CONVEXITY ESTIMATES FOR LEVEL SETS OF QUASICONCAVE
SOLUTIONS TO FULLY NONLINEAR ELLIPTIC EQUATIONS

PENGFEI GUAN AND LU XU

ABSTRACT. We establish a global geometric lower bound for the second fundamental
form of the level surfaces of solutions to F(DQu7 Du,u,z) =0 in convex ring domains, in
terms of boundary geometry and the structure of the elliptic operator F'. We also prove
a microscopic constant rank theorem, under a general structural condition introduced by
Bianchini-Longinetti-Salani in [3].

1. INTRODUCTION

Solutions of boundary value problems for elliptic equations often inherit important geo-
metric properties of the domains with the influence of the structures of the corresponding
equations. One of these geometric features is the quasiconcavity. A function u is called
quasiconcave if its level sets {z|u(z) > ¢} are convex. By the work of Gabriel [8], the Green
function of a convex domain is quasiconcave. The same is also true for p-harmonic func-
tions in convex ring domains with homogeneous boundary conditions following Lewis [12].
Another example is the quasiconcavity of solutions to the free boundary problem arising
in plasma physics in convex domains in the work of Caffarelli-Spruck [6]. The quasicon-
cavity of solutions to nonlinear equations has been studied extensively in the literature,
we refer [8, 12, 5, 10, 11, 6, 9, 7, 13, 3, 14, 2] and references therein. The techniques of
quasiconcave envelopes have been refined by Colesanti-Salani [6], and more recently by
Bianchini-Longinetti-Salani [3] to prove quasiconcavity of solutions to general degenerate
elliptic fully nonlinear equations in the form

(1.1) F(D*u, Du,u,z) =0,

in convex ring domain Q = Qg \ Q2 (i.e. Qy CC Q; are convex) with the Dirichlet boundary
condition

(1.2) ulog, =0, and ulgpg, = 1.

The main focus of this paper is on the quantified properties of the quasiconcave solutions
of equations of form (1.1). More specifically, we establish a global a priori estimate on the
geometric lower bound of the principal curvatures of the level surfaces of these quasiconcave
solutions, in terms of boundary geometry and the structure of operator F. In addition to
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the geometric interest, this type of estimates may be used via homotopic deformation to
obtain the existence of quasiconcave solutions of the corresponding equations. We achieve
this macroscopic geometric estimate through a microscopic Constant Rank Theorem for
the smallest principal curvatures of the level surfaces for quasiconcave solutions. A simple
microscopic convexity principle for level surfaces of solutions of equations in form (1.1) is
obtained in Theorem 1.3, under a general structural condition introduced in [3] to cover
a larger class of nonlinear equations. A more refined version for the smallest principal
curvatures of the level surfaces is proved in the last section of the paper. The main result,
Theorem 1.4, is a consequence of this type of microscopic principle.

Let us introduce some notation. Denote .7, the space of real symmetric n x n matrices
and let T C ., be an open set.

Definition 1.1. V 6 € S*~!, denote 6 the linear subspace in R™ which is orthogonal to 6.
Define .7, (0) to be the class of n x n symmetric real matrices which are negative definite
on 0+. Denote .70~ (0) the subclass of -7, (0) of matrices that have 0 as eigenvector with
corresponding null eigenvalue. For any b € R™ with t = (b,0) > 0, define
— o _ ]§ bT . i~ 0—

(1.3) %, (T) = {Beyn+1 ‘ B = ( b ) with B e S (e)mr,xeR}.

Denote J = (1,,]0) the n x (n + 1) matrix, where I,, is the n X n identity matrix and
0 is the null vector in R™. Suppose F' = F(r,p,u,z) is a C? function in T x R™ x R x €,
V(0,u) € S"! x R fixed, set

(1.4) Ty = {(B,x) € By (1) x Q: F(t ' IB37 1710, u, z) > o}.
The following was proved in [3].

Theorem 1.2. [Bianchini-Longinetti-Salani| Suppose F' is proper, continuous, degen-
erate elliptic operator which satisfies a viscosity comparison principle. Assume that for
each (0,u) fized, the super-level set I'r defined in (1.4) is convex. If u € C*(Q)NC(Q)
with |Vu| > 0 is an admissible classical solution of equation (1.1) satisfying the Dirichlet
boundary value (1.2) in convex ring domain ), then level set {x € Qlu(x) > ¢} Uy is
convex for each constant 0 < c < 1.

The class of operators F' satisfying conditions in Theorem 1.2 includes Laplace opera-
tors, p-Laplace operators, the Pucci operator, and the mean curvature type equations of
the form

n

(1.5) Z a;j(Vu,u, x)uj = f(Vu,u,x).

i,j=1

A similar result was also proved by Bianchini-Longinetti-Salani in [3] under the assumption
that, V0, u fixed

(1.6) Ep={(A,t,z) € T x (0,400) x Q: F(t 3A,t7'0,u,2) >0} is locally convex.
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With this structural condition on F, a constant rank theorem was obtained in [2]. The
convexity structural condition on F' in Theorem 1.2 is weaker than the convexity struc-
tural condition on Ep. In particular, the mean curvature operator (1.5) does not satisfy
condition (1.6). Detailed discussion of these conditions as well as examples will be given
in section 2.

To establish a strict convexity estimate on the second fundamental forms of the level
surfaces of solutions in Theorem 1.2, we need two assumptions:

F

(1.7) ellipticity: (FO‘6> = ( 0 (V2u(x),Vu(x),u(x),x)> >0, Vrel,
T'op

(1.8) structural condition: V(6,u) fixed, the set I'r is locally convex.

Throughout the paper, we assume
(1.9) |Du(z)| > do > 0,V z € Q,
to ensure that the level-surface {z € QJu(z) = ¢} is smooth for each c.

