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Abstract

Let E;, i = 1;::;n, beall the supersingularelliptic curvesover F, up to isomorphism.
The modulesof isogeniesHom(E;; E;), equipped with the degreemap, are quadratic
modulesthat give riseto theta seriesof level p. The spaceof modular forms of weight
two for (p) is thus spannedby the theta seriescoming from supersingular elliptic
curvesin this fashion. We generalizethis classicalresult to Hilbert modular forms
by shawing that for totally real elds L of narrow classnumber one, the spaceof
Hilb ert modular newformsof parallel weight 2 for o(p), p unrami ed, is spannedby
theta seriescomingfrom quadratic modulesHomg, (Ai; A;), whereA;; A; rangeacross
all superspecial abelian varieties with real multiplication by O, . We also provide a
version of this theoremin the more delicate casewhere p is totally ramied in O,
building on the classi cation of superspecial crystals following from the generalization

of Manin's Habilitationschrift that we presen in the rst Chapter.
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Resume

Soient E;, i = 1;::;n, toutes les courbeselliptiques supersingulieresde nies sur F,,
a isomorphismepres. Les modules d'isogeniesHom(E;; E;), munis de I'application
degre, sort desmodulesquadratiquesqui donnert lieu a desseriestheta de niveau p.
L'espacedes formes modulaires de poids 2 pour o(p) est donc engende par des
combinaisonsde seriesth@ta provenarn descourbeselliptiques supersingulieres. Nous
gereralisonsce resultat classiqueaux formesmodulaires de Hilb ert en montrant que
pour un corpstotalemert reelL de nombre de classesestreirtes un, I'espacedesnou-
vellesformesmodulaires de Hilb ert de poids parallele2 pour o(p), p honrami e, est
engende par les seriesth&ta provenart de modules quadratiquesHomg, (Ai; A;j), ou
les Aj; A; parcourent |'ensenble des varietes abeliennessuperspecialesa multiplica-
tion reellepar O, . Nousfournissonsaussiune versionde cetheoremedansle casplus
delicat ou p est totalemert rami e dans O, en nous appuyant sur la classi cation
descristaux superspeciaux qui decoulede la gereralisation de I'Habilitationsc hrift de

Manin que nous exposonsdansle chapitre premier.
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In tro duction

Let p be a prime number. Let E be a supersingular elliptic curve over F,. Deur-
ing showved that the endomorphismring End(E) is a maximal order in the rational
quaternion algebraB,; ramied at p and1 . The number h of supersingular j -
invariants, and thus the number of supersingularelliptic curvesE;=F, is nite. The
left ideal classef End(E) are in bijection with supersingularelliptic curvesde ned
over F,, and any maximal order in B,.; arisesas the endomorphismring of a suit-
able supersingularelliptic curve E; for somei. All maximal ordersof B, arelocally
conjugate. The number of maximal orders, up to isomorphism, is thus bounded
by h. It is called the type number, and it can be strictly lessthan h: End(E;) is
isomorphicto End(Ey) if and only if ji” = jx. The Z-module Hom(E1; E;) of homo-
morphismshbetweentwo supersingularelliptic curvesE; and E, is naturally equipped
with the degreemap, a quadratic form in four variableswith valuesin Z. Indeed,

as the above bijection suggeststhis data can be formulated in terms of quaternion

the formula Hom(E o IGE o lj) = ¥ Y. Moreover, the quadratic forms on

Hom(E o I«;E) = Ik, given by the degreemap and by Norm( )=Norm(ly), are
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equal. The theta series

X .
k= jff 21, e dedf) =ngj o'; q= €7
n=0
are modular forms of level (p) and weight 2 (with trivial character). Eichler's The-
orem statesthat thesetheta seriesspanthe vector spaceof weight 2 modular forms

for o(p). The geometryerters the picture when one considersthe reduction X o(p)

of the modular curve X o(p) modulo p. It hasa canonicalprojection Xo(p) ! Xo(1)
and X,(p) consistsof two copiesof X (1), one projecting isomorphically and one
via the Frobeniusmap on X o(1). The two componerts intersect transversally at the
supersingular points. Cusp forms of weight 2 on Xo(p) with integral Fourier coe -
cierts canbe viewed asholomorphicdi erentials; they canalsobe reducedmodulo p.
There, we view them as meromorphicdi erentials on X 4(1) with simple polesalong
the supersingular locus. Since X (1) is P!, we get functions on the supersingular
locus(with the value at a point being de ned asthe residue)sud that the sum of its
valuesis zero.

We generalizesome of these results to the Hilbert modular setting in the second
Chapter. From the perspective of this thesis, a key point is the uniquenessof the
superspecial crystal, for p unrami ed.

The rst Chapter of this thesisgeneralizesnutatis mutandis Manin's Habilitation-
sdhrift to obtain a classi cation up to isomorphismof F -crystals over totally rami ed
extensionsof the Witt vectorsover a perfect eld of characteristic p. The key point
of the classi cation is the conceptof a special module. The supersingular special, or
superspecial crystals, arise in geometry from superspecial points on Hilbert moduli
spaces. We derive from the generalclassi cation somegeometrical results relative
to Hilbert-Siegelmoduli spacese.g.,determining the number of superspecial crystals
in the totally rami ed caseand studying the strati cation of the supersingularlocus

suggestediy the decompsition of the module spacesa la Manin, examplesof which



are calculatedexplicitly. This strati cation of moduli spacesof abelian varietieswith
additional structure that we are suggesting,which essehally consistsof assaiating
its special Dieudonre module to an abelian variety with additional structure, is shovn
to be the sameasthe slope strati cation of Andreatta and Goren for the supersingu-
lar Newton polygon stratum. We show in particular that the isomorphismtype of the
Dieudonre module dependsonly on the singularity index (which measureghe failure
of the tangert spaceto be a free O,  F,-module). We also establisha truncation
conjecture of Traversoin a particular case,shaving that a (classical) supersingular
Dieudonre module of rank 2g is determinedup to non-canonicalisomorphismby its

truncation modulo p°.

The secondChapter of this thesisgeneralizedor Hilb ert moduli spaceshe above
mertioned results of Deuring and Eichler. The Main Theoremis a geometricinter-
pretation of Eichler's Basis Problem for Hilbert modular forms: in short, under the
hypothesisthat the narrow classnumber of the totally real eld L is 1 and p unrami-
ed, we shaw that the theta seriesstemmingfrom superspecial points on the Hilbert
moduli spacespan the vector spaceof Hilbert newformsof level p and weight two.
We also investigate the casewhere p is totally rami ed. The proof follow the gen-
eral strategy of the elliptic case. The Hilbert moduli spaceparametrizesprincipally
polarized abelian varieties with an action of O , wherethe polarization is O, -linear.

The superspecial points on the Hilbert moduli spacein characteristic p form a nite

then any A; is isomorphicto E; Ey as abelian varieties and so the A;'s are
distinguished preciselyby the action of O_ (oncethe O, -action is given, all choices

of O, -linear principal polarizations are isomorphic).

Let A beasuperspecialabelianvariety with RM. We rst shaw that the certralizer
of O in End(A) i.e., Endg, (A) is an order of discriminart dividing p in By, that

is, the quaternion algebraB,.; L. In particular, if p is unrami ed, it is an Eichler



4 Intro duction

order of level p. Let E be a supersingularelliptic curve over F,. The key exampleis

the abelian variety E  z O, which is principally polarized. One has
Endol_ (E OL) = End(E) O.=0 0O;

where O is a maximal orderin B,; . The order O O clearly hasdiscriminart p.
The local nature of Endo, (Aj) canbe studied by a versionof Tate's theoremthat we
provide, which statesthat Endo, (Ai) Z- = Endo, z (T-(Aj)) and Endo, (Aj) Z,
= Endy &, rvi(D(Ai)); where D(A)) is the Dieudonre module of A;. Sinceall
T-(Ai) and D(A;) are independen of i when p is unrami ed, one concludesthat
all the orders Endo, (A;) are locally conjugate. When p is rami ed, there is more
than one isomorphism class of Dieudonre module, and we get orders of di erent
levels. For the rest of this introduction, we supposethat p is unramied. Using
our version of Tate's theorem, we showv that Homg, (Ai; Aj) is a projective rank 1
module over Endo, (Ai). Cornversely left ideals classesof Endg, (A) are in bijection
with superspecialabelianvarietieswith RM. Also, any superspecial order of level pO,

i.e., an order admitting the samelocal descriptionasEndo, (E  O_) (seeDe nition

2.3.1)), arisesas the endomorphismring of a suitable superspecial abelian variety
with RM. One can also de ne the type number in this cortext (and it is bounded
by the classnumber H) but we do not study its geometric interpretation in this
thesis. We then considerthe O, -module Homg, (A1;A2) of O, -isogeniesbetween
two superspecial abelian varieties A1; A, equipped with a totally de nite quadratic
form called the O_-degreejj jj. This O, -degreeis de ned as jjfjj = ! .f,
for f 2 Homg, (A1;Az), and ; (respectively, ») the principal polarization on the
abelianvariety A, (respectively A,). Thus, the O, -degreeis de ned up to the choices
of polarizations, which are unique up to totally positive units in O_. Sincethe norm
Norm(lj) of an ideal I; of End(A;) is an ideal in O, we can make senseof it by
choosinga totally positive generatorr of Norm(l;) and looking at Norm( )=r, which

is well-de ned up to a totally positive unit of O_. Therefore, Norm( )=r is equal



to the O_-degreeup to a totally positive unit. This quadratic form allows us to
construct a theta seriesof level p from the quadratic module (Homg, (A1; A2);ji  Jj)
in the usual way. The Jacquet-Langlandscorrespndence,translated in classical
terms, implies that the spaceof Hilbert modular newformsof weight 2 for o(p) is
thence spannedby the theta seriescoming from superspecial abelian varieties with
RM, and we get the desiredresult this way.

An isolated result we include in this thesis concernsthe Siegelmoduli space,
which parametrizesprincipally polarized abelian varieties. The a-number allows to
slice the Siegelmoduli spacein characteristic p in nitely many strata T,. Using
deformationtheory, we shaw that the singularlocusof T, is T,+1 , completinga result
of van der Geer.

More detailed introductions are given at the beginning of eacy Chapter.
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Chapter 1

Dieudonn e modules

1.1 Intro duction

This mainly utilitarian chapter coversthe basicsabout Dieudonne modulesover per-
fect elds, and treats somequestionsin line with Manin's Habilitation [66], especially
its chapter 111 onthe classi cation, up to isomorphism,of Dieudonre modules. In par-
ticular, we shav that Manin's resultsextend mutadis mutandis to Dieudonre modules
with real multiplication (RM) in the totally rami ed case. Revisiting the spacesof
Dieudonre modulesa la Manin in the combined light of old conjecturesand modern
theoremsenablesus to reap many interesting results about supersingular Dieudonre

modules:

1. In Subsectionl1.3.6 The classi cation of superspecial crystals with RM; this,
in turn, is usedin the rami ed caseof the geometricinterpretation of Eichler's

BasisProblemin Chapter |1 of the presen thesis.

2. In Sectionsl.4 and 1.5. Someoptimal resultsin line with Traverso'sbounded-
nessconjecture (for classicalDieudonre modules). In particular, we optimize

two propositions of Vasiu ([99): by proving Traverso's conjecture in the su-
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persingular case,and by giving the optimal bound for the isocrystal of slopes
f1;21g,n 3. A conmbination of Oort's result that the rst truncation D=pD
of a minimal Dieudonre module D determinesuniquely the isomorphismclass
of D and the computation of the classicalsupersingularDieudonne module space

a la Manin provesthat caseof Traverso'sconjecture.

3. In Section1.6. A description of the slope strati cation of [1] of the supersin-
gular Newton polygon stratum of Hilb ert modular varieties purely in terms of
the geometry of the Dieudonre module spacesa la Manin. Note that the geo-
metric properties of the slope strati cation of Hilbert moduli spaceshave been

investigatedin depth in [1] and [2].

1.2 Basics

We introduce, in this section,all relevant de nitions about Dieudonre modules, and
we state the classicalDieudonne-Manin classi cation. The connectionwith p-divisible
groupsis explainedin detail in [18] and also [41], which is nicely complemened by
the lecture notes[7§].

Let k be a perfect eld of characteristic p> 0, and let K be the fraction eld of
the Witt ring W (k); k perfectimplies that W (k) is a completediscretevaluation ring
with residue eld k. The Frobeniusautomorphism of k inducesan automorphism

(alsonoted ) of K.

De nition 1.2.1. An F-isocrystal (V; ) isa nite dimensionalvector spaceV over

the eld K, equippedwith a -linear bijection :V | V.

More generally we canreplaceK by the compositum Kg := K F of K and a nite
extensionF of Q, in K. We give a few necessarywords of explanation, following

Kott witz ([60, x1]). Supposethat k is algebraicallyclosed.Let kg denotethe residue
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eld of F and let M denote the fraction eld of W(kg). The extension F=M is
totally ramied of degreeg, the absolute rami cation index of F. The canonical
homomorphismK ; F ! Kg is an isomorphism,sincean Eisensteinpolynomial
over M remains Eisensteinover K. In particular, the extension K=K is totally
rami ed of degreeg, which meansthat g is also the absolute rami cation index
of Kg. The Frobeniusautomorphism of k relative to kg inducesan automorphism
of K over M, which in turn inducesan automorphism (also noted ) of K¢ over the
eld F. The xed eld of onKgisF (see[60, Lem. 1.2]).

De nition  1.2.2. An F-isocrystal (V;) with RM by F is a nite dimensional

vector spaceV over K¢ equipped with a -linear bijection :V ! V.

Remark 1.2.3 The terminology \with RM" stemsfrom the fact that Hilbert moduli
spacesclassify g-dimensionalpolarized abelian varieties A over k with real multipli-

cation e.g., equipped with an action
0. ! End(A);

where O, is the ring of integersof a totally real eld L. By functoriality, the ac-
tion of O_ carriesover to the rst crystalline cohomologygroup H(}rys(A:W(k)). If
pO. = p? is totally ramied, H ClryS(A:W(k)) Q can be viewed as an F -isocrystal
with RM by O, , the ring of integersof the totally rami ed extensionof Q, obtained

by completingL at p.

Theorem 1.2.4. (Dieudonne-Manin) Let k beanalgebraicallyclosedeld. The cate-
gory of F -isocrystalswith RM over K ¢ is semisimplewith simpleobjects parametrized
by Q. To 2 Q correspndsthe simple object E de ned asfollows. If = {, with
r;s22zZ;s> 0;(r;s) = 1, then

E = Kg[F]IH(F® T7);

whereT is a uniformizer of Kg, and F is -lineari.e., Fx = x F.
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Proof. [60, x3] O

De nition  1.2.5. We call the collection of rational numbers f g'?g asseiated to a

semisimpleobject E .; i = ;—' its slopes.

Denote by Wg(k) the ring of integersof Kg. The ring Wg(k) is a totally rami ed
extensionof W (k) of degreeg, and sinceWg(k) arisesfrom an Eisensteinpolynomial,
the relation T9 = p holds for some 2 WEg(k) i.e., some of T-valuation zero.
If the eld k is algebraically closed,then the equation X = (T =T)X in X hasa
nonzerosolution modulo T, and soby the -variant of Hensel'slemma (e.g., usedin
[66, Lem. 2.2, p.29]), hasa non-zerosolution in Wg(k). Then T=X is a uniformizer
of We(k). Unlessotherwisemertioned, k is algebraically closedin the sequel,and we

thus supposethat T is a uniformizersudhthat T = T.

