 )223

⇐⇒ ∃w ∈ [0, 1], γ ∈ R : x = w ( 1
0 ) + γ ( 1

1 ) .224

Therefore, we find that225

dom p = [0, 1] · ( 1
0 ) + span {( 1

1 )},226

and hence227

ri (dom p) = (0, 1) · ( 1
0 ) + span {( 1

1 )},228

so that dom p is clearly not relatively open.229

As mentioned above, the former example shows that dom p may fail to be a subspace230

if B 6= 0. Lemma 3.1 d) and Example 3.17 a), on the other hand, illustrate that dom p231

might still be a subspace even if B 6= 0, hence the condition B = 0 is only sufficient232

for dom p to be a subspace (if nonempty).233

3.1. ψ, ψ∗, and their subdifferentials. Our study of the infimal projection p234

given in (3.2) requires a thorough understanding of the properties of the functions ψ,235

ψ∗, and their subdifferentials. For this we make extensive use of the condition236

ri (domh) ∩ intKA 6= ∅,237

which we refer to as the conjugate constraint qualification (CCQ).238

Lemma 3.3 (Conjugate of ψ). Let ψ be given as in (3.1) and define239

η : (Y,W ) ∈ E 7→ inf
(Y,T )∈Ω(A,B)

h∗(W − T ).240

Then241

(3.3) dom η =

{
(Y,W )

∣∣∣∣ AY = B,

(
−1

2
Y Y T +K◦A

)
∩ (W − domh∗) 6= ∅

}
242

and the following hold:243
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8 J. V. BURKE, Y. GAO, AND T. HOHEISEL

a) ψ is closed and convex.244

b) If domh ∩ KA 6= ∅ then ψ,ψ∗ ∈ Γ0(E) with ψ∗ = cl η.245

c) Under CCQ , we have ψ∗ = η. Moreover, in this case, the infimum in the246

definition of η is attained on the whole domain, i.e.247

(3.4)
T (Ȳ , W̄ ) :=argmin

(Y,W )

{
h∗(W̄−W )

∣∣ (Y,W ) ∈ Ω(A,B), Y = Ȳ
}

=
{

(Ȳ ,W )
∣∣ (Ȳ ,W ) ∈ Ω(A,B), ψ∗(Ȳ , W̄ ) = h∗(W̄−W )

}
.

248

is nonempty for all (Ȳ , W̄ ) ∈ domψ∗ .249

d) Under CCQ, dom ∂ψ∗ = {(Y,W ) | ∅ 6= T (Y,W )} and, for every (Y,W ) ∈250

dom ∂ψ∗, we have251

∂ψ∗(Y,W )=

(X,V )

∣∣∣∣∣∣∣
∃T ∈ Sn : V ∈ ∂h∗(W − T ) ∩ KA,〈
V,

1

2
Y Y T + T

〉
= 0, rge (X − V Y )⊂(KerA)⊥

 .252

Proof. Note that η(Y,W ) < +∞ if and only if there is a T ∈ Sn such that253

(Y, T ) ∈ Ω(A,B) and W − T ∈ domh∗, or equivalently, AY = B, T ∈ − 1
2Y Y

T +K◦A254

and T ∈W − domh∗, which proves (3.3).255

Define ĥ : E → R by ĥ(X,V ) := h(V ). Then dom ĥ = Rn×m × domh and256

ψ = σΩ(A,B) + ĥ.257

a) The sum of two closed and convex functions is always closed and convex.258

b) The sum of two proper functions is proper if and only if the domains of both259

functions intersect. Here, note that260

dom ĥ ∩ domσD(A,B) 6= ∅ ⇐⇒ domh ∩ KA 6= ∅.261

Therefore, ψ is proper if (and only if) the latter condition holds. Combined with a)262

this shows ψ is closed, proper, and convex, and hence, so is its conjugate ψ∗.263

Moreover, from Theorem 7.1 a) we infer264

ψ∗(Y,W ) = cl
(
δΩ(A,B) � ĥ

∗
)

(Y,W ).265

Since ĥ∗(Y,W ) = δ{0}(Y ) + h∗(W ), we have266

δΩ(A,B) � ĥ
∗(Y,W ) = inf

(Y,T )∈Ω(A,B)
h∗(W − T ),267

which proves ψ∗ = cl η.268

c) We have ri (dom ĥ) = Rn×m × ri (domh). Also, by [5, Theorem 4.1], we have269

int (domσΩ(A,B)) = {(X,V ) | V ∈ intKA }. Hence270

(3.5) ri (dom ĥ) ∩ ri (domσD(A,B)) 6= ∅ ⇐⇒ ri (domh) ∩ intKA 6= ∅.271

Theorem 7.1 a) (applied to σΩ(A,B) and ĥ), CCQ, and (3.5) then imply ψ∗ = η with272

∅ 6= T (Ȳ , W̄ ) := argmin
(Y,W )

{
h∗(W̄ −W )

∣∣ (Y,W ) ∈ Ω(A,B), Y = Ȳ
}
.273
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d) Observe that ∂σ∗D(A,B) = NΩ(A,B) and ∂ĥ∗ = Rn×m × ∂h∗. Then part c) and274

Theorem 7.1 d) (applied to σΩ(A,B) and ĥ) yield275

∂ψ∗(Y,W ) =

{
(X,V )

∣∣∣∣ (X,V ) ∈ ∂σ∗D(A,B)(Y1,W1) ∩ ∂ĥ∗(Y2,W2),

(Y,W ) = (Y1,W1) + (Y2,W2)

}
=
{

(X,V )
∣∣ ∃T ∈ Rn×m : (X,V ) ∈ NΩ(A,B)(Y, T ), V ∈ ∂h∗(W − T )

}
.

276

The claim follows from the representation for NΩ(A,B)(Y, T ) in [6, Proposition 3].277

We now turn our attention to the subdifferential of ψ which will be used for computing278

the subdifferential of its infimal projection p.279

Corollary 3.4 (Subdifferential of ψ). Let ψ be given by (3.1) and T (·, ·) by280

(3.4). Then the following hold:281

a) If (Ȳ , W̄ ) ∈ ∂σΩ(A,B)(X̄, V̄ ) + {0} × ∂h(V̄ ), then T (Ȳ , W̄ ) 6= ∅ and282

(3.6) T (Ȳ , W̄ ) =
{
T̄ ∈ Sn

∣∣ W̄ − T̄ ∈ ∂h(V̄ ), (Ȳ , T̄ ) ∈ ∂σΩ(A,B)(X̄, V̄ )
}
.283

b) Under CCQ we have284

dom ∂ψ =

{
(X,V )

∣∣∣∣ V ∈ dom ∂h ∩ KA, rge

(
X

B

)
⊂ rgeM(V )

}
.285

Moreover, for all (X̄, V̄ ) ∈ dom ∂ψ and all (Ȳ , W̄ ) ∈ ∂ψ(X̄, V̄ ), we have286

T (Ȳ , W̄ ) 6= ∅ and287

(3.7)
∂ψ(X̄, V̄ ) = ∂σΩ(A,B)(X̄, V̄ ) + {0} × ∂h(V̄ )

=
{

(Ȳ , W̄ ) ∈ E
∣∣ T (Ȳ , W̄ ) 6= ∅

}
.

288

Proof. Set f1(X,V ) := σΩ(A,B)(X,V ) and f2(X,V ) := h(V ). Then part a) fol-289

lows from Theorem 7.1 b), and part b) follows from Theorem 7.1 c).290

3.2. Infimal projection I. We are now in position to prove our first main result291

about the infimal projection p defined in (3.2).292

Theorem 3.5 (Conjugate of p and properties under CCQ). Let p be given by293

(3.2). Moreover, let q : Rn×m → R be given by294

q : Y 7→ inf
(Y,−W )∈Ω(A,B)

h∗(W ).295

Then the following hold:296

a) dom q =
{
Y ∈ Rn×m

∣∣ AY = B,
(

1
2Y Y

T −K◦A
)
∩ domh∗ 6= ∅

}
.297

b) p∗ = cl q, hence dom q ⊂ dom p∗.298

c) If CCQ holds for p, then we have:299

I) p∗ = q, i.e.300

(3.8) p∗(Y ) = inf
(Y,−W )∈Ω(A,B)

h∗(W ).301

Moreover, for all Y ∈ dom p∗, the infimum is a minimum, i.e. there302

exists W ∈ domh∗ with (Y,−W ) ∈ Ω(A,B) such that p∗(Y ) = h∗(W ).303

In particular, p∗ is closed, proper, and convex with dom p∗ = dom q.304

II) p ∈ Γ0(Rn×m) is finite-valued (hence locally Lipschitz).305
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Proof. a) Obvious.306

b) The expression for p∗ (without CCQ) follows from [16, Theorem 11.23 c)] and307

Lemma 3.3 b). The domain containment is clear as p∗ = cl q ≤ q.308

c.I) From [16, Theorem 11.23 c)] we have p∗ = ψ∗(·, 0), hence Lemma 3.3 c) gives the309

claimed statements.310

c.II) p is convex by Lemma 3.1 a), and it does not take the value −∞ as p∗ is proper311

by I). To prove the desired statement it therefore suffices to see that dom p = Rn×m.312

