SOLUTIONS OF ASSIGNMENT #6

1. (a) For F(xz,y,2) = 2% + y? + 42 + 2* — 64, we have
F, x Fy Yy
zZ. = - 2 = = —--
v F, 4z+2z3 7Y F, 4z+223
At P = (4,4,2), z, = zy = 1/4. Now,
0 0 x dz+ 23 —x(4+32%) 2,
Zoe = 5 (22) = 7(_73) == 39
Ox Ox" 4z+2z (4z + 23)
(b) The normal is proportional to < —1/4,—1/4,—1 >, the equation of
the tangent plane is

= —1/8.

(@ —4)+ (y—4) +4(z —2) = 0.

(c) Vz =< —1/4,—1/4 >, the direction of the maximum increase is <
1,1 >.
2 2 2 2
2. 2y =ye o (1—2%),2, = ve~ 5 (1 — 4y?). Solution for z, = 0
is either y = 0 or x = 1,-1. y = 0 and 2z, = 0 will force x = 0. If
x=1or —1, z, =0 will give y =1/2 or —1/2. We have five critical points
(0,0),(1,1/2),(1,-1/2),(-1,1/2),(=1,—1/2). We now calculate V?z:

z2 2
Zgx = TYE +24y (_2 - (1 - ‘1;2))’
 o2hay? )
Zyy = xye” 2 (=8 —4(1 —4y”)),
7m2+4y

oy =€ 2 (1—a%)(1—4y?).
At (0,0), zgazyy — zgy = —1, it’s a saddle point.

At (1,1/2) and (=1, —1/2), zga = —1, 2oy = 0, 2yy = —4, a2y — 22,
local maximum points.

At (1,-1/2) and (=1,1/2), zex = 1,20y = 0,2yy = 4, Zpa2yy — 22, = 4,
local minimum points.

3. Set F = 23 4+ 4z — 222y — 12. At point (1,2) with z = 2,
= aa =12

=4,

fr = TR, T 32741
__F 222
Yy = TF, T 32244 1/8,
P ( dxy ) _ 4y  24xyzze _ 5
TT T \32244/T T 32244 (322+4)%2 — 167
_ 222 o 22%z2, 2
2y = (372)y = (322+4)2 — 1627
. _( 4y ) _ _4x  2dzyzzy _ 13
ey = \3247)y T 32244 T (32244)2 T 64

4(a). fr =z —3y? fy, = 6y*> —6xy —24. f, = 0 implies z = 3y?, put this
to f, = 0, we obtain 632 — 18y% — 24 = 0, it is easy to see y = —1 is the
only real solution of this equations. Therefore, (3, —1) is the only critical
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2 SOLUTIONS OF ASSIGNMENT #6

point of f. Now at (3,—1), fzz = 1, foy = —6y = 6, f, = 12y — 62 = —30,
Jaafyy — ny = —66. It a saddle point.

4(b). Since f has no critical point in the region, we only need to calculate
extremal values of f on the boundary. On the edge z = 0,0 < y < 1,
f=2y°—24y+40, f <0 for 0 <y < 1, the extremal values are 40 and 18.
On the edge z = 2,0 <y < 1, f = 2y% — 6y% — 24y + 56, f = 0 has roots
1+ \/5, 1 - \/5, none of them in the interval 0 < y < 1, so the extremal
values are 56 and 28. On the edge y = 0,0 < = < 2, f = 42?2 + 40, it is
an increasing function in 0 < x < 2, the extremal values are 40,56. On the
edgey = 1,0 < 2 < 2, f =422 — 3z + 18, f = 0 has solution = = 3/8.
f= 18—1%. The value at (0, 1) and (2, 1) have been computed. In summary,

9

the absolute minimum is 18 — i6 and the absolute maximum is 56.

5, Let x, y and z be dimensions of the open rectangle, so the surface area
is f(z,y, 2z) = xy+2xz+2yz and volume is g = xyz = 128. We use Lagrange
multipliers.

Vf=AVg.

The equations are (1). y+ 2z = A\yz, (2). +2z = \zz and (3). 2(z+y) =
Azy. Try (1) +y(2) — 2(3), we get (since xyz = 128, so x # 0,y # 0,z # 0)
2y = Avyz <=>2 = Az.

Now, (1)-(2) yields
r—y=XM(r—-—y)<=>0=(z—y)(Az—1)=z—y=0.

So, we must have x = y. Put this to (3), we have Ay = 4 = Az. From \z = 2,

we obtain y = x = 2z. Again, by zyz = 128, we get z = y = 4(4)%,2 =

2(4)%. The minimum surface area is zy + 2xz 4 2yz = 322 = 48(16)'/3

One may also replace z by % in f(x,y,z) and reduce the problem in

(z,y) directly.

6. Set f(x,y,2) = 1222 +8xy +12y% + 2% and g(x,vy,2) = 2> +y> + 22 - 8.
Vf=AVg

gives (1). 12z +4y = Az, (2). 12y + 4z = Ay, (3). z = Az. From (3), either
z=0or A=1. Try (1)-(2), we get (8 — \)(x —y) = 0.

Now, if A = 1, we must have z = y. By (1) again, must have x = 0, so
r =y =0. since g =0, 22 =8, we have f = 8.

If z=0, from (8 = N)(z —y) =0, either zc =yor 8=\ z=y,z2=0
and g = 0 gives 22 = y2 = oy = 4, 50 f = 128. If A = 8, (1)+(2) yields
16(xz +y) = 8(x +y). Sox = —y. As g = 0, we have 22 = 3?> = 4 and
xy = —4. With z =0, we get f = 64.

In conclusion, the maximum and minimum values of f are 128 and 8
respectively.