The first result of this paper is a microscopic constant rank theorem.
Theorem 1.3. Suppose u € C>1(Q) is a solution of (1.1) and (D?*u(z), Du(z),u(r)) €
T x R™ x (—y0+ o, Y0 + do) for some oy € R at x € Q. Suppose that F satisfies conditions
(1.7) -(1.8) and the level set {x € Qu(x) > c} U Q1 of u is connected and locally convex

for all ¢ € (—vp+ o, Y0 + 00) for some 9 > 0. Then the second fundamental form of level
surface X¢ = {x € Qlu(z) = ¢} has the same constant rank for all ¢ € (—yo + do, Y0 + d0)-

We now switch our attention to global geometric bounds of the second fundamental
forms of level surfaces of u. For a function u defined in domain €2, denote

¥¢ = {z € Qu(z) = ¢}

to be the level surface. For any x € ¢, denote ks(x) the smallest principal curvature of
the level surface 3¢ at z. For each ¢ € R, if X¢ # (), set

¢ = inf .
ke = inf ks(x)
We will strengthen (1.7) to

F
(1.10) wuniform ellipticity: 3\ > 0, ( 0

(D2u(:v),Du(x),u(:c),:v)) > Mbap), Vz e

O0rap
Set
0?2 F(D?*u(z),Du(z),u(x),x) || OF (D?u(z),Du(z),u(x),x
o Sup,eq{| P puu)) || SR D) Bu)ela) D) || Dy ()|}
. w = max

a,B,7,m,5,j A

Theorem 1.4. Suppose u is a classical solution of equation (1.1) with the Dirichlet bound-
ary value (1.2) in convex ring domain Q. Suppose F satisfies conditions (1.8)-(1.10) at
(D*u, Du,u,z) € T x R® x [0,1] x Q. Then

)\eA(cfl)

(1.12) k¢ > min{x%e?®, kleAlD =
100w

}, Veelo,1],
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for some universal constant A > 0 depending only on ||F||c2,n, \, do, ||ul|cs.

It should be pointed out that the convexity estimates carried out in this paper are very
sensitive to the structure of the corresponding equation. For equations of the form (1.5)
with the Dirichlet boundary condition (1.2), the behavior of f is crucial. For instance, in
the case of Laplace equation

(1.13) Au = f(u),

Theorems 1.3-1.4 are true when f > 0. In general, Theorem 1.3 does not hold if f(u) <0
in equation (1.13), even for f = —1.

The rest of the paper is organized as follows. In Section 2, we discuss the structural
conditions and prove two key lemmas: Lemma 2.5 and Lemma 2.6. An auxiliary curva-
ture test function is analyzed in Section 3. The proof of Theorem 1.3 - Theorem 1.4 is
given in the last section, by establishing a strong maximum principle for the test function
considered in Section 3.

2. STRUCTURAL CONDITIONS
We recall some notation and results in [3].
Definition 2.1. V § € S*~!, denote by dy (T) the following open set in 7 y1:
A ud?

(21) o (1) ={A € Fpus : A:(Me .

) with A€ .Z7(0)NT, u>0}

Properties of <7, ", %, and their relationship have been studied in [3]. We list some of
them which will be used in this paper.
detA #0if A € &7, , and

(2.2) By () ={A"": Aecg, (1)}
IfB=A"1€%,(Y), then

(2.3) A=JBJ7 and pu= %
Set
(2.4) Q=¢*JB1J7,
where B € %, (T) and t defined in Definition 1.1. By symmetry of B, ¢t = (b,0) =
> 121 Bry110:-

In what follows, we will use summation over repeated indices «, 3,7, n,k, I, m, r,s €
{1,...,n} and ¢,d,e, f € {1,...,n + 1} unless otherwise indicated.

Lemma 2.2. [lemma 3.11 in [3]] Q defined in (2.4) is concave in B € %, (Y). Further-
more

9%Qap
2.5 [:=FF_~ %% x X <0
( ) chdaBGf Cd ef _— bl
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for any nonnegative definite n x n matriz (F*?) and any (n + 1) x (n + 1) symmetric
matriz (Xeq).

Proof. The concavity of @@ has been proved in [3]. For any nonnegative definite n x n
matrix (F?), there exist (1, ,(, € R", such that

(FP) = G¢ + -+ Gl

Therefore, I < 0 follows directly from the concavity of Q. O

For function F(r,p,u,z), write F*# = %,F”l = g—g, -+ as derivatives of F' with

respect to corresponding arguments. For the level set I'r defined in (1.4), denote the
tangent space of I'p as

TTr ={V = ((Xea), (Z1)) € Fps1 x R" : (V, V(g oy F(t ' IB1IT 1710, u,2)) = 0}.
Write
F RIB 1T t7%0,u,2) = F(t3Q,p, u, x).
Condition (1.8) is equivalent to the fact
VVEnFVT <0, YV =((Xu),(Z) € TTF.

A straight computation yields,

(2.6) VeF = (Ij:ﬁ(tg%jj — 3Qa0n160140) — %mlc&desel),

(2.7) V,F = (F%,.. F™),

V¥V = I 0 — 000X i) G2 Koy 301 X
—2Fj§’p19 (t g%aﬁX — 3QapXn+1r0r) Xnt150s
+F;;B£:28%Z£Xcd)( ai?aﬂXnHanHs@le

5 (tg%"ﬂx — 3QusXn1170r) Xt 1505
+2¥598Xn+1an+1r9l0 + %Xnﬁ-llXHJrlreler + F*" 73 7
(2.8) +2Fo;ixk( g%aﬁX = 3QapXnt100r) Zr — QFUl’xkel Xnt1s0s 2.

This expression suggests us to set
> - oQ = _
(2.9) Xap =t"%( Zt B Xet = 3Qas D Xsufl), V=723 Xnj1sfs
l s

For

V = ((Xea), (1)), H(V.V) = VVig , FVT,



6 PENGFEI GUAN AND LU XU

H(V,V) can be written as
H(Vva V) = Faﬁ’“’"f(agf(w + QFQ’B’MGIXQB? + 2F“5”“’k)~(a52,€

FFPPs0,0.Y2 4 2QFPOTR QY Z) + FO 73 7y + 2t FP0,Y 2
s o _ ~ I
(2.10) F6tFP X5V — 6t FPQupY? + 3
where Einstein summation convention is used and I is defined in (2.5). At this point, we
have proved

Lemma 2.3. Condition (1.8) is equivalent to H(V,V) <0, VV = ((Xw), (Zk)) € TTF,
where FOBs FoBp ete. in (2.10) are evaluated at (t3Q,t10,u, x).

We may now compare condition (1.8) and (1.6), these are the two structural conditions
introduced in [3] (Condition (3.10) and Condition (1.2) there). As already discussed by
Bianchini-Longinetti-Salani in [3], a variation of these two conditions can be compared
(Theorem 3.12 in [3]). In fact, the following is true.

Corollary 2.4. The condition (1.6) that Zp for each 0,u is locally convex implies condi-
tion (1.8).

