SQUARE ROOT LASSO: WELL-POSEDNESS, LIPSCHITZ
STABILITY AND THE TUNING TRADE OFF*
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Abstract. This paper studies well-posedness and parameter sensitivity of the Square Root
LASSO (SR-LASSO), an optimization model for recovering sparse solutions to linear inverse prob-
lems in finite dimension. An advantage of the SR-LASSO (e.g., over the standard LASSO) is that the
optimal tuning of the regularization parameter is robust with respect to measurement noise. This
paper provides three point-based regularity conditions at a solution of the SR-LASSO: the weak,
intermediate, and strong assumptions. It is shown that the weak assumption implies uniqueness
of the solution in question. The intermediate assumption yields a directionally differentiable and
locally Lipschitz solution map (with explicit Lipschitz bounds), whereas the strong assumption gives
continuous differentiability of said map around the point in question. Our analysis leads to new
theoretical insights on the comparison between SR-LASSO and LASSO from the viewpoint of tuning
parameter sensitivity: noise-robust optimal parameter choice for SR-LASSO comes at the “price”
of elevated tuning parameter sensitivity. Numerical results support and showcase the theoretical
findings.
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1. Introduction. In this paper we study the Square Root LASSO (SR-LASSO)

(1.1) min |Az — b + M|z,
reR™

which was introduced in [10] as an optimization model for computing sparse solutions
to the linear inverse problem Az ~ b. Here, A € R™*" is a design or sensing matriz,
b e R™ is a vector of observations or measurements, A > 0 is a tuning parameter, and
|-] and |- |1 denote the Euclidean and the ¢;-norm, respectively. We refer to | Az —b|
and A|z|; as the data fidelity and the regularization term, respectively. Seeking an
optimal balance between data fidelity and regularization, the SR-LASSO is a powerful
sparse regularization technique, widely adopted in statistics and increasingly popular
in scientific computing and machine learning (see § 1.1). The SR-LASSO is a close
relative of the well-known LASSO (Least Absolute Shrinkage and Selection Opera-
tor) [44], whose unconstrained formulation is obtained from (1.1) by squaring (and,
optionally, rescaling) the data fidelity term, thus also explaining the terminology.
This seemingly minor algebraic transformation corresponds to a major benefit for
the SR-LASSO: optimal tuning strategies for the parameter A are robust to unknown
errors (i.e., noise) corrupting the observations (see [1, 10, 48] and Figure 2a). This
is a key practical advantage of (1.1). For example, in the context of sparse recovery,
when A and b arise from noisy linear measurements of a sparse or compressible vector
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2t i, b= Azt +e (e € R™), 2% can be successfully recovered via the SR-LASSO for
values of X independent of the noise e under mild conditions on A (such as the robust
null space property; see e.g., [4, Theorem 6.29] for more details). In contrast, an order-
optimal choice of tuning parameter for LASSO is sensitive to the noise scale [17, 39].
This attractive property has made the SR-LASSO increasingly popular over the last
decade in a variety of contexts beyond statistics, such as compressed sensing, high-
dimensional function approximation, and deep learning (see § 1.1).

In this paper, building upon a line of work initiated by the authors [14], we inspect
the SR-LASSO through the lens of wvariational analysis [24, 32, 33, 38|, which leads
to a full picture of well-posedness and stability of the solution mapping of (1.1).

1.1. Motivation. The SR-LASSO was initially proposed by Belloni et al. [10]
as a sparse high-dimensional linear regression technique. Since then, it has had a
significant impact in the statistical community, e.g., see [11, 20, 36, 41, 43] and the
book [48]. The SR-LASSO is also closely related to other statistical estimation tech-
niques, such as the scaled LASSO [42][48, Chapter 3] and SPICE (SParse Iterative
Covariance-based Estimation) [8, 9, 40].

On top of its impact in statistics, the SR-LASSO (and its weighted formulation,
where the ¢1-norm in the regularization term of (1.1) is replaced with a weighted ¢;-
norm) has been gaining increasing popularity in other fields such as compressed sens-
ing [23], high-dimensional function approximation, and deep learning. The (weighted)
SR-LASSO was applied and studied in the compressed sensing context by Adcock et
al. [1], motivated by applications to high-dimensional function approximation and
parametric differential equations [4]. Further studies and applications of the SR-
LASSO in compressed sensing include [3, 6, 25, 31, 35]. In addition, the SR-LASSO
was recently employed to analyze and develop deep learning techniques. Training
strategies based on the SR-LASSO were used to prove so-called practical existence
theorems for deep neural networks [2, 5] and to develop stable and accurate neural
networks for image reconstruction [21]. A thorough variational analysis has, to the
best of our knowledge, been lacking thus far.

1.2. Main contributions. Our first contribution concerns well-posedness of the
SR-LASSO. Concretely, given a solution Z of (1.1) with data (A, b, A), we establish (in
Theorem 3.4) that Z (with support I) is the unique minimizer if the following holds:

ASSUMPTION 1 (Weak). We have:
(i) ker A = {0} and b ¢ rge Ar;

_ 1 T
(i) 3z e ker AF 0 {225} AT (5 + <), <0

TAz—0]
We then introduce two stronger regularity conditions for the SR-LASSO: the first,
which we call the intermediate condition, reads as follows for some solution Z and

_ T b—Az | _
J = {ze{l,...,n}HAZ- e —/\}.
AssUMPTION 2 (Intermediate). We have ker Ay = {0}, AT # b, and b¢ rge A;.

We show in Proposition 3.7 that this condition implies Assumption 1. On the other
hand, we find in Proposition 3.10 that it is implied by the strong condition at Z.

ASSUMPTION 3 (Strong). We have:

(i) ker Ay = {0} and b ¢ rge Ar;

(ii) [Ajc(b— AZ)]e < A|AZ —b].
This analysis on uniqueness and the study of the relationships between the different
regularity conditions relies heavily on classical convex analysis [37].
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Our second main contribution concerns sensitivity of solutions of (1.1) to the
data, i.e., we investigate the (solution) mapping S : R™ x R, 3 R,

(1.2) S : (b, A) — argmin {| Az — b| + A\|z|1}-
TeR™

To this end, we bring to bear the powerful machinery of variational analysis and
the set-valued implicit function theorems built around graphical differentiation a la
Rockafellar and Wets [38], Mordukhovich [32, 33], and Dontchev and Rockafellar [24].

We show in Theorem 4.3 that S is locally Lipschitz (hence single-valued) and
directionally differentiable at (b, \) if Assumption 2 holds at Z := S(b,\). Comple-
menting this, in Proposition 3.8 we furnish an analytic expression for the (unique)
solution under said intermediate condition. Moreover, in Theorem 5.3, we show that
S is continuously differentiable at (b, \) if Assumption 3 holds at Z. These theoretical
findings are summarized in Figure 1.

Assumption 3 Theorem 5.3
N
(Strong)

|

Assumption 2

Int diat .. Y
(Intermediate) Proposition 3.8 Explicit formula for S(b, \)

Assumption 1 Theorem 3.4
e
(Weak)

S continuously differentiable at (b, \)

Theorem 4.3 S Lipschitz & directionally diff. at (b, \)

S, N) = {7}

Fig. 1: Ordering of regularity assumptions and their implications

Our third main contribution is a comparison of SR-LASSO and (unconstrained)
LASSO (¢f. (6.1)). It is well known that SR-LASSO optimal parameter choice is
noise scale robust, but not so for LASSO (¢f. Figure 2a). However, we elaborate in §6
on the differences in sensitivity between the two programs and suggest the “price”
for robustness is increased parameter sensitivity. For instance, Figure 2b portrays the
Lipschitz behavior of both programs, displaying elevated parameter sensitivity for SR-
LASSO. A theoretical argument supporting this behavior is given in § 6.1 (see (6.2)
and (6.3)). Our insights on this robustness-sensitivity trade off for SR-LASSO’s pa-
rameter tuning strategies are, to the best of our knowledge, a novel contribution.

Our final contribution, in § 7, is a numerical exploration of SR-LASSO solution
uniqueness and sensitivity, as well as an empirical verification of the tightness of our
Lipschitz bounds in § 5 using synthetic experiments. In particular, Figures 4 and 5
demonstrate a wide neighborhood in which the sufficient condition for uniqueness is
empirically satisfied. Moreover, Figure 6 supports the notion that our theoretical
bounds on the Lipschitz constant for SR-LASSO are relatively tight (at least in the
regime considered in the experiment).