To this end, observe, see Lemma 3.1, that313

dom p = L(domσΩ(A,B) ∩ Rn×m × domh),314

where L : (X,V ) 7→ X. By CCQ we have ri (domh) ∩ intKA 6= ∅, hence315

ri (domσΩ(A,B) ∩ Rn×m × domh) = int (domσΩ(A,B)) ∩ Rn×m × ri (domh)316

= Rn×m × intKA ∩ Rn×m × ri (domh)317

= Rn×m × intKA ∩ ri (domh),318

where we use [5, Theorem 4.1] to represent int (domσΩ(A,B)). This now gives319

ri (dom p) = L
[
ri (domσΩ(A,B) ∩ Rn×m × domh)

]
= Rn×m.320

We now take a broader perspective on infimal projection by embedding it into a321

pertubation duality framework in the sense of [16, Theorem 11.39] or [1, Chapter 5].322

Given X̄ ∈ Rn×m, we define ψX̄ by323

ψX̄(X,V ) := ψ(X + X̄, V ) ((X,V ) ∈ E).324

Moreover define pX̄ by325

(3.9) pX̄(X) := inf
V ∈Sn

ψX̄(X,V ) (X ∈ Rn×m).326

Then327

ψ∗X̄(Y,W ) = ψ∗(Y,W )−
〈
X̄, Y

〉
((Y,W ) ∈ E),328

see [16, Equation 11(3)]. Defining329

(3.10) qX̄(W ) := − sup
Y
{
〈
X̄, Y

〉
− ψ∗(Y,W )} (W ∈ Sn),330

then qX̄ is a proper (see Lemma 3.7 for its domain) and convex function and we have331

a natural duality pairing of pX̄ and qX̄ with weak duality reading332

pX̄(0) ≥ −qX̄(0) (X̄ ∈ Rn×m).333

Applying the general pertubation duality to our scenario yields the following result.334

Proposition 3.6 (Shifted duality for p). Let p be defined by (3.2), let X̄ ∈ dom p335

and qX̄ be defined by (3.10). Then the following hold:336

a) If 0 ∈ ri (dom qX̄) then p(X̄) = −qX̄(0) ∈ R, argmaxψ(X̄, ·) 6= ∅, and337

∂qX̄(0) 6= ∅.338

b) If X̄ ∈ ri (dom p) then p(X̄) = −qX̄(0) ∈ R, argmaxY {
〈
X̄, Y

〉
−ψ∗(Y,W )} 6=339

∅, and ∂p(X̄) 6= ∅.340
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c) Under either condition 0 ∈ ri (dom qX̄) or X̄ ∈ ri (dom p), p is lsc at X̄and341

−qX̄ is lsc at 0.342

d) We have343

p(X̄)
= ψ(X̄, V̄ ),
=
〈
X̄, Ȳ

〉
− ψ∗(Ȳ , 0),

= −qX̄(0)

⇐⇒ (Ȳ , 0)∈∂ψ(X̄, V̄ )⇐⇒ (Ȳ , 0)∈∂ψ∗(X̄, V̄ ).344

Proof. Let X̄ ∈ dom p and observe that345

p(X + X̄) = pX̄(X) (X ∈ Rn×m),346

hence, in particular, p(X̄) = p(0) ∈ R. Applying [1, Theorem 5.1.2–5.1.5, Corollary347

5.1.2] to the duality pair pX̄ and qX̄ and translating from pX̄ at 0 to p at X̄ gives all348

the desired statements.349

The domain of qX̄ is given below. Here, the set350

(3.11) C(A,B) := {W ∈ Sn | ∃Y : (Y,W ) ∈ Ω(A,B)} ,351

which will play a crucial role in what follows, occurs naturally.352

Lemma 3.7 (Domain of qX̄). Let X̄ ∈ Rn×m and qX̄ defined by (3.10). Then353

dom qX̄ = C(A,B) + domh∗.354

Proof. a) Using Lemma 3.3, observe that355

qX̄(W ) = inf
Y

{
ψ∗(Y,W )−

〈
X̄, Y

〉}
356

= inf
Y

{
η(Y,W )−

〈
X̄, Y

〉}
357

= inf
(Y,T )∈Ω(A,B)

{
h∗(W − T )−

〈
X̄, Y

〉}
.358

Therefore, we have359

dom qX̄ = {W | ∃(Y, T ) ∈ Ω(A,B) : W − T ∈ domh∗ } = C(A,B) + domh∗.360

Before we proceed with our analysis, we will discuss various constraint qualifications361

for the optimization problem defining p in the next section.362

3.3. Constraint qualifications. We start our analysis with a result about the363

set C(A,B) from (3.11), which was used in Lemma 3.7 to represent the domain of qX̄ .364

Lemma 3.8 (Properties of C(A,B)). Let C(A,B) be as in (3.11). Then we have:365

a) C(A,B) is closed and convex with C(A,B)∞ = K◦A.366

b) C(A,B) = domσΩ(A,B)(X̄, ·)∗ for all X̄ such that σΩ(A,B)(X̄, ·) is proper.367

c) We have368

ri C(A,B) =

{
W

∣∣∣∣ ∃Y : AY = B,
1

2
Y Y T +W ∈ ri (K◦A)

}
369

= ri (domσΩ(A,B)(X̄, ·)∗)370

for all X̄ such that σΩ(A,B)(X̄, ·) is proper.371
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12 J. V. BURKE, Y. GAO, AND T. HOHEISEL

Proof. a) With the linear map T : (Y,W ) 7→ W we have C(A,B) = T (Ω(A,B)).372

Therefore C(A,B) is convex. By [6, Proposition 10] we have Ω(A,B)∞ = {0} × K◦A.373

Therefore, kerT ∩ Ω(A,B)∞ = {0}. Hence [16, Theorem 3.10] gives the rest of a).374

b) Apply Corollary 7.2 to ḡ := σΩ(A,B)(X̄, ·) to infer that375

ḡ∗(W ) = inf
Y :(Y,W )∈Ω(A,B)

〈
−X̄, Y

〉
(W ∈ Sn).376

This proves the claim.377

c) Observe that ri C(A,B) = riT (Ω(A,B) = T (ri Ω(A,B)) and use [6, Proposition 8]378

to get the first representation. The second one follows from b).379

We now define the constraint qualifications central to our study. Note that CCQ was380

already defined earlier.381

Definition 3.9 (Constraint qualifications). Let p be given by (3.2). We say382

that p satisfies383

i) PCQ if 0 ∈ ri (domh∗ + C(A,B));384

ii) strong PCQ (SPCQ) if 0 ∈ int (domh∗ + C(A,B));385

iii) boundedness PCQ (BPCQ) if domh ∩ KA 6= ∅ and (domh)∞ ∩ KA = {0};386

iv) CCQ if ri (domh) ∩ intKA 6= ∅.387

Note that PCQ stands for primal constraint qualification and CCQ for conjugate388

constraint qualification.389

The next results clarify the relations between the various constraint qualifications.390

We lead with characterizations of PCQ and BPCQ.391

Lemma 3.10 (Characterizations of (B)PCQ). Let p be given by (3.2) and let392

(3.12) fX̄ := ψ(X̄, ·) (X̄ ∈ Rn×m).393

Let X̄ ∈ dom p. Then the following hold:394

a) The following are equivalent:395

i) 0 ∈ ri (dom f∗
X̄

);396

ii) PCQ holds for p;397

iii) ∃Y ∈ Rn×m : AY = B, 1
2Y Y

T ∈ ri (K◦A + domh∗).398

In addition, similar characterizations of SPCQ hold by substituting the rela-399

tive interior for the interior.400

b) BPCQ holds for p if and only if domh ∩ KA is nonempty and bounded.401

Proof. a) Defining gX̄ := σΩ(A,B)(X̄, ·), we find that f∗
X̄

= cl (g∗
X̄
� h∗) and402

therefore ri (dom f∗
X̄

) = ri (dom g∗
X̄

+ domh∗) = ri (C(A,B) + domh∗), see Lemma403

3.8 c). This proves the first two equivalences. The third follows readily from the404

representation of ri (Ω(A,B)) from [6, Proposition 8].405

b) Follows readily from [16, Theorem 3.5, Proposition 3.9].406

We point out that, under PCQ, Lemma 3.10 shows that the objective functions407

ψ(X̄, ·) (X̄ ∈ dom p) occuring in the definition of p in (3.2) are weakly coercive when408

proper, see [1, Theorem 3.2.1]. The latter reference tells us that the infimum in (3.2)409

is attained under PCQ if finite, a fact that will be stated again (and derived alterna-410

tively) in Theorem 3.14. Under SPCQ, the objective functions ψ(X̄, ·) (X̄ ∈ dom p)411

are level-bounded (or coercive), in which case the argminψ(X̄, ·) is nonempty and412

compact (and clearly convex).413

The next result shows the relations between the different notions of PCQ.414
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Lemma 3.11. Let p be given by (3.2). Then the following hold:415

a) BPCQ =⇒ SPCQ =⇒ PCQ.416

b) If int (domh∗) ∩ int (−C(A,B)) 6= ∅ then PCQ and SPCQ are equivalent.417

Proof. a) The first implication can be seen as follows: If BPCQ holds then418

dom fX̄ ⊂ domh ∩ KA is bounded (and nonempty exactly if X̄ ∈ dom p). There-419

fore fX̄ is level-bounded for all X̄ ∈ dom p, i.e. 0 ∈ int (dom f∗
X̄

) (X̄ ∈ dom p), see420

e.g. [16, Theorem 11.8]. In view of Lemma 3.10 a) this implies that SPCQ holds.421

The second implication is trivial.422

b) Obvious from the definitions.423

We now provide characterizations for CCQ.424

Lemma 3.12 (Characterizations of CCQ). Let p be given by (3.2). Then425

i) domh ∩ intKA 6= ∅ ⇐⇒ ii) CCQ holds for p ⇐⇒ iii) (−K◦A) ∩ hznh∗ = {0}.426

Proof. The first equivalence is a direct consequence of the line segment principle427