Proof. Lemma 4.1 in [2] states that condition (1.6) implies H(V, V) < t =3I where H(V, V)
is defined in (2.10) and I is defined in (2.5) respectively. The corollary follows directly
from lemma 2.2 and lemma 2.3. g

The quantity I defined in (2.5) is a crucial term. We wish to compute this term explicitly,
so it can be used in the proof of main theorems in the last section. For our purpose, we
set # = (0,---,0,1). In this case, A and B can be written as (see [3])

x 0
aij
(2.11) A = < 0|
X X X o
0 0O p O
0 x
ai i
(2.12) B = 0 x
o --- 0 0 ¢t
X - Xt

where the (n — 1) x (n — 1) matrix (a;;) is negative definite and can be assumed diagonal,

a) is the inverse matrix of (a;;), t = Bpi1n = + > 0. e values a e positions

i) is th trix of (aij), ¢ = Bpy1n = 5 > 0. The values at the posit

denoted by x which are not important in the calculations.
Note that By, = B,y =0, VI <n. We may as well set

Xln:an:(),Vlﬁn.
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Denote
BB — (B_l)aﬁ =Aug, T:= {1,...,n—1}.

We compute

Qup
2.13 Fof_— XP x X,
(2.13) OBegdBy

= 20F*B*BI°BWX 1 X — MF°B*B¥X g Xpi10 + 2F*P B X2,

by breaking summation into the following three parts.
Case 1. a, 8 € T. We can see if ¢ = n, then d must be n + 1, as B"11# =0,

2> #?B** BB X0 X — 4B B X5 Xpp10 + 2F°*B X 4,
€T
2) g . y )
(214) = Y —(tB"B*Xq — B X, 11n)(tB" B Xi5 — B X 410).

B
i€T

1
Case 2. a =n,B €T or B=n,acT. ASBnn—l—l:Z’

2 Z t?B**BYBPP X i X5 — 4 B“*BPP X 5 X 1n + 2F** B X2,
€T
= 22B" BB X5+ B X)) Xoy
—~4tB"(BPP X 5 + B" Xn) Xps1n + 2B" X2,

= 20°B"()_ BB X5+ B/" B X, 11,) X

c#En
—4t(> BB X5+ B B X, 110) Xppan + 2B X014,
c#En
= 2°B" Y BB X 3X.p -4t BB X 5Xpi1n
c#En c#n
= 2> (> B"B*BX.sXc; + B BB X 5 X0 110)
c#En f#n
—4t Z BB X 5 X110
c#En
= 26) Y B"B"BPX;sX;c —2t > B"BPX 53X, 11n
e#n i€T c#n
1 y . y
(215) = 22 ﬁ(tB”Bme - BZ’BXan)(tZB“B”CXci).

€T c#£n
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Case 8. a = =n.

9*Qnn
0BoadB.s
_ 4t2 Z (Bnan+1CBanchnn+1 + Bnn+1BnCBanchn+1n>
c,d#n
+2t2 Z BnerchandXef + 2t23nn<Bnn+1 Bn+1nX7m+1Xn+1n
c,d,e,f;én
+Bn+1n+anan+lann+1 + Bn+1an+1nX72m+1 + Bnn+1Bnn+1X3+1n)
—4t > B"B"XqXpi1n — 8B B X2, + 2B X)L,
c,d#n

Xchef

1
It follows from the facts that B"**+! = i and B"t18 =0, VB #n,

82
F””%Xcdxef = 2t Y F™B™B*B"X X
ed ef c,d.e,f#n
— 2t2 Z Z anBneBiinnXidXei
1€T de#n
Fnn B
(2.16) = 2y i (t)  B™BX,).
€T e#n
Set
(2.17) Yio :=tB"B*“X;,, — B“X,i1n, Vo €T; Yy :=tB" Z B™X,,;.
c#En
Combining (2.14),(2.15) and (2.16), for 6 = (0,---,0,1), I in (2.5) can be written as
Fop
(2.18) I = 2) —YiYi

i€T
where Yi,, Va € {1,...,n} is defined in (2.17).
We wish to express [ in terms of )Nfag and A. Recall Q. = t2BP,

0Qup O(t?B)

(2.19) 9B, 0B

= —t?BYB¥ 4 2tBY5, 1 .6m4,

0Q
(2.20) dot 5 Baj Xea —3Qap Y Xpsuby=—t*> B*BP Xy — * B X115
c,d ¢ l c,d

By (2.9)
2.21 ?Xos = —tB“B%X.s — B*X, 10, 1<a,B<n.
B +
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Extending the definition of X as (n+ 1) x (n 4 1) symmetric matrix by setting

(2.22) ?X.; = —tB*“B¥ X,y — B X110, 1<e,f<n+]1.
Since Xpq =0,¥V a < n, and B¢ =A,1.=0,Yc#n,

~ ~ 2 2~
(2.23) Kotre =0 £ Xnpin = =5 Xnsin = 7.

In this setting, X .4 can be recovered using the formula below,

N 2 Acd _
(2.24) Xeg = —tACATIX ; + Xpi1n, 1<c,d<n+1.
From the relationship B = A~!, and the fact that (n — 1) x (n — 1)-matrix (A,p) is
diagonal, we have By 11; = —t':?i’i. Hence from (2.17),
(2.25) Yie = 2 Aia Xni10 — 12 Xia-

It follows from (2.18) and (2.25),
Lemma 2.5. For 6§ = (0,---,0,1), if (Aap) is diagonal, then I in (2.5) can be written as

Fob
(2.26) I = ngymy%
1

where Y, is defined in (2.25).

From (2.6), (2.7) and (2.9),
<ViV(punF >= F¥X .5+ F"Y + F™ 2,

V = ((Xea), (Zx)) € TT'F if and only if
(2.27) FX 5+ FY 4+ F™ Z), = (),
where )E'ag, Y as in (2.21) and (2.23) respectively, and F*5 Fun and F* are evaluated
at (t_lfx,t_lél,u,x) with § = (0,---,0,1).

Set V = ((Xcq), (Zk)) where (X.q) defined by (2.22) with (2.23), rewrite (2.10) as
(2.28) HV,V) = Z=+5,
where [ is defined as in (2.26),

S = FPMX 53X, 4 2FFPnX 0¥ + 2R X o 7) 4 FPoPny?

(2.29) F2FPRIRY Zy - FU 7, 7y 4 2 FPY 2 4 6LFP X 5Y — 6tFP Ay5Y 2,
and F8 Fun F7 etc. are evaluated at (t_lji,t_lﬁ,u, x), Ac Z(0)NT.

