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ABSTRACT. We consider a general class of non-homogeneous contracting flows of convex hyper-
surfaces in R"™!, and prove the existence and regularity of the flow before extincting to a point
in finite time.

1. INTRODUCTION

We consider the contraction of convex hypersurfaces in R"*! by general fully nonlinear flows.
Suppose M C R™*! is a compact convex hypersurface, we are interested in the following shrink-
ing type hypersurface flow

(1'1) Xy = _75(77)()]0(5)77 X(O) =M,

where 7 is the outer normal, k = (k1,...,ky) is the principal curvature vector of M(t), 1 is a
smooth positive function defined on S” x R**! and f is a positive smooth function defined in
the positive cone

It ={(k1, k) CR" Kk; >0, Vi=1,--,n}.

When 1; =1, flow || is an isotropic flow of the form
(1.2) X =—f(k)V, X(0)=M.

The Gauss curvature flow [L1] is an example of flow (L.2). Chou [16] established existence and
regularity of the Gauss flow before it contracting to a point [16]. In the case of homogeneity one
speed function, flow contracts to a point in finite time and becomes spherical in shape in
various structural settings [14] [10} [T}, [3].

One basic question is that under what conditions flow will contract to a point. Sufficient
conditions were discussed by Han [13] for contraction to a point of flow when the speed
functions are homogeneous. Further study was carried out by Andrews-McCoy-Zheng in [4].
Our focus here is on speed functions without homogeneity assumption. We extend result in
[13] for flow to non-homogeneous case. The results of this paper has been used in recent
works on convergence of Gauss curvature type flows in space forms [7] and inhomogeneous Gauss
curvature type flows [§].
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We specify the conditions on function f. The following conditions (|1.3))-(|1.5)) were introduced
in [13].

(1.3) f is a positive symmetric function defined on T'",
and
af (A
(1.4) f()>o, Y eIt Vi=1,--- ,n.
O\
Set F(A1,...,Ap) := —f()%l, e ﬁ), we further assume that
— 1
(1.5) ﬁ is continuous on I't, and ——— =0, VA€ ar'".

F(X)
We replace the inverse concavity condition in [I3] by the following

(1.6) F is a concave function of A € T'".

In rest of this paper, we mainly work on the evolution equation of support function of flow
|| For a strictly convex hypersurface M, \; = H%_, i=1,---,n are the principal radii of M.
They are the eigenvalues of

W = (Vgu + ug),
where u is the support function of M and g the standard metric on S™. We also use lower index
i,7,k, -+ to denote covariant differentiation with respect to the connection on S™. From the

work of Caffarelli-Nirenberg-Spruck [6], F' can be extended as function in W. The corresponding
flow for w is in the form

u = —(z,u, Vu)F(W).

The first result is for flow (|1.2)). The following theorem is an extension of the result in [13] to
the non-homogeneity case.

Theorem 1.1. Suppose f satisfies conditions , , and(1.6]), and suppose X (0) =
M is strictly convex, then there is a finite time T* > 0 such that flow exists for 0 <t < T,

and solution X (t) remains strictly convex and X (t) converges to a point ast — T*.

We switch to anisotropic flow of the form
(L.7) X; == f(x)V, X(0) =M,

where 1) is a positive smooth function on S”. This type of flow was treated in [2] when f is
homogeneous, in particular for power of Gauss curvature f(k) = K.

Denote
OF(W)  pyu_ OPF(V)

1.8 Fi = = —
(1.8) oWy OWoWy;’

L =0, —yFI(W)V,V;.
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Theorem 1.2. Suppose f satisfies conditions , , and f(0) = 0,. Suppose 369 > 0
such that

(FP(W)Eap)?
— i Yap-

E(W)
If X(0) = M is strictly convez, then there is a finite time T™ > 0 such that flow exists for
0 <t <T* and solution X (t) remains strictly convex and X (t) converges to a point ast — T™*.

Condition (|1.9) is a stronger concavity condition than (|1.6]), but it is weaker than the inverse
concavity condition for f.