1.3. Related work. The well-posedness study presented in this paper is inspired
by the one for the LASSO problem in Zhang et al. [49], Gilbert [27] and Tibshirani [45],
as well as the one for nuclear norm minimization by Hoheisel and Paquette [29]. The
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Fig. 2: Comparison between SR-LASSO (SR) and (unconstrained) LASSO (UC):
recovery of an unknown sparse signal z! € R” from noisy underdetermined linear
measurements (cf. (6.4)). For A > 0, denote by Zsr()), Zuc(A) € R™ respective
solutions to SR-LASSO and LASSO. The optimal parameter values A\p&  AVS, > 0
for each program minimize the ¢, approximation error between the solution and z*.
See §6 for further details and discussion.

stability analysis executed here is similar to a study on the LASSO problem carried out
by the authors of this paper [14]. Stability analysis for linear least-squares problems
(i.e., quadratic fidelity term) with general, partially smooth regularizers can be found
in the body of work by Vaiter et al., e.g., [46, 47]. This embeds in the more general
and more recent studies (which do not cover the SR-LASSO) by Bolte et al. [18, 19].
A sensitivity analysis of the proximal operator using tools similar to our study can
be found in Friedlander et al. [26]. Tuning parameter sensitivity has previously been
examined for other LASSO formulations [15] and for proximal denoising [16].

Further studies that tackle the SR-LASSO explicitly, albeit not from a variational-
analytic perspective, were discussed in §1.1. They include contributions in the fields
of statistics [10, 11, 20, 36, 41, 43, 48], sparse recovery, compressed sensing [1, 4, 3,
25, 31, 35], and deep learning [2, 5, 21].

1.4. Notation. In what follows, the Euclidean norm is denoted by | - |, the
(1-norm (on R™) is given by |z|i := >, |z;|, while the x-norm (or mazimum
norm) is given by |x]s = max;—1,. ., |z;|. The corresponding unit balls have the

respective subscripts, i.e., B, B; and B,,. The support of a vector x € R™ is given
by supp(z) := {ie{l,...,n} | x; #0}. The first n positive integers are denoted
[n] :={1,2,...,n}. Define the projection operator onto a closed, convex set C < R"
by Pe(x) := argmin,g. |z — z|. Write the orthogonal complement of a subspace
V < R™ as V. The identity matrix is denoted by I. The spectral norm of a matrix
X € R™*" is denoted by || X|. For a set K < [n], Xpr € R™*I%| is the matrix whose
columns are the columns X; of X for i € K. For z € R", we let Lx(x) € R™ be the
vector whose elements are x; if 7 € K and 0 otherwise.

2. Preliminaries. We start with some basic results from matrix analysis. De-
note the (Moore-Penrose) pseudoinverse of X by XT. For a symmetric matrix S e
R4 et A\pax(S) be its maximum eigenvalue. For a matrix X € R™*% let opmin(X)
be its smallest nonzero singular value, and let o5 (X) be its maximum singular value.

Recall that
Umax(X) = HXH = )\max(XTX) = m%XUTXU.
VE.
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We commence with a result that is ubiquitous in our study and is, in essence, the
famous Sherman-Morrison-Woodbury formula [30, (0.7.4.1)].

LEMMA 2.1 (Sherman-Morrison-Woodbury). Let M € R™** such that rank M =
s, and let v € R™ with |v| = 1. For the matriz W := M T (I—vv")M the following
hold:

(a) W is invertible (in fact, symmetric positive definite) if (and only if) v ¢ rge M

with bo(Mto)T
MTy(MM
Wt=M"M)™ + ———t.
( ) 1—vTMMfy
(b) In the invertible case, we have
1 | M2 1 1

Amax(W™1) < :
(W) < e T T o Mo = omn ()2 T 1= oMo

Proof. (a) First, observe that with the invertible matrix A := M "M, x := —M v,
and y := —x, we have
l+2" Ay =0 <= 1=0' MM M) *M"™v=v" MM = |MMv|?
= |MM"| = ||
< vergeM.
The last equivalence follows from the fact that M MT is the projection onto rge M

and the Cauchy-Schwarz inequality. Hence, by the Sherman-Morrison-Woodbury for-
mula [30, (0.7.4.1)] with A, z,y as above, and assuming that v ¢ rge M, we have

MTM)"*MTov " M(MTM)~! Mto(Mtv)T
Wl = (M7 4 =M"M)TH ——
(M M) 1= oTM(MTM) Mo (MEM)™ + T T
(b) By Weyl’s theorem [30, Theorem 4.3.1], it follows from (a) that
Mio(MTo)T
)\max W_l < >\max MTM -t )\max T T ATATT.
(W) < A (M3 7) - A (B0
RS S V527
B Umin(M)2 1- ”]\4]\4TUH2
O

We record an immediate consequence.

COROLLARY 2.2. Let M € R™** and let v € R® with |v|| = 1. Then the following
are equivalent:

(i) ker M = {0} and v ¢ rge M ;

(ii) ker M T (I —vv )M = {0};

(iii) ker(I —vv")M = {0}.

Proof.
‘(i) = (4z)": This follows immediately from Lemma 2.1(a).
‘(#t) = (zi2)’: This is obvious.
(tit) = ( ): Assume (i) were false. Then ker M is nontrivial, in which case so is
ker(I —vvT)M, or v € rge M. The latter, however, implies that there exists y € RS\{O}
such that (I—vv")My = (I—vv")v = 0, hence, also in this case, ker(I —vv )M is
nontrivial. |
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2.1. Tools from variational analysis. We provide in this section the neces-
sary tools from variational analysis, and we follow here the notational conventions of
Rockafellar and Wets [38], but the reader can find the objects defined here also in the
books by Mordukhovich [32, 33] or Dontchev and Rockafellar [24].

Let S : E; =3 Ey be a set-valued map. The domain and graph of S, respectively,
are dom S := {x € Ey | S(z) # &} and gph S := {(z,y) e E; x Ey |y € S(x)}. The
outer limit of S at & € Eq is

Limsup $(x) = {y € Ez | 3} — 7, {ye € S@n)} — v}

T—>T

Now let A < E. The tangent cone of A at T € A is Ta(Z) := Limsup,, %. The
reqular normal cone of A at T € A is the polar of the tangent cone, i.e.,

Na(Z) :=Ta(z)° ={veE | (v, y) <0 YyeTa(z)}.

The limiting normal cone of A at Z € Ais No(z) := Limsup,_,, Na(x). The coderiva-
tive of S at (Z,y) € gph S is the map D*S(Z | §) : Eo 3 E; defined via

(2.1) veD*S(x|y)(y) < (v,—y) € Nepns(Z, 7).

The graphical derivative of S at (Z,%) is the map DS(Z | §) : E; =3 Eq given by
(2.2) ve DS(z|g)(u) <= (u,v)€ Tgpns(T, ).

The strict graphical derivative of S at (z,7) is D.S(Z | §) : E; 3 Es given by

{te} 1 0, {wr} — w, Sz + trwg) — Yk

D*S(i“|gj)(w)= zelk, |3 {Zk}g’z, 1z € ;

{(z, yi) € gph S} — (2,79) *
We adopt the convention to set D*S(z) := D*S(z | y) if S(Z) is a singleton, and
proceed analogously for the graphical derivatives. We point out that if S is single-
valued and continuously differentiable at Z, then DS(Z) = D,.S(Z) coincides with its
derivative at Z. Moreover, in this case D*S(Z) = DS(Z)*. Therefore, there is, in this
case, no ambiguity in notation. More generally, we will employ the following sum rule
for the derivatives introduced above frequently in our study.

LEMMA 2.3 ([38, Exercise 10.43 (b)]). Let S=f+F for f:E; > Ey, F:E; 3
Eo, and (Z,u) € gph S. Assume that [ is continuously differentiable at T. Then:

(a) DS(@|a)(w) = Df(@)w + DF(zla — f(Z))(w), YweEy;

(b) D,S(z|u)(w) = Df(Z)w + Do F(Z|u — f(Z))(w), YweE;;

(c) D*S(z|u)(y) = Df(z)*y + D*F(ala— f(7))(y), ¥y e Ea.

2.2. Convex analysis tools. We first present some fundamental concepts as-
sociated with convex sets [37]. For a convex set C' € R™ and Z € C we define:

(a) the affine hull of C, i.e., is the smallest affine set that contains C, by aff C;

(b) the subspace parallel to C by par C' := span (C — ) = aff C — z;

(c) its relative interior by riC :={x e C |Je >0: B.(x)naff C = C}.
We note that int C' # &F if and only if par C = R™, in which case ri C' = int C. We call
a function f : R™ — Ru {400} proper if dom f := {x € R" | f(z) < +00} is nonempty.
It is called conver if its epigraph epif := {(z,a) e R™ xR | f(z) < a} is a convex
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set. As a first, yet central, example of an extended real-valued function, we consider
the indicator (function) ¢ : R™ — R U {+00} of C' < R given by

0 zeC
) =
c(@) {+OO else,

which is proper and convex if and only if C' is nonempty and convex. The (convex)
subdifferential of f : R™ — R u {+o} at T € dom f is given by

of(z) ={veR"| f(Z)+ v,z —Z) < f(x) Ve edom [ }.