By (2.24) and Lemma 2.3,
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Lemma 2.6. Condition (1.8) is equivalent to
H(V,V)<0,VV = ((Xea), (Zs)) satisfying (2.27).
By approzimation, if Condition (1.8) is satisfied, then
H(V,V) <0,

for every V.= ((Xeq), (Z1)) satisfying (2.27) at each A € 7 (0) N'Y diagonal, where
In (0) is the closure of .7, (0), with Yio = 0 when ag,, =0 for some k <n — 1.

With the explicit expression of H in Lemma 2.6, we may verify condition (1.8) for mean
curvature operator and general quasilinear operator F' satisfying structural conditions in
[14]. Condition (1.6) is not satisfied by mean curvature operator as indicated in [3]. It
was verified there that for n = 2, the Mean Curvature operator:

(2.30)
D A . a3l
F(D*u, Du) = Div( S - Sy e fu) 20,
VIt DuP VIt DuP 57, Tt [DuP

satisfies condition (1.8), but not (1.6). Here we verify this fact for general n. Since
condition (1.8) and (1.6) are invariant under orthogonal transformation, we may as well
set Du = (0, ...,0,up), (ui;) is diagonal for each i,j € T'= {1, ...,n—1}. We also note (u;;)
is negative definite. According to (1.4), t710 = Du, where § = (0,...,0,1) and t ! = u,,,
JB~1JT = ;' (D?u). Since the mean Curvature operator F in (2.30) is homogenous of
one degree, S in (2.29) can be calculated as

~ -~ - FlUn FoB o ~
231) S = 2F°PunX sV + Fintny2 197 V24 6—X,5Y — 6u 2FY?
B u u B n
n n
From (2.27), V = ((X.q)) satisfies
(2.32) 0= (V,VpF)=FX,5+ F"Y.
A straightforward calculation yields that
du, = =~ 6 <5\ 3+6u,? -,

(2.33) S = > <3XZ-Z-Y — — ;Y ) — S FY

€T w w w

where W = /1+|Dul?. Tt is easy to check that S < 0 is violated for some XY
satisfying (2.32). On the other hand, Lemma 4.1 in [2] implies that S < 0 if condition 1.6
is satisfied. Therefore, F' does not satisfy condition (1.6).

However, from (2.26)

4 I FQBY Y;

2.3 = 2 I VA Vo

( ) Unp, Z Ui ialif
€T

For the mean curvature equation, it can be computed that

(2.35) Yia = —t?Xjq + 20%uinYu, ', Vi,aeG.
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By (2.33), (2.34) and (2.35), and the facts that u; < 0, F > 0,
H = S+1Iud

Fii
S+2up > —Y7

<

ieT ¥

1 =y up+2u,' = = 4u?4+1 3+ 6u,? _~,
_ 2 2 Unt+2uy! v * 2 72 3"‘6“7;21;)72
- ;Wu N A R R T
< 0,

That is the mean curvature operator F' satisfies condition (1.8) by Lemma 2.6. This
example indicates that the term I is the key. The verification of condition (1.8) for the
quasilinear operators considered in [11, 14] can be done in a similar way, we leave for the
interested reader to check them.

3. THE TEST FUNCTION

The proof of our main results relies on the establishment of a maximum principle for cer-
tain appropriate curvature test function. This section is devoted to discuss some regularity
and concavity properties of the proposed test function.

We will assume u € C31(Q), |Vu| > 0 and {z € Qu(x) > ¢} UQ is locally conver in
the rest of this paper.

We recall some of formulas related to the Weingarten curvature tensor of level surfaces.
Suppose u is a function defined in an open set in R", assume that u,(z) # 0. The upward
inner normal direction of the level sets of u is

(3.1) 7 =

(ul) U2, ..., Un—1, un)-

It’s calculated in [2] that the second fundamental form IT of the level surface of function
u with respect to the upward normal direction (3.1) is

B \un\(uium + UpnUiUj — UpUjUin — UpUiljp)
| Dulus, ’
Note that as {x € Qu(x) > ¢} U is locally convex, the second fundamental form of
Y€ is nonnegative definite with respect to the upward normal direction (3.1). For Du is
as the same direction as 7, thus we have u, > 0 locally. (3.2) implies that the matrix
(uij(z)) is nonpositive definite.
Denote a(r) = (a;j(z)) the symmetric Weingarten tensor of %) = {y € Qlu(y) =
u(z)}. Our assumption implies that a is nonnegative definite. Since uy(z) # 0, following
[4], the Weingarten tensor can be computed as (see [2]),

B Zln:_ll uiulhﬂ B 2?2_11 ujulhil ZZ];:l1 Ui“jukulhkl
WA W)y WAL W)y | W21+ W)ead

(3.2) hij = i,j<n—1.

(33) Qi = hij i,j <n-— 1,
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where W = (1 + ]Vx/v|2)% and 2’ = (x1, - ,Zp_1).
Set
(3.4) a=a—mnog(u)l, n9>0, glu)= eAu

where 19 > 0 and A > 0 are constants to be determined later such that @ > 0.

Suppose the minimal rank [ of @ is attained at some interior point xg. Let O be a small
open neighborhood of xy such that for each « € O, there are | ”good” eigenvalues of (a;;)
which are bounded below by a positive constant, and the other n—1—1 "bad” eigenvalues
of (aj;) are very small. Denote G be the index set of these "good” eigenvalues and B be
the index set of "bad” eigenvalues. For each x € O fixed, we may express (a;;) in a form
of (3.3), by choosing ey, - ,e,_1, €, such that

(3.5) |Dul(x) = un(x) >0, (uij(x)),4,j =1,..,n — 1 is diagonal.

From (3.3) and (3.4), the matrix (a;;),4,j = 1,..,n—1is also diagonal at z, and without loss
of generality we may assume a1; < az2 < ... < ap—1,—1. There is a positive constant C' > 0
depending only on ||u||cs and O, such that ap—1n—1 > Gp—2n-2 > ... > Ay pn—; > C for all
x € O. For convenience we denote G = {n—Il,n—I[+1,...,n—1}and B = {1,2,...,n—1—1}
be the ”good” and "bad” sets of indices respectively. If there is no confusion, we also denote

(3.6) B ={a11,....,an—1—1n—1-1} and G = {an—in—1, -, Gp-1,n-1}-

Note that for any § > 0, we may choose O small enough such that a;; < d for all j € B
and z € O.
The following two functions are of fundamental importance in our treatment.