(1’9) Faﬁ(m(w)gaﬁfvn < 50

For general form of flow (|1.1)), we need some additional conditions: assume 39y > 0 such that
(F*%€ap)”

(1.10) FOPI (W)€ + WPTFOT (W) 0l < o ) YW € T'F, Vs
and
(1.11) FIW)WiyWy; > —doo1(W)F(W), VW €T,

Theorem 1.3. Suppose [ satisfies conditions , , , and . Then for
1.1

any initial strictly convex X (0) = M, there is a finite time T* > 0 such that flow (1.1)) exists for
0 <t <T* and solution X (t) remains strictly convex and X (t) converges to a point ast — T*.

The paper is organized as follows. Section[2]is devoted to evolution equations of corresponding
geometric quantities. The lower bound of the speed function and principal curvatures along the
flow will be proved in section |3l In section [4), we show the flow converges to a point at a
finite time 7™ > 0 under various conditions specified in Theorem Theorem [1.2|and Theorem
In the last section we discuss examples of the non-homogeneous flow .

2. PRELIMINARIES

Let u be the support function of solution M (t) := X (¢) to flow (1.1)) with M (0) = M a strictly

convex, closed smooth hypersurface in R"*1, then it satisfies the following evolution equation
~ 1 1
(2.1) up = —z/J(V,X)f()\—l, ce )\—) =: YP(z,u, Vu)F (W)
n

with u(0) = wp. Here (A1,...,\,) are the eigenvalues of matrix (W (x,t);;) := (u(z,t);; +
u(x,t)d;5) in a local orthonormal frame of S™ and 9 (z, 2, p) is a smooth positive function defined

on (z,(z,p)) € S™ x TS™ such that (z, z,p) = ¥(z,xz + p).

Since M (0) = M is strictly convex, the standard theory for parabolic equation implies that
(2.1)) has a smooth solution ¢ € (0,7) for some T > 0 if f satisfies (1.3, (1.4).

X(z,t) == u(z,t)r + Vsnu(zx, t)

corresponds to smooth solution for (1.1)) with X(0) = M for 0 < ¢t < T. The goal is to show
there is maximal time 7% > 0 such that flow converges to a point when ¢t — T*.
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Lemma 2.1. For solution u of flow , the following equations hold
(2.2)
Lu=y(F — F9Wi; +ud_ F¥),
i

LOF) =pF Y Fi 4 F) + Fipy, (P F);,
LWij =p[FPEWipgiWesj + (FP1Wpg + F)dij — Wi Z FPP]
p

+ (¢xz + Yyu; + ¢ukuki)ququj + +(¢)xj + ¢uuj + djukukj)ququi + F(wxlx]
+ d&iuuj + wmjuui + T,Z)uuuiuj + ¢xluk Uk; + @Z)xjuk Uk + T;Z)uuk (Uiukj + ujuki)
+ Vg Uity + Vuy Ukij + Vullis).

rq qu

F FPOW,, W,
Lr? =2F|( FWyilWai

+ Dt + o, + Yo Vul? + Py ugiv; — T b
where % := u? + |Vul?.
Proof. Choose a local orthonormal frame on S”, a direct computation yields
(1) =pF(W) = F(W) +vF uij — pF (Wij — udy),
(2) (F): =pF9Wije + (utts + Pu,uie) F
=Y F (uij + wdiy) + (u(PF) + P, (VF)i) F

—FY(F);; + v°F Z F 4+ 4, F($F) + Fipy, (Y F);,

(3) Wije =uije + udij = (VF)ij + Y F0i

= (FPY WqiWisj + FP Wgij + Foij) + (Va, + hutti + Yoy u) FP Wy,
+ (Va; + Yutty + Yy urg) FP Wi + F(Ypz; + Yoputty + Y ulli + Yuuttitj
+ Vg, Ukj + Vg, Uki + Vuy, (Uit + UjURg) + Yo UniUitj + Yoy Ukij + Yuttis)

:w[F pq’TSquiWTSj + F pq(Wiqu + qudij - Wij 5pq + Wiq(sjp - ij(siq) + F 5ij]
+ (Vu; + butti + Yuy uns) FP Wpg + + (Y, + Putty + Yuyung) FP Wpgi + F (Y2,
+ Yty + WV jutti + Vuntithy + Vo, Ukj + Vo jup Uki + Vuug (Wil + Ujugg)
+ Vupu Uri Uty + Vg, Ukij + Pulli).