For instance, the subdifferential of the indicator function of a convex set C' € R™ at
Z € C' is the normal cone of C' at Z, i.e.,

00c(Z) ={veR" | v,z —Z)<0 VzeC}=Nc().

The two most important examples to our study are the Euclidean norm || - | whose
subdifferential is given by

(2.3) - 1(=) = {

and the /1-norm whose subdifferential is presented in the next result.

LEMMA 2.4 (Subdifferential of ¢;-norm). Let z € R™ and set I := supp(z) :

_ n Sgn(zi)a z; # 0, .
(a) 0| - |1(2) = X3y {[1’1]7 2 =0 }’

. n Sgn(zi)’ z # 0’
b) 1id] - 1(z) = X :
) sl 1a(2) = X, {5 Zi_o}’

(c) pard| - |1(z) = {veR™ |vr =0}.
The (Fenchel) conjugate of f : R" — R u {+00} is the function f* : R" — R u {400},

[*y) == sup {{y, ) — f(2)}.

zedom f

If f is proper and convex, then so is f* (which is always lower semicontinuous). Of
special interest is the conjugacy relation between indicator and support functions.
For any set C' < R™, its support function is o¢(y) := sup,ec {(z, y) = 6&(y). We have
ol(y) = dc(z) if (and only if) C' is nonempty, closed and convex. This is relevant to
our study as every norm is the support function of a symmetric, convex, compact set
C with 0 € int C. In particular, || - ||, = op, for all 1 < p,q < o and % + % =1' eg
see [38, 11(12)]. Consequently, we have
(2.4) |- I* =65 and |-|{ = 0B,
3. Uniqueness of solutions and regularity conditions for SR-LASSO.
This section establishes a sufficient condition for SR-LASSO solution uniqueness, then
introduces two stronger point-based regularity conditions and their relationship.

Formally setting 1/c0 := 0.
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3.1. Uniqueness of solutions. In this section, we provide conditions that guar-
antee a given solution of SR-LASSO is unique. The key observation is that the nor-
malized residual is, in essence, an invariant for a given problem instance. This fact
can be seen through (Fenchel-Rockafellar) duality (e.g., see [38, Chapter 11]), which
we establish for the SR-LASSO (1.1) here.

PROPOSITION 3.1 (Fenchel-Rockafellar duality scheme for (1.1)). We have:
(a) The (Fenchel-Rockafellar) dual problem to (1.1) is

(3.1) max (b, y) st. ATye ABy, yeB.
ye m
(b) For (Z,7) the following are equivalent:
(i) T solves (1.1), § solves (3.1).
(ii) |AZ — b2 + AN|Z|1 = <b, §), and § is feasible for (3.1).
(iii) ATge X - |1(z), —ged|(-) - b]2(Az).
(iv) T € Nxp,, (A7), b— Az € Ny(y).

Proof. Apply [38, Example 11.41] in combination with Lemma 2.4, (2.3) and (2.4),
and realize that strong duality holds (as the the primal functions are finite-valued)
i.e., primal and dual optimal value are identical, which explains the equivalence of (i
and (ii).

We now present the advertised invariance of the normalized residual.

O

COROLLARY 3.2. If there exists a solution & of (1.1) with A% — b # 0, then:
(a) The dual problem (3.1) has a unique solution § with ||g| = 1.
(b) Every solution T of (1.1) satisfies b — AT = |AZ — b|g.
Proof. (a) Observe that every dual solution §, by Proposition 3.1(b), must satisfy
Az —b
—peal-iai-n - { o)
| Az — ]
(b) Let § be the unique dual solution. Pick any Z that solves (1.1) such that Az—b # 0.
Then, by Proposition 3.1 (b), it follows that ¢ = ﬁ. O
We record a simple linear-algebraic fact.

LEMMA 3.3. Let 0€ A < R" and let U < R™ be a subspace. Then span (U + A) =
U + span A.

Proof. First, observe that U+ A € U +span A, hence span (U + A) € U + span A.
In turn, observe that U < U + A < span (U + A) and span A < span (U + A)
(since both U and A contain 0). Consequently, we have

U + span A = span (U U span A) < span (U + A). O
The main result on uniqueness relies on the following regularity condition that we
impose at a solution Z of (1.1).

AssSUMPTION 1 (Weak). For a solution T of (1.1) with I := supp(Z) we have:
(i) ker Ar = {0} and b¢rgeAs;

1
. b—AzZ T .47 [ b=Az
(ZZ) HZG{M} mkerAI .HAIC (m+Z)HOO<)\
We are now in a position to present the advertised uniqueness result.

THEOREM 3.4 (Uniqueness of solutions). Under Assumption 1, T is the unique
solution of (1.1).
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Proof. Let g := ”f@i‘ﬁ“ denote the unique dual solution and consider the auxiliary

problem with S := Np(y) = R4 {7}:
(3:2) min ¢(z) := Az — (ATg, z) +bs(b— Ax).
The optimality conditions for (3.2) read
0eoy(z) =N - |1(z) — ATy — ATNs(b— Az), b— AzeS.

Using Corollary 3.2(b) and the fact that 0 € Ns(b — Ax), we see that every solution
of (1.1) solves (3.2). Now, Z is the unique solution of (3.2) if (and only if) 0 €
int 0y(z) [27, Lemma 3.2]. Since AZ—b # 0, we find that Ns(b— Az) = {g}+ = rge P,
where P := I—gg' is the orthogonal projection onto {f}*. We now observe that
0 € int 0v(Z) if and only if the following two conditions hold:

span 0y (z) = R™ and 0 € ridy(z).
Since our assumptions imply that Ns(b — AZ) = rge P, we find that

span 0y (z7) = R" <= pard| - ||,(Z) + rge (A" P) = R"
«— (pard| - |1(z))" N ker(PA) = {0}
<= ker(PAs) = {0}
<= ker A; = {0} and b¢rgeA;.

Here the first identity uses Lemma 3.3 and the fact that ATy € AJ| - [1(Z). The
second one follows by taking orthogonal complements on both sides. The penultimate
equivalence uses Lemma 2.4 (b), and the last equivalence uses Corollary 2.2.

In addition, we observe that

Oeridp(z) = Ize{g}t:Algeidl |(z;) — A 2,

which can be seen to be equivalent to (ii) by Lemma 2.4 (b). |

Remark 3.5. Note that for I = ¢J (i.e., Z = 0), condition (i) is vacuously satisfied,
so the sufficient conditions collapse to

(3.3) 3z e {0} | Ao (/] + 2) ] < A
The former corresponds to the fact that for £ = 0, we have par 0y (z) = R™. o

3.2. Stronger regularity conditions. We now introduce two additional regu-
larity conditions, both of which (will be seen to) imply Assumption 1, and hence also
guarantee well-posedness of the SR-LASSO. As we will see in §4 and §5, respectively,
these conditions in fact yield stability of the solution function.

3.2.1. Intermediate condition. We start with what we call the intermediate
condition. This condition is based on the notion of the (SR-LASSO) equicorrelation
set, which is an analog to the one in the LASSO setting [45].

ASSUMPTION 2 (Intermediate). For a minimizer T of (1.1), we have AT # b

and for
)

b— Az
) T
J {@e[n]  TAz =]

we have ker Ay = {0} and b ¢ rge A;.

4
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Observe that if Z is minimizer of (1.1) with AZ # b, then we have I := supp(z) < J
by first-order optimality conditions; a fact that is frequently used from here on.

We will now show that Assumption 2 implies Assumption 1 as advertised. To
this end, we employ the following lemma, whose proof is deferred to Appendix A.

LEMMA 3.6 (Shrinking property). Let B € R™*¢ C e R™** e R™ and ¢ > 0
such that rank [B C| = + s and y ¢ rge [B C]. Set T := {g}* nker CT and

*.— inf |BT(y )
P zeéfém“ (¥ + 2)|eo

Then, p* < |B"Y|w, and the infimum is attained.
We are now in a position to present the advertised implication.

PROPOSITION 3.7. Assumption 2 implies Assumption 1.