(cf. [15, Theorem 6.1]): The fact that ii) implies i) is obvious. For the converse428

direction let y ∈ domh ∩ intKA and pick x ∈ ri (domh). Then zλ := λx+ (1− λ)y ∈429

ri (domh) for all λ ∈ (0, 1]. Letting λ ↓ 0 we find that zλ ∈ ri (domh) ∩ intKA for all430

λ ∈ (0, 1] sufficiently small, which proves that ri (domh) ∩ intKA 6= ∅.431

The second equivalence can be seen as follows: We apply [15, Corollary 16.2.2]432

(to f1 := h and f2 := δKA
). This result tells us that ri (domh) ∩ intKA 6= ∅ if and433

only if there does not exist a matrix W ∈ Sn such that434

(3.13) (h∗)∞(W ) + σKA
(−W ) ≤ 0 and (h∗)∞(−W ) + σKA

(W ) > 0.435

Since σKA
(−W ) = δK◦A (−W ), the first of these conditions is equivalent to the con-436

dition W ∈ (−K◦A) ∩ hznh∗. In particular, we can infer that (−K◦A) ∩ hznh∗ = {0}437

gives the inconsistency of (3.13) and thus establishes iii)⇒ii).438

The second condition in (3.13) implies W 6= 0. Thus, in view of Proposition 2.1439

b), 0 6= −W ∈ K◦A ⊂ Sn+, and hence W /∈ K◦A. Thus, every nonzero element of the440

set (−K◦A) ∩ hznh∗ satisfies (3.13). Thus, the nonexistence of a W satisfying (3.13)441

implies that (−K◦A) ∩ hznh∗ = {0}, which altogether proves the result.442

We note that for any proper, convex function f we always have hzn f ⊂ (dom f)∞443

which, in view of Lemma 3.12, implies that the condition444

(3.14) (−K◦A) ∩ (domh∗)∞ = {0}445

is stronger than CCQ. However, we do not use it in our subsequent study.446

Moreover, since KA = Sn if (and only if) A has full column rank we have447

rankA = n =⇒ CCQ.448

3.4. Infimal projection II. We return to our analysis of the infimal projection449

defining p in (3.2). The following result reveals that the two critical conditions 0 ∈450

ri (dom qX̄) and X̄ ∈ ri (dom p), respectively, that occured in (3.6), embed nicely into451

our constraint qualifications studied in Section 3.3.452

Corollary 3.13. Let p be defined by (3.2), let X̄ ∈ dom p and qX̄ be defined by453

(3.10). Then the following hold:454

a) PCQ holds for p if and only if 0 ∈ ri (dom qX̄);455

b) If CCQ holds then X̄ ∈ ri (dom p).456
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Proof. a) Follows immediately from Lemma 3.7 and the definition of PCQ.457

b) Under CCQ we have dom p = Rn×m, see Theorem 3.5, hence b) follows.458

As a consequence of Corollary 3.13 and Proposition 3.6 we can add to the properties459

of p proven in Theorem 3.5.460

Theorem 3.14 (Properties of p under PCQ). Let p be defined by (3.2) such that461

PCQ is satisfied and let qX̄ be given by (3.10). Then the following hold:462

a) p ∈ Γ0(Rn×m);463

b) argminV ψ(X̄, V ) 6= ∅ (X̄ ∈ dom p) (primal attainment);464

c) p(X̄) = qX̄(0) (X̄ ∈ dom p) (strong duality).465

Proof. a) Under PCQ, by Corollary 3.13, we have 0 ∈ ri (dom qX̄) for all X̄ ∈466

dom p. Hence, by Proposition 3.6 c), p is lsc at X̄ ∈ dom p. Since p is proper and467

convex, see Lemma 3.1, this shows that p ∈ Γ0.468

b), c) Follows readily from Corollary 3.13 and Proposition 3.6 a).469

We note that Theorem 3.14 could have been proven entirely without using the shifted470

duality framework from Proposition 3.6, but by using the following approach: With471

the linear projection L : (X,V )→ X which has been used implicitly throughout our472

study, it can be seen that p = Lψ is a linear image in the sense of [15, p. 38]. Then473

[15, Theorem 9.2] gives all statements from Proposition 3.14. This can be seen after474

realizing that the constraint qualification from the latter reference, which for p = Lψ475

reads476

ψ(0, V ) > 0 or ψ∞(0,−V ) ≤ 0 (V ∈ Sn),477

as kerL = {0} × Sn, is exactly PCQ, which, however, also takes some effort. For the478

sake of uniformity, we have chosen to derive Theorem 3.14 from the shifted duality479

scheme, which will also be serviceable for our subsequent subdifferential analysis.480

The next result follows readily from the foregoing analysis.481

Corollary 3.15. Let p be given by (3.2). If PCQ and CCQ are satisfied for p482

then the following hold:483

a) p ∈ Γ0(Rn×m) is finite-valued and for all X̄ ∈ Rn×m there exists V̄ such that484

p(X̄) = ψ(X̄, V̄ ).485

b) p∗ = q and for all Ȳ ∈ dom p∗ there exists W̄ such that (Ȳ , W̄ ) ∈ Ω(A,B)486

and p∗(Ȳ ) = h∗(−W̄ ).487

Proof. Follows from Theorem 3.5.488

The table below summarizes most of our findings so far. Here X̄ ∈ dom p and489

Ȳ ∈ dom p∗.490

491
Consequence\Hypothesis - PCQ SPCQ BPCQ CCQ PCQ + CCQ

p ∈ Γ X X X X X X
p ∈ Γ0 X X X X X

p(X̄) = −qX̄(0) X X X X X
argminψ(X̄, ·) 6= ∅ X X X X

argminψ(X̄, ·) compact X X1 X
dom p = Rn×m X X

p = p∗∗ X X X X X
argmin

(Ȳ ,T )∈Ω(A,B)

h∗(−T ) 6= ∅ X X

492
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In view of Proposition 3.6 b) and Corollary 3.13 one might be inclined to think that493

using CCQ instead of the pointwise condition 0 ∈ ri (dom p) is excessively strong.494

However, computing the relative interior of dom p without CCQ is problematic, cf.495

the derivations in the proof of Theorem 3.5 c.II) under CCQ. Moreover, CCQ is496

exactly what is needed to establish desirable properties of p∗, see Theorem 3.5 c.I).497

Hence, we do not consider constraint qualifications weaker than CCQ.498

We now turn our attention to subdifferentiation of p.499

Proposition 3.16 (Subdifferential of p). Let p be given by (3.2). Then the500

following hold:501

a) Under CCQ we have502

(3.15) ∂p(X̄) = argmax
Y
{
〈
X̄, Y

〉
− inf

(Y,T )∈Ω(A,B)
h∗(−T )},503

which is nonempty and compact.504

b) Under PCQ equation (3.15) holds, and, for X̄ ∈ dom p, we have505

∂p(X̄) =
{
Ȳ
∣∣ ∃V̄ : (Ȳ , 0) ∈ ∂ψ(X̄, V̄ )

}
506

=
{
Ȳ
∣∣ ∃V̄ : (X̄, V̄ ) ∈ ∂ψ∗(Ȳ , 0)

}
507

=
{
Ȳ
∣∣ ∃V̄ : p(X̄) = ψ(X̄, V̄ ) =

〈
X̄, Ȳ

〉
− p∗(Ȳ )

}
.508

c) Under PCQ and CCQ, we have509

∂p(X̄) =
{
Y
∣∣ ∃V̄ , T̄ : −T̄ ∈ ∂h(V̄ ), (Y, T̄ ) ∈ ∂σΩ(A,B)(X̄, V̄ )

}
,510

which is compact and nonempty.511

Proof. a) Under CCQ, p is convex and finite-valued (hence closed and proper),512

therefore (3.15) follows from [15, Theorem 23.5] and the fact that the closure for p∗513

can be dropped in the argmax problem.514

Moreover, we have dom p = Rn×m, which gives the remaining statements in a).515

b) Under PCQ we also have that p ∈ Γ0, hence the same reasoning as in a) gives516

(3.15). We now prove the remainder: For the first identity notice that (see e.g. [10,517

Chapter D, Corollary 4.5.3])518

∂p(X̄) =
{
Y
∣∣ (Y, 0) ∈ ∂ψ(X̄, V̄ )

}
(V̄ ∈ argmin

V
ψ(X̄, V )),519

the latter argmin set being nonempty due to what was argued above. The ’⊂’-inclusion520

is hence clear. For the reverse inclusion invoke also [16, Example 10.12] to see that if521

(Y, 0) ∈ ψ(X̄, V̄ ) then V̄ ∈ argminV ψ(X̄, V ).522

The second identity in c) is clear from [15, Theorem 23.5] as ψ ∈ Γ0(E).523

The third follows from Proposition 3.6 in combination with Corollary 3.13 and524

recalling that ψ∗(Ȳ , 0) = p∗(Ȳ ).525

c) Apply Corollary 3.4 to the first representation in b).526

For X̄ ∈ rbd (dom p) the subdifferential ∂p(X̄) can be empty. Moreover, it is un-527

bounded if X̄ /∈ int (dom p). The latter may even occur under BPCQ as the following528

example shows.529

1 domψ(X̄, ·) is bounded.
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Example 3.17. Let A = ( 1 0
0 0 ) and b = ( 1