De nition 1.2.6. An F-crystal (M; ) with RM by F is a freemodule M of nite
rank over Wg(k) equipped with a -linear injective map : M ! M sud that

M= M has nite length asa Wg-module.

Since we are interested in p-divisible groups, it is useful to introduce Dieudonne
modules which give a full subcategory of the category of F -crystals, anti-equivalert
to the categoryof p-divisible groups([18]). This anti-equivalenceholdswith additional

structure e.g.,RM, by functoriality of the construction.

De nition  1.2.7. The ring E = WEg(K)[F; V] is the ring of non-comnutative

polynomials of the form

X0 X0
w+  aF"+ VS w; ar; by 2 We(k);

r=1 s=1

satisfying the multiplication rules:

VE=FV=p, Fw=w F; wV = Vw :
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The ring Ey is:
( X )
We(K)((F)) = aF';a 2 We(k);Fa= a F;a2 We(k)
i> 1
The ring Ey is de ned to be the subring We(K)[[F]] Ek. Note that E, is the

localization of Ey at (F).

Remark 1.2.8 The letter F (resp. V) standsfor Frobenius (resp. Verstiebung).

De nition  1.2.9. A Dieudonn e module D is a left We(K)[F; V]-module free of
nite rank over Wg(k) with the condition that D=FD has nite length.

Remark 1.2.10 A Dieudonre module M is closedunder Frobeniusand Versdiebung
ie, FM M,andVM M. Theseconditionsimply that the slopesof M (i.e., of
the assaiated F -isocrystal) are 0 (respectively, 1) (cf. [66, x4, p. 34]).

An F-crystal M with RM can be viewed as a Wg(k)[F]-module, where F acts
Frobenius-linearly If F is topologically nilpotente.g.,\ ; ¢F'M = 0, M canbe viewed
as an Ex-module, and reciprocally, any Ex-module M free of nite rank over Wg(k)
with M=FM of nite length can be viewed as an F-crystal with RM on which F is
topologically nilp otert.

A Dieudonre module M s free of nite rank over We(k), hence(M ; F) is always an
F-crystal, but an F-crystal (M; F) is a Dieudonre module if and only if pM  FM
(sothat Versdiebungis de ned asthe mapV = F p:M | M).

Prop osition 1.2.11. (Fitting's Lemma, [64, xVI 5.7-5.8,p. 180]) A crystal (M;F)

with RM is decompmsableuniquely in a direct sum:

where Mg e IS a crystal with RM on which F is an isomorphism, and Mo IS @

crystal with RM on which F is topologically nilp otent.
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Proof. Let n 2 N. We will prove things mod T". Let (M=T"M;F) be the reduced
crystal. Sincek is perfect, for all m 2 N, Im(F™) is a Wg(k)=T"W(k)-submadule of
M=T"M . Sincethe latter is of nite length, for m big enough,the following equalities
hold :

[ _ _ \ _
(M=T"M )jocal := kerF' = kerF™ and (M=T"M )etale := ImF" = ImF™;
i 0 i 0
andM=T"M = (M=T"M)gcas (M=T"M )etaie SINCEM=T"M isa nite length Wg(k)-
module (cf. [41, Lem., p. 39]). We then dene Mgz = lim (M=T"M ) oca @nd
Metaie = liM (M =T"M )etale.

Similarly, we canreplaceF by V in the statemen of Fitting's Lemmafor F -crystals,

and we obtain the following decompsition for any Dieudonre module D:

D= Detal e;etale Detal e;local D| ocal;etale D| ocal;local :

Howewer, Detareetale = O, for if F and V are both isomorphismson a Dieudonre
module D° then FVD°= pD®= D° and thus D%pD°= 0, and sincerk,(D%=pD9 =
g rkw. D" if follows that D°= 0). Also, there is a duality functor called Cartier
duality which in particular switches Frobenius and Versdiebung ([41]); Cartier du-
ality establishesan equivalence of categoriesbetween the category of local-etale
Dieudonre modules and the category of etale-local Dieudonre modules. Thus, to
classify Dieudonne modules, it su ces to classifyall local Dieudonne modules. Since
the categoryof local F -crystalswith RM is equivalert to the categoryof E-modules,

it su ces to classify Ex-modules. This is the cortent of the next section.
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1.3 Classication up to isomorphism

We go over Manin's argumeris and establish the classi cation of Dieudonre mod-
ulesup to isomorphism. Only trivial technical modi cations are applied to Manin's
original ideas. Our goal in Subsections3:1 to 3.5 is to corvince the readerthat this
is indeedthe case. To this end, we highly recommendthat the readerkeepa copy
of [66, xI11] at hand, sincewe do not reproduce Manin's proofsin their ertirety. As
noted earlier, even though the statemens of Theorems,Lemmas, Corollariesinvolve
generalDieudonnre modules,the proofs (especially thosequoted from [66]) are written
for local Dieudonre modules,i.e. Ex-modules.

In the classi cation up to isomorphismof Dieudonre modules, we supposethat:
the eld k is algebraically closed;

the eld F is atotally rami ed extensionof Q,.

1.3.1 Overview of Manin's classication in the totally rami-

ed case

Let k be algebraically closed,and let F be a totally rami ed extensionof Q,. The
main toolsthat appearin Manin's classi cation aretwo niteness theoremsand some
algebro-geometricclassifying spaces. The key idea behind the Finiteness Theorems
is the conceptof a special module, a conceptwe de ne below; a crucial fact is that
every module has a unique maximal special submadule, of nite colength. Here are

the results we establishbelow.

De nition  1.3.1. Two Dieudonre modules M; M, are isogenous if there is an
injective homomorphism : M; ] M, sud that M,= (M,) has nite length over

WEe(k). If M, isisogenoudo M,, we write: M; M.
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Remark 1.3.2 Sincek is algebraicallyclosed,the isogety classof a Dieudonne module

is uniquely determinedby the ass@iatedisocrystal. Isogely is an equivalencerelation.

Theorem 1.3.3. (First FinitenessTheorem)Let M be a Dieudonre module. There

existsonly a nite number of non-isomorphicspecial modulesisogenougo M.

Theorem 1.3.4. (SecondFinitenessTheorem)Let M be a Dieudonre module. The
module M has a maximal special submadule My. The length [M : Mg] is bounded

uniformly in the isogery classof M.

Theorem 1.3.5. (Classi cation Theorem) Let k be an algebraically closed eld. A

Dieudonre module M is determinedby the following collection of invariants:

the systemof non-negatiwe integers(m;; n;; g) which de nes the isogery class
of M :
M [E=E(F™  T4VM):

The numbers g(?:ii:r?i) are the slopesof M, thus the restriction

(mj+ nj;gnj+g) = L

The triples (m;i;ni;qg) are uniquely de ned from the slopes by the condition

0 g < g, and the condition on slopesO g(?:i‘:r?i) 1 (arising from the fact

that M is a Dieudonre module) impliesthat g;n; are nonnegative and m; > 0;

the maximal specialsubmadule My M (parametrizedby discreteinvariants);

a ( My; H)-orbit of a point correspndingto M in a constructible algebraicset
A(Mo; H), whereH is a nonnegatiwe integer that dependsonly on (m;; n;; q),
A(Mg;H) and ( Mg;H) depend only on Mg and H, and ( Mg;H) is a nite
group.

Two E-modulesare isomorphicif and only if all theseinvariants coincide.
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We explain how the decomposition M iE=E(F™  T%V") is equivalert to the
Dieudonre-Manin decomposition.

Note that V := pF 1, soE=E(F™ Tav") E=E(F™ T9%pF H"). Moreover, by
[66, Lem. 2.5],

E=E(F™ T9YpF Y)") E=E(F™ F "T*9) E=E(F™" T,

hencethe condition (m + n;gn + g) = 1. Note that the rank of M over Wg(k) is
(m; + n;). Weshav how to nd the systemof triples of integersstarting from the
Dieudonre-Manin classi cation. Without lossof generality, suppose
M  E=E(F" T°%;(r;s)=1;
andr;s> 0. Dene qsudhthat g=s modg,0 qg< ganddenen := % The
integerm is de ned asr n.

Remark 1.3.6 The spacesarising in the classi cation up to isomorphismare quite
amenableto study. In particular, the dimensionsof their componerts are often easy

to determine.

1.3.2 Special modules

De nition  1.3.7. ([66, X2, p. 37]) Let M be a local Dieudonre module.

An E-submadule M%of Mg := Ex g, M is dense if its localization M is M.

Lemma 1.3.8. An Ex-module M is isogenouso an E,-module M if and only if it

is isomorphicto a denseE-submadule of Mg.
Proof. [66, Lem. 3.1]. O
We henceforthclassifydensesubmadules of Mg .

Lemma 1.3.9. ([66, Lem. 3.2]))Let M = E=E(F™ T%V"). An Ex-submadule

P
M © of Mg is denseif and only if its rank, as We(k)-module,is (m; + n;).
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P
Proof. Clear, becausethe rank of M is ,(m; + n;). O
Corollary 1.3.10. Dieudonre modulesthat are isogenoushave the samerank.

De nition  1.3.11. An isoclinic module M of type (m;n; ) is a Dieudonre

module M isogenougo r E=E(F™ T%V");(gn+gm+n)=1,r 2 N.

An isoclinic module M of type (m; n; q) issaidto bespecial if F™M = TV"M..
An arbitrary Dieudonre module M is saidto be special if M = M, M-,

whereM;, 1 i °, are maximal isoclinic special submadulesof M.
N.B. Manin callsisoclinic moduleshomaenous

Example 1.3.12. The module ;E=E(F™ T49V") is special. It suces to chek
the claim on isoclinic componerts. ConsiderM = E=E(F™ T"). A basisof the
P :
module M is givenby L,F;F2:::;F™n 1 Letx = " *aF! for g 2 We(k).
Then
mxn 1 _ mxn 1 _ mxn 1 _
F™x = a FM"F'= a " TAVNF'= Tav" a" "F'
i=0 i=0 i=0
i.e., for any x 2 M, there existsy 2 M sud that F™x = T9"y, and reciprocally.

Thus,F™M = T9V"M.

De nition  1.3.13. Let M be an isoclinic module of type (m;n;q). An elemen

X 2 M is saidto be special if F™x = T9V"x.

Example 1.3.14. The module E=E(F™ T9V"™") is special, but not all its el-
emens are special. E.g., if x is specialin E=E(F™ T9Vv"), then x is special if

F™(x) = Ta"(x), that is,if andonly if "F™x = "TaV"x,or " =

n

n

sinceF™x = T9V"x. Succinctly """ = ie., 2 Wg(Fpn:n).

Lemma 1.3.15. ([66, Lem. 3.3]) A isoclinic module M of type (m; n; g) is special if

and only if asa Wg(k)-module, it hasa basisconsistingof special elemens (called a
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Proof. (Sketch) The proof in Manin is terse; we make explicit his referenceto a result
of Fitting. Incidentally, the proof shonsthat a non-trivial Dieudonne module M sud
that F™M = TI9V"M is necessarilyisoclinic of type (m;n;q). Manin's proof rst

proceedsto shav in a one-linecomputation that if the module M hasa special basis,
then it is special. Conversely from an isoclinic special module with an arbitrary free
WEe-basis, it is possibleto construct a special basisby using Fitting's result applied
to the operator T 9 "F™, which inducesa ™*"-semilinearautomorphism on the
k-vector spaceM =pM. Fitting's Lemma thus shows that there is a basis xi(l) sud
that T 9 "F"x® = x™ mod p. The rest of the proof shaws that we can nd

compatible elemetts x{") such that T 9 "F™x" = x{"V mod p' for all r.

Lemma 1.3.16. (Fitting) Let k be an algebraically closed eld of characteristic p,
and let V a k-vector spaceof dimensionn. Let q = p?, for somea 2 Zn0 and
'V I 'V an additive bijection sud that for all 2 k, for all v 2 V, we have

(v)= 9 (v). Then there existsa base(ey;:::;€e,) of V sud that (g) = g 8i.

Proof. Without lossof generality, we may supposethat a> 0. We rst claim thereis
aw 2 VnfOg sudh that (w)=w. Let06 v2 V,andr 2 N be the biggestinteger

Xt
‘W=

i=0

P :
For x = (X1;:::;%n) 2 kK", let w = w(x) = {zolxi '(v). Wesolwefor (w)=w. We
reducethis to solving a single equation:
X 2 X1 X1

W= xP™Mw+xt, W= X (V) =w
i=0 i=0 i=0
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We obtain a linear systemby equating terms:
X/ 1 = Xo

Xo+ 1X{ 1=

|
X
i

XP o+ X! 1= X1
If we combine all equationsinto one,we obtain :

_quqr .
Xr 1= o X 1t + ol

Sincethis equationis non-trivial (there isani sud that ; 6 0 and q> 0) and the
eld k is algebraically closed,there is a non-trivial solution, and thus (w) = w. Let
(er;:::; &) be asystemof linearly independart vectorssud that for all i, (g) = e.
Considerthe subspaceW V generatedby all thesevectors. If W 6 V, it follows
from our previous claim that there existsf 2 VnW sud that (f) 2 V=W, (where

:V V=W isthe projection), and (f) is xed under ( ). This meansthat there

are ; sud that
X
(f)=f1+ 6
p i=1
Justput e, = + ir:l yig for somevariablesy; 2 k. Again, we solve the equation
(&+1) = €41 in the variablesy;, e.g. we sole

X X
e+ (i+tyhe=ea+ ye;
i=1 i=1
which is possible,sincefor all i, y! y; = i hasa solution (k being algebraically

closed). O
]

Theorem 1.3.17. ([66, Thm. 3.1, p. 39]) Let M be a Dieudonre module. Then
among the special submadules of M there exists a unique maximal one,My M.

The factor module M=My, is of nite length.
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Proof. The maximal specialsubmadule is obtained asa direct sum of isoclinic special

submalules, and the proof is the sameasin [66, Thm. 3.1]. O

1.3.3 The First Finiteness Theorem

We de ne the cyclic local algebraEn.n.q we usein the proof of the First Finiteness
Theorem. We denoteby Kg(Fpm+n) the sub eld of Kg xed under ™*". With this
notation, Kg(F,) = F.

De nition  1.3.18. Let m;n; g be non-negatie integerssud that 0 g < g and

gg?]:?]) is the slope of an isosimple Dieudonre module (i.e., (m+ n;gn + q) = 1,

and 0 gf’;:ﬂ) 1). Let Emng be the assaiative We(Fgn+n)-algebra (with unit)

generatedby sud that

b

; ;2 We(Fpm+n);

m+n:-|-

wherebis sud that blgn+ g) =1 mod m+ n.