Proof. Let Z solve (1.1), set I := supp(Z) and s := |I|. Note that b ¢ rge A,
thus, in particular, b ¢ rge A; and AT # b, so § := ”Z%m;” is the unique dual solution
(¢f. Corollary 3.2). Thus, to establish the result, we show that

Jze{gtrnker AT : |Alc(§+2)]|w < M.

Now, set 7 := {y}* nker A]. Since one already has [|A]c7[w < A by definition of J,
choose any £ > 0 satisfying

sup AT (@ + 2)]w < A,
zeeBNT
and seek z € eB N T satisfying HA;\I@ +2) [ < A. We select such a z via Lemma 3.6
with B := Aj;,C := Ay and £ := |J\I| = |J| — 5. Thus, one has rank [A; A[] =
rank Ay = |J|, and g ¢ rge Ay = rge [A; Ar]. Therefore, the lemma yields z € eBNT
satisfying HA}\I(ﬂ—l—E)HOO < HA}\IngOO = X. Consequently, there exists Z € T satisfying
|A}c (g + 2)|lw < A, completing the proof. O

An immediate consequence of the above result and Theorem 3.4 is that the intermedi-
ate condition from Assumption 2 yields uniqueness of the solution in question. This is
complemented by the following result, the proof of which is postponed to Appendix B.
Under Assumption 2, it establishes uniqueness and gives an analytic expression for
the unique solution, analogous to a result for unconstrained LASSO [45, Lemma 2].

PROPOSITION 3.8 (Analytic solution formula). Let T be a solution of (1.1) such
that Assumption 2 holds at . Then T is the unique solution and

(3.4) T=Ly (BAJI—gg ),  B:=[AJA-g5")A,] .

3.2.2. The strong condition. We present a third regularity condition to which
we will refer as the ‘strong’ condition as it implies the intermediate condition from
Assumption 2 (and thus the weak one) as we will see shortly.

ASSUMPTION 3 (Strong). For a minimizer T of (1.1) with I := supp(Z) we have:
(i) ker Ay = {0} and b¢ rge Ay;
(ii) [[Afe (b — AT)|o < A|AZ = b

Remark 3.9 (On Assumption 3). Note that part (ii) is automatically satisfied
if HA}rcHQ_,@ < A, where | - |2 denotes the induced matrix norm defined by
[ M2 = supj,,—1 [Mz]e. In particular, (ii) is implied by |Ajc| < A since
[ M2 < || M| for any matrix M. o



SQUARE ROOT LASSO 11

We now address the advertised (and trivial) implication.
PROPOSITION 3.10. Assumption 3 implies Assumption 2.

Proof. If Assumption 3 holds at Z, then part (ii) yields that I = J, hence part
(ii) implies that A; = A; has full rank. |

3.2.3. Overview of regularity conditions. From Proposition 3.7 and Propo-
sition 3.10 it follows that:

Assumption 3 ==  Assumption 2 =  Assumption 1.

The reverse implications do not generally hold as the following examples show.
Ezample 3.11. Consider the SR-LASSO (1.1) with

1 0 0 1
(200, o ()

For A = %, we find that £ = 0 is a solution (with I = (&) as

_ A2
b— Az b
AT = AT = | X |eNd|-|1(2).
|AZ — b o] ]\
We also see that J = {2,3},s0 Ay = (1) 1) Consequently, Assumption 2 is violated
at 7. In turn, let z := 2(_2) € {b}*. Then, with A;c = A, we find
b A/2 A3
HAITC ( n 2) H W I N v70) | Y
TRV S I A v |
Therefore, in view of (3.3), Assumption 1 holds at Z. o

Ezample 3.12. Consider the SR-LASSO (1.1) with

1 0 2 1
A= (0 9 2) and b:= (1>

For A = 1/2, we find that Z = 0 is a solution (with I = &) as

pb—Az b

Ao~ Tl I (@)

O >

In particular, J = {2}, thus A; = (g), hence Assumption 2 is satisfied. In turn,
Assumption 3 is violated as I < J. o

4. Lipschitz stability under the intermediate condition. In this section,
we show that the intermediate condition Assumption 2 yields directional differentia-
bility and local Lipschitz continuity of the solution function of the SR-LASSO (1.1)
at the point in question, and we provide explicit Lipschitz bounds. The key result
is that, under Assumption 2, the subdifferential map of the objective function of
the SR-LASSO is strongly metrically reqular [24, 38] at the point in question, i.e.,



12 A. BERK, S. BRUGIAPAGLIA, AND T. HOHEISEL

it is invertible with locally Lipschitz inverse there. To this end, given a positively
homogenous map H : R™ =3 R™, its outer norm given by

[H|* == sup sup |[y].
|z|<1 yeH (@)

PROPOSITION 4.1. Let A e R™*™, be R™ and let T € R™ be a solution of (1.1)
such that b # Az. Define T : R" 3 R" by T(z) := 30 (JA(-) = b]) () + || [1(z). Un-
der Assumption 2, !D*T(aﬁ | O)_l‘+ < 0. Moreover, T' is strongly metrically reqular
at (z,0).

Proof. Define 7 :=b— Az and g := 7/|F|. Let G := V| A(-) — b|| and observe that
G has the form G = ¢(A,b,1,-) for ¢ as defined in Lemma C.1. By Lemma 2.3(c),
Lemma C.1(d) and the symmetry of DG(Z), one has

“T(z | o)) = DG + D* (01-1) (21 477)
| - . 1.
— AT ) Ay D7 @) (2] 5475) ()
Thus, we have
ye D*T(E |07 (2
<« 2ze D*T(z|0)(y)

* 1 =
=z HAT (1-53") Aye 0* 211 (21 5475) )

1
= (o= 5" @) =) € Nwa, (23470)

zi = 5 AL (T-99") Ay, —y: ) € R x {0}, Vie JC,
= 3 (2~ q Al (1 yy)A%—' € {0} x R, Viel,
%= 5t Al ([-99") Ay, —yi) eR- x Ry URy xR, Vie J\I.

The third equivalence holds by definition of the coderivative, and the final implication
can be obtained, for instance, from [14, Lemma 4.9]. The first two conditions, for J¢
and I, respectively, yield yyc = 0 and A|F|z; = A] (I-y§") Asy,. Notice that the
third condition (using y;c = 0) implies

Yi (Zl )\” ” AT ( ggT) AJyJ> =0 Vie J\I

Combining this observation with the first two conditions yields

1
Therefore, we find that
ID*T(@ | 0)7" = sup  {|yl|]z] < Lye D*T(z|0)" (2)}
z,y)eR™ xR"
1
< sw Al [l € 1T 2 AT
(z,u)eR™ xRIJ| )‘H H

< +00.
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Here the finiteness is due to the fact that the second supremum is attained by com-
pactness of the constrained set which, in turn, relies on the positive definiteness of
Al (I—yy")A; due to Assumption 2 and Lemma 2.1. Hence, by [24, Theorem 4C.2]
it follows that T is metrically regular at (Z,0). In addition, a subdifferential of a
closed, proper convex function, T is globally (maximally) monotone, so by [24, The-
orem 3G.5], it follows that T is strongly metrically regular at (z,0). O

We use the strong metric regularity result under Assumption 2 to bootstrap our
way to directional differentiability and obtain a (local) Lipschitz modulus for the
solution map that depends on J. For this, we need the following preparatory result.

LEMMA 4.2. Let T be the (unique) solution of (1.1) such that (given (A,b, X))
Assumption 2 holds at T. Suppose that Ty solves (1.1) given (Ag, bk, \i) — (A,b, \)
and assume Ty — T. Then, Assumption 2 holds at Ty, (for (A, bk, Ax)).

Proof. First, note that AT # b. As (Ag,bi) — (A4,b) and T, — T, by continuity
we find that A;Ty # by for all k sufficiently large. In particular, the equicorrelation
set Jy associated to Ty and (Ag, bk, Ag) is well-defined for such k, and by continuity,
Jir € J for all k sufficiently large. Since A; has full rank, so does A, for all k
sufficiently large. 0

We are now in a position to state the main result of this section. Recall that we
already know from Proposition 3.7 and Theorem 3.4 that the intermediate condition
in Assumption 2 implies uniqueness of solutions at the point in question.