For the last equation, we have

FPa
Tt2 = 2uus + 2uui = QF[’U,w + wrzuz + wu\Vu|2 + wukukluz + w—quiui},

F
(r2)pq = 2(Wpits) g = 2Wpgitty + 2Wpi Wy — 2uWp,.

The following simple inequality (2.3]) will be used extensively in the rest of the paper.
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Lemma 2.2. Suppose F is a concave function in T'", then

(2.3) sy FUW) > —F(W)+ Fi(W)W;; + F(sI), VseR", VW eI,

Proof. By concavity, Vs >0, W € ',
F(sI) < F(W)+ Y F9(W)(sb;; — Wij).

3. LOWER BOUND OF PRINCIPAL CURVATURES
We first estimate the lower bound of speed function in flow (2.1).

Lemma 3.1. Suppose f satisfies (1.5 (n) (-) ¥ is a smooth positive function defined on S™ x
TS™, and X (t) is a smooth convex solution of (2.1 (-) for 0 <t < T. Then there is C > 0
depending only on initial data such that

1
1 i - F ) > .
(3:1) ()87 X [0.7] vl uw, Vo) F(W(z, b)) 2 C(T+1)

Moreover, if 1 doesn’t depend on u, then

(3.2) L (V) F(W (2.) 2 min —(e, Vu(r, 0)F(W (z.0)).

Proof. Note that (2.1)) is a contracting flow, u is bounded from above. As W > 0, max |Vu|? <

maxu? is also bounded from above. Thus 1 is bounded from below and above, and 1, is

bounded from above. By the second equation in ([2.2)),

U
(33) £l =~ S = P g () 2 O
From comparison,
—ug =1,
where 7 is the solution to

n = —Cn?, n1(0) = Itn_l(IJl —pF = ¢y > 0.

Then 0 = e > gy if we pick C > co. It follows .
Note that, if ¢ is independent of u (e.g., . by .
L(—up) > —up Z F" 4+ Fpy, (—w)i,
which implies that

i (@, Vu)F(W (2, 1) 2 min ~y(, Vu(, 0) F(W(2,0)).
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Corollary 3.1. With the same assumptions in Lemma (3.1, we have
min, pyesnx(o,7] —¥ (T, u, Vu) F(W(x, 1))
max gz ¢)eSn x (0,77 ¢($: U, Vu)

Proof. Note that as above, (z,u, Vu) stays in a compact subset of S” x T'S™ as long as (12.1))
exists. Thus max, yyesn (o, ¥ (7, u, Vu) < C(Mo, ) < oo. The corollary follows from Lemma

B.1 O
The next lemma is the lower bound of the principal curvatures of X (¢) along the flow (2.1).

(3'4) —-F> =:¢9 > 0.

Lemma 3.2. Assume that one of the following holds,

(1) conditions in Theorem[1.1] are satisfied, and X (t) is a solution to (1.9),
(2) conditions in Theorem 1.4 are satisfied, X (t) is a solution to (1.7),
(3) conditions in Theorem[1.5 are satisfied, X (t) is a solution to (1.1)),

then there exists some constant € > 0 depending only on the initial data and the constants in
the conditions specified above such that

(3.5) min Ki(x,t) > €.
=1, ,n,(x,t)€S™ x[0,T]

Proof. Tt suffices to prove an upper bound for max;_; ... , (z.1)esnx (0,1 Mi(W (2, 1)).