Note that the certer of Emq is O, the ring of integersof F: since bis a unit

modulo m+n, "= impliesthat Y = ™Y = = andthus
2 Of.
Let Kmng = Emng Q. It is a division algebra: let x = ;" “& be a

right zero divisor. By multiplying by suitable powers of T and , we can suppose

that & 2 Wg(Fgn+n), and ag 62T Wg(Fym+n), up to relabeling. The matrix of right

multiplication by X in the basisl;:::; ™" !is (write for P):
0 1
o a1 Am+n 1
Tam+n 1 aO am+n 2

m+n 1 m+n 1 m+n 1

Ta An+n 1
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m+n 1

Its determinart is congruen to apa, a, = Norm(ag) mod T, which cannot
be zero, cortradiction.
We introduce an isosimple module Mn.,.q Which will be useful in the explicit

computation of modules spaces.De ne:
Mmng = Wr(K) WE (Fom+n) Kming:

Recall that T9 = p for some 2 Weg(k) from the discussionfollowing the
Dieudonre-Manin classi cation (Theorem1.2.4. The module M ,..,.q is a vector space

over Kg, aright Ky,.n.q-module and has a E-module structure given by:

i — i+gn+q.
F = g q'

i — i+gm q.
VvV '= g q'
T i — i+m+n.

bearingin mind that F is -linear on Wg(Fgn+n) and V is  *-linear on Wg(Fgn+n):

The relation V ' = #9m d gctually follows from the actions of F and T by using
the relationsT9=  pandFV = p. Notethat gm g 0 since gg?]:?]) 1 implies

that gn+ g gm+ gn. Note that FV = VF = p, with the above relations, is
equivalert to the equality = becausewe picked our uniformizer T sud that

T =T,andT9 = p impliesthat =
Lemma 1.3.19. ([66, Lem. 3.5])
The module M ., is isogenousdo E=E(F™*" T9"*9),
Any non-zero nitely generatedE-submadule of M .. is dense.

Proof. SinceFm+n i = i#(gn+a)(m+n) gnd Ten+a i = i+(m+n)(gn+a) the result
follows from the relation: F™*" I = T9+a i gnd the fact that both modules

have the samerank m + n.
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The secondstatemert follows from the fact that M .. is isosimple.
O

Lemma 1.3.20. Let T Wg(k) be a multiplicativ e systemof represetativ esfor the

eld k sudrthat 02 T. Any X 2 My.nq Canbe uniquely expresseds:

n

In this notation, the elemen x is specialif and only if ;""" = ;.
Proof. [66, Lem. 3.6]. In particular, the condition of x to be specialis that

F "TIV'x = x;
. P H P m n H . .
ie., P! i ', sincem(gn+ g n(gm q) = g(m+ n), hencethe equality

m+n
i

= .. O
Lemma 1.3.21. Onehas
Aute (Mmng) = Kmnng:

wherethe action of K is given by multiplication on the right. In particular, an

m;n;q

automorphismof Mn...q leaving all special elemerts xed is the idertity.

Proof. As in the proof of [66, Lem. 3.7], it is enoughto chedk thison = | 6 0,
2 T\ Wg(Fgn+n). Then we have:
X . . X bi i X bi+1 i
F( a)Y!? =F & " = 4 ot

On the other hand,

X X X o
F( a') J=( a "9 Iz a oA i+j+gn+q.

Since b(gn + g) = 1 modulo m + n, the assertionfollows. O
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The following discussiorfollows closely[66, xX2, p. 47]. Let M be a module isogenous

to a simple module of slope (m+ n; gn+ ). WeenmbedM in Wg(k) Kpmg. Every

P .
elemen x of M can be written in the formx = ., ;' Letusput (x) to be
the minimal i sud that ; 6 0. We choosean elemen x = iy i for which
ip = (X) hasthe least possiblevalue (for the given embedding), and considera

new enbeddingM ! Mg for which 1+ i 50 i 2 M (this is the composition
M ! Mg ! Mg, where is right multiplication by o 2 Kmng and is the
original enbedding). We idertify M with its image under this embedding. Then M
is included in the submadule We(k) Em.ng and cortains an elemen congruer to 1
mod We(k) Emngq -
We de ne:

J=JM)=f (X)jx2 Mg:

It is a set of non-negatie integers cortaining 0. It is easyto seethat (Fx) =
xX)+gn+qg (Vx)= (x)+gm g (Tx)= (x)+ m+ n. Thus, the setJ is

invariant under translations of the form
algn+ g +bgn g+cm+n); abyc O

Since(gn+ g,m+ n) = 1, NnJ is nite: clearly, from [66, Lem. 3.8], ewvery integer

N (gn+qg 1)(m+n 1)isinJ.

Example 1.3.22. We list the possiblesetsJ that can arise for g = 4 and rank 2

modulesunder the condition that (gn+ gm+ n) = 1.

m=2n=0m=1n=1

g=1 ? ?:flg

g= 3 ?,f1lg ?

We now give a nice description of isosimplemodules.
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Lemma 1.3.23. ([66, Lem. 3.9]) Let M be an isosimple module of type (m;n; g),
with (gn+ g;m+ n) = 1. Considerthe nite setof integersJ(M) = NnJ(M).

1. The setJ doesnot depend on the choice of the enbedding and is an invari-
ant of the module M (N.B. we restrict oursehesto enbeddingsthat satisfy

minf (x)jx 2 Mg = 0).

2. Forthe givenembeddingM | Wg(K) Em.ng, the module M cortains a system
of elemetts of the form:

_ X
z, = '+ x5 2T,
k23 k> i
where T is a multiplicativ e system of represetativesfor k. Herej; runs over

all numbers of J sud that
ji (gn+0a);ji (gm o);ji (m+n)2J:

The systemf z;, g is uniquely determined and coincideswith a minimal gener-

ating set of the E-module M. It will be called a standard system.

3. The module M is special if and only if all elemeits z;, are special.

Proof. We follow the proof of [66, Lem. 3.9] very closely

1. By Proposition 1.3.21 any enbeddingM ! Wg(k) Emng cortaining x sud
that (x) = minym (y) = O, diers from another sud enbedding by right
multiplication by a unit in En,.nq i.€., an elemen of valuation zero, for which

f (y);y 2 Mg is invariant.

2. As in Manin, oneconstructssud a systemby choosingat the j -th step,j 2 J,

any elemen z°2 M of the form z°= 1 + i ' and then putting:

i>j

z = 0ifj 2[j,qfjk+algn+ag+blgm 0+ c(m+ n)g;
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X
z =z jz i 2. fjc+al@n+ o)+ hbgm o)+ c(m+ n)g;
i2J
wherethe elements j; 2 We(k) are chosenso that the decomsition of the
elemen z has the form given in the lemmai.e., 2 T, the multiplicativ e
systemof represetative xed earlier, which is always possibleby multiplying
j by a suitable unit. Let us shav now that the elemeis z; form a minimal

generatingsystemof the Ex-module M . In fact, from the equality

J=[ifji+algn+ g+ hbgm 0+ c(m+ n)g;

it follows that M = i  Ez;,. The minimal number of generatorsof M agrees
with the dimensionof the k-linear spaceM =(FM + VM + TM), by Nakayama's
Lemma. But the imagesof z, in this linear spaceare linearly independart,

becausethe leading coe cients 1 are all di erent by construction. Sincethe

z, generateM, it follows that they form a minimal system.

The sameargumen asin Manin givesthe uniquenessof the systemfz;, g as

well as statement (3).
]

Corollary 1.3.24. (First FinitenessTheoremfor isosimplemodules, [66, Cor. 1, p.
48]) There existsonly a nite number of non-isomorphicspecial modulesisogenous

to a xed simple module.

Proof. Asin Manin, onenotesthat by Lemma1.3.23 every sudh M is determinedby
its standard systemf z;, g, where the condition that M is special implies that coe -

cierts i 2 T\ Wg(Fym+n) that occurin the standard system,satisfy the conditions
ik"”” = . The number of coe cien ts in sud a collectionis nite, and this implies
that the number of non-isomorphicspecial modulesisogenougo E=E(F™ TIV")

is nite.



1.3 Classication up to isomorphism 25

Manin givesa reformulation of the description of special isosimplemodulesin more

classicalterms. The (non-principal) order EC... is de ned as

m;n;q
WF(Fpm+n)[ gn+q; gm q] Em‘n’q.

Theorem 1.3.25. ([66, Thm. 3.6, p. 50]) The isomorphism classesof special
modulesof type (m; n; g) canbe put into one-to-onecorrespndencewith the classes

of (fractional left) idealsof the order E?

mn;q -

Proof. Put Wi, := We(Fym+n). Thereis a correspndencebetweenthe special mod-
ulesM We(k)  Kmng and the sets M of special elemetts in M via picking a
specialbasisof M. By Lemma1.3.2Q the setMq is actually a Wy, [F; V]-submadule
of M and, moreover, F™ T9V" belongsto the annihilator of Ms. Hencethere is a
natural left W [F; VI=Whin [F; VI(F™  TA9V")-module structure on Ms. The ring

Winin [F;V]ZWm;n [F;V](Fm Tqvn)

is isomorphicto the order E? by the map:

min;q?’
F71 9*a vy 9ma

henceM correspnds to the EQ . -ideal Ms. We have supposedthat M enbeds
into Wg(k) Kmng under a given embedding. Any other embedding of M in
We(K)  Kmng diers from the onechosenonly by right multiplication by an elemert

2 Km.ng, Which mapsspecial elemetts to specialelemetts since 2 Aut(Mpy.nq) =
K g COMmuteswith F andV. Finally, we canreconstructan E-module M uniquely
(up to isomorphism)from the E,?q;n;q -module Mg, again by picking a special basisof

Ms and letting M be the W (k)-module generatedby this special basis. O
Lemma 1.3.26. (First FinitenessTheoremfor isoclinic modules) Let
M r E=E(F™ TIV")

be a special E-module and M the left E{., -module of its special elemetts.
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The module Mg is isomorphicto a certain Er?m;q -submadule of a free Ep.nq-

module M of rank r, cortaining a generatingsystem(xy; ;x,;) of M?asa

Any Er?m;q -submadule M of M2 cortaining the system(xy;  ;X,) possesses

over E2. . a systemof generatorsof the form
m;n;q

X
Xi j J; i 2T\ WF(Fpm+n);

where cn.nq IS the biggestnumber not represetable asa sum
a(gn+ g) + b(gm @)+ c(m+ n);
with a;b;c 0, or O.
Proof. Sameproof asin [66, Lem. 3.10,p. 51].
Wetake M2:= Enng  Ms. M2is clearly free of rank r. The map
Ms ! Epnm Mg m711 m;
yields the required isomorphism.

For any N > Cmngq, We have x; N 2 Mg for all i = 1;:::;r, by de nition of
Cmng- PiCk any generatingsystem,and write its elemers in the form :

X % _
Xi i v 2T\ We(Fgnen);

removing termsin J, j > cnng Sincethey already are in M.
O

Corollary 1.3.27. (First FinitenessTheorem)Let M be a Dieudonne module. There

exist only a nite number of non-isomorphicspecial modulesisogenoudo M.
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Proof. This follows from the de nition of a special module: a special module is
the sum of its maximal isoclinic special modules. Up to replacing M by an isoge-
nous Dieudonre module, we can decommseit in a nite sum of isoclinic compo-
nerts M = M, of pairwise di erent slopes. Then by the First Finiteness Theo-
rem for isoclinic modules, every isoclinic componert M admits only nitely many
non-isomorphicspecial modulesisogenougo it. It is thus clear that the number of

non-isomorphicspecial modulesisogenoudo M is also nite. O

1.3.4 Second niteness theorem

Theorem 1.3.28. Let M be a Dieudonne module. Let My be its maximal special
module. Then F'tM My, holds, for somet 2 N depending only on the isogery class
of M.

Proof. Seethe proof of [66, X6, Thm. 3.8]. O

1.3.5 The algebraic structure on the module space

We follow [66, Chapter |11, x3] very closely For a referenceon the generaltheory of

rami ed Witt vectors,see[45].

De nition  1.3.29. Let M be a Dieudonre module. Let M belong to My if the

maximal special submadule of M is isomorphicto M.

Remark 1.3.3Q The module M belongingto My canbe realizedasa densesubmadule

of (M) containing Mg. There existsh; g2 N sud that
Mg M T "™, andMy M F Mg

De nition  1.3.31. The T-heigh of x 2 Mg over the densesubmadule M © of M is
the leastinteger h sud that T"x 2 M% The T-height of a module M® M?P%is the

maximum of the T-heiglts of the elemens of M “®over M °.
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Theorem 1.3.32. ([66, Thm. 3.2]) There is a bijection betweenon one hand: the

E-modulesM sud that M belongsto My and M satis es
Mg M T "My (1.3.1)

and on the other hand : a certain constructible algebraicset A(My; h) de ned over k,
i.e. a nite union of subsetsof projective spacethat are locally closedin the Zariski
topology.

Remark 1.3.33 In view of the SecondFinitenessTheorem, we cantake h big enough

to get all modulesM belongingto M.

Proof. The strategy of Manin's proof is outlined asfollows :
Parametrize all W (k)-modulessatisfying Equation 1.3.1
Cut out algebraicallythe Ex-modules.

Cut out algebraicallythe points not belongingpreciselyto M (i.e. having too

marny special elemens) to get the nal constructible algebraicset.

We begin the proof per se:

Parametrize all Wg(k)-modules satisfying Equation 1.3.1

De nition 1.3.34. Let Mg M T "Mg be a Wr(k)-module. There exists

the e-index of M.
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The index de nes the module M uniquely; note that we only usedthe Wg(k)-

module structure.

Any module satisfying Equation 1.3.1is completely determinedby its imagein

T "My=M; under the homomorphism
M I M=Mgy | T "M¢=My:

We ched that the group of automorphismsof T "My=Mg is de ned overk. The
trick is to replaceh by gh (we bring bad the whole set-up to truncated Witt
vectors Wy (k) = W (k)=p'W (k)), and note that :

We(k) = %, W(k) asW (k)-modules;

We(K)=p‘We(k) = %, Wi(K) asW (k)-modules

where W, (k) are the Witt vectors of length h. Note that T "My=M, is a free
module (of rank N, say) over Wg(K)=g"Wg(k).

Lemma 1.3.35. The group of automorphismsof T "M =My is:

Gy = (M (We(K)=p"Wg(K))

(Mn (i Wa(K))

GLn (Wh(K)) &, My (Wh(K));

where My represets the N-by-N matrices.

Proof. This follows from the formulae de ning the multiplication of Witt vec-

for somepolynomials P;(x;y) ([45 Eq. 6.14,x6.7, p. 60]), we can pick the
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isomorphismWe(k) = ., W(k) sothat an elemen f 2 We(k) = L, W(K) is

Thus, a matrix D 2 (My (Wg(K)=g'Wg(K)) with coecientsd’, 1 i;j N
will be invertible if and only if the matrix D; whoseertries are the coe cien ts
dﬂ;l i;j N,isinvertible i.e., Dy 2 GLy (W (K)). O

This group Gy is de ned over k (since the composition law of Witt vectors
is de ned over k), and its action on the spaceA, of modules of index e is
transitive. The action of the group can be transferredto M as follows : let
Mo M, g2 Gy. Fix aright action of G, on the factor module T "My=My;
then

Mg = fXjx mod Mg 2 (M=Mg)gg:

The sameproof asin Manin's paper shav that the stabilizer G, of the module
M of index e is closedin G. Consequence A. is the set of geometricpoints of

the homogeneouspaceof right cosetsG=G,.