THEOREM 4.3. Let (b,\) € R™ x Ry, and suppose that Assumption 2 holds at
T :=8(b,\), where S is defined as in (1.2). Then:
(a) S is locally Lipschitz at (b, \) with (local) Lipschitz modulus

1 1 AT(Ax—b)H]
L < + | Omax (Ag) + [ —2—=] |
lamm(AJV 1AJALQ|] [ ) H A

(b) S is directionally differentiable at (b,\) and the directional derivative
S'((b,N); () : R™ x R — R"™ is locally Lipschitz. Moreover, for (q,«) €
R™ x R there exists K = K(q,a) < J with supp(Z) < K such that

S'((b:N): (4, ) = Lic (B (AR I-57")a + TAK(AS(B.N) b)) ).
ARy(Ay)”

1-gTAgAlg
Proof. We apply [14, Proposition 4.10] for f : (R™ x R) x R™ — R™ with

where B := (A}AK)_1 +

1
f(b,N),x) = XATaH lo(Az —b), VbeR™, YA >0, Vz e R",

and F : R" 33 R*, F := J|| - |- Throughout, to simplify notation, we make the
identification f(b,\,z) := f((b,\),z) (and perform this unnesting elsewhere, where
appropriate). Under Assumption 2, it holds that AZ # b, hence, f is continuously
differentiable in a neighborhood of (b, A, Z). Additionally, f and F' are monotone, be-
cause the (sub)differential operator of a convex function is (maximally) monotone [38,
Chapter 12]. We organize the proof into three steps.
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Step 1. Local Lipschitz continuity of S. By construction, (b, \,7) € gph S with
0€e f(b,\, ) + F(Z). For T'(z) := f(b,\,x) + F(z), as in Proposition 4.1, Lemma 2.3
yields
D*T(z | 0) = Dy f(b, A, 2)* + D*F(z | —f(b, A, 7))

+
Hence, Proposition 4.1 establishes finiteness of ‘(D*T(i | 0))71‘ , giving local Lip-

schitz continuity of S at (b,\) by [14, Proposition 4.10(b)] and showing the validity
of the first claim in part (a). o
Step 2. Directional differentiability of S at (b, \). Observe that

SO,AN) ={zeR":0e G(b,\, )}, with G(b,\ x):= f(b,\, z) + F(x).

Moreover, F is proto-differentiable at (Z, — f (b, A, )) by [26, Remark 1 and Lemma 4].
Hence, by [14, Proposition 4.10(c)], the graphical derivative DS(b, \) is (single-valued
and) locally Lipschitz with

DS(b,M\)(g,a) = {weR":0e DG(b,\,z | 0)(q, t,w)}, V(g,a) e R™ x R.
Using the graphical derivative sum rule in Lemma 2.3(a) gives
DG(b, A,z | 0)(q, 0, w) = Df(b, A, 7)(q, v, w) + DF(z | —f(b, A, T))(w),

where Df(b,\, 7 | 0)(q,,w) = Dyf(b,\,Z)q+ Dxrf(b,\,Z)a+ D, f(b, \,Z)w. Letting
7:=b— AZ and § := 7/|7|, we use Lemma C.1 to compute:

o 1 [AT — AT#FrT a 1 FEl
Df(b.\. % - = —  ATi+ — [ATA— AT —
A 00w) = 5 | A o AT g | A
AT o
= _|{(1—-453") (¢ — Aw) — =7F|.
N7l [ = ) - 57 1
Altogether, we obtain that
0e DG(b,\, 7 | 0)(q, a, w)
AT «
=——|(I—-gy3") (¢ — Aw) — =7| + D(9| - | ATy
i LT=987) (0 = Aw) = S + DGl 1) (21 475) ()

is equivalent to
AT _ T o _ T-
S (=97 (o= Aw) = Sr| € D@ 1) (71 479) ()
This, in turn, by the definition of the graphical derivative, is equivalent to
AT - o T
(42) < [(]I —ny) (q — Aw) — 5\7"]) (S Tgph ETER (.’E, ATy) .

w2
R

Let I = supp(Z) and recall [14, Lemma 4.9], namely,

R x {0}, Z; #0,0; = sgn(ZT;),
- R x {0} 0 {0) X By, 7= 0, = 1,
43 T, 1o (2, 10)
(4.3) gph ||, (7, @) >=<1 (O} xR UR, x {0}, F1= 0.4 — 11

{O} X R, T; = O7 |’l_l,z| < 1.
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Using that [A}c7]e < A and [A}§|e = A with I = J as well as Z;c = 0, the
inclusion (4.3) and the membership (4.2) together imply

)
1W7§%WUH—§§TKQ—<Aw)——%f] e R x {0}, Viel,
AT a7 | a = . C
wi, 577 [T=55") (g — Aw) = §7] ) € {0} x R, Vie JC,
wi, AL [(1-g77) (g — Aw) — $7]) € (0} x RUR x {0}, Vie J\I.

In particular, for any (¢,a), wye = 0. Thus, A} [I—57")(q— Asws) — %f] = 0.
Likewise, for all i € J\I we have w; A} [(I-y§")(¢ — Ajws) — §7| = 0. Now, set
K:=Tu{ieJ\I|w; #0} and note that I € K < J and wxec = 0. Consequently,
Al [(H —yy " )(q — Agwg) — %F] = 0, which is equivalent to AL (I—-yy")Axwyr =
Al (T—gy")g — %A;{ﬁ Note that Ax has full column rank because A; does (by

Assumption 2). Using that 7 ¢ rge Ax because b ¢ rge A, Lemma 2.1 yields

T Z0At T
__ -1 -1 AR y(Agy)
B:= [A;((]I —ny)AK] = (AIT(AK) + —HKe Koo
1— T A Aly
In particular, using that wgc = 0 (by definition of K), we see that w and K are
uniquely defined for a given (g, ) with w = DS(b, A)(g, ), where

__ «@ _
(4.4) wg = B (A;';(]I —g7" )q — KA};T) , wge = 0.

We conclude that S is directionally differentiable at (b, \) with directional derivative
S'((b,\); (¢, @) = w, where w = w(q, @) is defined as in (4.4). This proves part (b).
Step 3. Estimation of the Lipschitz modulus of S. To infer the Lipschitz bound
claimed in part (a) first note that, by Lemma 4.2 combined with the fact that S is
(Lipschitz) continuous near Z, we can infer that Assumption 2 holds at every point
x = S(b,\) for all (b,\) sufficiently close to (b, ). Therefore, we can reiterate the
whole argument above to infer that S is directionally differentiable at (b, \) with the
corresponding expression for the directional derivative which is, in addition, (locally
Lipschitz) continuous as a function of the direction for all (b, \) sufficiently close to
(b, \). Hence, by [14, Proposition 4.10(c)], S is locally Lipschitz at (b, A) with modulus

L:= limsup max HS/((b, N): (g, 0)]-
b, 2)—(B,X) [(@0)<1

Let (be, Ax) — (b, A) with max(gayj<i [ ((0r; Ae); (0, 0)) = L. As S"((br, Ae)s ()
is continuous (as mentioned above) for all k € N (sufficiently large), there exists (g, @) €
B and {(qx, ax)}ken S B with (qx, ax) — (G, @) such that |S"((bg, A\x); (¢k, ax))| — L.
Let the associated index sets be K. By finiteness, we may assume without loss of
generality that K = K < J. Thus, we have

15" ((brs Ak); (g, o)) = ‘LK (Bk (AI{(H T ) — ;YZAI(W)) ‘

«
< )\max(Bk) : A;{(]I _gkgl—cr)qk - TZA}TIC

)

using that |[Lx| < 1 and where 7, = by — AS(bk, M), Uk = ri/|rl, B :=
[AIT( (I 7%%:)14](]—1' Here, observe that By, is well-defined as rge Ax € rge A; and
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g ¢ Ay, thus gy ¢ rge Ax (for all k sufficiently large). Passing to the limit yields

I N
L < Amax(B) - | AR (L =55 )q — S Ak

1 | A% 312 [ o HAIT((AE—B)H]
< + N omax (AR (I — 4| ===
O-mm(‘élK)2 1-— TAKAK]] ( K( )) A
1 1 AL (Az — b) H
< Omax A + K%
Umln(AK>2 1-— HAKA y|1 |: ( K) A
! 1 AT (Az —b) H
< N omax (A) + | 22
| Tmin(4)? 1—||AJA y|] [ (A7) ‘ A

Here, the second inequality uses Lemma 2.1(b) for the first factor, and that ||(7, @)| <
1 for the second. The penultimate inequality uses that |g| = 1, hence I—yy”
is a projection, and thus omax(AL([I—y77)) < |Ak| - [I-57"| < ||Ak|. The
last mequahty uses that omin(Ay) < omin(Ak) and omax(Ay) = o’max(AK)' note
HAKA g < ”AJA 7|: projecting onto a larger subspace does not decrease norm. 0O

Remark 4.4. An inspection of the proof of Theorem 4.3 reveals that the claim of
Theorem 4.3(b) can be strengthened: the argument used at the beginning of Step 3 of
the proof shows that S is directionally differentiable (with locally Lipschitz directional
derivative) not only at (b, \), but in a whole neighborhood. o

5. Continuous differentiability of the solution function. In this section,
we show that, under Assumption 3, the solution map is continuously differentiable in
a neighborhood of the (unique) solution. This is essentially a direct corollary of the
directional differentiability result from Theorem 4.3 (b) once we establish that the
support of solutions is locally constant. To this end, recall from [14, (2.4)] that, for a
(closed) proper, convex function f : R™ — R u {+00}, one has

(5.1) y eri(0f(z)) = (y, —1) € ri Nepi £ (2, f(@))-

LEMMA 5.1 (Constancy of support). For (A,b,A\) € R™*" x R™ x R, let T
be the unique minimizer of (1.1) such that Assumption 3(ii) holds. Assume that
(Ag, b, \i) — (A,b,)\) and that zy, is a solution of (1.1) given (Ay,by, \x) such that
xp — Z. Then supp(zy) = supp(Z) for all k sufficiently large.