0 ) so that530

KA = {( v w
w u ) | u ≥ 0} .531

Defining h := δV for532

V := {( v 0
0 u ) | u ≤ 0, v ∈ [0, 1]}533

we hence find that534

domh ∩ KA = {( v 0
0 0 ) | v ∈ [0, 1]} and domh ∩ intKA = ∅,535

so that CCQ is violated but BPCQ (hence (S)PCQ) holds. We find that536

x ∈ dom p⇐⇒ ∃V ∈ V ∩ KA : ( xb ) ∈ rge
(
V AT

A 0

)
537

⇐⇒ ∃v ∈ [0, 1], r, s ∈ R2 :
x = ( v 0

0 0 ) r + ( 1 0
0 0 ) s,

( 1
0 ) = ( 1 0

0 0 ) r
538

⇐⇒ ∃v ∈ [0, 1], ρ, σ ∈ R : x = ( v 0
0 0 ) [( 1

0 ) + ρ ( 1
0 )] + σ ( 1

0 )539

⇐⇒ x ∈ span {( 1
0 )}.540

Therefore we have dom p = span {( 1
0 )}. In particular, dom p is a proper subspace541

of R2, hence relatively open with empty interior. Therefore ∂p(x) is nonempty and542

unbounded for any x ∈ dom p.543

4. h is a support function. We now study the case where h is a support544

function. Concretely, given a closed, convex set V ⊂ Sn, we consider the function545

p : Rn×m → R given by546

(4.1) p(X) := inf
V ∈Sn

σΩ(A,B)(X,V ) + σV(V ).547

Recall that, by Hörmander’s Theorem, see e.g. [15, Corollary 13.2.1], this covers548

exactly the cases where h is positively homogeneous (and closed, proper, convex).549

We commence by analyzing the constraint qualifications from Section 3.3 in the550

case that h is a support function. Here, and for the remainder of this section, observe551

that the choice h = σV implies that domh = barV and domh∗ = V.552

Lemma 4.1 (Constraint qualifications for (4.1)). Let p be given by (4.1). Then553

the following hold:554

a) (CCQ) The conditions555

barV ∩ intKA 6= ∅,(4.2)556

V∞ ∩ (−K◦A) = {0},(4.3)557

cl (barV)−KA = Sn(4.4)558

are each equivalent to CCQ for p.559

b) (PCQ) PCQ holds for p if and only if560

(4.5) pos (C(A,B) + V) = span (C(A,B) + V).561

c) (BPCQ) The conditions562

barV ∩ KA 6= ∅ and cl (barV) ∩ KA = {0},(4.6)563

barV ∩ KA 6= ∅ is bounded,(4.7)564

barV ∩ KA 6= ∅ and V∞ +K◦A = Sn(4.8)565

are each equivalent to BPCQ for p, hence imply (4.5).566
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Proof. Observe that with h = σV we have domh = barV and hznh∗ = V∞.567

a) (4.2) is condition i) in Lemma 3.12 for h = σV , while (4.3) is condition iii).568

Employing [3, Section 3.3, Exercise 16]) we have569

(4.3) ⇐⇒ cl (barV − KA) = Sn.570

This completes the proof of a).571

b) This is just an application of (2.1).572

c) Using (2.6), we see that (4.6) is exactly BPCQ (for h = σV), while the equivalence573

to (4.7) follows from Lemma 3.10 b). The equivalence of (4.8) to the former follows574

from the fact that575

(4.6) ⇐⇒ cl (V∞ +K◦A) = Sn,576

see [3, Section 3.3, Exercise 16]), where the closure can be dropped by interpreting577

[15, Theorem 6.3] accordingly.578

By the additivity of support functions, see (2.5), we find that579

(4.9) p(X) = inf
V ∈Sn

σΣ(X,V ) (X ∈ Rn×m),580

where581

(4.10) Σ := Σ(A,B,V) := Ω(A,B) + {0} × V ⊂ E.582

This facilitates some of the analysis.583

Proposition 4.2. Let p be given by (4.1). Then the following hold:584

a) p ∈ Γ0 (i.e. p = p∗∗) under any of the conditions in (4.2)-(4.4) or (4.5).585

In particular this holds under any condition (4.6)-(4.8). Under any of the586

conditions (4.2)-(4.4) p also finite-valued.587

b) p∗ = δcl Σ(·, 0) where the closure is superfluous (i.e. Σ is closed), in particular,588

under any condition (4.2)-(4.4).589

Proof. a) Follows respectively from Lemma 4.1, Theorem 3.5 c) and Theorem590

3.14.591

b) By [16, Exercise 3.12], Σ is closed if (−K◦A) ∩ V∞ = {0}, i.e. under any condition592

in (4.2)-(4.4), see Lemma 4.1 a). The rest follows from [16, Proposition 11.23 (c)].593

We are now interested in computing refined representations for the conjugate of p594

given by (4.1).595

Corollary 4.3. Consider the function p from (4.1) with V ⊂ Sn nonempty,596

closed and convex. Under any condition (4.2)-(4.4) we have597

p∗ = δΞ(A,B)598

where599

Ξ(A,B) := {Y | ∃W ∈ V : (Y,−W ) ∈ Ω(A,B)}600

=

{
Y

∣∣∣∣ AY = B,

(
1

2
Y Y T −K◦A

)
∩ V 6= ∅

}
.601

In particular, we have p = σΞ(A,B) which is finite-valued.602
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18 J. V. BURKE, Y. GAO, AND T. HOHEISEL

Proof. By Theorem 3.5 c) and Lemma 4.1 we find that603

p∗(Y ) = inf
(Y,−W )∈Ω(A,B)

δV(W ) =

{
0 if ∃W ∈ V : (Y,−W ) ∈ Ω(A,B),

+∞ else,604

which shows that p∗ = δΞ(A,B). The fact about p follows from Proposition 4.2 a).605

4.1. The case B = 0. We now consider the case when B = 0. Recall from [6,606

Theorem 11] that this implies that σΩ(A,0) is a gauge function. Similarly, if 0 ∈ V,607

then σV is also a gauge, in fact, σV = γV◦ , cf. [16, Example 11.19].608

This combination of assumptions has interesting consequences when the geome-609

tries of the sets V and −K◦A are compatible in the following sense.610

Definition 4.4 (Cone compatible gauges). Given a closed, convex cone K ⊂ E,611

we define an ordering on E by x �K y if and only if y − x ∈ K. A gauge γ on E is612

said to be compatible with this ordering if and only if613

γ(x) ≤ γ(y) whenever 0 �K x �K y.614

The following lemma provides a characterization of cone compatible gauges.615

Lemma 4.5 (Cones and compatible gauges). Let 0 ∈ C ⊂ E be a closed, convex616

set, and let K ⊂ E be a closed, convex cone. Then γC is compatible with the ordering617

�K if and only if618

(4.11) K ∩ (y −K) ⊂ C (y ∈ K ∩ C).619

Proof. Note that, for y ∈ K, we have620

K ∩ (y −K) = {x | 0 �K x �K y } .621

Suppose that γC is compatible with K, and let y ∈ C ∩K. If x ∈ K ∩ (y −K), then622

γC(x) ≤ γC(y) ≤ 1, and, consequently, K ∩ (y −K) ⊂ C.623

Next suppose (4.11) holds, and let x, y ∈ E be such that 0 �K x �K y. Then,624

y ∈ K and x ∈ K ∩ (y −K). We need to show that γC(x) ≤ γC(y). If γC(y) = +∞,625

this is trivially the case, so we may as well assume that γC(y) =: t̄ < +∞. If t̄ > 0,626

then t̄−1y ∈ C∩K and t̄−1x ∈ K∩(t̄−1y−K) ⊂ C. Hence, γC(t̄−1y) = 1 ≥ γC(t̄−1x),627

and so, γC(x) ≤ γC(y) as desired. In turn, if t̄ = 0, then ty ∈ K ∩ C (t > 0), so that628

tx ∈ K ∩ (ty −K) ⊂ C (t > 0), i.e., x ∈ C∞ and so γC(x) = 0.629

Corollary 4.6 (Infimal projection with a gauge function). Let p be given by630

(4.1) where V is a nonempty, closed, convex subset of Sn. Suppose that B = 0. Then631

the following hold:632

a) Under any of the conditions (4.2)-(4.4) we have633

(4.12) p∗ = δ{Y | AY=0, ∃W∈V :AW=0, 1
2Y Y

T�W }.634

b) If 0 ∈ V and γV is compatible with the ordering induced by −K◦A then635

(4.13)

p∗(Y ) = δ{Y | AY=0, γV( 1
2Y Y

T )≤1} (Y )

= δ(−K◦A)∩V

(
1

2
Y Y T

)
.