(1) If ¢ = 1. Suppose MaX;_1 .. n (x,t)esnx[0,7] \i(W (1)) is achieved at (wo,t0). If to = 0,
we are done. Otherwise, take a local orthonormal frame on S, such that W is diagonal
at (zo,to) and Wii(wo,t0) = max_y,... n (,n)esnxo,7] Ai(W(z,1)). It follows from the
evolution equation of Wiy in Lemma that, at (zg, to),

(3.6) LWy = F" (Wi — Wip) + Fij’leiﬂWkll + F <0
since F' is concave and W7y is the largest eigenvalue at (z,%p). By maximum principle,
3.7 Ai(W(z,t)) =W tg) < W- t) = W 0).
( ) i’zlv"'vnvlgnlzat)))(esnx[ovT] ,L( (x’ )) 11(:[;0, 0) o (xvt)gglg);[orT] 11(1” ) ;Ié%?n( 11(x7 )
Thus
(3.8) W(z,t) < CI, (z,t) € S" x [0,T7,

where C' = max;=i ... p zesn \i(W(x,0)). The lemma follows since the eigenvalues of W
are the inverse of the principle curvatures.

(2) If ¢ = ¥(v) defined on S™. We write as equivalently for ¢ (z) = i (z), z € S
As in the first case, suppose max;_j ... n (z.¢)esnx[o,1] Mi(W (2,1)) is achieved at (o, o).
If tg = 0, we are done. Otherwise, take a local orthonormal frame on S™, such that W
is diagonal at (zo,%0) and Wi1(zo,t0) = max;—y ... . (zt)esnx[o,7] Mi(W (2,t)). Again, by
the evolution equation of W7; in Lemma (note 1y, = 1y, = 0 for this case) and ,

at (l’o,to),
(Wi1)e =0 F + Ftpgyzy + 2000, F Wiy 4+ G(FIRW Wiy + FUWh 4 + FP (Wi — Wiy))
(3.9) ii (F" Wi )? ii
<) + Yy 20 ) F + 200y F*" Wiy + Sotp————— + Y F" (Wi — Wha).

F



(3.10)

(3.11)

(3.12)

(3.13)
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By Cauchy-Schwartz inequality and the concavity ((1.6)) (which was implied by (1.9))

(FZZWul)Q

FO(Wy; — W-
7 + Y F"( 11)

w$1w1F + 2¢m1F“ i1l + 50'(/)
2

F X
+ T/JF (Wu Wll)

walxlF - 501}[)
<C([[¥llcz, )(F“Wu F) — (inf )Wy, F*
f YW f
— C(lI¥llc2s %)F( inf W I)— in ¢W i

20(I1Yllc2, 55)

By (2.3) and corollary
AF" > —(F — F"W;) + F(AI) > —F + F(AI) > ¢o + F(AI),

where 9 = inf(, y)esnxjo,7)(—F) > 0 is the constant in (3.4). Since f(0) = 0, we have
F(AI) — 0 as A — oo. Thus there exists Ag(f) > 0 large, such that

F(AI) > —%0 for A > Ap.

This implies that

Z Fn > 2A0

20 , ) Ao(F
Combining , 3.10), (3.11) with (3.12), if Wi (20, to) > (Hw“fjf;}) o),
1.e9 info €0
< — <
Wllt C(||1/’||CQ 5 )2 W112A0 0.

(3) For the general case 1) = ¢(v, X) defined on S" x R"*1. We write (1.1) as (2.1) with

(3.14)

(x, z,p) being a smooth positive function defined on (z,(z,p)) € S™ x T'S™ such that
Y(z, z,p) = Y(x,xz+ p). Consider the function

G = logW11 + §T2,
where 72 = u? + |Vu|?, L is a large constant to be determined. Suppose G attains its
maximum on S” x [0,7] at (zo,t9). Take a local orthonormal frame of S™ such that
Wij is diagonal at (z9,t0) and Wii(zo,t0) = maX;—s ... » (,1)esmx[0,7] Ai(Wij). Suppose
Whi(zo,t0) > 1, otherwise G(z9,t9) < 1+ 12 < 1+ C(My) since the flow is contracting.
If ty = 0, we are done. Suppose now tg > 0. First note that, at any point (z1,t1) ((z1,t1)
need not to be the maximum point of G) where W;; is diagonal, from Lemma Wi1
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and 72 satisfies
Wit — YEPPWi1 pp
=F[t) + ¥uWi1 — Putt + Py, Witi — Yuy s + ayey + Yuutl] + Puyu, Wi
— 200 W11t + Yoy 7 + 200,001 + 20,0, Wit — 20000, 4