Proof. Set z := (z,|Z[1), Q := epi| - |1 and ¢(x,t) := $|Az — b| + t. The proof
follows the same reasoning as the proof of [14, Lemma 4.7], and all that needs to
be observed is the fact that, by Assumption 3(ii), and (5.1), Z is nondegenerate, i.e.,
—Vé(z) € ri No(2). |

We record the fact that Assumption 3 is a local property.

Remark 5.2 (Assumption 3 is local property). Assume that Assumption 3 holds
at = = S(b,A\). Since S is (locally Lipschitz) continuous around (b, A), Lemma 5.1
yields a neighborhood V of (b, \) such that supp(S(b, A)) = supp(S(b, \)) and, conse-
quently, Assumption 3 holds at S(b, A) for all (b, ) € V. o

THEOREM 5.3. For (b,\) € R™ x Ry, let T be a solution of (1.1) with I :=
supp(&) such that Assumption 3 holds. Then S, defined as in (1.2), is continuously
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differentiable at (b, \) with derivative
-1, A’

Al A — 7
A W

DS N a.0) = Ly ( (AT ium]) |

for7:=b— Az, i :=7/|7|. In particular, S is locally Lipschitz at (b, \) with constant

1 1
L < + |: Omax AI
mem 1&&@]

Proof. Recalling that Assumption 3 implies Assumption 2 (due to I = J), we can
already infer the Lipschitz bound from Theorem 4.3. In addition, we can revisit the
proof of the directional differentiability of S under this premise to infer

o Alg(Alg)T a
+ Iy( Iy) I:AT(]I 77T)q AA-IFT]>

1—gT4;Aly
This directional derivative is linear in the direction (¢, «), because I = K(q,a) = J
here, and thus (see [12, Proposition 4.10(c)]) S is, in fact, differentiable at (b, \). Now,
Remark 5.2 yields a neighborhood V of (b, \) such that Assumption 3 holds at S(b, \)
with supp(S(b, X)) = I for all (b, \) € V. Therefore, reiterating the above argument, S
is differentiable at (b, \) € V with the respective derivative which, by the constancy of
the support, can be seen to be continuous. This proves continuous differentiability. O

S'((b,N); (¢,0)) = Ly ( (A7 Ap)

Remark 5.4. In practice, it is reasonable to expect b ¢ rge A; in cases of interest
to compressed sensing. There, it is interesting to consider |I| « m. Under mild as-
sumptions, if b has been corrupted by random noise then it will be “full dimensional”,
in the sense of not being contained in any of the possible subspaces rge A;. o

COROLLARY 5.5. For (b,\) e R™ xR, | let  be a solution of (1.1) such that As-
sumption 3 holds and let I := supp(Z). Then

S:AeRyy — argmin {|Az — b + A|z[:}
zER™

is continuously differentiable at X with derivative

B AT ATHT AT 7
DS(N)(a) = = lA}r - M , VaeR,
A 1—-gyTAAy
where 7 := b— AZ, y := 7/||[7|. In particular, S is locally Lipschitz at X\ with constant
oy Az —b
(5.2) HA H i ” ” V=g A;Alg

= 5\ . Umin<AI) . |1 - V|,
Proof. In the proof of Theorem 5.3, the expression for the derivative, when S is

a function of A only, clearly reduces to S’(A\;a) = DS(A\)(«) = ( BA[F) where B

is defined as in Theorem 4.3(b). Accordingly, recalling that V =3 A AT 1Y,

1 T A;ﬂ(Ajg)T

Alg(Alg)TAT Al ALV
-V

1-V -y

BAJF = [(AIAI) AlF = Alr+

In particular,

L 3 (@A) < 5 4] e 2 - g e v o
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6. SR-LASSO vs. LASSO. In this section we compare the Lipschitz behavior
for the SR-LASSO solution map with that of the (unconstrained) LASSO. We draw
theoretical comparisons (in § 6.1) using the Lipschitz bound in Corollary 5.5 and an
analogous bound derived in [14]; and numerical comparisons in § 6.2.

6.1. Comparison of Lipschitz bounds. Let us recall that, for given (A, b, \) €
R™*™ x R™ x R, 4, the (unconstrained) LASSO is given by

1 2
(6.1) min oAz = 5" + Allz]s.

As mentioned in the introduction, the vital difference with respect to the SR-LASSO
is the square on the data fidelity term. A variational analysis of its solution map
is carried out in [14]. Here, we want to compare Lipschitz bounds for SR-LASSO
and LASSO from a theoretical viewpoint. For the sake of simplicity, we focus on the
regularity of the solution map with respect to the tuning parameter A, although a
similar comparison can be made when the solution map is considered as a function of
(b,)\). To denote Lipschitz constants associated with SR-LASSO and (unconstrained)
LASSO, we shall use the subscripts SR and UC, respectively.

Corollary 5.5 states that, under Assumption 3 with associated (b, \) e R™ xR, .,
a Lipschitz bound for the SR-LASSO solution map at the point A (corresponding to
the unique solution Zgg) is

I

(6.2) Lsr < <Al 7srl - |1 -5 Ar AL 9|

1
A
where Isg := supp(Zsr), ¥ := Tsr/|7sr|| and s := b — ATgR.

An analogous version of this bound for the LASSO can be derived from results
in [14]. Under [14, Assumption 4.4] with associated (b,A\) € R™ x Ry, (which is
the analogue of Assumption 3 for the LASSO case), i.e., for Zyc solving (6.1) with
(b,\) = (b, \) such that

Ar has full column rank and HAIC (b— A:EUC)”OO < A,

where Iyc := supp(Zuc). In this case, an inspection of the proof of [14, Corollary 4.16]
reveals that the derivative of the LASSO solution map Syc at A satisfies |S{;a(N)] <

%AthUC , where 7yc 1= b— AZyc, ZTuc is the unique LASSO solution, and Iyc :=

supp(Zyc). This leads, in turn, to the following Lipschitz bound:

|4} o Fucl -

Ivc

(6.3) Lyc <

>l =

We are now in a position to compare the two Lipschitz bounds (6.2) and (6.3). Under
the respective “strong” assumptions (i.e., Assumption 3 and [14, Assumption 4.4])
and supposing that Zsg ~ Zyc (which, in turn, implies Isg ~ Iyc and Fsg ~ Tyc), the

only difference between the two bounds is the multiplicative term [1—¢" A ISRA}SRg |71

present in the SR-LASSO case. Since || = 1 and recalling that A, A}

Isr
thogonal projection onto a subspace, we have 0 < gTAISRA}SRg < HQHHAISRALR??” <
|7l = 1. This implies that |1 — QTAISRAJ}SRQFI > 1, which shows that the Lipschitz
bound for SR-LASSO is strictly larger than the one for the LASSO.

Since we are comparing upper bounds, strictly speaking we cannot conclude that

the actual Lipschitz constant of the SR-LASSO is larger than that of the LASSO.

is an or-
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However, the fact that these two upper bounds arise from the application of analogous
proof techniques suggests this to be a reasonable conjecture. This theoretical insight
aligns with numerical evidence provided by Figure 2b and the next subsection.

6.2. Numerical Lipschitz comparison. Here, we numerically examine the
solution sensitivity of SR-LASSO and LASSO, complementing the theoretical obser-
vations of the previous subsection. After providing implementation details in §6.2.1,
we provide extended discussion and details on Figure 2 in §6.2.2 and then compare
the two programs in §6.2.3 in the context of varying measurement size and noise scale.

6.2.1. Implementation details. All numerical aspects, including solvers for
(1.1) and (6.1) were implemented in Python using CvxPY v1.2 [7, 22] with the MOSEK
solver [34]. Default parameter settings were used. Some code and extended discussion
for the experiments in this work are available in our code repository [13].