636
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Proof. a) Follows readily from Corollary 4.3 by setting B = 0 and using the637

representation of KA in Proposition 2.1.638

b) First observe that−K◦A =
{
W ∈ Sn+ | rgeW ⊂ kerA

}
, see Proposition 2.1 b), recall639

that rgeY = rgeY Y T (Y ∈ Rn×m) and V ∈ V if and only if γV(V ) ≤ 1. Exploiting640

these facts, we see that641

AY = 0, ∃W ∈ V : AW = 0,
1

2
Y Y T �W642

⇐⇒ AY = 0, ∃W ∈ V : γV(W ) ≥ γV
(

1

2
Y Y T

)
643

⇐⇒ AY = 0, γV

(
1

2
Y Y T

)
≤ 1644

⇐⇒ AY = 0,
1

2
Y Y T ∈ V645

⇐⇒ rgeY Y T ⊂ kerA,
1

2
Y Y T ∈ V646

⇐⇒ 1

2
Y Y T ∈ (−K◦A) ∩ V.647

Therefore b) follows from a).648

Linear functionals are special instances of support functions. We hence obtain the649

following remarkable result as a consequence of our more general analysis above. Here650

‖ · ‖∗ denotes the nuclear norm2.651

Corollary 4.7 (h linear). Let p : Rn×m → R be defined by652

p(X) = inf
V ∈Sn

σΩ(A,0)(X,V ) +
〈
Ū , V

〉
653

for some Ū ∈ Sn+ ∩KernA and C(Ū) :=
{
Y
∣∣ 1

2Y Y
T � Ū

}
. Then we have:654

a) p∗ = δC(Ū)∩KernA is closed, proper, convex.655

b) p = σC(Ū)∩KernA = γC(Ū)◦+RgenA
T is sublinear, finite-valued, nonnegative656

and symmetric (i.e. a seminorm).657

c) If Ū � 0 with 2Ū = LLT (L ∈ Rn×n) and A = 0 then658

p = σC(Ū) = ‖LT (·)‖∗,659

i.e. p is a norm with C(Ū)◦ as its unit ball and γC(Ū) as its dual norm.660

d) If Ū is positive definite, C(Ū) and C(Ū)◦ are compact, convex, symmetric3661

with 0 in their interior, thus posC(Ū) = posC(Ū)◦ = Sn.662

Proof. a) Observe that h :=
〈
Ū , ·

〉
= σ{Ū}. Hence the machinery from above663

applies with V = {Ū}. As V is bounded, CCQ is trivially satisfied (cf. (4.2)-(4.4))664

and the representation of p∗ follows from Corollary 4.6 a).665

b) We have666

p = p∗∗667

= σC(Ū)∩KernA668

= γ(C(Ū)∩KernA)◦669

= γcl (C(Ū)◦+RgenA
T )670

= γC(Ū)◦+RgenA
T .671

2For a matrix T the nuclear norm ‖T‖∗ is the sum of its singular values.
3We say the set S ⊂ E symmetric if S = −S.
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As CCQ holds, the first identity is due to Proposition 4.2. The second uses a), the672

third follows from [15, Theorem 14.5]. The sublinearity of p is clear. The finite-673

valuedness follows from Proposition 4.2. Since 0 ∈ C(Ū) the nonnegativity follows as674

well, and the symmetry is due to the symmetry of C(Ū).675

c) Consider the case Ū = 1
2I: By part a), we have p∗ = δ{Y | Y Y T�I }. Observe that676 {

Y
∣∣ Y Y T � I } = {Y | ‖Y ‖2 ≤ 1} =: BΛ677

is the closed unit ball of the spectral norm. Therefore, p = σBΛ = ‖ · ‖B◦Λ = ‖ · ‖∗.678

To prove the general case suppose that 2Ū = LLT . Then it is clear that C(Ū) =679 {
Y
∣∣ L−1Y ∈ C( 1

2I)
}

, and therefore680

p(X) = σC(Ū)(X)681

= sup
Y :L−1Y ∈C( 1

2 I)

〈Y, X〉682

= sup
L−1Y ∈C( 1

2 I)

〈
L−1Y, LTX

〉
683

= σC( 1
2 I)

(LTX)684

= ‖LTX‖∗.685

Here the first identity is due to part b) (with A = 0) and the last one follows from686

the special case considered above.687

d) Follows from c) using [15, Theorem 15.2].688

We point out that Corollary 4.7 generalizes the nuclear norm smoothing result by689

Hsieh and Olsen [13, Lemma 1] and complements [5, Theorem 5.7]690

5. h is an indicator function. We now suppose that the function h in (3.1)691

is given by h := δV for some nonempty, closed, and convex set V ∈ Sn, i.e., in this692

section, the infimal projection p : Rn×m → R is given by693

(5.1) p(X) = inf
V ∈Sn

σD(A,B)(X,V ) + δV(V ).694

We first want to discuss the constraint qualifications from Section 3.3 in this particular695

case. Here, and for the remainder of this section, observe that the choice h = δV696

implies that domh = V and domh∗ = barV.697

Lemma 5.1 (Constraint qualifications for (5.1)). Let p be given by (5.1). Then698

the following hold:699

a) (CCQ) The conditions700

V ∩ intKA 6= ∅,(5.2)701

cone V − KA = Sn(5.3)702

are each equivalent to CCQ for p.703

b) (PCQ) The PCQ holds for p if and only if704

(5.4) pos C(A,B) + barV = span (C(A,B) + barV).705

c) (BPCQ) The qualification conditions706

V ∩ KA 6= ∅ and V∞ ∩ KA = {0},(5.5)707

V ∩ KA 6= ∅ is bounded,(5.6)708

V ∩ KA 6= ∅ and barV +K◦A = Sn(5.7)709

are each equivalent to BPCQ for p, hence imply (5.4).710
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Proof. a) First, observe that , with h = δV , condition i) in Lemma 3.12 is exactly711

(5.2). By the same lemma this is equivalent to712

hznσV ∩ (−K◦A) = {0}.713

Moreover, as σV = σ∞V , we have714

hznσV = {V | σV(V ) ≤ 0} = V−.715

Invoking [3, Section 3.3, Exercise 16 (a)] implies that716

hznσV ∩ (−K◦A) = {0} ⇐⇒ cl (cone V − KA) = Sn,717

where the closure in the latter statement can clearly be dropped, e.g. by interpreting718

[15, Theorem 6.3] accordingly.719

b) Use (2.1) to infer that PCQ holds for p if and only if720

pos (C(A,B)) + barV = pos (C(A,B) + V̄ ) = span (C(A,B) + barV).721

c) The equivalences of BPCQ, (5.5), and (5.6) are clear. Since V∞ and cl (barV) are722

paired in polarity, see (2.6), [3, Section 3.3, Exercise 16 (a)] implies that723

V∞ ∩ KA = {0} ⇐⇒ cl (barV +K◦A) = Sn,724

where the closure in the latter statement can be dropped as in a). This establishes725

all equivalences.726

The following result provides sufficient conditions for the occurence of p = p∗∗ when727

p is given as in (5.1), i.e. in the case that h is an indicator function.728

Corollary 5.2. Let p be given by (5.1). Then p ∈ Γ0(Rn×m) (i.e. p = p∗∗)729

under any of the conditions in (5.2)-(5.7). Under condition (5.2)-(5.3) it is also730

finite-valued.731

Proof. Follows from Lemma 5.1 and Theorem 3.5 c) and Theorem 3.14, respec-732

tively.733

We treat the case A = 0 and B = 0 separately as we will use it in Section 5.2.734

Corollary 5.3. Let p be given as in (5.1) and assume that A = 0 and B = 0735

and such that V ∩ Sn+ is nonempty. Then we have736

PCQ ⇐⇒ Sn+ + barV = Sn ⇐⇒ BPCQ.737

Moreover, p ∈ Γ(Rn×m), i.e. p = p∗∗ under any of following conditions:738

i) V ∩ Sn++ 6= ∅ (CCQ);739

ii) V ∩ Sn+ 6= ∅ is bounded (or equivalently Sn+ + barV = Sn) ((B/S)PCQ).740

Under condition i) p is also finite-valued.741

Proof. For the first statement notice that C(0, 0) = Sn− = K◦0 and invoke Lemma742

5.1. The rest follows from Corollary 5.2 and Lemma 5.1.743

To compute the conjugate p∗, instead of using Theorem 3.5, a direct derivation relying744

on [5, Theorem 3.2] yields a powerful result.745
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Theorem 5.4 (Infimal projection with an indicator function). Let p be given by746

(5.1). Then its conjugate p∗ : Rn×m → R is given by747

p∗(Y ) =
1

2
σV∩KA

(
Y Y T

)
+ δ{Y | AY=B } (Y ) .748

In particular, for A = 0 and B = 0 we obtain749

p∗(Y ) =
1

2
σV∩Sn+

(
Y Y T

)
.750

Proof. By (2.7), we have751

p∗(Y ) = sup
X

[
〈X,Y 〉 − inf

V
σD(A,B)(X,V ) + δV(V )

]
752

= sup
V

sup
X

[
〈X,Y 〉 − σD(A,B)(X,V )− δV(V )

]
753

= sup
V ∈V∩KA

sup
rge (X

B)⊂rgeM(V )

tr

(
−1

2

(
X

B

)T
M(V )†

(
X

B

)
+ Y TX

)
754

for Y ∈ Rn×m. Since rge
(
X
B

)
⊂ rgeM(V ), we can make the substitution M(V )

(
U
W

)
=755 (

X
B

)
, to obtain756

p∗(Y ) = sup
V ∈V∩KA

sup
U,W
AU=B

tr

(
−1

2

(
U

W

)T
M(V )

(
U

W

)
+ Y T (V U +ATW )

)
757

= sup
V ∈V∩KA

−
m∑
i=1

inf
ui,wi
Aui=bi

(
1

2

(
ui
wi

)T
M(V )

(
ui
wi

)
− yTi V ui − wTi Ayi

)
758

= sup
V ∈V∩KA

−
m∑
i=1

inf
ui,wi
Aui=bi

(
1

2
uTi V ui − 〈V yi, ui〉+ 〈wi, bi −Ayi〉

)
759

= sup
V ∈V∩KA

−
m∑
i=1

[
inf

Aui=bi

(
1

2
uTi V ui − 〈V yi, ui〉

)
+ inf

wi

(〈wi, bi −Ayi〉)
]