Cut out algebraically the E-modules.

The module M g is an E-module if F(M Q) Mg; V(M g) Mg. Manin
translatestheseconditionsinto two morphisms ;; , from G to a closedvariety
suc that the set we are looking for is H =, *(Gg) \ ,%(Gp); Gy closed.
The image of H under the projection G ! G=G;, is a constructible algebraic
set whose geometric points are in one-to-onecorrespndencewith the set of

E-modulesMy, M of index e.

Cut out, among the E-modules, those that belong to M, only. A special
elemen x 2 T "My liesin M if and only if (x mod Mg)g 2 M=M,. But if

we seeT "My=M, asan ane variety over kK,

G T "Me=Mg;
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g7! (x mod Mg)g %;

is @ morphism. Thencex 2 Mg if andonly if g2 ,*(M=M,) = F,, aclosed

set. Sowe discard [ , Fy, for x special,x 2 T "Mg;x 62Mo.

Lemma 1.3.36. ([66, Lem. 3.4]) The set[ x F4 is closed,sincethe special

elemerts x 2 T "M, belongto a nite number of cosets mod M.

Proof. The cosetsx mod (M) of specialelements arein bijection with N -tuples

(ag;:::;an);a 2 We(K)=T"Wg(K) sud that a," " = TY%;, and those N -tuples

are nite in number. I

Summingup, we get a constructible algebraicset A(My; h), but there aredi er-
ent points on it that correspnd to isomorphic E-modules. The next theorem

takescare of this.

Theorem 1.3.37. ([66, Thm. 3.3]) There exists a nite group of automor-
phisms ( Mg;h) sud that two points correspnd to isomorphic Dieudonne
modules if and only if they are cortained in the samethe orbit relative to
( Mo; h).

Proof. We follow Manin's proof. The group = Aut(M ) acts on A(Mg; h)
(it actson Ae, and it maps A(Mg; h) to A(Myg; h), sincethe condition on the
module Mg is invariant under isomorphismsof Mg). Let M% M2 A(Mg;h)
be isomorphicmodules. Any isomorphismM® | M “inducesan isomorphism
of the correspnding special modules. Now M % M °have the same maximal
special submalule, namely My, therefore any isomorphisminducesa certain
automorphism of My. Sinceany elemen of that doesnot move the cosetof
x mod M, for all special elemens x 2 T "My, leavesall points of A(Mg; h)

xed. But the specialelemens x 2 T "M, belongto a nite number of cosets
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mod My. We can thus take ( Mg; h) to be the permutation group (of cosets)

induced by the action of , andit is clearly nite. O

This nishes the proof of Theorem 1.3.32

1.3.6 Superspecial Dieudonn e modules with real multiplica-
tion

Let L be a totally real eld of degreeg. In this section, we showv that the general
theory yields e ective computations by courting the number of supersingular special
Dieudonre moduleswith RM. We call a supersingularspecialmodule a sup ersp ecial
module with RM by O, if it isaW (k) Op-module. If pO_ = p9, then W(k) O,

is a totally rami ed extensionof W (k) of degreegi.e., F= L.

Corollary 1.3.38. The number of isomorphism classesof superspecial Dieudonre
moduleswith RM by O, of rank 2 over a totally ramied prime p= p? is
hgi

= + 1
2

Proof. This follows in a straightforward way from Lemmas1.3.23and 1.3.26 The

supersingularisocrystal hasslope g(gr?]:‘j]) = 1. Wearelooking at rank 2 modules(over
it

WE(K)), henceif gis odd, m+ n = 2, and it followsthat gn+ q= g, hence

n=1qg=0andm=1;

and the supersingularisocrystal is given by the isosimplemodule E=E(F V). We
court the number of special crystals isogenousto E=E(F V) by looking at the
discreteinvariants. The triplet fgm g;gn+ g, m+ ng boils down to f g; 2g, hencefor

g= 2k + 1, the setsJ have the shape (1;3;:::;2c 1), where0 ¢ k (J is empty
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if c=0): jJj gsinceg 2 fg;2g, and even integersare ruled out since2 2 fg; 2g.

The complemen of sud a setis
Jo=f2a+ (2k+ )bg[ f2c+ 1+ 2a+ (2k+ 1)bg;a;b  O:

Recallthat EL,, = We(Fp2)[ 9, 2= T. By Lemma1.3.23 the special submadule
M Wg(k) Eii0 cortaining 1 is generatedby the elemens 1; 2! if the set
J(M) = fv(x)jx 2 M g coincideswith J., and all the corresppnding modulesare non-
isomorphic. Note that the number of modulesis preciselyk + 1 = [g=2]+ 1, sothis
provesthe classi cation theoremfor g odd. If gisewen,the isogely classis givenby the
non-simplemodule2 E=E(F T?),som = 1;n= 0;q= 3. What we needto conclude
is a computation-free application of Lemma 1.3.26 since Ef;o;g=2 = We(Fp)[ 97,

= T, the generatingsystemof the special module M asan E.o,4->-module can be
chosento be f1; g, for 0 ¢ @g=2, sinceit dependsonly on the valuations of
the generators. According to Lemma 1.3.26 any E?,,_,-submalule of MJ, the left

Ef;o;gzz-module of special elemeits of M, is generatedby a systemof the form:

— C.
z1= 11 1+ 12 ;

— C.
= 1 1+ 2 7

g 2 T\ Wg(F,). By changing variables, we can supposethat z; = 1;z, = ¢,
thencethere is a unique superspecial crystal for every c, 0 ¢ g=2. The number

of superspecial Dieudonre modulesis uniformly [g=2]+ 1 asclaimed. O

De nition  1.3.39. We de ne the superspecial Dieudonre module M as follows, for

8

3 f1, **1g if gisodd
M. is generatedby

fl, ¢g if gisewen
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Prop osition 1.3.40. Supersingular special modules M are supersingular modules

M with maximal a-number a(M ) = g (hencethe name superspecial).

Proof. Recallthat the a-number of a Dieudonrne module M over W (k) is de ned as
a(M) = dimiM=FM + VM. A supersingular special module M is supersingular
i.e., of slope% and special, thereforeF M = V M and sincethe W (k)-rank of M is
29, the a-number a(M) = dim¢M=FM + VM = dimi M=FM = dim M=VM = g,
sincedimy M=FM + dimy M=VM = 2g. In other words, any supersingular special
module M is isomorphicto %, W(K)[F; VI=(F V) asW (K)[F;V]-module. O

We postpone a proof and a discussionof the endomorphismorders of superspecial
crystals to Section 7 in Chapter |1 of this thesis, where we compute the orders of

superspecial points on Hilbert moduli spacesn the totally rami ed case.

1.4 Traverso's boundedness conjecture

In this section,we treat classicalDieudonre modules(without RM!). Traversoin his

1967 Pisa thesis[97] proved the following result:

Theorem 1.4.1. ([97]) Let k be an algebraicallyclosed eld of characteristic p. Let
M:N be two Dieudonre modulesover W (k) of rank 2g. If M = N mod p%°*!, then
M = N.

His work on a conjecture of Grothendied led Traversoto speculatethat much more

is true:

Conjecture 1.4.2. ([98]) Let k be an algebraically closed eld of characteristic p.
Let M; N betwo Dieudonre modulesover W (k) of rank 2g. If M = N mod p¢, then
M = N.

Traversoalso shoved that for any g, there are Dieudonre modulesM, N of rank 2g

which are isomorphicmodulo p? ! but sud that M 6 N ([98)]).
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Remark 1.4.3 ([13 p.8]) Zink provedin a letter to Chai ([115) the following trunca-
tion result: A crystal M over k is determined, up to non-uniqueisomorphisms,by its
quotient modulo p", for somesuitable N > 0, depending only on the height of the

module M and the maximum amongthe slopesof M.

An interesting test for Traverso'sconjectureis the supersingularisocrystal.

Lemma 1.4.4. ([74, Proof of Prop. 1.6]) Let D; be determined by its truncation
modulo p"t, up to isomorphism.Let D, ! D; be a degreep"? isogely. Then D, is

determinedby its truncation modulo p"* "2, up to isomorphism.

Minimal Dieudonne moduleswere rst introduced by Manin ([66, p.45]): they are
isomorphic to direct sumsof modulesM,.,; (m;n) = 1, that we de ned in Section
1.3.3 There is thus a unique minimal module for ead Newton polygon. A minimal

module is special, sinceM ., is special.
Example 1.4.5. The superspecial crystal is minimal.

Minimal moduleswerealsousedin [54, Section5.3]and their key truncation property

was proved in [75].

Theorem 1.4.6. ([75 Thm. 1.2]) Let M;N be Dieudonre modules. Supposethat
the module M is minimal. If M=pM = N=pN, then M = N.

Corollary 1.4.7. Let D; beaminimal Dieudonne module. Supposethat the minimal
degreeofthe isogely betweenD, and D, isp". Then D, is determinedby its truncation

modulo p"*t.

We proceedwith the computation in the supersingularisocrystal case. The super-
special module, denotedM, is the minimal supersingularmodule. We thereforeonly
want to bound the degreeof the isogely betweenan arbitrary supersingular crystal

and the superspecial crystal. To this end, we generalize[66, Theorem 3.15].
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Theorem 1.4.8. The Dieudonre modulesisogenoudo g E=E(F™ V);m 1 split

into m(g 1)+ 1 componens. The indicesarethe m(g 1)+ 1 possibilitiesranging

Proof. The analogueof [66, Lem. 3.14]holds: any module is isomorphicto a primitive
submadule whoseF -height doesnot exceedm, and any primitiv e submadule whose
F-heiglt h is small or equalthan m admits a cyclic factor module M =M, a generator

of which is given by the image of an elemen of the form:

X X |
z= "+ i 1 2Tey 6 0forallj;
j=2 i=1

where j isthe elemett 2 E,; in the jth copy of E,.1. The rest of the proof follows
exactly asin [66, Thm. 3.15]. O

Corollary 1.4.9. Let m = 1. The crystalg E=E(F V) is superspecial, and the

maximal index correspndsto isogeniesof degreep? 1.

Corollary 1.4.10. Any supersingular crystal is determined up to isomorphism by

its truncation modulo p.

Remark 1.4.11 This strengthens Traverso's and Vasiu's results ([97], [99, Prop.
3.4.1.1])which gave the bound g? + 1 (resp. g°).

1.5 Explicit computations of module spaces a la

Manin

We presen in this subsectionexplicit computations of modules spaces:an in nite
family of non-supersingular Dieudonre modules(without RM), and the supersingular

isocrystal with RM.
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1.5.1 A family of non-sup ersingular Dieudonn e modules

This exampleconcernsclassicalDieudonne modulesi.e., F = Q,. Note that there is
only onespecialmodule in the isogely classof My = E=E(F V") E=E(F" V),
n 2 (the casen = 1is coveredin [66, Thm. 3.15]). Write it as:

Mo = W(k) El;n W(k) En;l = Mo]_ Moz:
We will considermodulesM containing My and cortained in:
Mo = W(K) Kin W(K) Kpil

Any module isogenougo Mg is isomorphicto a module contained in Mg-. We denote
the elemen 2 E;, (resp. 2 E,1) by 1 (resp. ). By height, we meanin this
examplethe F-heigh.

Lemma 1.5.1. Let M beisogenoudo E=E(F V") E=E(F" V),n 2.
Let M be an E-module such that My M Mor. Then the height of M over Mg
is smalleror equalto one. Moreover, M =My is cyclic, and a generatoris given by the

image of an elemen of the form:

The module Ez + M belongsto the special submadule My and its index over Mg is
0; ;0;1).

Proof. The calculations are similar to the proof of [66, Lem. 3.13a]. Let x =
F Mix;+ F "2x, 2 M, X1 2 MaanFMoi [ 0, X2 2 MganFMg, [ 0. We may
supposethat x; belongto a special basisof My. We also assumethat M 6
Mg, X 6 0 and h;h, > 0. Then x, 6 0, for otherwise EF "x; would be a
special submadule of M not contained in Mg, which is impossible,becauseM

is maximal. Similarly, x,; 6 0. Further, hy = h, = h; for if h; > h,, the elemen
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Fhex x, = F M*h2x 2 M generatesa special submadule not cortained in M.
Similarly, we obtain a cortradiction in the casewhereh; < h,. Finally, h 1.

For if h> 1, then
Vx = X%+ xP%x%2 (Moy)e; x%2 (Mo2)e;

is sudh that x°%2 Mgy, but x°2 Mg;. Thereforex®generatesa special submadule
not cortained in Mg, which is impossible. One seesthat h = 1 if and only if

X, = V" 1y for somey 62V M.
Sameproof asin [66, Lem. 3.13b]

The sameargumert asin [66, Lem. 3.13c]appliesword for word, sincevaly, (z) =
n 1for z of heigh 1.
]

Theorem 1.5.2. The modules isogenousto E=E(F V") E=E(F" V) are

parametrizedby Al

Proof. The Dieudonre modules isogenousto E=E(F V") E=E(F" V) split
into 2 componerts A,, 0 h 1. The componert A;, consistsof moduleshaving a
maximal special submadule of index (0;  ;0)if h= 0 (resp. (0; ;0;1)if h=1).
The spaceA, consistsof one point, the special module itself, while A, is isomorphic
to A'nfOg, since = 0is excluded. The quotient of AlnfOg by the asswiated nite

group  is necessarilyisomorphicto AlnfQg, since  is nite, and quotierts of a ne

varietiesby nite groupsare a ne varieties. We then glue Ag and A; in the obvious

way and we get Al, the ane line. O

Theorem 1.5.3. Let M;; M, be two modulesisogenougo
E=E(F V") E=E(F" V):

Then M=pM; = M,=p’M, implies that M, = M.
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Proof. Note that the specialmodule E=E(F V") E=E(F" V) isminimal in the
senseof [75]. Oort hasshownn that a minimal Dieudonre module M canbe iderti ed
from its M=pM only. The index of any non-trivial module N over E=E(F V")

E=E(F" V) isp, thencethereisanisogety :N ! E=E(F V") E=E(F" V)
of degreep, and soN is determinedby N=p'**N = N=@N by Corollary 1.4.7 O

Remark 1.5.4 This theoremrecovers a result of Vasiu ([99, Prop. 3.4.4.1,p. 32]).

1.5.2 The supersingular isocrystal in the totally ramied case

Case I: g odd.

We follow [66, Thm. 3.12]to study the caseg odd. Any supersingular module
is isogenoudo the isosimplemodule E=E(F V). In De nition 1.3.39 we erumer-
ated all special modules M. isogenouso E=E(F V) by giving the set of discrete
invariants J.. By Lemma1.3.23 any module over a special module correspnding to
the setJ. hastwo standard generators:

X

z1=1+ 2%k 1 1Zo = ;
k=1

where 5 1 2 T are determinedby M. We dene anumberd, 0 d h, by the
conditions:
n 12 WF(sz); k h d,

oh dyr1 O2WE(Fp2):
Theorem 1.5.5. Let M be a module belongingto M. The following holds:

1. The T-heigh of M is at most [g=2] + 1.

2. The factor module M =M. is generatedby the cosetof one elemen z, where

xd
z=1+ K 1
k=1

@k 1).
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3. The e-index of M (seeDe nition 1.3.39 is (0;d), for somed c¢ [g=2].