The elements of the experimental setup are as follows: the ground-truth signal
zf € R”, n = 200, and measurements b € R are given by

and b:= Az* + yw,

o - m+ W;y/m, jé€[s],
(64 ' {o j e [n]\[s)

where W X (0,1), A;j $ (0,m™1), and w; £ (0,1) are all mutually indepen-

dent. Here N(u,0?) denotes the normal distribution with mean y € R and variance
0? > 0 and, e.g., w; IEIJ\/(O, 1) means that the random vector w has entries that are
indpendent identically distributed standard normal random variables. Above, s and
m are positive integers. In Figure 2a we set (m,n,s) = (50,100,5) and vary the
noise scale v; in Figure 2b we set (m,n, s,7) = (100,200, 5,0.5). In §6.2.3 we fix the
sparsity to s = 7 and vary the noise scale v and measurement size m.

Recall that we use SR and UC to refer to SR-LASSO and unconstrained LASSO,
respectively. For P € {SR,UC} and A € 2N + 1, suppose that (A);c[a] is a grid of
values for the regularization parameter, logarithmically spaced about asymptotically
order-optimal parameter choices (e.g., see [10, (6)] and [17, Theorem 6.1], respectively)

MR .—11.971 <1 - 0'05> AC = \/2log(n),

2n

where ® is the cdf of the normal distribution (refer to numpy.logspace for details of

the grid generation [28]). Define z(\) = 27 (A, b, \) € R™ to be a solution to P for
given parameters (4,b, A). We use this notation to refer to the numerical solutions
computed in Python throughout our experiments, and may safely overlook any issues
related to non-uniqueness. For P € {SR,UC}, define

S‘II)Dcst = argmin ”‘,EP()‘) - ‘rﬁH% i'll)gcst = EP(X{)Dcst)v
Ae(A)iera)
and define the normalized parameters Anm, by AL = ()\f /Xgest)ie[ AL If we could

be referring to either program or if clear from context, then we may omit the su-
perscript. For example, we may simply refer to Abest, Tather than Xfesw where Apest
could correspond to either program P € {SR,UC}. Finally, we refer to the quantity
[Z2(N)—2(N)|/|Z(N)| as relative error (viewed as a function of \, with a fixed reference
value \).
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6.2.2. Robustness-sensitivity trade off for parameter tuning. In Figure 2
we presented two graphics that serve to orient and motivate our work, in particular
suggesting that there is a trade off for parameter tuning between robustness and sen-
sitivity. In Figure 2a we demonstrated graphically the known fact that )\ge(gt depends
on the noise scale v > 0, whereas AR, is relatively robust (i.e., agnostic) to vari-
ation in the noise scale. Five independent trials were performed for each program
using parameter values (m,n, s) = (50,100,5). Aspects of the experimental setup not
already detailed in § 1.2, including the definition of the sensing matrix A € R™*™,
measurements b € R™ and ground-truth signal 2!, are detailed in §6.2.1.

On the other hand, in Figure 2b we plot the empirical local Lipschitz behavior of
the SR-LASSO and LASSO solution maps — namely, ||Z(A) — Z()\)|. Here, A &~ Apest
and Ay = A/ A so that the two programs can be plotted about the same reference
point on the horizontal axis. Lgg, given in (5.2), corresponds to a theoretical upper
bound on the local Lipschitz constant for Zgg(A), established in Corollary 5.5; Lyc
to that for LASSO, obtained by the current authors in a previous work (in particular,
a tighter version of [14, Theorem 4.13]). Interestingly, there is a clear connection to
be drawn between the pair Lgsg and Lyc, which is made precise in §6.1. There, and
in Corollary 5.5 we define a quantity V' (appearing in the legend of Figure 2b), which
appears to serve as a good characterization for how the two local Lipschitz constants
differ, namely Lyc &~ Lsgr|1 — V|. Note that we chose A to correspond with a good
estimate of the ground truth signal z¥, because this is perhaps the most interesting
region of parameter space in practice; however, the observations made here apply to
a much larger range of A values.

6.2.3. Effect of noise scale and measurement size. We next examine empir-
ically the effect of noise scale and measurement size (v, m) on the solution sensitivity
between (1.1) and (6.1) in Figure 3. In particular, we first investigate empirical Lip-
schitz behavior of the solution function for (1.1) (see Figure 3a). Again, as a reference
we compare with that for (6.1). In addition, we numerically examine the parameter
sensitivity of the relative error for both (1.1) and (6.1) (see Figure 3b). In both
cases, this is done about the empirically optimal parameter values A\ = Apest. Be-
low, we set A := 501. The logarithmically spaced grid ()\;/\s) ranges from 1073 to
100 (and includes the point 1). In this experiment we fix (s,n) = (7,200) and use
~v € {0.1,0.5,1,5,10}, m € {50,100, 150,200}. Plotted results are depicted in 5 x 4
grids with each grid cell corresponding to a (v, m) pair.

We readily observe from Figure 3a that for any selected pairing of (y,m), the
empirical Lipschitzness of (1.1) is worse than that of (6.1). Interestingly, we observe
that increasing noise scale tends to worsen the empirical Lipschitz behavior of (1.1),
while it remains (locally) similar for (6.1) about the selected reference value.

In Figure 3b we compare the relative errors of each program as a function of A. We
observe in Figure 3b that, for m fixed, j\git is generally less sensitive to variation in
~ than is ngt. This observation is consistent with the “tuning robustness” property
characteristic of (1.1) (¢f. Figure 2a). From Figure 3, we observe for all choices of
(v,m) that (1.1) is more sensitive to its parameter choice than (6.1), again consistent
with a comparison of the Lipschitz upper bounds (cf. §6.1).

7. Numerical investigation of our SR-LASSO theory. We present numer-
ical simulations supporting the theoretical results of the previous sections pertaining
to solution uniqueness and local Lipschitz moduli. Specifically, we examine the sat-
isfiability of Assumption 1 in § 7.1 with a graphical demonstration of Theorem 3.4,
visualizing for a given set of parameters when Theorem 3.4(ii) holds as a function of A.
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We investigate the tightness of the Lipschitz bound (5.2) under Assumption 3 in §7.2.
Refer to §6.2.1 for an overview of implementation details and relevant notation. For



22 A. BERK, S. BRUGIAPAGLIA, AND T. HOHEISEL

— 1A @+2)

— llz—2%|:

Fig. 4: Visualizing uniqueness sufficiency for (m,n,s,vy) = (100,200,2,0.1). Upper
solid line: error |Z(\) — |, where Z()) solves (1.1). Lower solid line: empirical
version of Assumption 1(ii) that partially suffices for uniqueness, HAIchOO, where 3
solves (3.1) and z solves (7.1). Grey shaded vertical rectangles correspond with A for
which Z* = oo. Diagonal dashed line y = X serves as reference for lower solid line.
Horizontal position of vertical dashed line denotes Xls)gzt.

greater detail beyond this, refer to our code repository [13].

7.1. Empirical investigation of uniqueness sufficiency. We begin with an
empirical investigation of when the sufficient conditions for uniqueness hold, serving
to establish an intuitive understanding of the behavior underlying Theorem 3.4. To
this end, we fix a dual pair (Z,7) for (1.1) (i.e., T solves (1.1) and § solves (3.1);
see Proposition 3.1) and numerically solve the convex program

(7.1) zlél]li%gl |AJc (G + 2)|w st. [Arg]'z=0.

We denote the optimal value of the program by Z* and any solution to the program
by z. Then, Assumption 1(ii) is satisfied if Z* < X\. We visualize Z* as a function
of A in Figure 4 by plotting Z* = Z*(\) and the diagonal line “y = X”. The former
line is given by the lower solid line, the latter by the diagonal dashed line. The
upper solid line corresponds to the error |Z()\) — z*|o. The horizontal position of the
vertical dashed line indicates j‘ls)gst The plot is shown on a log-log scale. Above, the
numerical solution for Z* was computed using CVXPY v1.2 [7, 22] with the MOSEK
solver [34]. Values of A for which Z* = oo are shown as grey shaded vertical rectangles.
The relative error between the primal (1.1) and dual (3.1) optimal values was 8.88 x
1077, meaning that the two are comfortably within numerical tolerance, given the
optimization parameter settings.