760

= δ{Z | AZ=B }(Y ) + sup
V ∈V∩KA

−
m∑
i=1

inf
Aui=bi

(
1

2
uTi V ui − 〈V yi, ui〉

)
,761

where the final equality follows since δ{y | bi−Ayi }(yi) = supwi
〈wi, bi −Ayi〉 (i =762

1, . . . ,m). By hypothesis rgeB ⊂ rgeA, and so, by [5, Theorem 3.2]763

−1

2

(
V yi
bi

)T
M(V )†

(
V yi
bi

)
= inf
Aui=bi

(
1

2
uTi V ui − 〈V yi, ui〉

)
(i = 1, . . . ,m),764
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Therefore, when AY = B, we have765

p∗(Y ) = sup
V ∈V∩KA

−
m∑
i=1

−1

2

(
V yi
bi

)T
M(V )†

(
V yi
bi

) (
where Ayi = bi so(
V yi
bi

)
= M(V )

(
yi
0

))766

= sup
V ∈V∩KA

1

2

m∑
i=1

(
M(V )

(
yi
0

))T
M(V )†

(
M(V )

(
yi
0

))T
767

= sup
V ∈V∩KA

1

2

m∑
i=1

(
yi
0

)T
M(V )

(
yi
0

)T
768

= sup
V ∈V∩KA

1

2

m∑
i=1

yTi V yi769

= sup
V ∈V∩KA

1

2
tr (Y TV Y ),770

which proves the general expression for p∗. The case A = 0, B = 0 follows readily.771

We now study the subdifferential of p given by (5.1).772

Corollary 5.5. Let p be given by (5.1). If V ∩ intKA 6= ∅ (CCQ) then773

∂p(x̄) = argmax
Y
{
〈
X̄, Y

〉
− inf

(Y,T )∈Ω(A,B)
σV(−T )}774

is nonempty and compact for all X̄ ∈ dom p. If, in addition, pos C(A,B) + barV =775

span (C(A,B) + barV) (PCQ), then776

∂p(X̄) =
{
Ȳ
∣∣ ∃V̄ , T̄ : −T̄ ∈ NV(V̄ ), (Ȳ , T̄ ) ∈ ∂σΩ(A,B)(X̄, V̄ )

}
777

is nonempty and compact for all X̄ ∈ Rn×m.778

Proof. Follows readily from Proposition 3.16 in combination with Lemma 5.1.779

5.1. B = 0 and 0 ∈ V.. We now consider the important special case of p given780

by (5.1) where 0 ∈ V and B = 0. In this case p turns out to be a squared gauge781

function, see Corollary 5.9. We start with a technical lemma.782

Lemma 5.6. Let C,K ⊂ E be nonempty, convex with K being a cone. Then783

(C +K)◦ = C◦ ∩K◦. If C +K is closed with 0 ∈ C, then (C◦ ∩K◦)◦ = C +K. In784

particular, the set C +K is closed if C and K are closed and K ∩ (−C∞) = {0}.785

Proof. Clearly, C◦ ∩ K◦ ⊂ (C + K)◦. Conversely, if z ∈ (C + K)◦, then786

〈z, x+ ty〉 ≤ 1 for all x ∈ C, y ∈ K, and t > 0. Multiplying this inequality by787

t−1 and letting t→∞, we see that z ∈ K◦. By letting t ↓ 0, we see that z ∈ C◦.788

Now assume that C +K is closed with 0 ∈ C. Then C +K is closed and convex789

with 0 ∈ C +K. Hence, by [15, Theorem 14.5], C +K = (C +K)◦◦ = (C◦ ∩K◦)◦.790

The final statement of the lemma follows from [15, Corollary 9.1.1].791

The first main result in this section is concerned with a representation of the conjugate792

p∗ under the standing assumptions.793

Corollary 5.7 (The gauge case I). Let p be given by (5.1) with 0 ∈ V and794

B = 0 and let P be the orthogonal projection onto kerA. Moreover, let795

S := {W ∈ Sn | rgeW ⊂ kerA} = {W ∈ Sn |W = PWP } .4796

Then the following hold:797

4Here we consider S = Sn ∩KernA as a subset in the space Sn.
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a) We have798

p∗(Y ) =
1

2
σ(V∩KA)+S⊥

(
Y Y T

)
=

1

2
γ(V∩KA)◦∩S

(
Y Y T

)
799

where S⊥ = {V ∈ Sn | PV P = 0}. In particular, p∗ is positively homoge-800

neous of degree 2.801

b) If V◦ +K◦A is closed (e.g. when K◦A ∩ −(cone V)◦ = {0}) then802

(5.8) p∗(Y ) =
1

2
γ(V◦∩S)+K◦A

(
Y Y T

)
,803

where dom p∗ =
{
Y
∣∣ Y Y T ∈ cone V◦ ∩ S +K◦A

}
.804

Proof. a) We have805

p∗(Y ) =
1

2
σV∩KA

(
Y Y T

)
+ δ{Y | AY=0}

=
1

2
σV∩KA

(
Y Y T

)
+

1

2
δS
(
Y Y T

)
=

1

2
σV∩KA

(
Y Y T

)
+

1

2
σS⊥

(
Y Y T

)
=

1

2
σ(V∩KA)+S⊥

(
Y Y T

)
=

1

2
γ(V∩KA)◦∩S

(
Y Y T

)
.

806

Here the first equality uses Theorem 5.4, the second equality follows from the fact807

that rgeY = rgeY Y T , the third can be seen from [16, Example 7.4], the fourth uses808

(2.5), and the final equivalence follows from [15, Theorem 14.5] and Lemma 5.6.809

b) If V◦+K◦A is closed, then Lemma 5.6 also tells us that (V ∩KA)◦ = V◦+K◦A. Since810

K◦A ⊂ S, see Lemma 2.1 b), we have811

(V◦ +K◦A) ∩ S = (V◦ ∩ S) +K◦A812

which, using a), gives the first equivalence in (5.8).813

Our final goal is to show that p, under the standing assumption in this section, is a814

squared gauge. To this end, the next result is key.815

Lemma 5.8. Let 0 ∈ C ⊂ E be closed and convex and define q : E → R ∪ {+∞}816

through q(x) := 1
2γ

2
C(x). Then q∗ = 1

2γ
2
C◦ .817

Proof. Apply [16, Proposition 11.21] with θ = 1
2 (·)2.818

We are now in a position to prove the last result of this section announced earlier.819

Here we denote by BF the (closed) unit ball in the Frobenius norm.820

Corollary 5.9 (The gauge case II). Let p be as in Theorem 5.4 with 0 ∈ V and821

B = 0. For P ∈ Rn×n the orthogonal projector on kerA, define the (closed, convex)822

sets823

V1/2
A :=

{
L ∈ Rn×n

∣∣ LLT ∈ P (V ∩ KA)P
}
, F :=

{
LZ

∣∣∣ L ∈ V1/2
A , Z ∈ BF

}
,824

and the subspace U := KermA.
5 Then825

p =
1

2
γ2
F+U⊥ and p∗ =

1

2
γ2
F◦∩U .826

5Hence U⊥ = RgemA
T .
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In particular, for A = 0 and F :=
{
LZ

∣∣ LLT ∈ V ∩ Sn+, Z ∈ BF
}

we obtain827

p =
1

2
γ2
F and p∗ = γ2

F◦ .828

Proof. For all Y ∈ Rn×m, by Theorem 5.4 and the definition of U , we have829

p∗(Y ) =
1

2
σV∩KA

(Y Y T ) + δU (Y ) =
1

2
sup

V ∈V∩KA

〈
PV P, Y Y T

〉
+ δU (Y ).830

In turn, by the definitions of V1/2
A and the Frobenius norm, the latter equals831

1

2
sup

L∈V1/2
A

〈
LLT , Y Y T

〉
+ δU (Y ) =

1

2
sup

L∈V1/2
A

‖LTY ‖2F + δU (Y ).832

On the other hand, by the monotonicity and continuity of t ∈ R+ 7→ t2 as well as the833

self-duality of the Frobenius norm, we find that the latter can be written as834

1

2

 sup
L∈V1/2

A

‖LTY ‖F

2

+ δU (Y ) =
1

2

 sup
(Z,L)∈BF×V1/2

A

〈
LTY, Z

〉2

+ δU (Y ).835

This, however, using the definition of F and the convention (+∞)2 = +∞, we can836

rewrite as837
1

2
σF (Y )2 + δU (Y ) =

1

2
[σF (Y ) + δU (Y )]

2
.838

All in all, using the latter, [16, Example 11.4], (2.5), and [16, Example 11.19] and the839

polar cone calculus from, e.g., [3, p. 70], we conclude that840

p∗(Y )=
1

2
[σF (Y ) + δU (Y )]

2
=

1

2
[σF (Y ) + σU⊥(Y )]

2
=

1

2
σ2
F+U⊥(Y )=

1

2
γ2
F◦∩U (Y ).