Ti42(aig) o
(3.7) p@) = o1a(ay), q@ = { ooy o) >0
0, otherwise.

We consider function

(3-8) ¢(a) = p(a) + q(a)

where p and ¢ as in (3.7). The function ¢ was first introduced in [1] for the Hessian of
solution u, and for Weingarten tensor a in [2]. Here we adopt it as a function in a.

We will use notion h = O(f) if |h(x)| < Cf(x) for x € O with positive constant C'
under control. Again, as in [1], to get around p = 0, for £ > 0 sufficiently small, we instead
consider

(3.9) @Z)s(a) = ¢(as)a

where a. = a + eI. We will also denote G, = {a;; + ¢,i € G}, B = {a;; + ¢,i € B}.

We will write p for p., ¢ for ¢., q for q., a for a., G for G., B for B, with the
understanding that all the estimates will be independent of e. In this setting, if we pick O
small enough, there is C' > 0 independent of € such that

(3.10) ¢(a(z)) > Ce, o01(B(2)) > Ce, forallze O.
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In what follows, ¢, 7, -- will be denoted as indices run from 1 to n — 1 and the Greek
indices «, 3, -+ will be denoted as indices run from 1 to n. Denote
19) 0%p oF
= — = Fef= 1< <
Pa 8xa y  Dap al’aaxﬁ ) auaﬁ 5 S @, /8 =N

We also denote g = e,

(3.11) Mo =Y |Vayl+ ¢,
i,jEB

and Vj € B,

FBa.. q.. , y
(312) =Y [-2u} Y TU20MUE g2, N Pay g 4 202 F i),

ieG a,8¢B Qi a¢B
and
n . n . ..
Ji; = —12 Z Fr%upqujnujj + 4 Z Fr%jpaunug; — 2unnF]]uJ2j
a=1 a=1
n n n
—T1o Z Faﬂgaﬁui + 4770 Z Fjagaujnui —2no Z Faﬂunagﬁun
a,f=1 a=1 a,f=1
n—1
—Tog Z Fa 2“]0(“],3“11 + Unaﬁu + Z Uzauzﬁun) - 2"709(2 F”)un]un
7/8 1 i=1 ’LEB
(3.13) 209 Z Z Feb L 0i5,00i5,8 w
@i Qi -
a,f=1ieG
and
(314) JQj = Faﬁ’uj ujaﬁujj 4 2FUnts anujj + 2Fuj’xju i+ Fuu]'j

+F“lulnu uj; + 2Fujnu,, u]] + F“Juﬂu — noF“% gruy,.

Lemma 3.1. Suppose u € C3! is a solution of equation (1.1) with |Vu| > 0, then ¢ €
CHY(0O). For any fized x € O, with the coordinate chosen as in (3.5) and (3.6),

Blj) — 02(B
(3.15) b = [o1(G) + 71 ’{‘)% (B)2< )

1@jj0 + O(Hg),
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and

0_2 . - . n
= St |al@+ TEGTER| [ 50

a,B,v,m=1

n n
+2 ) P ujagun +2 Y FPTiujeg + FUtnud, 4 2FU T,  F9
a,f=1 a,f=1
Ftn n n
+2 ” u?n} ui +6 Z Faﬂujagujnun —6 Z Faﬁuagugn +1; + Jij + Joj
n a,B=1 a,f=1

0;1», Z > Fo1(B)aiia — @i Y djjallon(B)ais — i Y aj5]

,/3 1i€B jeB jeB

(3.16)

(He)-
a,p=1i#ji,j€EB

I;, J1; and Joj in (3.16) are crucial terms. Some fine analysis of these terms are the key
in our proof of the main results.

Proof of Lemma 3.1. For any fixed point z € O, choose a coordinate system as in (3.5)
so that [Du(z)| = un(x) > 0 and the matrix (a;j(x)) is diagonal for 1 <4,j <n —1 and
nonnegative. From the definition of p,

" N . N
(317) == —mg =j; = O(Hy),Yj € B;  pa = 01(G) > jja+0(9)

n

jEB
By (3.17),
z] aaz] B
Dap = Zam ap — 2 Z T | +O0(Hy)
jEB i€G,jEB u
az oeaz
(3.18) = @)D (aj508 — gas) =2 D I+ O(Hy).
jEB i€G,jeB w

Since up =0 at x for k=1,--- ,n— 1, from (3.3), and for each j € B,

Un@jjop = —Unljjap — 2un(Ungljje + Unatljjp) + 2un(Ujalnis + Ujstinga)
+2UnUnjUagj + 2Unj(Unatljg + Unslja) — 2UnnUjatig — (2Unaling +

2unua6n)ujj - 27]09ujauj6un - 3770“%(“71049,8 + Unﬂga)

n—1

(3.19) —nog(3uiuna5 + 6UnaUngUn + Z UiaUigtn) + O(Hg).
i=1
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From the definition of a;j,

(3.20) UnUijoa = —Ualijo + Unjlia + Unillja + Unalij, Y i,j<n—1,
and
(3.21) dija = Gijo — M0Yadij, Vi,j € B,

n
(322) > Fajjap
a,f=1
- Z ud [—untagj; — dunatingtijs + 4untjalings + 2untintiag; — 2Unntijali;s
a,pf=1 "

n—1

—nog(2ujaujgun + unaﬁui + Z uiauiﬁun) - 2770'“%0(95“%] + O(H¢)
i=1

Break summation as > | F*upq = (>0 fe1 ZZ;% Zil)Fo‘Buafg, Vj € B,

n—1 n
Z F unaujg—unj Z ZZ Faﬁuaﬂ‘f'ZF UnaUjy,
a,f=1 a,f=1 p=la=1

n n—1
Z F Ujalnjg = um Z Z Z Uaﬁj + Z F UjanUsj,
a,f=1 a,B=1 a=1p=1 a=1

and by (3.20), for j € B,

n n—1
un Y Y FPuqp; = up Z <ZFaiuija + ZFaiuija>

a=1p=1 a=1 “ieB icG

= Z Z Fai(uiaujn + Ujalin — nogauiéij + Unalij)

a=11i€B
n
a=11ieG
= —u2 Z Z FQZCLZ] o + Unj Z F“Uzz + 2Un] Z Fnlunz + Un 5 Z F“U“
a=1ieG i€eG i€B
n—1

i=1 i=1 a=1

15
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and

n
Z F%ujqujp = F”"u%j + 2F7 My w5+ Fjjugj

a,f=1
n n—1 n—1
= up( Y Fuag =2 Funa — Y F%uag) + 2P ujnuj; + Fuj;.
a,f=1 a=1 a,f=1