4. The spaceM ¢ of modulesM of e-index (0; d) belongingto a xed specialmodule
M. hasdimensiond and is isomorphicto the complemen of the disjoint union
of p? hyperplanes

d=aa2 Fe:
Proof. This follows very closelythe calculationsof [66, Thm. 3.12, Thm.3.15]. O

Case II: g even.

For g even, any supersingular module is isogenougo 2E=E(F  T£%). The space
of modulesM belongingto a superspecialmodule M are always nite union of quasi-
ane varieties. We usethe samenotation asin Example 1.5.1i.e., we label ; the
generatorof the cyclic local algebracoming from the i-th copy of E=E(F  T2). A
submadule M, whereM. M M is called primitive if it doesnot cortain 11
and ,'. Any moduleisogenougo M. is isomorphicto a primitiv e submadule of M ..
([66, Lem. 3.14]).

De ne the invariant d in the samefashionasin the g odd case.
Theorem 1.5.6. Let M be a module belongingto M. The following holds:

1. There is a primitiv e module M ®isomorphicto M with T-heigh d 2.

2. The factor module M %M. is generatedby the cosetof z, where

xd
z= 9+ Kk, 2T; .60
k=1

3. The index of M is (0;d), for somed c¢ [g=2].

4. The spaceM ¢ of modulesM of index (0; d) belongingto a xed special module
M. hasdimensiond, and is isomorphicto the complemen of the disjoint union
of p? hyperplanes

w=aa?2 szi
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Proof. Sameasin [66, Lem. 3.14, Thm. 3.15]. O

Corollary 1.5.7. Therearein nitely many non-isomorphicsupersingularDieudonne

modules.

Remark 1.5.8 Cf. [1, Appendix].

1.6 Strati cation(s) of the supersingular Newton
polygon stratum

In this section,we show that the strati cation introducedby Andreatta-Gorenin [1]
coincideswith the strati cation suggestedyy the decompsition of the moduli spaces
a la Manin at least on the supersingular Newton polygon stratum.

We recall brie y the de nition of the strati cation of [1]. Let p be a totally rami ed
prime. Let A=k be a polarized abelian variety with RM, de ned over a eld k of
characteristic p. Fix anisomorphismO,_ 7 k = k[T]=(T9). One knows that Hj;(A)

is a freek[T]=(T9)-module of rank 2, and there are two generators and sud that:
HYA;0a) = (T) +(T) i ji+j=g

The indexj = j(A) is calledthe singularit y index . For perspective, recall the short

exact sequence:
0 ! HOA; %) ! Hiz(A) ! HYA;04) ! O

Thesemodules are Dieudonre modules of group schemes,and we rewrite this exact

sequences:
0! (k;Fr ) (D(Ker(Fr)) ! D(A[p)) ! D(Ker(Ver) ! O:

The slope n = n(A) isde ned by j (A) + n(A) = a(A), wherea(A) is the a-number

of the abelian variety.



42 Dieudonn e modules

The subsetsW .,y parameterizing abelian varieties with singularity index j and
slope n are quasi-a ne, locally closedand form a strati cation ([1, Thm. 10.1],
[2, x6.1]).

Note that for any Dieudonre module M with RM of rank 2, we can de ne abstractly
j (M) andn(M) without any referenceo abelian varietiesi.e.,j (M) = j isthe integer
sud that

T + T =Ker(V:M=pM | M=pM);i |
for ; somegeneratorsof M. The slopeisn(M) ;= a(M) j(M).

Remark 1.6.1 Hereisour rst main obsenation: Outside the supersingularlocus,the
slope n de nes the Newton polygon uniquely asf ¢; %g. For ead non-sugersingular

Newton polygon, there is a unique special module, given by
E=E(F T") E=E(F T9"):

In the visual represemation of the strati cation of [1, p.1829],this meansthat the
maximal special module is constart along diagonalsi.e., it dependsonly on the slope
n. In the supersingularlocus,the diagonalconstancyof the maximal special modules

is alsode rigueur, but we needmore computationsto establishit.

Remark 1.6.2 We presen our secondmain obsenation: Considerthe supersingular
Newton stratum. It decommsesn ([g=2]+ 1) ([g=2]+ 2)=2 strata indexedby the type
(J n), n=g 1=2. Recallthat for a xed superspecial module M., the componert
classifyingmodulesof index (0; d) over the special module M. is denotedby M 9. The
explicit computations of the supersingular module spacesa la Manin carried out in
Section 1.5 indicate that the dimensionof M ¢ is the sameas the dimension of the

stratum W 44 ¢ Of type (i d;g i) i.e.,

Moreover, the componerts M 4, like the correspnding strata W ¢ ¢4 ¢, are quasi-

ane by our explicit computations.
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Conjecture 1.6.3. De ne N¢ asthe strata on the Hilbert moduli spacesuc that
for A 2 NY, the Dieudonre module D(A) of A belongsto M Y. Then the strati cation

induced by the componerts M ¢ coincidewith the slope strati cation fW ;n\g;n i.e.,
d — .
Ni' =W dg o

Given the conjecture,we may draw the following conclusions:

Let M belongto M, M. a superspecial Dieudonne module.
The slope n of M dependsonly on the maximal special submaule M.
The a-number of M dependsonly on the e-index i(M¢; M):

a(M) = a(Mc) i(MM):

We prove these conclusionsindependertly, thus providing evidencefor Conjecture
1.6.3by settling it for the supersingular strata. The proofs consistin translating the
precise,explicit knowledgeof the supersingularmoduli spacesa la Manin in terms of
the invariants of [1]. We rst provethat the a-number of a supersingularslope stratum
only dependsoni(M; M). Recallthat in the contravariant Dieudonre theory we are
using, an enbedding , ! A[p' ] at the level of p-divisible groups correspndsto a
surjection D(A[p*])  D( ;) = k.

Prop osition 1.6.4. The a-number of the Dieudonre module M belongingto a xed

superspecialmodule M . dependsonly onthe indexi(M¢; M) = (0; d) over this module:
aM)=g d:

Proof. Let M be a module belongingto M. sud that i(M¢; M) = (0;d). We use
the speci ¢ computations of Section 1.5. The a-number of M is, by de nition,
dimgM=FM + VM. SinceM. is superspecial, dimy M.=FM.+ VM. = g. Thence,
showving that a(M) = g d is equivalent to shaving that the e-index of FM + VM
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over FM.+ VM. is (0;d) i.e.,i(FM:+ VM, FM + VM) = (0;d): This is possibleif
andonlyifd c¢ [g=2].

Let g be odd.
Xd
F(1+ a1 FDy= 94 1 2k+1t Q. | 2041 = 2ctl+g.
k=1 k=1
and ( )
xd xd
V(l + o 1 2k+1) _ 9+ kl 2k+1+ g . Vv 2c+1 — 2c+1+ g.
- % 1 , = :
k=1 k=1
This implies that
g Xd 2k+1+ g. 2c+l+ g g Xd 1 2k+1+ g. 2c+l+ g
FM+VM =< %+ ok 1 : >+ < 9+ ok 1 : >:
k=1 k=1

aswe canignorethe unit by changingthe generator(note the crucial di erence in

the action of (resp. 1) for F (resp. V). Of course,
FMc+ VM =< 9; Zros .

Sincethe secondgenerator **1* 9 of FM and VM is the sameasthe secondgenerator
of FM.+ VM, to computethe e-indexof FM + VM over F M + VM, we only needto
inspect the coe cien ts of the rst generators.Since ,4 ; 6 4 ;. the correspnding
coe cient in the generatorof FM + VM is non-trivial, and this implies that the
e-index of FM + VM over FM.+ VM. is (0;d), sincefor godd, 2= T.

Let g be even. We exploit Theorem1.5.6 Similarly to the g odd case,F actsby on
the coe cients 2 T and by multiplication by 92 in the cyclic local algebraM pnq,
andV actsby ! onthe coecients , 2 T and by multiplication by 972 in the
cyclic local algebraMn.,.q, Wwhere = T. We canignore as beforeby making the
obvious changeof generatorof VM . SinceM. = f1; ¢g, FM¢+ VM, = f 92; 9%2*¢q,
In the sameway asin the g odd case,the e-indexof FM + VM over FM.+ VM. is

alsoclearly (0; d), and we are done.
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We provide the conversationto Proposition 1.3.4Q
Corollary 1.6.5. A supersingularmodule M with a-number a(M) = g is special.

Prop osition 1.6.6. Let M be a module belongingto M. with e-index (0;d). Then
M hastype(c d;g o).

Proof. The invariants j (M) and i(M) are computable modulo p. In particular,
g j=mnfmT"HA;0x) =0 mod pg:

Recall that H(A; Oa) = HIz(A)=H°(A; 1), and, in terms of the cortravariant
versionof Dieudonre theory, H(A; Ox) = D(A[p])=VD(A[p]) = D(A[p])=D(A[p])[F I:
We can computethe singularity index j (M) by computing minfmjT™"(M=M[F]) = 0
mod pg for any Dieudonre module M. We reducethe claim to the caseof e-index
(0;d) = (0;0). Fix an isomorphismM = Wg(k) Wg(K), sud that M. = M,
mod p = K[T]=(T9) TIK[T]=T9). In this represetation, it is obviousthat j (M)
d=j(M). We now shav that
j(M¢) = c:

Suppose rst that g is odd. Recallthat in this case,
Efyo= We(F)[ % 2= T:
Recallthat the superspecial module M. is generatedby < 1; 2°* >, Therefore
29.2¢ ((M=VM) = 0;  ** 2(M=VM) 6 0;

and so
T9 (M=VM)=0;T? ¢ }{(M=VM) 6 0;

i.e.,j (M) = c. Supposenow that g is even. Recallthat in this case,

Eg;o;gzz = We(Fp)[ 9:2]i =T,
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and M. is generatedby f1; °g. Therefore,
9 cM=VM)=10; ¢ ¢ {(M=VM) 6 O;
andsince =T,j(M.) = c O

Corollary 1.6.7. A supersingular module M of type (j; n) belongsto a maximal

special module of type (g n;n).
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Chapter 2

Superspecial Ab elian Varieties and

Theta Series

2.1 Intro duction

Supersingularpoints on modular curvesare highly signi cant in arithmetic geometry:
1) for the connectionwith modular forms via quaternion algebras,2) for the geomet-
ric realization of the monodromy pairing (Picard-Lefsdetz formula a la Grothendied

([42, Expo I1X, Thm. 12.5])), 3) for the geometricanalogueof the Jacquet-Langlands
correspndence([86, Thm. 4.1]), etc. Polarized abelian varietieswith real multiplica-

tion i.e., equipped with an action of the ring of integersO_ of a totally real eld L,

constitute a generalizationof elliptic curvesthat carriesa strong arithmetic avour.

The algebraicstadks classifyingtheseobjects are called Hilbert moduli sppcesand are
the main object of study of this chapter. Albeit our treatment doesnot do justice

to the depth of its topic, we lay the groundwork to someextert for all three aspects
mertioned above for superspecial points on Hilb ert moduli spaces.Grossomodo, our

results can be viewed as geometricvariations on the theme of trace formulae.

We descrike the main featuresof this chapter in more details.
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Let h* (L) = 1. This implies that the abelian varieties under considerationare princi-
pally polarized. Our starting point is the investigation of the abelianvariety E 0O,
where E is a supersingular elliptic curve. We show that its ring of endomorphisms
Endo, (E 2z O.) is isomorphicto End(E) z O., a primitiv e order (in the sense
of Eichler) of level pO_. It turns out that, in general,the endomorphismring of a
superspecial abelian variety A is of a particular type of Bassorder that we call a

superspecial order.

Theorem: (cf. Theorem2.5.27 Let p beunrami ed. Let A be a superspecial abelian

variety with RM. Then the order Endo, (A) is an Eichler order of level p.

The knowledgeof the order Endg, (A) allows usto parameterizethe set of super-

special points using the double cosetsof the adelic points of a quaternionic group.

Theorem: (cf. Theorem 2.5.35 Let p be unramied. The left (resp. right) ideals

classef Endp, (A) arein bijection with superspecial abelian varieties with RM.

Corollary: (cf. Corollary 2.5.39 Any superspecial order of level p arisesas the en-

domorphismring of a suitable superspecial abelian variety with RM.

Our next step is to considerthe O, -module Homg, (A1; Az) of O -homomorphisms
betweentwo superspecial abelian varietiesA;; A,. We equip Homg, (A1; Az) with the
structure of a quadratic module by de ning a notion of O, -degreejj  jj, which is
essetfially the norm form of the quaternionalgebraB,, := Bp1 L, hencea totally
de nite positive quadratic form in four variables. This allows us to construct a theta
seriesof level p from the quadratic module M = (Homo, (A1;A2);jj Jj); that is,
M = P 20, 1fM2 Mjjimjj = gq : From the bijection betweenleft ideal classes
of a superspecial order of level p and the superspecial abelian varieties, it follows
that all theta seriesof level p coming from B, arise from geometry The Jacquet-
Langlands corresppndence,translated in classicalterms, implies that the spaceof
Hilb ert modular newformsof weight 2 for o(p) is thencespannedby the theta series

coming from superspecial abelian varieties with RM.
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Denoteby X o(1)=F, the Hilbert moduli space(a la Deligne-Pappas)with no level
structure in characteristic p. It hasdimension][L : Q].

Main Theorem: Let h* (L) = 1, p unramied. The theta seriesattached to the
superspecial points of the Hilbert moduli spaceX o(1)=F, spanthe vector spaceof
weight 2 Hilbert modular newformsof level (p).

We can view this theorem as a geometric version of Eichler's Basis Problem for
Hilbert modular forms. We also study the casewhere the prime p = p? is totally
rami ed in O_. We show that resultsanalogousto the unrami ed casehold, with the
addedsubtlety that the Hilbert modular forms arising from Homo, (A1; A2) canhave
level p', g [0=2] i g, dependingon the superspecial crystal of A; and A,. We
illustrate numerically to a limited extert someof the results concerningtheta series
in Subsection2.7.1and Section2.9.

We also prove a theorem about the singularities of the a-number strati cation
of the Siegelmoduli spaceAg classifying principally polarized abelian varieties of
dimensiong. Let T, bethe locusof points A2 Ay F, suc that a(A) a.
Theorem: (cf. Theorem2.4.14 Let a> 0. The setSing(T,) of singular points of the

locus T, is precisely T, .

2.2 Orders in quaternion algebras

2.2.1 Basic de nitions

The main referencefor this sectionis Vigneras'book [102, and we follow its notation
for this subsection,in which we recall succinctly the basic de nitions pertaining to
guaternion algebras.

We needthe notion of a Bassorder to descrite accuratelyin the generalcasethe
ordersarising asendomorphismordersof a superspecial abelian variety with RM. On

the other hand, a hurried readermight want to restrict to the casep unrami ed, in
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which casesheonly needsthe well-known conceptof an Eichler order. On the other
hand, in the totally rami ed case,the ordersarising from geometryare newer Eichler
orders, sothe algebraicterminology is necessary

Let K bea eld.