841

This proves the representation for p∗; the one for p then follows from Lemma 5.8.842

5.2. Variational Gram Functions. Given a closed, convex set V ⊂ Sn we843

define844

(5.9) ΩV : Rn×m → R, ΩV(Y ) :=
1

2
σV∩Sn+(Y Y T ).845

These kinds of functions are called variational Gram function (VGF) and have re-846

ceived some attention lately in the machine learning community due to their orthog-847

onality promoting properties when used as penalty functions, cf. [14].848

Note that our definition explicitly intersects V with the positive semidefinite cone849

Sn+ while in the analysis in [14] a standing assumption is that ΩV = ΩV∩Sn . These850

(equivalent) conventions guarantee that ΩV is convex. We also scale by 1
2 to have851

more elegant formulas.852

Our first result follows readily from our above analysis and refines [14, Proposition853

4] about the conjugate of a VGF.854

Proposition 5.10 (Conjugate of VGFs and VGFs as Squared Gauges). Let ΩV855

be given by (5.9). Under either of the following assumptions856

i) V ∩ Sn++ 6= ∅,857
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ii) V ∩ Sn+ 6= ∅ bounded (or equivalently Sn+ + barV = Sn),858

we have859

Ω∗V(X) = inf
V
σΩ(X,V ) + δV(V ) =

1

2
inf

V ∈V∩Sn+:

rgeX⊂rgeV

tr
(
XTV †X

)
(X ∈ Rn×m).860

Under i), Ω∗V is finite-valued, and under ii), ΩV is finite-valued. In addition, if 0 ∈ V861

we also have862

ΩV =
1

2
γ2
F◦ and Ω∗V =

1

2
γ2
F863

with F =
{
LZ

∣∣ LLT ∈ V ∩ Sn+, Z ∈ BF
}

.864

Proof. Using Theorem 5.4, Corollary 5.3 and the function p occuring there, we865

have Ω∗V = p∗∗ = p. The rest is clear from the definition of p and the matrix-fractional866

function as well as the respective results from Section 5, in particular Corollary 5.9867

for the last statement.868

Next we are interested in the subdifferential of a VGF in the sense of (5.9). Although,869

by our definition, a VGF is always convex, we take the convex-composite perspective,870

see e.g. [7], since essentially a VGF is simply the composition of a closed, proper,871

convex function σV∩Sn+ and a nonlinear map H : Y 7→ Y Y T . It turns out, that the872

basic constraint qualification for ΩV = 1
2σV∩Sn+ ◦H, which reads873

(5.10) NdomσV∩Sn
+

(Ȳ Ȳ T ) ∩ (KernȲ
T ) = {0} (Ȳ ∈ dom ΩV),874

and which is essential for full subdifferential calculus of convex-composites, is inti-875

mately linked with condition ii) in Corollary 5.3.876

Lemma 5.11 (BCQ for VGF). Let ΩV be given by (5.9) and assume that Sn+∩V 6=877

∅. Then the following are equivalent:878

i) There exists Ȳ ∈ dom ΩV such that (5.10) holds;879

ii) V∞ ∩ Sn+ = {0} (or equivalently V ∩ Sn+ is bounded);880

iii) (5.10) holds at every Ȳ ∈ dom ΩV .881

Proof. ’i)⇒ii)’: Assume ii) were violated, i.e. there exists 0 6= W ∈ (V ∩ Sn+)∞ =882

V∞ ∩Sn+. Moreover, by assumption there exists V̄ ∈ Sn+ ∩V. By the properties of the883

horizon cone of closed, convex sets, see (2.2), we have884

(5.11) Vt := V̄ + tW ∈ V ∩ Sn+ (t > 0).885

Now, take any Ȳ ∈ dom ΩV . Then, for all t > 0, we have886

+∞ > ΩV(Ȳ )887

= sup
V ∈Sn+∩V

〈
V, Ȳ Ȳ T

〉
888

≥
〈
Vt, Ȳ Ȳ

T
〉

889

≥ t
〈
W, Ȳ Ȳ T

〉
.890

Since W � 0, we have
〈
Ȳ Ȳ T , W

〉
= tr (Ȳ TWȲ ) ≥ 0. In view of the above chain of891

inequalities this implies
〈
W, Ȳ Ȳ T

〉
= 0 and as W, Ȳ Ȳ T � 0 this gives WȲ Ȳ T = 0.892

Since rge Ȳ = rge Ȳ Ȳ T this implies WȲ = 0 or, equivalently, Ȳ TW = 0. Therefore,893

we have 0 6= W ∈ (V ∩ Sn+)∞ ∩ (KernȲ
T ). Now, observe that NdomσV∩Sn

+
(Z) =894

This manuscript is for review purposes only.



THE GENERALIZED MATRIX-FRACTIONAL FUNCTION 27

(V ∩Sn+)∞ for any Z ∈ domσV∩Sn+ , see e.g. [16]. This shows that (5.10) is violated at895

Ȳ . Since Ȳ ∈ dom ΩV was chosen arbitrarily, this establishes the desired implication.896

897

’ii)⇒iii)’: If V∩Sn+ is bounded, then domσV∩Sn+ = Sn, and hence NdomσV∩Sn
+

(Ȳ Ȳ T ) =898

Sn for every Ȳ ∈ dom ΩV , which gives the desired implication.899

’iii)⇒i)’: Obvious.900

We now derive the formula for the subdifferential of the VGF from (5.9).901

Proposition 5.12. Let ΩV be given by (5.9). Then902

∂ΩV(Ȳ ) ⊃
{
V̄ Ȳ

∣∣ V̄ ∈ V ∩ Sn+ :
〈
V̄ , Ȳ Ȳ T

〉
= ΩV(Ȳ )

}
(Ȳ ∈ dom ΩV).903

If Sn+ ∩ V is nonempty and bounded, equality holds and dom ΩV = Rn×m.904

Proof. Combine Lemma 5.11 with [16, Theorem 10.6], [16, Corollary 8.25] and905

the fact that for H : Y → Y Y T we have ∇H(Y )∗V = 2V Y for all (Y, V ) ∈ E.906

We next consider an example.907

Example 5.13 (Failure of subdifferential calculus for VGF). Let V := pos {I} ⊂908

Sn, put m := 1 and let H : Y 7→ Y Y T . Then clearly condition i) in Proposition 5.10909

holds, but condition ii) and hence the BCQ (5.10) fails. We have910

(5.12) σV∩Sn+(W ) = sup
α≥0

αtr (W ) = δ{U∈Sn | tr (U)≤0}(W ) (W ∈ Sn).911

Hence, we obtain dom ΩV = {0} and ∇H(0)∗∂σV∩Sn+(0) = {0}. On the other hand,912

we have ΩV = 1
2σV∩Sn+ ◦H = δ{0}. Therefore, we have913

∂ΩV(0) = N{0}(0) = Rn×m ) {0} = ∇H(0)∗∂σV∩Sn+(0).914

Example 5.13 establishes various things: First, it shows that condition i) in Propo-915

sition 5.10 does not yield equality in the subdifferential formula for VGFs. It also916

illustrates that equality in the subdifferential formula may fail tremendously in the917

absence of BCQ, even for a convex-composite which is, in fact, convex.918

Much effort is made in [14] to compute the conjugate of a (convex) VGF, cf. [14,919

Proposition 7] and its proof. A slightly refined version of the latter result follows920

readily from our analysis.921

Proposition 5.14 (Subdifferential of Ω∗V). Let ΩV be given by (5.9) and assume922

that that 0 ∈ ri (C + barV). Under either of the following assumptions923

i) V ∩ Sn++ 6= ∅,924

ii) V ∩ Sn+ 6= ∅ and V∞ ∩ Sn+ = {0} (or equivalently V ∩ Sn+ 6= ∅ bounded),925

for any X̄ ∈ Rn×m where X̄ is finite we have926

∂Ω∗V(X̄) =

Ȳ
∣∣∣∣∣∣
∃V̄ ∈ V ∩ Sn+ : rge X̄ ⊂ rge V̄ ,

Ω∗V(X̄) =
1

2
tr
(
X̄T V̄ †X̄

)
=
〈
X̄, Ȳ

〉
− ΩV(Ȳ )

927

with dom ∂Ω∗V = dom Ω∗V .928

Proof. Using Corollary 5.3 and the function p occuring there, we have Ω∗V = p929

and ΩV = p∗ under either i) or ii). The subdifferential formula follows then from930

Proposition 3.16 (see in particular the third identity in c)).931

The fact that dom ∂Ω∗V = dom Ω∗V is due to the fact that the latter is a subspace,932

hence relatively open, cf. Lemma 3.1 c).933
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5.3. VGFs and squared Ky Fan norms. For p ≥ 1, 1 ≤ k ≤ min{m,n}, the
Ky Fan (p,k)-norm [12, Ex. 3.4.3] of a matrix X ∈ Rn×m is defined as

‖X‖p,k =

(
k∑
i=1

σpi

)1/p

,

where σi are the singular values of X sorted in nonincreasing order. In particular,934

the (p,min{m,n})-norm is the Schatten-p norm and the (1, k)-norm is the standard935

Ky Fan k-norm, see [12]. For 1 ≤ p ≤ ∞, denote the closed unit ball for ‖ · ‖p,k by936

Bp,k := {X | ‖X‖p,k ≤ 1}. For 1 ≤ p ≤ ∞, define s := p/2. Then, for 2 ≤ p ≤ ∞, we937

have938

1

2
‖X‖2p,k =

1

2

[
k∑
i=1

(σ2
i )s

]1/s

=
1

2
‖XXT ‖s,k =

1

2
σB◦s,k(XXT ) =

1

2
σB◦s,k∩Sn+(XXT )

=
1

2
ΩB◦s,k(X),

939

where the first equality follows from the definition of s, the second from the definition940

of the singular values, the third from properties of gauges and their polars, the fourth941

from the equivalence
〈
V, XXT

〉
=
∑m
j=1 x

T
j V xj with the xj ’s the columns of X, and942

the final from (5.9). For the Schatten norms, where k = min{n,m} we have B◦s,k =943