(3.15) Fii
+ 2¢uu1 Wiiuy — 2wuu1uu1 + 2?Wu1(¢az1 + wuul + wul Wiy
ik Fi (W —
_ T/Julu) + @Z} Wz]lwkll ‘; (Wu Wll)]’
and
17 — YFPP(r?),,
(316) FPPIV. FPPW2
=2F[(Tpp + Dug) + Y, ui + Pul Vol + thuuiiu; — ¢Tpp]-
Let (z1,t1) = (w0, to) be the maximum point of G, at (xo, to),
L
(3.17) Wi = —§W11(T‘2)Z‘ = —LW 1 Wiu,,
and
0 < Gi—yFPPG),
Wiy — v FPPWy, Wi, L
= W P UET R G )y
= [¢u1u1 Wi + ¥y, VVHZ + Yy — 2y U+ 2z 0y + 2000, U1
+W7H(¢ - ¢uu - ¢u1u1 + wmlwl + ¢uuu% + wulul u2 + 2¢zluu1 - melulu - 2¢uu1 uul)
y Wija Wi i
F" Yz, + hyur — Py u FN = T 4 PO (it — 1)
+2?m21(wu1 + 1 ;/11 U1l ) + 1/] 11 F 11
PP W121p FPPW.
— + (1 + —=2)Luyp + Lapa,u; + Lapy|Vul?
ppW2
F + Yy u1 — U
< F[-C(n,L, Mo, f,¥) + Yuyu, W1 —quiwﬁuﬁz?mﬂ(%l L Y ¢;/111 Yuy )
1.l Wit Wi
+¢Fz],kl {/lllnkll F“(WH _ 1) . @Wflp P prL y
F F VVIQ1 F

FPPW2
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Frey? ) . LUl — Uy
= F[_C(n7 L, Mo, fﬂ/}) + Yuyu, Wi — LlﬁTpp] + 2F”Wii1(¢u1 + Yor + w[/[j'“ Y 1u)
11
P % + PG =+ z/JFpp—ng” + LEPPY, )

11

where we use (3.17) and u? < u? + |Vu|? < C(Mp) in the last inequality since the flow
is contracting. By (1.10)

(3.18) FIMWn Wi + FPWHIWE, < 60WI;7W
for any W € I't. This implies
2F " Wit (thu, + Yar + Putis = wulu) + wFij,klM + wFM)VV;z;I7
Wi ) Wi W
319) S Wa(u + bor ¥ w;zll —Yut 60“?32?1)2
<- iml (Yo + 222 w;{zll ~ Vw2

<- C(M()v 60a ¢)FW11

Plugging this into the differential inequality for G and using ([1.11]), we get
(3.20)
Gy — YFPPGpy
Frry2 W
SF[—C(TL, L7 M07 f) T/J) - C(MO) 50) w)Wll - LQ;Z)TPP] + F”(Wiz — 1) + LFpprpU¢
11

i Wii
<F[-C(n, L, My, f,) — C(Mo, oo, ) W11 + Logpo1 (W)] + +F“(W711 — 1) + LFPPWyputp.

Since M (t) is convex and the flow is contracting, o1 (W) > W11 > 1 and inf (, yyegn (o, ¥ =
e(Mo, ) > 0, and (z,u, Vu) stays in a compact subset of S™ x T'S™. Now we choose

C(M()aéo;w) + 1
= — =: L(My, 0o,
o inf(; ¢yesnx[0,17) ¥ (Mo, b0, %)

satisfying

; 1 y
(321) Gy = $F?Gyy < F[=C(n, Mo, b0, ¥, f) + Wil + F'"Wig(5— + Lu) = 3 F*.
11