De nition 2.2.1. ([102 p.1]) A quaternion algebra H over K is a certral, simple

algebraof rank 4 over K .

If the characteristic of K is dierent from two, a quaternion algebra H is given
by a couple (a;b), wherea;b 2 KnfQg, asthe K -algebra of basis 1;i; j; k, where
i;j 2H;k=1,and

A quaternion algebrais equipped with a canonicalinvolutive K -endomorphismh 7! h
called conjugation . The (reduced) norm of H is de ned asn(h) := hh, and the
(reduced)trace is de ned ast(h) := h+ h.

Any eld K admits over itself the quaternion algebraM,(K). For local elds

(di erent than C), there is only onemore:

Theorem 2.2.2. ([102 p.31])Let K 6 C bealocal eld. Then there existsa unique

guaternion division algebraover K, up to isomorphism.

De nition 2.2.3. ([102 p.58]) Let H be a quaternionalgebraover a number eld K.
Let v be a placeof K. We denoteH, := H « K,. A placevisramied if H,isa

division algebra. If H, = M,(K,), we sa& the placev is split (or unramied ).

Global elds admit in nitely many quaternion algebras, but we can classify them

accordingto the rami cation of places:

Theorem 2.2.4. ([102 Thm. 3.1]) Let K beanumber eld. The numberjRam (H);j
of rami ed placesis even. For any ewven set S of places,there existsa unique quater-

nion algebraH=K up to isomorphismsud that Ram (H) = S.
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We will later needthe notion of a splitting eld :

De nition  2.2.5. ([102 p.4]) Let F bea eld cortaining K, and let H be a quater-
nion algebraover K. The tensor product Hg := H ¢ F is a quaternion algebra. If

He = M,(F), we call F=K a splitting eld of H.

There are useful criteria to determine whether a quadratic eld extensionof K is a

splitting eld, whenK is a local or global eld.

Theorem 2.2.6. ([102 p.9]) Let K bealocal or aglobal eld. Let L be a quadratic
extensionof K. Then L is a splitting eld of a quaternion algebraH=K if and only

if L is isomorphicto a (maximal) sub eld of H.

Theorem 2.2.7. ([102 Thm. 1.3,p.33]) Let K be a non-archimedeanlocal eld. A

nite extensionF=K splits H if and only if its degree[F : K] is even.

Remark 2.2.8 The archimedeancases.e., R and C, are simpler: M,(C) is the only
guaternion algebraover C, and C is the only nite extensionof R. Over R there are,
up to isomorphism,two quaternion algebras: M,(R) and the Hamilton quaternions

Hgr given by the couple( 1, 1):

Theorem 2.2.9. ([102 Cor. 3.5]) An extensionL=K of degree[L : K] < 1 splits a
guaternion algebraH over a number eld K if and only if L,, splits H, for any place

wjv of L.

Theorem 2.2.10. ([102 Thm. 3.8]) A quadratic extensionL=K can be embedded
in a quaternion algebraH over aglobal eld K if andonlyif L, =L K, isa eld,
for all v2 Ram (H).

2.2.2 Orders

We are motivated by the study of orderslike O ; O,, whereO is a maximal order

in the quaternion algebraBp;, over Q ramied at p and 1 , and O is the ring
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of integers of a totally real eld L. They arise as endomorphismorders of some
superspecial points on Hilb ert modular varieties. Our main referencefor ordersis [6];
we alsofound [15, p.970-977]useful.

Let R be anintegral domain. Let V be a nite dimensionalvector spaceover the
guotient eld of R. A nitely generatedleft R-module M contained in V is calleda
left R-lattice of V. Let K beanumber eld. Let Ok beits ring of integersand H=K
a quaternion algebra. All O -lattices M we considerin H are ideals i.e., lattices
suhthat M o, K = H.

De nition 2.2.11. Let (M;q) be an Ok -lattice M equipped with a quadratic form
g:M ! Og. WedenoteN (M) the norm of M, de ned asthe O -ideal generated
by the valuesq(x) for x 2 M (the nameoriginatesfrom the particular instancewhere

M  H, and the quadratic form is the reducednorm of the quaternion algebra).

all d(xq;:::;X4), Wwherex; 2 M;1 i 4 is basisof H, is a squareof an O -ideal

in K, which we call the discriminan t d(M) of M.

De nition 2.2.13. The dual of an Ok -lattice M H is de ned as
Ml:=fx2H:t(xM) Okg:

The Ok -ideal N (M1) ! is called the level of M .

This de nition of the level of a quaternionic lattice usingthe trace coincideswith the
de nition of the level of an arbitrary quadratic lattice equipped with a bilinear form
for lattices of norm 1. Denote by N (x) the K -valued quadratic form assaiated to a
guadratic lattice M. We denoteby V the vector spaceM Q. We denoteby B(X;y)

the symmetric, bilinear form de ned by:

BOGY) = S(NG+y) NGO N
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The dual of M is thus dened asM! := fx 2 VijB(x;M) Okg: Moreover, the
[-level is de ned as (N (M)N (M) 1 whereN (M) is the ideal generatedby N (x),
for x 2 M. Obsene that in the quaternionic case,B(X;y) = t(xy) = Xy + yx for
all x;y implies immediately that Ml = MI and that for all lattices M sud that

N (M) = (1), the two notions of level coincide.

De nition 2.2.14. An order of H is anideal of H which is aring (cortaining 1, by

de nition).
Let O be an orderof H.

De nition 2.2.15. Anideall of H is aleft O-ideal if it is anideal and its left order
Og(1):=fh2 Hjhl 1gisO.

De nition  2.2.16. Two ideals| and J are (right) equivalert if | = Jh;h 2 H
This is an equivalencerelation, and the equivalenceclassesf idealswhoseleft order

is O are called the left ideal classes of O.

A maximal order isan orderwhich is not properly cortained in any order. Maximal
orders always exist, and any order is corntained in a maximal order. An order is
maximal if and only if its discriminart is equalto the product of the rami ed, nite

placesof H.

De nition  2.2.17. An order O in H is Gorenstein if O! is O-projective as a left

(or right) O-lattice.

Prop osition 2.2.18. ([6, Prop. 1.3]) The discriminant of an order O is equalto its
level i.e., d(O) = N(O!) %, if and only if the order is Gorenstein.

Remark 2.2.19 The level N(Ol) ! of an order O always divides the discriminant
d(O) ([6, Prop. 1.3]).
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De nition  2.2.20. An order O in a quaternion algebraH over K is primitiv e if it
cortains the maximal order of a quadratic eld extensionof K or the maximal order

of the split extensionK K.
Primitiv e orderswere rst studied by Eichler in his Ph.D. thesis[22].

De nition  2.2.21. An order O is a Bass order if ead orderin H cortaining it is

a Gorensteinorder. In particular, a Bassorder is Gorenstein.

Prop osition 2.2.22. ([6, Cor. 1.6]) An order O in H whosediscriminart is cube-free

is a Bassorder.

Let O be an order in the quaternion algebraH=K. Let O, := O Og,. Denote
by k the residue eld of Okx,. The Jacobsonradical N, of O, is the intersection
of all maximal left (or equivalertly right) ideals of O,. An order O, is said to be
an Azuma ya order if O,=N, is a non-trivial certral simple algebraover k. Since
PO, Ny, Op=N, is ak-vector spacewith dim,(O,=N,) 4. If O, is Azumaya, then

we must have O,=N, = M(k), sincethere are no skew elds over a nite eld.

De nition  2.2.23. (cf. [6]) The Eichler symbol (%) at p of a Gorensteinorder O

of H, which is not Azumaya at p, is de ned by
8

% 1 ifO,=N,=k k;

O .

1) = 0 if Op=N, = k;

1 if Op=N, is a quadratic eld extensionof k:

Remark 2.2.24 The previous de nition exhaustsall possibilities: If Oy,=N, is not

k k;k nor aquadratic eld extensionof k, then O is necessarilyAzumaya at p ([6]).

De nition 2.2.25. Let O be an Ok -orderin H. The order O is Eichler if O is an

intersection of two maximal orders, not necessarilydistinct.
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Remark 2.2.26 One sourceof confusionarisesfrom the terminology of the level e.g.,
in the literature, an Eichler order will often be said to be of level N, for (N;p) = 1,
in the quaternion algebraramied at p and innity By, (see[102 p.84]), while
accordingto our terminology, it is of level Np, that is, the reduceddiscriminant of

the quaternion algebrais always included in the level.

Prop osition 2.2.27. An Eichler order O in a quaternion algebraover K, is a Bass
order, independerily of its level.
Proof. Use[6, Cor. 2.2, 2.4] and the obsenation that Bassis a local property. O
Prop osition 2.2.28. (cf. [6, Prop. 5.3])
Let e 2 f 1;1g. Two orders O; and O, in H, with (S*) = (%2) = e are
conjugatein H, if and only if their discriminarts are equal.

Two BassordersO; and O; in H,, with (%1) = (%) = 0 are conjugatein H, if

their discriminants are equal.

Prop osition 2.2.29. Let O be a Bassorder ! in H=K.
If val,(d(O)) = 1, then:

if p 62Ram (H), (%) = 1, and O, doesnot cortain the ring of integersof an

unrami ed quadratic eld extensionof K p;

if p2 Ram(H), (%) = land O, doesnot cortain asplit extensionOx, Oc,;
If valp(d(O)) 2, then:

(%) = 1if and only if O, cortains a split quadratic extensionOx, Ok,;

(%) = 0if and only if O, cortains the ring of integersof a rami ed quadratic

eld extensionof K ;

1A Bassorder is locally primitiv e by the proof of Proposition 2.3.5
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(%) = 1if and only if O, cortains the ring of integers of an unrami ed

quadratic eld extensionof K .
Proof. [8, Prop. 1.11,1.12,1.16]. O

Corollary 2.2.30. ([9, Prop. 3]) Let O be a primitive order 2 in H=K. Let S be a
maximal order in a maximal commnutative sub eld of H=K and assumeS O.
If val,(d(O)) = 1, then:

the prime p is split or ramied in S whenp 62Ram (H), and (%) =1

the prime p is rami ed or inert in S whenp 2 Ram (H), and (%) = 1.
If val,(d(O)) 2, then:

(3) = 1if psplitsin S;

(%) = 0if pisramied in S;

(8)= 1ifpisinertin S.

According to [6, Prop. 2.1], an order O in a quaternion algebraover K, has Eichler

symbol 1 if and only if is conjugateto the order consistingof matrices
0 1

% Ok, Ok, §

d
40k, Ok,

where | is a uniformizer of the maximal ideal of Ok ,, and d is a non-negatie integer.
Sincea division quaternion algebraover a local eld hasa unique maximal order, it
follows ([6, Cor. 2.2]) than an Eichler order in H=K is characterizedby its Eichler

symbols being 1 for all non-zeroprime idealsp sud that O, is not maximal.

2 A primitiv e order is Bass;cf. Proposition 2.3.5.
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De nition  2.2.31. An order O is left (respectively right) hereditary if ead left

(respectively right) O-lattice is projective.

Remark 2.2.32 Another sourceof confusionis the terminology usedin the literature
on quaternion algebrasfor the completions of modules. If M is an O-module the
completionM Ok, for a prime p of O is calledthe localization of M at p. Note
that there is a di erent notion of non-comnutativ e localization in line with the usual
localization of commnutativ e algebra, subject to someextra hypothesis called Ore's

condition (which is automatically satis ed in the comnutativ e case).

De nition  2.2.33. An O-lattice M islocally principal if the localizationsM Ok,

are principal for all p.

Prop osition 2.2.34. ([6, Prop. 1.1]) Let O be an orderin H=K. An O-ideal M s

projective if and only if M is locally principal.

A complememary result is that an order O is hereditary if and only if all the com-

pletions O, are hereditary ([84, Thm. 40.5,p.368]).

Prop osition 2.2.35. ([6, Prop. 1.2, p.504]) An order is hereditary if and only if its

discriminart is square-free.In particular, a hereditary order is always Bass.
Proof. The secondstatemern follows from Proposition 2.2.22 O

Theorem 2.2.36. ([21, Satz 27, p.106]) Every ideal classof a hereditary order O
cortains an ideal | whosenorm is relatively prime to the norms of a given, nite

number of ideals J; of O i.e., for any Ji, N(J;) + N(I) = Ok as Ok -ideals.

Proof. The proofin [21] only usesthe fact that the idealsare locally principal, which

is automatic for hereditary orders. O
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2.3 ldeal theory in quaternion algebras

We will encourter in the sequelsomevery speci c quaternion algebras. They are
closely related to the rational quaternion algebraB,; ramied at p and 1 , and
they arise from geometry as algebrasof endomorphismsof supersingular abelian va-
rieties with real multiplication. We study in this subsectionwhich ordersand which
guadratic modules derived from theseorders can be retrieved from the geometry of

Hilb ert modular varieties.

2.3.1 Bpi1 and related quaternion algebras

De nition  2.3.1. A quaternion algebra H over a totally real eld L is totally

denite if H . R isadivision algebrafor all embeddings :L ! R.

The totally de nite quaternion algebraB,, = By; L over L and its orders of

level p will be our certral concern.

Example 2.3.2. Thering of endomorphismsEnd(E) of a supersingularelliptic curve
(over an algebraicallyclosed eld of characteristic p) is a maximal orderin Bp.; ([40,
x2], [20]). We give explicit descriptionsof somemaximal orders, following [80, Prop.
5.1,5.2]. First, the quaternion algebraBp;, over Q ramied preciselyat p and 1

can be given by:

Bpp =( 1 1) ifp=2;

Bps =( 1 p) ifp=3 mod4;
Bpa =( 2 p) ifp=5 modS§;

Bp:s =( p; 9 1ifp=1 mod8whereq=3 mod4isaprimeand(p=9 = 1L
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Moreover, one maximal order of B,.; can be given by the Z-basis:

A+ i+]+K)0 gk if p=2;

TA+j) (i + k)i k if p= 3 mod 4;

SA+j+k);z(i+2 +k)j;k if p=5 mod 8;

Z@L+j); 330+ k); %(j + dk);k if p=1 mod 8 whered is suc that gj(d’p+ 1):
Here 1;i; j; k is the canonicalbasisof B,; = (a;b) with relationsi? = a;j?= b, and
ij =k= ji.

Prop osition 2.3.3. Let O be a maximal orderin By .

1. A quadratic imaginary eld Q(p ~ D) embedsin B if and only if p doesnot
split in Q(p ~ D). Moreover, for any integer n, we can choosea D prime to n

sud that the ring of integersof Q(p - D) enbedsin O.

2. TheorderO 7Oy in Bpy L isprimitiv e of level p= pO,. Moreover, if p is

unrami ed, the orderO ; O is hereditary.