Bŝ,k, where ŝ satisfies 1
s + 1

ŝ = 1, see [11]. For other values of k, the representation of944

B◦s,k can be significantly more complicated, e.g. see [8].945

6. Final remarks. In this paper we studied partial infimal projections of the946

generalized matrix-fractional function with a closed, proper, convex function h : Sn →947

R. Sufficient conditions for closedness and properness as well as representations of948

both the conjugate and the subdifferential of the infimal projections are given, along949

with the essential constraint qualifications. Particular emphasis was given in the in-950

stances where the function h is a support or an indicator function of a closed, convex951

set in Sn. As a special case of support functions, infimal projections with suitable lin-952

ear functionals yielded smoothing variational representations for the family of scaled953

nuclear norms. In the indicator case, it was shown that, under appropriate assump-954

tions, the infimal projection is positively homogeneous of degree two, in fact, a squared955

gauge. Moreover, in a special case, it was proven that the conjugate of the infimal956

projection coincides with a variational Gram function (VGF) of the underlying set.957

Thus we were able to easily establish a variational calculus for VGFs as a consequence958

of our more general analysis. In addition, we made a connection with Ky Fan norms.959

7. Appendix. In what follows we use the direct sum of functions fi ∈ E which960

is defined by961

⊕mi=1fi : Em → R ∪ {+∞}, ⊕mi=1fi(x1, . . . , xm) =

m∑
i=1

fi(xi).962

Theorem 7.1 (Extended sum rule). Let fi ∈ Γ0(E) (i = 1, . . . ,m) and set963

f :=
∑m
i=1 fi. Then the following hold:964
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a) (Attouch-Brézis) It holds that f∗ = cl (f∗1 � f
∗
2 � · · · � f∗m). Under the quali-965

fication condition966

(7.1)

m⋂
i=1

ri (dom fi) 6= ∅967

we have f∗ = f∗1 � f
∗
2 � · · · � f∗m which is closed, proper and convex and968

∅ 6= T (z) := argmin

{
m∑
i=1

f∗i (zi)

∣∣∣∣∣ z =

m∑
i=1

zi

}
(z ∈ dom f∗).969

b) If z̄ ∈
∑m
i=1 ∂fi(x̄), then T (z̄) 6= ∅ and970

T (z̄) =

{
(z1, . . . , zm)

∣∣∣∣∣ z̄ =

m∑
i=1

zi, zi ∈ ∂fi(x̄), i = 1, . . . ,m

}
.971

c) Under (7.1) we have ∂f =
∑m
i=1 ∂fi, dom ∂f =

⋂m
i=1 dom ∂fi, and972

∂f(x̄) =

{
m∑
i=1

zi
∣∣ zi ∈ ∂fi(x̄), i = 1, . . . ,m

}
(x̄ ∈ dom ∂f)

=
{
z̄
∣∣ (z1, . . . , zm) ∈ T (z̄) and zi ∈ ∂fi(x̄) i = 1, . . .m

}
.

973

d) Under (7.1), f∗ = f∗1 � f
∗
2 � · · · � f∗m, dom ∂f∗ = {z | ∅ 6= T (z)} 6= ∅, and974

∂f∗(z̄) =

{
m⋂
i=1

∂f∗i (zi)

∣∣∣∣∣ z̄ =

m∑
i=1

zi

}
(z̄ ∈ dom ∂f∗).975

Proof. a) See [15, Theorem 16.4]).976

b) Let L : Em → E be defined by L(z1, . . . , zm) =
∑m
i=1 z

i. Then its adjoint L∗ :977

E → Em is given by L∗(x) = (x, . . . , x) (x ∈ E). Let z̄ ∈
∑m
i=1 ∂fi(x̄), and take any978

zi ∈ ∂fi(x̄) (i = 1, . . . ,m) such that z̄ =
∑m
i=1 z

i. By Proposition [15, Theorem 23.5],979

x̄ ∈ ∂f∗i (zi) (i = 1, . . . ,m). Hence, by [15, Theorem 23.8, 23.9] and [2, Proposition980

16.8] we obtain981

0 ∈ rgeL∗ + ∂f∗1 (z1)× · · · × ∂f∗m(zm) ⊂ ∂(δ{0} (L(·)− z̄) +⊕mi=1f
∗
i )(z1, . . . , zm).982

Hence, (z1, . . . , zm) ∈ T (z̄). This establishes that983

∅ 6=

{
(z1, . . . , zm)

∣∣∣∣∣ z̄ =

m∑
i=1

zi, zi ∈ ∂fi(x̄), i = 1, . . . ,m

}
⊂ T (z̄).984

To see the reverse inclusion, let (z1, . . . , zm) ∈ T (z̄). By assumption and again [15,985

Theorem 23.8], we have z̄ ∈
∑m
i=1 ∂fi(x̄) ⊂ ∂f(x̄). By Proposition [15, Theorem 23.5]986

and the fact that f∗(z̄) =
∑m
i=1 f

∗
i (zi), we have987

m∑
i=1

〈
zi, x̄

〉
= 〈z̄, x̄〉 = f∗(z̄) + f(x̄) =

m∑
i=1

(f∗i (zi) + fi(x̄)),988

so that989

0 =

m∑
i=1

(f∗i (zi) + fi(x̄)−
〈
zi, x̄

〉
).990
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By the Fenchel-Young inequality, f∗i (zi) + fi(x̄) −
〈
zi, x̄

〉
≥ 0 (i = 1, . . . ,m), hence991

equality must hold for each i = 1, . . . ,m, or equivalently zi ∈ ∂fi(x̄) (i = 1, . . . ,m).992

This establishes the reverse inclusion.993

c) The first two consequences follow from [15, Theorem 23.8]. For the third, the994

first equivalence simply follows from the fact that ∂f =
∑m
i=1 ∂fi. To see the second995

equivalence, let z̄ ∈ ∂f(x̄). Then, by part b), T (z̄) 6= ∅, and, for every (z1, . . . , zm) ∈996

T (z̄), we have zi ∈ ∂fi(x̄), i = 1, . . . ,m. Hence,997

∂f(x̄) ⊂
{
z̄
∣∣ (z1, . . . , zm) ∈ T (z̄), zi ∈ ∂fi(x̄), i = 1, . . . ,m

}
.998

The reverse inclusion follows from the first equivalence.999

d) By part a), f∗ = f∗1 � f
∗
2 � · · ·� f∗m is closed, proper, convex, and T (z) 6= ∅ for all1000

z ∈ dom f∗.1001

Let us first suppose that z̄ ∈ dom ∂f∗ ⊂ dom f∗, then T (z̄) 6= ∅. Let x̄ ∈ ∂f∗(z̄).1002

By [15, Theorem 23.5], z̄ ∈ ∂f(x̄). By part c), this is equivalent to the existence of1003

zi ∈ ∂fi(x̄) such that z̄ =
∑m
i=1 z

i, which, by [15, Theorem 23.5], is equivalent to1004

x̄ ∈
{⋂m

i=1 ∂f
∗
i (zi)

∣∣ z̄ =
∑m
i=1 z

i
}

. Hence ∂f∗(z̄) ⊂
{⋂m

i=1 ∂f
∗
i (zi)

∣∣ z̄ =
∑m
i=1 z

i
}

.1005

On the other hand, let x̄ ∈
{⋂m

i=1 ∂f
∗
i (zi)

∣∣ z̄ =
∑m
i=1 z

i
}

. Then, by [15, Theorem1006

23.5] we have z̄ ∈ ∂f(x̄). But then, again by [15, Theorem 23.5], x̄ ∈ ∂f∗(ȳ). Finally,1007

suppose that (z1, . . . , zm) ∈ T (z̄) 6= ∅. Then, as in part a), 0 ∈ rgeL∗+∂f∗1 (z1)×· · ·×1008

∂f∗m(zm), or equivalently, there is an x̄ such that x̄ ∈
⋂m
i=1 ∂f

∗
1 (zi) with z̄ =

∑m
i=1 z

i,1009

i.e., x̄ ∈ ∂f∗(z̄). This completes the proof.1010

An interesting consequence of Proposition 7.1 a) is the following result.1011

Corollary 7.2 (Partial conjugates). Let f ∈ Γ(E1 × E2) and x̄ ∈ E1 such that1012

ḡ := f(x̄, ·) is proper. Then ḡ∗ is the closure of the function1013

w 7→ inf
z:(z,w)∈dom f∗

{f∗(z, w)− 〈x̄, z〉}.1014

If x̄ ∈ riL(dom f), where L : (x, v) 7→ x, then the closure can be dropped.1015

Proof. We use Proposition 7.1 a) throughout: Observe that1016

ḡ∗(w) = sup
v
{〈v, w〉 − f(x̄, w)}1017

= sup
(x,v)

{〈(x, v), (0, w)〉 − (f + δ{x̄}×E2)(x, v)}1018

= (f + δ{x̄}×E2)∗(0, w)1019

= cl (f∗ � σ{x̄}×E2)(0, w).1020

Now notice that σ{x̄}×E2 = 〈x̄, ·〉 ⊕ δ{0}. Hence1021

(f∗ � σ{x̄}×E2)(0, w) = inf
(z,u)
{f∗(z, u) + 〈x̄, 0− z〉+ δ{0}(w − u)}1022

= inf
z:(z,w)∈dom f∗

{f∗(z, w)− 〈x̄, z〉}.1023

This proves the first statement. Note that the closure can be dropped if ri (dom f)1024

and ri (dom δ{x̄}×E2) = {x̄}×E2 intersect, which is equivalent to the condition stated.1025

This concludes the proof.1026
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