7
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Let C1 = C1(Mo, do,v) > 1 such that 1+ Lsup(, s)esnxjo,r) ¥u < C1. By (2.3),
Gy — YFPP Gy, <F[=C(n, My, 80,1, f) + Wi1] + C1(Mo, 8o, ) F*" Wi — ZF“

1
(322) SF[_C(n>M0750)¢7f) +W11] +01(M07507w)(F_F(CI(M07507w>I))
<F —eo)Wh1 — Cl(Mo,éo,w)F((Wf)

<0

C1(Mo,00,0)F(&arms— |
if W11 > C’(n, M(), (S(], w, f)+ t(Mo0.) 8(001(1\/10,50,#)) )+1 ,Where Ep = inf(x,t)eS”X[O,T](_F) >
0 is the constant in (3.4)). This implies an upper bound for Wi;(xo, t9), and hence a lower
bound for k;, i=1,--- ,n.

O

Lemma 3.3. (Lemma 2.2 [9]) Suppose Q@ C R"! is a convex body with support function
u:S" = R. Let W = (uj; + udi;) be the spherical Hessian of u, p— := p_(2), p4+ = p+(Q) be
the inner and outer radius of Q). Suppose W < Cyl,, for some positive constant A. Then

PL(Q)
p—(£2)

where C(n) is a positive constant depending only on the dimension n.

(3.23) < C(n)Co,

4. CONTRACTION TO A POINT

In this section, we derive the contraction to a point of the flow (1.1)) under various assumptions
on f depending on different 1 (Theorem Theorem 1.2 Theorem [1.3]).

Lemma 4.1. Suppose f satisfies , , (@, I/NJ(V,X) is a positive smooth function, and
X(t) is a smooth convex solution of for0 <t <T. Then

p+(2(T)) p—(Q(T))
4.1) —yYF(W(x,T)) < 3—/——=—==C1(My, ) max{—2F (————=1I), max(—F (W (z,0 .
(1) = GFOV (0,7)) < 325000 (Mo, ) max{ ~2F (= 1), - F (W (2, 0))
where Ca(Mp, ) > 1, C1(Mo, ) > 0 are positive constants depends only on Mo, ), U(x, z,p) is
the smooth positive function in such that Y(x,z,p) = Y(x,xz + p). Moreover, in the case
when 1 doesn’t depend on z,p, we can take Co(My, 1) =1, and C1(My, 1) = max,esn ().
Proof. Pick a point in (T as the origin such that mingegn u(x,T) = p_(Q(T")) = 3e. Since
(1.2) is a shrinking flow,
uw(z,t) > u(x,T), Yz eS", Vtel0,T].

Consider the function

—y P (W)

4.2 o =1
(4.2) o8 u — 2e
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It follows from
(4.3) (—F(W))e = YFI(=pF)ij + (= F) > F 4 Fipu(—pF) — Fbuua

(u—2€); = Y[F + FY(u—26)i5 + (u—2¢) Y F" — FIW;; +2¢ Y F").
Suppose ® attains max yenrxjo,r] P at (xo,t0), choose an orthonormal frame on S™ such that
u;j is diagonal at xq, then at (z0,to), Wij = u;j+ud;j and F' iJ will also be diagonal. By maximum
principle, at (zo, to)

—Ut; Uy

(4.4)

—uy  u—2€
and
0<®, — PFI D,

;i i —2e>F% — F + FUW,;
=y F"®;(log(— ) F)(u — 2€)); + Ftby + Fby, f 5 T Y €2 — 26+ 7,
(4.5) (0 . Yoy, Ui
— U =2 U -9 FZZ Fu “
u_%[(w(u €) + 5 > Wil
Y
< M —9 Fu Fu “
< [-C(Mo, p)F —2¢ ) Wil
for some oo > C(My, ) > 1 as the flow is contracting and convex.
By (2.3),
.. .. €
4.6 —ey F"<C(My,)(F—F9W;; — F(=——1)).