Proof. The rst statemert in Part 1 is Theorem 2.2.10 The secondstatemert fol-
lows from the surjectivity of Deuring's map of singular moduli onto supersingular
j-invariants for D, 0 ([27, Thm. 1.2]). To prove Part 2, we chek that O O,
contains the ring of integersof a quadratic eld extensionof L. Recall([53, Cor. 9.4])
that for S an imaginary quadratic eld, Os O, is a maximal order if the discrimi-
nants of S and L arerelatively prime. The proof of Part 1 givesusan appropriate ring
of integersof discriminant coprimeto the discriminant of L for any O maximal. We
compute the level: The discriminant of O isp, andd(O 7 O.) = d(O)O,. = pO_,
since Tre,, (P & h) = P i Tre,, (&)h; for P 8 b 2 End(E) O.: Since
O 2O, isprimitiv e, it is Gorensteinby Proposition 2.3.5and De nition 2.2.21, and
its level is equalto its discriminant by Proposition 2.2.18 Proposition 2.2.35shows

that O 7 O, is hereditary when p is unrami ed. O
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2.3.2 Algebraic aspects of ideals

Prop osition 2.3.4. (Local-global principle, [102 Prop. 5.1]) Let K be a number
eld. Let X be a lattice of a quaternion algebra H=K. There exists a bijection

betweenthe lattices Y of H, and the set of lattices
fYpjYp alattice of Hp; Y, = X, for all but nitely many pg;
given by the applications:
Y 7! (Yp)pand (Yp)p 7! Y = X 2 Hjx 2 Y,;8pg;
whereon both sidesthe prime idealsp of Ok are the index set.

Many propertiescanbereado locally e.g.,the property of beingan order, a maximal
order, an Eichler order, a Bassorder, a Gorensteinorder, an ideal, etc. Note, though,

that we cannot ched locally that an order is globally primitiv e.
Prop osition 2.3.5. A primitiv e order O in H=K is a Bassorder.

Proof. Being a Bassorder is a local property. According to [8, Prop. 1.11], being
primitiv e and being Bassarethe samething locally. It is clearthat a (global) primitiv e

order is locally primitiv e at all primes. O

Prop osition 2.3.6. An order O in a quaternion algebraH is Eichler of square-free

level if and only if it is hereditary.

Proof. By Propositions 2.2.18and 2.2.27 the level of an Eichler order is equal to
the discriminant, which is thus square-free. This implies that an Eichler order of
square-freelevel is hereditary by Proposition 2.2.35 By the same Proposition, a
hereditary order O is Bassof square-freediscriminant. Therefore, the level, being
equalto the discriminant sincea hereditary order is Gorenstein,is also square-free.

It suces to shawv that a hereditary order O is Eichler. Recall that an order is
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Eichler if and only if for every prime ideal p: O, is a maximal order or a Bass
order with Eichler symbol equalto one. A hereditary order is maximal at all primes
p 2 Ram (H). By Proposition 2.2.29 a hereditary order, being Bass, has Eichler
symbol +1 if p62Ram (H), and we are done. O

We gather in a succinctform the relationshipsbetweenthe various kinds of orders:

Primitve ——3 Bass ——3 Gorenstein

Diagram [|: Prop erties of orders in quaternion algebras

A hereditary order O is maximal if and only if its discriminant d(O) is equalto

the discriminant of the quaternion algebra.

An Eichler order O is hereditary if and only if its discriminant d(O) is square-

free.

A Bassorder O in H=K is Eichler if (%) is 1 when O, is not maximal, for all
primes p.
A Gorensteinorder O is Bassif its discriminant d(O) is cube-free.

An order in a quaternion algebraover a local eld is primitiv e if and only if it

is Bass.

2.3.3 Arithmetic aspects of ideals

Cf. [79, x2]. De ne the idelegroup Jg of B := Bp1 L as:
v )
Jg = a=(a)2 By,jap 2 M, for almostall p ;
P



62 Superspecial Ab elian Varieties and Theta Series

where M is any order in B, and p runs over all placesof L. This is independert

of M. The set Jg is a locally compact group with the topology induced by the
Q

product topology on the open setsQ s Bp  pes My, WhereS rangesover all nite

subsetsof primes cortaining the in nite primes. If a = (ay) 2 Jg, we de ne the

volume of a asvol(a) = ijN(ap)j, wherej |, is normalizedsud that jpj, = m

for p< 1 and with the usual absolutevalue at in nit y. Let J denotethe idelesof
volumeli.e.,

Ji = a2J3jvola) =1 ;
and enbed B J3 with the diagonalembedding. If M is an order of B, de ne
B'(M):= a=(a)2Jgja;2 M, forallp<1
Prop osition 2.3.7. The following holds:
B is a discretesubgroupin J2;
Ji=B is compact;
For any order O of B, B(O) is an open compact subgroupof J3 .

Proof. The referencesare scattered in Weil's book ([11Q): the rst statemer is
proved in [11Q p. 71]; the secondstatemert follows immediately from [110 Thm. 4,

p.74], and the third statemert follows from the de nition. O

Corollary 2.3.8. ([79, Prop. 6]) Let O be hereditary. The double cosets
B(O)nJi=B

corresnd bijectively to the ideal classef (right) O-ideals.

Proof. If | is a left O-ideal, then sinceO is hereditary,

lp = Opap;
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for somea, 2 By Ly, for all nite placesp and a;, 2 O, for almost all p, since
I, = O, for almostall p. Thusthere existsanelemen a 2 J3 with the p-th componert
of @ equalto a, for all nite placesp. Corversely if @ = (a,) 2 J3, then by the local-
global correspndence,there is a unique lattice | sud that 1, = Opa, for all nite
placesp. Thus, via the local-global correspndence,we get a transitiv e action of J3
on the left O-ideals. Under this action, the isotopy subgroupof O is B(O) and the

corollary follows from the decomposition:
35 = [, BYO)&n)B :
The O&n) represen the distinct O-ideal classes. O

Prop osition 2.3.9. ([79, Prop. 7]) J} actstransitively (by conjugation) on heredi-

tary ordersof level pin B.

Proof. Recallthat a hereditary orderis Bass(Proposition 2.2.39 and that hereditary
ordersof equaldiscriminart (equivalertly, level) arelocally conjugateby Propositions

2.2.28and 2.2.29 The action is: for a = (a,) 2 J3, a hereditary order of level p:
M 7! fMpg 7! a,*Mpap, 7! N;
and wewrite N = a ‘Ma. O

Corollary 2.3.10. ([79, Prop. 8]) The classnumber H (O) is nite and independert
of the particular hereditary order of level p usedin its de nition. It is alsothe same

for left or right ideals.

2.3.4 Superspecial orders

We esh out the local properties of the primitive order R = O 7 O_ of level p,
whereO is a maximal order in B,; . To this end, we determine the possibleEich-

ler synmbols, and then model on this our generalde nition of a superspecial order.
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Our choice of terminology is motivated by the fact that the endomorphismorders
of superspecial points on the Hilbert modular variety assaiated to L modulo p are
superspecial orders (seeTheorem 2.5.27and Corollary 2.8.10. Note rst that R is
maximal outside p by Proposition 2.2.28 Let
Y Y
p= P’ q’;
i j
for pp 2 Ram (By, ), g 62Ram (B, ). We remark that p; 2 Ram (B, ) if and only
if [Lp : Qp] is odd (Lemma 2.5.23. Using Corollary 2.2.30(cf. [6, xx2,3,4]), we get

the following possibilities:

E = 1if = 1;

gi = 1if ;= 1.
By Proposition 2.2.3Q if ; = 1, an enbeddedquadratic extensioncan be unrami ed
orramied; if ; = 1, an enbeddedquadratic extensioncan be split or rami ed. In

generalfor primitiv e orders, the Eichler synbol is allowed to be zero for exponens
bigger or equal than two. But in the proof that O ; O_ is primitive, we could
pick the order S to have discriminart prime to p, sono ideal dividing p can ramify
in S, and this forcesthe Eichler symbol to be 1 for any p;;q. Moreover, since
pi 2 Ram (Bp,), pi is not split in S for otherwiseS  Q cannotbe embeddedin By, .

In short, we have the following possibilities:

&= lif > 1
f:—i 6 0if ;> 1.
In fact, ;*—i = ( 1)'®=P as we explain now. Sinceq; is not ramied in By,

[Lg : Qpl is even. Supposewe write Ox O = Ox . = O [X]=(X? d), with
(d¢;pd) = 1, and pa 62Z,, (p;d) = 1. Then g is split if and only if P d2Lg ()
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pa 2 k. () 2f(g=p, and otherwiseis inert. Proposition 2.2.30implies that

c% = ( 1)'®=P encapsulateghis data.

This obsenation suggestghe following de nition for superspecial orders:

De nition 2.3.11. Let P = Qi o' Qj qjj for pp 2 Ram(By, ), g 62Ram(By, ),

be an ideal of O, dividing p. An order O in By, of level P is superspecial if the

following conditions hold:

if 1, & = 1;

=
Vv
=
[e)
11

( 1) @=p:
if =1, 2 = +1;
for any other nite prime | satisfying (I;p) = 1, O, is maximal.
In particular, by Proposition 2.2.28 a superspecialorderis Bassi.e., locally primitiv e.

Werephrasethese ndings by specifyingat ead prime which quadratic extensionofL ,
arises,and describingthe (local) primitiv e order cortaining it, usingthe terminology
and ideasof [50].

De nition  2.3.12. ([49, Def. 2.3, p.64], [50]) Let B be the quaternion algebra

over L. Let K = K, be a quadratic extensionof L, cortained in B. Set
RV(K) = OK + Pé/ 1;
for Pg the unique maximal idealin Og andv = 1;2;::: .

De nition  2.3.13. An order O is superspecial of level P dividing p, P = Qi o'
Qj qjj , for p2 Ram(By, ), g 62Ram(B,. ), if the following conditions hold:

if 1, there is an unrami ed quadratic extension Ok of O, sud that
Op = R (K);
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if ;> 1,if f (g=p isewen, O, cortains a split quadratic extension;if f (g;=p)

is odd, there is an unrami ed quadratic extensionOy sud that

80 1 9
3 2

Oqi:g% §;; ZOKB;

j
Gj

for the involution on K, 4 a uniformizerin Oy, ;

if ;= 1,04 cortains a split extension,more precisely
0 1
O, O,
Oy = % ! ! §;
q] Oqu Oqu

for any other nite prime |, O, cortains a split extension.

Prop osition 2.3.14. The two de nitions of superspecial ordersare equivalert.

Proof. It is clear a superspecial order in the secondsenseis superspecial in the rst
senseby Propositions 2.2.29and 2.2.28 We show that a superspecial order in the

rst senses alsosuperspecial in the secondsense.

For ; = 1, this follows directly from Proposition 2.2.29

For j = 1, the order Oy is Eichler, and thus cortains a split extension

O Oqu ;

9

For ; > 1, since r?_- = 1, the order O, cortains an unrami ed quadratic

extensionOy of O, , by Proposition 2.2.29and this forcesO, = R (K) by
[50, Cor. 2.4,p.64].
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For ; > 1,if % = 1,the orderOLqj is Eichler by Proposition 2.2.29 and thus
cortains a split extension,as before. If % = 1,04 cortains an unramied
guadratic extensionby Proposition 2.2.29 Sincea (local) primitiv e order is
determined by its Eichler synmbol and its discriminant by Proposition 2.2.28

the result follows.

We can now seethat superspecial ordersare quite similar to special orders:
De nition  2.3.15. ([50, Def. 6.1]) An order O in B,y L is special if

there existsan integral ideal | of O, prime to the rami ed primesp; ofB,1 L,
such that for eat nite split prime pof Bp; L, O, is conjugateto |, "

by an elemet of (Bpx L),

for eadr nite ramied prime p; of B,y L, there existsa quadratic extension
K = K(p)) of L, and a positive integer = (p;) sud that O, = R (K). If

O is a specialorder of By,; L, the collection of local data:

is called the (extended)level of O.

De nition  2.3.16. Let O be a special order of B, with local data (I;L(pi); (pi))-
The classicallevel is | Qi p, ™.

Remark 2.3.17 We transposethe terminology of extendedand classicallevel to Bass
orders in the obvious way e.g., keepingin mind that the extended level uniquely

determinesthe Eichler symbols.
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2.3.5 Norm forms of orders

The main referenceis [59, x6]. We recall that a quadratic space (V;q) over a eld
F of characteristic di erent than 2 is a nite dimensional F-vector spaceV with a
symmetric bilinear form :V V | F. To the bilinear form we can assaiate
aquadratcmapq:V ! F byqv) = % ( v;v). A guadratic spaceis said to be
regular if for everyv 2 V, the condition that ( u;v) = Oforall uinV impliesv = 0.

We only considerregular quadratic spacesof rank 4.

Let R be an integral domain with eld of fractions F, and let be an R-lattice in
spaceV i.e., a nitely generatedR-submadule of V containing a basisfor V over F.
If () iscortainedin R, we say that ( ;) isaquadratic module overR. If Risa
principal ideal domain, then every quadratic module hasa basis,and thus determines
a quadratic form f (x) over F. The ideal generatedby the coe cien ts of a quadratic
form f (x) is de ned to be the content of f (x). If the cortent of a quadratic form

f (x) is equalto 1, then we say that f is prop er.

In order to distinguish which quadratic modules arise from projective rank one left
modulesfor an orderin a quaternionalgebra,we needto recall the notion of a Cli ord

algebra(a generalreferencefor Cli ord algebrasis [62]).

De nition  2.3.18. An injective homomorphismof R-modules : ' Aof in
an R-algebraA is said to be compatible with qif (v)2= q(v) 1,forallv2 V. An
R-algebraC = C() with an injection ¢ : I C compatible with g is saidto be
aCliord algebra for ( ;q) if for any R-algebraA and R-module monomorphism
A I A, there exists a unique R-algebrahomomorphism : C() ! A sud

that cC= A
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The Cliord algebraof ( ;q) existsand is unique up to unique isomorphism. Let

8
- _ER i=0
()__8

R R (itimes) i>0

The Cliord algebracanbe constructedasthe quotient of the tensoralgebraT() =

iT'() of Dby the relatonsv v q(v), with dened to be the isomorphism
of with TY(). Therelationsv v g(v) generatingthe kernel of the surjection
T() ! C() liein ;TZ(). It followsthat C() hasaZzZ=2Z-gradingand we have
adecommsition of R-modulesC() = Co() Ci(), whereCy() isthe evenpart of
C() andCy() istheodd part. Thering Cyo() iscalledthe even Cli ord algebraof
( ;9. The Cliord algebraof the quadratic space(V; g) is de ned to be the Cli ord
algebraC(V) of (V;q) asa quadratic module over F. Let e be a nortrivial certral
idempotent of Co(V). The algebraeCy() Q is a quaternion algebra ([62, Thm.
5.2.5]).

q bethe bilinear form asseiatedto ¢. Then the determinan t of , denoteddet(),
is de ned to be det( q(vi;Vvj)). This is the squareof the discriminarnt of ( ;q) (see
De nition 2.2.12 i.e., det() = d( ;@)% The determinart is nonzeroif and only if

( ;q) is regular. The determinart is well-de ned modulo (R )2.

Theorem 2.3.19. ([59, Thm. 61], [77]) (Kohel-Pays' criterion) Let ( ;q) be a
proper regular quadratic module of rank 4 over R of squaredeterminart, cortained
in the quadratic space(V;q). Let e be a nontrivial certral idempotent of Cy(V).
Then ( ;) is the quadratic module assaiated to a projective rank one left module
for an order in the quaternion algebraeCy()  Q if and only if one of the following

equivalent statemerts is true.

e =eCy()
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e is aleft module for eCy();

e is a right module for eGy();
Forewveryuin , e uisaleft ideal of eCy();
For someu in , e uis aleft ideal of eCy();
For somev in , v eisaright ideal of eCy().