Put above to (3.22),

n n
upy Y FG505 = —up Y F(uapj; + 6uapjtingtn — Guagur;)
a?ﬁzl awB:l
n
—|—4uium Z Z F‘”Ziz-j@ + 2u72w- Z F%u; + QU%j Z F%uy;
a=1ieG 1€G i€EB

n n

A A g

—12 g Fr%pqujnu;j + 4 E Fr%jpaunug; — ZunnF”ujj
a=1 a=1

n—1

n
—1Nog Z F“/B(Qujaujgun + Unagui + Z Umuwun)
a,8=1 i=1

n n
(3.23) —2n Z F‘”‘Bumggun + 4ng Z Fjagaujnu% + O(Hep)-
a,ﬁ:l a=1
Since a;j,0 = Gija for i # j,
n ~ ~ n n
(320)y " P taliis _ y FP0iatiin G _ g~ FPiatis | gy
_ Qii ~ Qi ag; ~
a’ﬁ_l a,ﬁ—l a’ﬂ_l

@i Qi
(3.18), (3.23) and (3.24) yield that, for each j € B,

ai'aai'
Fas = FP0(G)> (aj508 —Mgap) =2 Y —2208] 4 O(H,)

jEB icGjep i
n n
= u;g Z o1(G) [ - Z Fo‘ﬁuiuagjj + 6uy, Z Fo‘ﬁujnua/gj
jeB a,B=1 a,p=1
n
(3.25) ~6uZ, 3 Fuag + I + Jij | + O(Hy),
a,B=1

where I;, J1; as in (3.12) and (3.13).
For each j € B, differentiating equation (1.1) in e; direction at z,

n
(3.26) > FPuqg; + F'ujp + FUuj; + F% =0,
a,f=1
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n n n
(3.27) — 2 Faﬂuagjj = Z Faﬂ’wnuaﬁjuym' + 2 Z Faﬂ’uluagjulj
a7ﬁ:1 a?ﬁ”y777:1 a7ﬁ7l:1
n

n
+2 Z Faﬂ’wjuagj + Z Ful’usuljusj + Fuujj
a,f=1 l,s=1

n n
+ P g 4 PR 4y Fly ;.

=1 =1
It follows from (3.20) that, at =
n n n
_ Z Faﬁua,é’jj _ Z Faﬁ”m“aﬂjuﬂmj +2 Z [Faﬁ’unujaﬁunj JrFozﬂ,rjuaﬂj]
a,f=1 a,B,y,m=1 a,Bf=1
Fn
(3.28) F R 4 QR Ty, + BT 42 - uZ, + Jaj + O(Hy),
n

where Jy; is defined in (3.14).
Since uqgjj = Ujjap, from (3.25) and (3.28),

n

n
Fp.s = Zu;?’al(G)[( Z FOBY g ity + 2 Z FoBng sy,

JjEB a,B,y,m=1 a,f=1
n Un
+2 Z Faﬁ’zjujag + F“"’“"u?n + 2F T iy, + BRI 42 ” u?n)ui
a,B=1 n
n n
(3.29) +6 Z Faﬁu]'a/gu]'nun —6 Z Fo‘ﬁuagu?n + Ij + Jlj + Jgj:| + O(H¢)
O‘7B:1 a7ﬁ:1
The fact ¢ € C11(O) follows Corollary 2.2 in [1]. Also by Lemma 2.4 in [1],
9q ot (Blj) — o2(Blj) ~
3.30 =— = i (@)
(3.30) Qo ora Z o2(B) ajja + O(He),
JEB
and
ot (Blj) — o2(Blj) 1~ @ijaliji 5
Gop = Z : o2(B) [ajj,aﬁ - 22 Ugnm }
jeB 1 ieG "
1 ~ ~ ~ ~ ~ ~
~ 53 (B) > [ol(B)aiw — i Y am} [01(3)%‘,6 — iy ajj,ﬁ}
71 i€B jeB jEB
1

(3.31) > Gijadijs + O(Hy).

o1(B) i#jeB
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Following the same computations as for p, we get

n
> F%0p
a,B=1
2 . . n n
o7(B|j) — o2(Blj
_ Z 1( ’2) 3( | )|:< z Faﬁﬁnuaﬁjufynj‘FQ Z Faﬂ7unuja,3ujn
jen oiB)un o,87m=1 a,8=1

n Un

F
+9 Z Faﬁ,(lfjujaﬁ + Fun,unu?n + 2FUn,1'jujn + F%i% 49 " u?”) ui
a,B=1 n

n n
+6 Z Faﬁujagujnun ) Z Faﬁua@uin +1; + Jij + sz}

Oé,ﬁ:l Oj,ﬁ:l
1 < _ _ _ _ _ _
~53D) DY Fo1(B)aiia — @i Y djjallon(B)aig — dii ) dj]
71 a,8=1i€B jeB jeB
1 I
(332) B > Fa a5+ O(Hy).
W2 o p=1i£jeB
The proof of the Lemma is complete. O

4. PROOF OF THEOREMS

We want to create a strong maximum principle for ¢ defined in (3.8). That will imply
a defined in (3.4) is of constant rank. Theorem 1.3 corresponds to the case g = 0. To set
a stage for the proof of Theorem 1.4, set

A
4.1 Qp ={r e Q< < .
(41) o= {r €000 < nyla) < )
Proposition 4.1. Suppose u € C>' is a quasiconcave solution of equation (1.1) and F
satisfies assumptions in Theorem 1.3. If the second fundamental form of 3¢ of solution u
attains minimum rank l at certain point o € ), then there exist a neighborhood O of xq
and a positive constant C independent of ¢ (defined in (3.8) ), such that

(4.2) S FPg(e) < C6(x) + [Vo(@)]), ¥z € O.

a,f=1
If in addition F satisfies the uniform ellipticity condition (1.10) in O C Q, then there
is A depending only on [|F||c2,n, A, do, [[ullcaqy, such that a(x) defined in (3.4) is semi-
positive definite in € and if it attains minimum rank | at certain point xg € O, then
inequality (4.2) is true for all z € O.