Plugging this into (4.5)),
®; — PPy — @i (log(—F)(u — €))i
C (Mo, ¥)F — FIWij — 2C(Mo, ) F (a5 1)

- u— 2e
F = 2F (grpba )
<C(Mo, ) —— g‘g w

At the maximum point p = (x0, ) of ®, we obtain
€
- < - - - .
(a0, ), Vulp) POV () < misx{ =200, u(p). Vulp) Pyl max | (<0F)
By the assumption, u — 2¢ > ¢. That is,
o TUEW) max{—2t (0, u(p), Vu(p)) F(amppy L) max(,gesx oy (—¥F)}
max )

t<TxeSr u— 2 €

Hence

—pF(W(z,T))

—¢($)F(W($,T>) = (U(ZIZ,T) - 26) u(x,T) — 9%
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3”“2(;))01('¢,M0) maX{_2F(MI)7maX(—F(W(x7O)))}v

p-(Q(T)) 3C (Mo, )~ wes™

where C1(Mo, ) = max{y(zo,u(p), Vu(p)), max yyesnx{oy ¥} < oo only depends on My,
since the flow is contracting and convex, and (z,u, Vu) stays in a compact subset of S™ x T'S".
It follows (4.1)) with Cy = C. g

Corollary 4.1. With the same assumptions in Lemma , we have

p+(EUT)) C1 (Mo, ) p_(QUT))
p—(QT)) e1(Mo, ) 3G (Mo, 1) ) (= (W (z, 0)))}-

where €1(My, 1) = inf ¢ > 0 is the minimum of 1 along the flow.

(4.7) — F(z,t) <3 max{—2F(

Proof. Since (z,u, Vu) stays in a compact subset of S™ x T'S™, 1 > 0 depends only on My, ).
Then the corollary follows from Lemma 4.1 O

Corollary 4.2. Suppose assumptions in Lemma[{.1] are satisfied, then there is C > 0 such that
for p—(QUT)) sufficiently small,

—F( p—((T))
(4.8) — F(W(z,T)) < C—3200)"7 vy e gn,

pZ(UT))

Proof. By Lemma [3.2] and Lemma [3.3

1
P4 (9T)) < Cp (T)).
We note that when p_(2(T)) is sufficiently small,

p-(UT))

36y, )

I) > —F(W(x,0)), Vo € S".

O

4.1. Proof of Theorem In this subsection, we take 1) = ¢ = 1 and prove Theorem

Lemma 4.2. Assume [ satisfies conditions , , , and (@, and suppose X (t) is a
smooth solution of for0 < t < T with initial strictly convex X (0) = M, and p4(QT)) > e2,

then there is 6(n, My, f,e2) > 0 depending on n, My, f,e2 such that
min{\; (W(x,t)), -+, \n(W(z,t))} >0, VO<t<T.

Proof. By (1) of Lemma W (z,t) is bounded from above. Thus, W(x,t) is inside a com-
pact subset of I'". By Lemma p—(Q(t)) > C(n, Mo)p%(2(t)) > C(n, Mo)p:(QUT)) >
C(n, Mp)e3, V 0 < t < T. By Corollary the speed function —F (W (z,t)) is bounded from
above as long as outer radius of (t) is positive and W (z, t) is positive definite. By (L5]), W (z,t)
is bounded from below. O
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Proof of Theorem [1.1. We write as with ¥(x) = 1 in this case. By Lemma the
solution My is strictly convex if it exists. Since the flow is contracting, the C? estimate of
u follows. The C'!' bound follows by convexity. Moreover, W is bounded from below and above
as long as outer radius is positive by Lemma [3.2] and Lemma [£.2] By Krylov’s theorem, flow
exists before it converges to a point. Finally, the extinction time 7™ must be finite since
the speed function Y F' < —C} for an absolute constant C; > 0 by Lemma [3.1] 0