In addition, we present a heatmap in Figure 5 demonstrating the relative fre-
quency that the sufficient condition for uniqueness is satisfied for a range of 31 x 7
logarithmically spaced parameter values (A,v) € [0.1,10] x [0.01, 10] (horizontal and
right axis, respectively). Each pixel displays a mean of 20 independent repetitions with
1 corresponding to the sufficient condition being satisfied for all trials; 0 correspond-
ing to the condition being satisfied for none of the trials. Apart from the changing
noise scale 7, the signal/measurement model is the same as described above. We
also compute Z* = Z*(i,~, \) as described above, where ¢ € [20] is the trial number.
White regions in the heatmap correspond none of the 20 trials yielding an inexact
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Fig. 5: Background: uniqueness sufficiency heatmap displaying the proportion of 20
independent trials for which [A[c (¥ + 2)[o < A is satisfied, where g solves (3.1) and
zZ solves (7.1). Voxels correspond to A (horizontal axis) and noise scale v (right axis).
White regions: no data. Foreground: error |Z(\) — 2|2 (left axis) as a function of A
for four choices of the noise scale v (see legend). Vertical dashed lines are drawn at
Abest for each.

solution, violating a tenet of our theory that AZ # b. Superposed on the heatmap is
a plot of the recovery error (left vertical axis) as a function of A for 4 of the values
of v (see legend). Figure 5 reveals a sizable region where the sufficient condition for
uniqueness is empirically assured. Moreover, this region encompasses all Apes; values
with a comfortable margin, and it is relatively insensitive to ~.

7.2. Empirical investigation of Lipschitz upper bound. Finally, we com-
pare the Lipschitz upper bound (5.2) to the empirical Lipschitz quantity |Z(\)—Z())]|
where X := Apest. To this end, we investigate two settings where the dimensional
parameters are varied, with results displayed in Figure 6. Throughout, we choose
n = 200. In the first experiment, shown in Figure 6a, we set v = 0.1 and choose
(m, s) € {50,100, 150, 200} x {3,7,15}; in the second, shown in Figure 6b, we set s = 7
and choose (m,v) € {50,100,150,200} x {0.1,0.5,1,5}. Generally, we observe that
the Lipschitz upper bound L()\) given by (5.2) is a tight local approximation to the
true Lipschitz behavior of the solution #(\) about \.

8. Conclusion. In this paper, we studied the Square Root LASSO (SR-LASSO)
(1.1). We established sufficient conditions for its well-posedness, namely Assump-
tion 1, and linked it to two stronger regularity conditions, the intermediate condition
Assumption 2 and the strong condition Assumption 3, respectively. The intermediate
condition is shown to imply local Lipschitzness and directional differentiability of the
solution map as a function of the right-hand side and the tuning parameter (around a
reference point); the strong condition, in turn, guarantees continuous differentiability
of said solution map. We then leveraged these results to compare the SR-LASSO to
its close relative, the (unconstrained) LASSO from a theoretical perspective. This
comparison suggests that the celebrated robustness of optimal parameter tuning to
noise of the SR-LASSO comes at the price of elevated sensitivity of the solution map
to the tuning parameter itself. Our numerical experiments confirmed the presence of
this robustness-sensitivity trade off for parameter tuning, and illustrated the sharp-
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Fig. 6: Effect of varying dimensional parameters on the Lipschitz upper bound:
L(A)|X — A| vs. the empirical Lipschitz quantity |Z(\) — Z(\)| as a function of Aym,.
L()\) is computed as in (5.2). Top: (m,s) € {50,100,150,200} x {3,7,15}; Bottom:
(m,~) € {50,100, 150, 200} x {0.1,0.5, 1, 5}.
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ness of our Lipschitz bounds and the validity of the main assumptions upon which
the theory relies on.

We conclude by discussing possible extensions of this work and open problems:
although we focused on the dependence of the solution map in b and A, we point out
that it is straightforward (at the cost of more computational overhead) to extend all
stability results to the case where also the design matrix A is a parameter. Moreover,
similarly to [14], our results could be explicitly applied to compressed sensing theory
by combining our Lipschitz bounds with explicit estimates of the sparsity of SR-
LASSO solutions [25]. Finally, in the LASSO case it is known [49] that the analogous
sufficient condition to Assumption 1 is also necessary for uniqueness. At this point,
whether this is also true for the SR-LASSO, is an open question and we challenge the
reader to clarify it.

Appendix A. Proof of shrinking property. -
Here, we furnish proof of Lemma 3.6. Note that, for f,g : R® — R, their infimal
convolution [37] is denoted by (f # g)(z) := inf,, f(x — u) + g(u).

Proof of Lemma 3.6. The (primal) problem defining p* reads
(A1) min [BT (5 + )| + sy ()

The minimum is attained due to compactness and lower semicontinuity. Now, set
f:=0p~7 and g := |BT§ + (-)||so- With dy1, the Euclidean distance to 7+, we find
f*(u) = 657 (u)
= (0 + 07)*(u)
= (0B # 07) (1)
= infefy| + o7+ (u —y)
= edrs(u),

where in the third line, we have used [37, Theorem 16.4] combined with the fac that
0 € (inteB) n 7. We also have g*(u) = &g, (u) — (B"Y, uy. Hence, with ¢(u) :=
—(B"j, u)y — edy1(Bu), the (Fenchel-Rockafellar) dual problem of (A.1) is

(A.2) max — f*(Bu) — g*(—u) — max ¢(u).

’U,G]Bl

Now, observe that (see e.g., [30]) —(BTg, uy < |B"§|x|ul 1. Hence, for every feasible
point of (A.2), we have

(A.3) ¢(u) <[ BTGl — e dys (Bu).

We claim that ¢(u) < |[BTj|« for all u € By. Indeed, assume to the contrary the
existence of a @ feasible for (A.2) such that ¢() = | B¢ x. Then (A.3) implies
dri(Ba) =0 — Bie T+ =R-{g} +rgeC
= gergeC +rge B =rge[B (1,
contradicting an assumption of the lemma. Consequently, since the dual problem
admits a solution, % say, we find by strong duality that p* = ¢(@) < | BT 7. |

Appendix B. Proof of analytic solution formula under Assumption 2.
Here, we provide the proof for the analytic expression for the (unique) solution under
the intermediate condition from Assumption 2.
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Proof of Proposition 3.8. By assumption, the dual problem (3.1) has a unique
solution y = ﬁ. Therefore, using the optimality conditions for Z, there exists a

unique subgradient v € | - |1(Z) such that ATy = Av. By definition of v and the fact
that I < J, we have |Z|1 = (v, T) = {vy, T;). We thus rewrite the strong duality
expression Proposition 3.1(b)(ii) as

(B.1) [Az —b|| =<b, §) — Alvy, Tj).

Using Corollary 3.2(b), we can rewrite the optimality conditions as AT (b — Az) =
M|AZ — b|v. Restricting to J and using (B.1) gives

AJ(b—Asz) = N[ 9) — AN vg, ) vy = A, Grvg — Nvv) T

After rearranging, we obtain (A—JFAJ — )\2UJU}) Ty =Alb—\{b, yyvy. It remains to
verify that the matrix A} Ay — A2v v] satisfies the desired identity and is invertible.
To this end, the J-restricted optimality conditions A}gj = A\vy imply

A—JFA] — )\21).]'0:]r = A—Jr (]I —gyT) Ajy.
To obtain invertibility of this matrix, we apply Lemma 2.1, using that A; has full
column rank and 7 ¢ rge Ay (because b ¢ rge A;). In particular,
_ i - —1
T;=DB(AJb— X, 9vs),  B:=[AJ[I-g5")A] .

An explicit expression for B is provided by Lemma 2.1. Notice that uniqueness of ¥
implies that of v and J, and hence too of ;. Finally, x jc = 0 because I < J. Hence,

z =1Ly (B(Ajb—<b,5)A)y)) =Ly (BA;(I-gy")b). O

Appendix C. Auxiliary results.

LEMMA C.1. Let A € R™*" b e R™, z € R™ such that Az # b and let \ > 0.
Then, there exists a neighborhood U of (A, b, A\, T) such that the function ¢ : U — R",

AT (Az —b)

A b\ x) = ———~
¢( Y 7.’17) )\”AI*bH ’

is well defined and continuously differentiable on U with partial derivatives:
T T
(a) DA‘Z)(Az b, )\,%)(W) _ m [(ATW + WTA).’E —WTh— A (Az—b)(Az—b) W;c]}l

lAz—b[?
(b) Db¢(A7 b7 A) Z‘) == )\HAi_b” I:AT_AT‘fﬁi:ZﬁgAz_b)T ] ;
(C) D)\(ZS(A?[L)‘?:E) = —mAT(AI'—b),

_ 1 TA_ AT Az—b (Az—b)T
(4) Dr6(A.b. A x) = syzhmyy |ATA — AT ez G tir A,
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