Proof of Proposition 4.1. Suppose the minimum rank [ of @ is attained at an interior
point xg, and we may assume | < n — 2. Let O be a small neighborhood of xy. Lemma
3.1 and (3.8) implies ¢ € CL1(0), ¢(z) > 0, ¢(xg) = 0. For e > 0 sufficient small,
let ¢ defined as in (3.9), we want to establish differential inequality (4.2) for ¢. with
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constant C' independent of € in O. For each fixed x € O, choose a local coordinate frame
€1, ,€en—1,€n s0 (3.5) and (3.6) are satisfied. We will omit the subindex ¢ with the
understanding that all the estimates are independent of €. From Lemma 3.1,

Faﬁqsaﬂ
2 . .
o7(Blj) — o2(B
= Zu;s o(G) + i( |])2 2(Blj) {Sj+Ij+J1j+J2j}
; oi(B)
JjEB
1< . _ - _ _ _
) > Fo1(B)aia — i Y djjallon(B)ais — di y_ a4
1 a,b=1i€B jEB jEB
R I
(4.3) “ o) Yo Y F%aaa;s+ O(Hy),
N2 p=1izjijeB
where [}, J1;, Jo; are defined in (3.12), (3.13), (3.14) respectively, and,
n n n
Sj — [ Z FQ’B”Ynta,Buynj+2 Z Faﬁ’u"ujaﬁujn‘i‘z Z Faﬁ’xjujaﬁ
a,B,7m=1 a,f=1 a,f=1

A Ftn
+ F“"“"u?n + 2F i, 4+ YT 42 u?n} u?

n

Up
n n
(4.4) + 6 Z Faﬁujagujnun -6 Z Faﬁuaﬁugn
O[,ﬁ:l O[,ﬁil
In the coordinate system (3.5),
(4.5) t=uyl, D2u(z)=t"A, Ay=tuy=-2 6=(0,.,0,1).
Un

For each j € B, set

)?aﬁ = 2uppujn; Ya€ BorVpje b,

1
(4.6) Xon = Unnjly + T [2 deoéeubi{ }Faﬁua/gjun + ZO@BEB Foéﬁuaﬂjun
n

=230 gen Fuapujn — 4 Y0 p FO tanttyn + Fujju);

Y = ujnun;  Zp = dpjun.
For such V = ((Xap),Y, (Zk)), by (3.26),

<V.VipnF> = F¥X.5+ F"Y + F*Z,
= FPuggjun + FY9ujju, + Fujpu, + Fyup = 0.
We need the following lemma.
Lemma 4.2. Under the coordinate system (3.5) at = with V as in (4.6), then
upd = Ij + O(u;),
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where I; defined in (3.12) and I defined in (2.26).

Proof of Lemma 4.2. Since u;; = —ajuy for i € G and (u;5),4,j = 1,..,n—1 is diagonal
at x. By (3.12) and (3.20), for each j € B,
FBa:-- .. ) .
I; = Z[—Quf’t Z w + 4u%unj Z FYa5.0 + QUELJ-F“uii}
i€G a,8¢B " a¢B
e FBu:: FBay. .
= > > [ 7%&%5 Bttt 220 4 S =t 4 Ouyy)
i€G a,0¢B
U s iy VO
(4‘7) _ QZ Z uz]aun uzaqu?)(uzjﬁun Uzﬁujn) + O(uj])
i€G o,3¢B ©

By (4.5), (2.23), (2.25) and (4.6),
Yia =0,VieB; Y= —(uijaugl — 2umujnu,;2),Vi € G,a ¢ B.

Therefore

(4.8) udl = 2)° Z

i€G a,f¢B

YzaYzBU = I; + O(uyj;).

’L

We now finish the proof of the proposition.
In case of Theorem 1.3, since 79 =0, uj; = O(¢),V j € B, a =a. (4.3) gives

F*¢ug
2(B!j) — o2(Blj)
= D w’ [Ul e +2(B) ] (S5 + 1)
JjEB 1
3(B) Z > FPloi(Baiia —aii ) ajjallon(B)aiis — aii Y ajj gl
ol(B ,,6’ 1i€B jeB jeB

(4.9)

(He)-

a,f=11#j,1,J€B
In fact for each j € B, by (4.6) and (3.20),
)Ea,b’ = Uqgjun + O(Hg); VYae€BorVpebB,

(41()) )Saﬂ = UaBjUn; Va, B €eGU {n}a (avﬁ) 7£ (na TL),
Xon = UnnjUn + O(H¢)

Lemma 4.2, condition (1.8) and Lemma 2.6 imply
(4.11) Sj+1; = H(V,V) 4+ O(Hy) < O(Hy).
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By the Newton-MacLaurine inequality, C' > 0;(G) + 2L(Bli)—oa(5lj) > 0. Condition (1.7)

o1 (B)
implies that there is § > 0
(4.12) (FP) >8I,V x e O.
Combining (4.9), (4.11) and (4.12)
6 n
(4.13) FPus < Clo+ Y |[Vayl) - WZ Y aj,
ijeB 1 a=1i#jeB
S - )
_W Z Z(Ul(B)aii’a — Qg4 Z (Ijj7a) .
a=1ieB jeB

Finally, by Lemma 3.3 in [1], the term }_, ;- 5 [Va;;| can be controlled by the rest terms
on the right hand side in (4.13) and ¢ + |V¢|. In conclusion, there exist positive constant
C independent of €, such that

(4.14) Y PP < C(+]|V)).
a,B

Proposition 4.1 is verified under the assumptions of Theorem 1.3. Therefore, Theorem
1.3 is proved.

The rest proof is to deal with the case 9 > 0. In this case, since ks(x) > 0 for all x € Q
by Theorem 1.3. Since O C Q,

A
4.1 ) A .
(4.15) O<n(x)<100wa€O

For each j € B, it follows from (4.6), (3.20), (3.21), and the fact uy = 0 for all k < n—1,

Xop = Uagjln + Gajpty + M0gntindsnda; + O(ujj), Vo € B;
(4.16) Xag = UagjUn; ¥V a,ﬂ2€ G U{n}, (o, B) # (n,n),

~ nj ~

Xon = tnnjtin — 2202 4 O(S, s | Vg )) + O(ujy).