4.2. Proof of Theorem [1.2] -.
Proof of Theorem [I.3. We write ) with ¢(z) = ¢(z). The C! and C° bound of u
1-

follows from the contracting nature of ) and convex1ty of M;. Note ¥ > 0 is bounded from
below and above with uniform C? norm since S is compact. Moreover, (1.9) implies (1.6)).
Then we can use Lemma [3.2] Corollary and the same argument as in the proof of Theorem

i O
Proof of Theorem[1.3 We write (1.1) as (2.1) with 1(z,z,p) = 9 (x, zz + p). The C' and C°
é

bound of u follows from the contracting nature of (2.1)) and convexity of M;. The uniform C°
and C! bound implies that ¥ (x,u, Vu) > 0 is bounded from below and above with uniform C?
norm. We also note that implies . Then we can use Lemma Corollary and
the same arguments as in the proof of Theorem In this case, the extinction time 7™ is also

finite since min, y)esnx0,1) —¢YF > C(T =) for an absolute constant C' independent of 7" > 0

by Lemma This implies u(z,0) — u(z, T*) = fOT* —(x,u(x,t), Vu(z,t))F(W(x,t))dt =
(z € S™) if T™ = 0o, which contradicts to the fact the flow is contracting and M is compact. [

5. REMARKS

We discuss conditions specified in Theorem [I.I} Theorem [I.2] and [[.3] There are large classes
of non-homogeneous curvature flows which evolve a strictly convex hypersurface to a point in
finite time satisfying these conditions.

Remark 5.1. (1) Concavity condition (@ of F is slightly weaker than concavity of f. We
refer Theorem 1 and Remark 2 of [4] for discussion regarding condition .
(2) There is a wide class of non homogeneous functions satisfying conditions in Theorem
and Theorem - f(k) = op(k)(1 < k < n,a > 0) satisfies conditions
m and (@ One may buzld fully non-linear ﬂows satisfying conditions in Theorem
and Theorem [1.2 by using them as building blocks. If f1,---, fm satisfy conditions
— and , so does [ =", aiff" provided a; > 0,8; > 1, Vi = 1,--- ,m.
More generally, suppose f1,---, fm satisfy conditions , and @, suppose
G :R™ — Ry is a convex function, and

oG >0, Vr; >0, Vi=1,---,m,
87“1'
then f = G(f1,--+, fm) satisfies conditions (1.9 (ﬂ) (@ If in addition ACy > 0 such that
0G(r)

o, r; < CoG(r), Vri >0, Vi=1,---,m,

and f1,-- -, fm satisfy condition (@, then f = G(f1, -+, fm) satisfies condition @
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Remark 5.2. (1) If G; satisfies and
(5.1) G2 Mgty < —WHIGE g, YW € TF, Veas, V= 1,--+ N,
then
FW) ==Y e W)

=1
satisfies (1.10). G = slog (gzggg) satisfies for Vs € RY. To see that, first it’s easy
to check that log o, (W) satisfies with ” =" holding. By the proof of Lemma 2 in
[12],
(o6(W)*Pap)?

[ox (W28 4 WY o (W) €05y > , YW € TF, Ve

o (W)

This implies that log (Z:EVVQ) satisfies .
(2) Condition and conditions (1.5)-(1.6) are satisfied by o5 (k), Vs > 0. If p(k)

satisfies these conditions, so is f(k) = G(p(k)) with G : Ry — Ry a smooth convex
function, G'(r) > 0, Vr > 0, G(0) = 0. Thus, Theorem holds for this type of
inhomogeneous Gauss curvature flow. Condition 1s restrictive, there should be
some better conditions.

We note that the initial strictly convex condition on M in Theorems in Section [I| can be
relaxed.

Proposition 5.1. Suppose M = 0¥ is closed, smooth and convez, denote
I' ={k(z), Yz € M}.

Assume f is a positive, symmetric function on ' and extends smoothly to (TT NT)UTT and

satisfies conditions - on (T NT)UTY, Then there is finite T* > 0 such that flow

exists for 0 < t < T*, and solution X (t) remains strictly conver and X (t) converges to a point
ast — T,
The same conclusion holds for flow if [ satisfies (@ in addition.

Proof. By the initial assumption, flow exists for a short time 7' > 0 with conditions (1.4)-(1.6).
The strict convexity of X (¢) follows from Theorem 1.4 in [5]. Then applying Theorem [1.1]to the
flow starting from t =T O
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