In view of (4.16),

UaBjlUn = )j(,aﬁ — aajﬁu% — nognuﬁégnéaj + O(Ujj), Va € B;
(417) UaBjUn = Xaﬁ; v a7/32€ G U {n}a (0476) 7& (nv n)a
= nj -
Notice that wj; = —nogu, + O(¢), V j € B. Substitute uqgju, by formula (4.17) in

S; defined in (4.4). We need to track the terms with factor ng2. They are coming
from Bymelin Fo‘ﬂkujalgu,mju% only. In turn, the coefficient in front of 73g2 can be

controlled by, say 50niul, where w is defined in (1.11). By Lemma 4.2, condition (1.8),
Lemma 2.6 and the assumptions of Theorem 1.4, there exist constants C{), C{/ depending
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only on A, | F||cz2, do, ||ul|cs such that

Sj+1; < H(V,V)+50@nigru; + Cimolgal + Cimog + O(Hy)

< 50@nggnuy + Comolgn| + Cinog + O(Hy)

(4.18) = (SOwnog)AQnogu;Z + ChAnoguy, + Clinog + O(Hy).
Since F™ > A, by (3.13) and (3.14),

Jij+ Jaj + Ougz) < =m0 F"™ gniy +10C|gn| +10Co9 + O(9)
(4.19) < —nogAA%ud + nog ACT uy, + noChg + O(),
where C7, C7C} are nonegative constants depending only on n,do, ||ul|csqy, [|F||c2. Note
that nog < ks(x) < ﬁ, it follows from (4.15) that
(4.20) S+ I; + Jij + Joj + O(uy;) < %(—A%ug + CLA + CY) + O(Hy).

where Cj3, C3 are nonegative constants depending only on n,do, [|ullcsqy, [|F||c2. Since
Uy > do > 0, we may choose A large enough in (4.20) depending only on n, do, [|ul[cs(qy, [|F]lc2, A
such that

(4.21) S;+ 1 + Jij + Joj + O(ujj) < O(’H¢).
By (4.3) and (4.21),
a . < N
(4.22) FPpos < Clo+ Y. [Vagyl) — WZ S ad,
i,jeB W2 a=t1ixjeB
5 3 _ N
=) Z Z(Ul(B)au‘,a — Qi Z djja)’.
1 a=1ieB jEB

As in the case of 19 = 0, the same argument yields (4.14) for a. Thus Proposition 4.1
is validated under the assumptions in Theorem 1.4. O

As pointed out at the beginning of this section, Theorem 1.3 follows directly from the
proposition. We precede to prove Theorem 1.4.
Proof of Theorem 1.4. If min{x’, k'} = 0, the strict convexity of level surfaces X¢ for
c € (0,1) in Theorem 1.4 follows from Theorem 1.3. We may assume min{x’, x'} > 0.
By Theorem 1.3, a is strictly positive definite in Q. That is, xs(z) > 0,V € Q. By the
continuity, rs(x) has a positive lower bound (which we need to estimate). With A > 0
chosen as in the proposition, increasing 7y from 0 to the level that @ is nonnegative definite
through out Q. but degenerate at some points zg. We have

(4.23) ks(x) > noeA”(:""), ks(xo) = 7706‘4“(960).
If the degeneracy happens outside of Q,, then r¢(zq) attains one of the values in {x°, x'}
or ks(zg) > ﬁ, depending on the location of xy. Consequently, 1y attains one of the

. _ —Au(zg) . .
values in {x°,e Aml} or ny > 2¢ % depending on the location of zg. In any case,

100w
(1.12) would follow from (4.23).
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We need to treat the case when the degeneracy happens at an interior point xg of 2.
By the proposition, a is degenerate with constant rank in a connected component U of
) containing xg, and

0 = rs(z) — oe™® Yz e U.
By the continuity,
(4.24) 0 = ky(x) — noe™ @, Vo e U.

That is, the degeneracy of @ happens also on the boundary of {2,. The case now can be
deduced from the previous discussion. At this point, the proof of Theorem 1.4 is complete.

We can say more regarding the geometry of the level surfaces 3¢ in the case the de-
generacy of @ happens at an interior point of Q. If U has intersection with the set

{ks(x) = ﬁ}, choose any zg € U ({ks(x) = ﬁ}, by (4.24),

A
0 = ks(x) — e = k(29) — e %) = —Z— — ppe =0,
100w
This yields ny = e*A“(ZO)w’(\]w and kg(x) = eA(“(x)*“(ZO))lo/(\)w, Vax € U. Moreover, the
assumption kg(z) < ﬁ, Vz € U forces u(x) < u(zp), Vo € U. This implies the level sur-

faces ¢ will never intersect the set {xs(z) = ﬁ} for any ¢ € (inf ey u(x), sup,ey u(x)).

Note that 3¢90 = (), V0 < ¢ < 1, therefore X¢ is a compact hypersurface with constant

ks(z) for 0 < ¢ < u(zg). Since 29 € U N{ks(z) = ﬁ} is chosen arbitrary, the connect

component U of Q0 is exactly the set (Jj_.., X for some co > 0 (in fact, co = u(20)),
and U N{ks(z) = ﬁ} = »(20), And % is a round sphere for each 0 < ¢ < co.
If U N{ks(z) = 155=} = 0, we must have U = . In this case,

0 = ky(x) — noe™@), vz e Q.
By the continuity,
(4.25) 0 = ky(x) — noe™@ vz e Q.
In particular,

0=rs(z) — noeA, Vz € 001, 0= ks(2) —no, Yz € 0.
k! = k¥, We again get
oo () = AW@ D 1 Au@), 0

Sony =e A

(4.25) implies ks(z) = constant for any x € X for all 0 < ¢ < 1. In this case, X¢ must be
a round sphere for all 0 < ¢ < 1. O

Remark 4.3. Theorem 1.4 covers all quasilinear equations satisfying structural conditions
(1.8)-(1.10). Therefore, it covers the quasilinear equations treated in [11, 14] from the
discussion in Section 2. In particular, w = 0 if F' is quasilinear. In this case, (1.12)
becomes

(4.26) k¢ > min{ke?%; kleADY Vee|0,1].

From the proof above, the strong maximum principle concludes that if 7 = ” holds for
some ¢g € (0,1) in (4.26), then rs(x) = constant for all x € X and Ve € (0,1). This
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implies that ¥*“*) is a round sphere for every = € Q. The same conclusion is also true if
condition (1.6) is held. Note that w was used only in (4.18) to get (4.20). It’s proved in
[2] that S; < 0 under condition (1.6). In that case, one may take @ = 0 in (4.18).
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