For any projective O-module | of rank one, for O an order in the quaternion
algebraH=L, we can de ne a reducednorm map from the reducednorm of O. For
ewery nite placel of O_, x ageneratorx, of I, asan O;-module. Sincel is locally
principal, every x 2 | is of the form x, 2 I, for some | 2 O,. Sincex; is de ned up
to a unit in O, , and Norm(O, ) = O, , we de ne Norm(x) = Norm( ;) mod O .
SinceH is totally de nite, the reducednormonH  Riscortainedin R o forall ;.
Thus we de ne Norm(x) to be a totally positive generatorof\ ((Norm( |)O., \ O.);
it is thus de ned up to a totally positive unit (which is a squareof an elemen of
(OL) , sinceh™ (L) = 1).

Prop osition 2.3.20. (cf. [59, Prop. 51]) Let O be an order in a quaternion algebra
H=L. Let | be a projective O-module of rank one, with the quadratic map de ned

by the reducednorm on |. Then the determinart of | is d(O)2. Any isomorphism

of I with anideal J of O determinesa similitude :1 ! O with similitude factor
Norm(J).
Proof. The reducednorm on | is de ned using the local isomorphismsl;, = O,.

Thusdet(l;) = det(O;) mod O 2 for all | and the two determinarts are equal, since
determinarts (and levels likewise)are determinedlocally. The reducednorm on the
order O, restricted to elemeins of J is Norm(J) times the reducednorm on J de ned
via its left O-module structure. Thus anisomorphismof | with J de nes a similitude

with factor Norm(J). O
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Recallthat L is a totally real eld of narrow classnumber h* (L) = 1.

Corollary 2.3.21. Supposethat p is unramied. Any totally positive de nite,
proper, quadratic module ( ;q) over O_ of level p (and determinart p?) cortained in
Bp.L arisesfrom a projective rank oneleft module for an order in By, if and only if

the level of the assaiated order eGy() Is p.

Remark 2.3.22 This corollary is not usedin the sequelbut a priori, atotally de nite,
proper, quadratic module of level p could maybe come from a non-projective rank

oneleft module for an order of level gp, for someqjp.

Proof. Sincepisunramied, the level of eCy() will bepif andonly if its discriminant
is p (Propositions 2.2.22 2.2.19 if and only if its determinart is p?>. We chedk Kohel-
Pays' criterion. Note that eCy() Q = By, by assumption. Sincethe composite
mapV ! Cyi(V) ! eCy(V) = eV is an isometry (cf. [59, Prop. 59, p. 76]);
det() = det(e) andthe quadratic module e is cortained in the quadratic module

eCy():
e eG():

Sinceh(L) = 1, any quadratic module is free over O, and the two modulese and
eCy() coincideif and only if the quadratic module eC,() hasdeterminart equalto
the determinart of e i.e., p? by [59, Prop. 50]. SinceeC,() is a projective module
overeCy() by [59, Prop. 60],det(eC,()) = det(eCy()) by the proof of Proposition

2.3.20and we are done. I

Remark 2.3.23 More generally the sameproof applieswhen we know a priori that
the asseiated order eCy() of ( ;q) in By, is Gorensteini.e., that its level is equal

to its discriminart.
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2.4 Ab elian varieties

2.4.1 Polarizations and endomorphisms

Let L be a totally real number eld of degreeg over Q and let O_ be its ring of
integers. Let S be astheme. Let A be an abelian sdhemeover S of relative dimension

g = [L : Q]. Considerabelian shemeswith O -action
:OL ! Ends(A):

De nition 2.4.1. Let beapolarization onanabelianvariety A, and put End®(A) =

End(A) Q: The Rosati involution asseiatedto isthe map
End’(A) ! End’(A); f7if = b

The Rosati involution is a positive involution on End®(A). The semi-simplerational
nite-dimensional algebraswith positive involution were classifedby Albert. Every
division algebraover Q with a positive involution belongsto one of the following four

typesof algebras([92, x1]):
1. Typel: Totally real number eld L;

2. Type ll: Certral simple algebraB over L sud that the simple componerts of

B R areall isomorphicto M,(R);

3. Type lll: Certral simple algebraB over L sud that the simple componerts of

B R areall isomorphicto the Hamilton quaternionsover R.

4. TypelV: Certral simplealgebraB over atotally imaginary quadratic extension
of L.

The canonicalinvolution isdened by x 7! (x) = Tr(x) x. For Typelll algebras,

the positive involution is necessarilythe canonicalinvolution.
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Denoteby P (A) the sheafof O -linear, symmetric morphismsfrom A to its dual
abelianschemeA! for the etaletopologyon (Sch=S). The sheafP (A)* is the subsheaf
of P(A) obtained by imposing the extra condition that the morphismsbe polariza-
tions. We call P(A) the polarization module of A and P(A)* the positiv e cone
of polarizations. A principal polarization is a polarization A ! Al which is also

an isomorphism.

De nition  2.4.2. ([17, 2.1.3,p.64]) The abelian shheme A satis es the condition
of Deligne-P appas if the canonicalmorphismA o, P(A) ! A, (a; )7! (a)is

an isomorphism.
This condition implies that P(A) is locally constart ([103 Lem. 1.8]).

De nition 2.4.3. An abelian scheme with RM is an abelian shhemewith action

by O, satisfying the Deligne-Pappascondition.

De nition 2.4.4. ([82 x1, Def. 1.1, p. 257]) The abelian sheme A satis es the
condition of Rapoport if the Lie algebraof A islocallyon S afreeO_. ;Os-module

of rank 1.

Prop osition 2.4.5. ([39, Lem. 5.5,p. 99]) The condition of Rapoport implies the

condition of Deligne-RPappas.

Prop osition 2.4.6. ([17, Cor. 2.9,p.66]) If pis unrami ed, the condition of Deligne-

Pappasis equivalert to the condition of Rapoport.

Narro w class number one

Let S = Spedk), k a eld. Our theoremsare proved under the hypothesisthat the
narrow classnumber h* (L) of the totally realnumber eld L isone. This is equivalert
to askingthat h(L) = 1, and that all totally positive units are squares.If the class

number h(L) = 1, P(A) is unique up to isomorphismas a projective O -module of
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rank one. If h*(L) = 1, then (P(A); P(A)*) = (O.;0O,) asinvertible O, -modules
with a notion of positivity. A principally polarized abelian variety with RM satis es
the Deligne-Pappas condition automatically. Cornversely an abelian variety A with
RM always admits an O, -polarization ([82, Prop. 1.10]). Let (A; A*) be a projective

O, -module with a notion of positivity.

The moduli spaceof pairs (A; ) suc that (M 5;M %) = (A;A"), and the mod-
uli spaceof triples (A; ; ), where : (M ;M) T (A;A*) are the samewhen
h* (L) = 1. SinceCI(L)* classi esthe isomorphismclasseof projective O, -modules
with a notion of positivity, we can assumethat (A; ) comesequipped with a given

principal O, -linear polarization (see[17, x2.6]).

2.4.2 Dieudonn e modules

Dieudonre modules were discussedextensiwely in the rst part of this thesis (see
Chapter 1). The following is the bare minimum neededfor the sequel. Let k be a
perfect eld. Denote by W (k) the ring of Witt vectorsover k. Let be the unique
automorphism of W (k) which reducesto the map x 7! xP on the residue eld k. Let
W (k)[F; V] denotethe non-comnutativ e ring with indeterminatesF;V subject to the
relations FV = VF = p,and Fa= a F andaV = Va for a2 W(k). The rst

crystalline cohomologygroup D(A) := Hclrys(A:W(k)) of an abelian variety A=k is
a Dieudonnn e module, i.e., a W(k)[F; V]-module that is free of nite rank over
W (k). This Dieudonne module (or equivalertly, the correspnding p-divisible group)
plays the role at p of the more familiar "-adic Tate modules, which we review in the

next subsection.
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2.4.3 Tate modules

Our referencefor this sectionis [109. Let A; B be abelian varieties over a per-
fect eld k, of dimensiong, and let ° be a prime dierent from p. The stheme
A['"] := ker(A T A) is a nite etalegroup schemeof order (*")?9, moreover A['"] =
(Z=""Z)% whenk is algebraically closed. The group sdhemesA[ "] form an inverse
systemunder the maps ™™ : A["] ! A[" "], n m, and we t them together

to form the Tate module T-(A) = lim A["]. Over an algebraically closed eld,

n

T-(A) = Z%. We denote by To(A) the p-divisible group of A, de ned as the limit

Iim A[p"] of the inductive systemof closedimmersions
Al AT AR
provided by the nite at comnutative group schemesA[p"] of rank (p")%.
Theorem 2.4.7. ([109 Thms. 3, 5]) The maps
Home(A;B) zZ- ! HOMgy oy (T-(A); T-(B));
Hom((A;B) Zp ! HOMgy gy (To(A); To(B));
are injective with torsion-freecokernels.

Theorem 2.4.8. ([109 Thm. 6]) Let k bea nite eld. Then the mapsof Theorem

2.4.7 are bijective.

Remark 2.4.9 Here is a confusing point: If A is a supersingular abelian variety
over Fp, End(A) Z, = End(A[p*]), but End(A) W(k) = Endw(D(A)) as

W (k)-modules. The correct versionof Tate's theorem using Dieudonre modulesis

End(A)  Z, = Endw yrvi(D(A)):
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2.4.4 The a-number

The main result of this sectionis not neededin the sequel. The readercan acquairt
herselfwith the de nition of the a-number and Theorems2.4.10and 2.4.11
Let A be an abelian variety of dimensiong over an algebraically closed eld k of

characteristic p. The a-number of A (cf. [70, xIl 12-3])is de ned by
a(A) := dimg Home( p; A);

where | is the local-local group scheme of order p i.e., Ker(Fr : Ga=k ! Gz=K).
Notethat 0 a(A) g

Theorem 2.4.10. [95 Thm. 3.5, p.580]Let E;; E,; E3; E4 be supersingular elliptic

curvesoverk = k. ThenE; E,= E3; E,.

Theorem 2.4.11. ([71, Thm. 2]) Let k = k. A d-dimensionalabelian variety A has

a-number a(A) = gif and only if A = E9, E a supersingularelliptic curve.

An abelian variety A sud that A = E9, E a supersingular elliptic curve, is called
superspecial.

Let Ay=Spec(Z) be the moduli stadk of principally polarized abelian varieties of
dimensiong. It is an irreducible algebraic stadk of relative dimension @ The
bres A; FpandAy; Q areirreducible. Let T, bethe locusof points A2 Ay F,
with a(A) a

Theorem 2.4.12. ([31, x6]) The dimensionof T, is equalto
dim(T,) = g(g+ 1)=2 a(a+ 1)=2
Theorem 2.4.13. ([32 Thm. 2.11]) The loci T, are irreducible for a< g.

The T, loci are analogousto special Schulert cycles([57]). We give somesupport for

this statemert in the next theorem.
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Theorem 2.4.14. Let a> 0. The set Sing(T,) of singular points of the locus T, is

precisely T4z .

Remark 2.4.15 Note that Ay = Tp is smaooth (as a stad).

Before proving the theorem, we needto state a well-known lemma.

Lemma 2.4.16. Let U;;U, be two closedsubsetsof a variety A, and let U; be
irreducible. Supposethere existsx 2 U; sud that formally around x, U, is cortained

inUyie,x2U,andU; U, in Dyea. ThenU; U,

Proof. SinceU; is irreducible, the claim is reducedto verifying that the inclusion of
setsin nitesimally implies the inclusion of setslocally i.e., we supposewithout loss
of generality that U;; U, area ne. SinceUy; U, are closed,they correspnd to ideals
A1;Az in Oxa. SinceU; is cortained in U, formally around x i.e., B,  Aj;, where
A = A bX;A. SincefA; \ Oy = A; ([113 Cor. 2, p. 257]),the inclusion A, A

follows. 0

Proof. (of Theorem2.4.19 The inclusion Sing(T,)  Ta+1 is known ([31, Prop. 6.2]).
We only needto prove the other inclusion : Tai Sing(T,). The locus T, is
irreducible, and cortains T4. If we can shawv locally around the superspecial points
that To+;  Sing(T,) holds,we aredoneby Lemma?2.4.16 The standard superspecial
display has the form ,Z (',9 (where |4 is the g-by-g idertity matrix), hencethe
Hasse-Witt matrix of the universal display (mod p) is given by a symmetric g-by-g
matrix D = (t;), wheret; = t;; are indeterminates. We can descrite the locus
of Ta+1 and T, asso-calledsymmetric determinartal varietiesin terms of the Hasse-
Witt matrix, given by the subdeterminarts of rank g a (respectivelyg a+ 1). It

is well-known (the \second fundamertal theorem of invariant theory", see[3, Prop.,
p. 69]) that for so-calledgenericdeterminartal varietiesthe relation T,.; = Sing(T,)

holds for 0 < a < g. A similar result holds for symmetric matrices, as we shov now.
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Let I, bethe ideal generatedby the (g a+ 1) (g a+ 1)-minorsofD forO< a< g.
It is known ([61]) that |, is a radical ideal in the symmetric casealso. Thus, sincel 5
de nesT,, to shov Ty Sing(Ty), it is enoughto shaw that the rank of the Jacobi
matrix comingfrom T, i.e., composedof the derivativesofthe (g a+1) (g a+ 1)-
minors at any points of T,.; is smallerthan a(a+ 1)=2. Obsene that the derivative
with respect to any variable t; of the subdeterminart of any m-by-m minor in the
genericmatrix is a subdeterminart ofan (m 1)-by-(m 1) minor. That is, if (t;,j,),

1 r m,isanm-by-m minor, then

—— det(t;,},) = det(ti;,);S 6 ro;

iroiro

e.g.,thelinei,, andthe columnj,, beingremoved from the m-by-m minor to produce
the (m 1)-by-(m 1) minor. An analogousstatemert holds when we replacethe
genericmatrix by the symmetric matrix e.g.,the derivative of the subdeterminart of
an m-by-m minor of the symmetrix matrix canbe written asthe sum of subdetermi-
nants of (m 1)-by-(m 1) minors of the symmetrix matrix. Let G be an arbitrary
subdeterminart of the genericmatrix and denoteby Y™ the operation consistingin
identifying t; and tj;: as G runs through all subdeterminarts of m-by-m minors of
the genericmatrix, G%™ runs through all subdeterminarts of m-by-m minors of the
symmetric matrix, trivially. If G = G¥™, or G6& G¥™ andi = j, the result follows
from the genericcase,e.g.,we actually get only onesubdeterminart of a (m 1)-by-
(m 1) minor. In cortrast, if G 6 G¥™ andi 6 j, the chain rule allows to write
explicitly what the derivative is in the symmetric case:

Gsym G G o G oM G o

T T, T

and this is clearly a sum of two subdeterminarts. Summing up, the elemens of the

Jacobi matrix of T, all vanishon T,.1, and therefore T,.1  SIing(Ty). O
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2.5 The algebra of superspecial points on Hilb ert

modular varieties

2.5.1 Tate's theorem for supersingular abelian varieties with

RM

Let k be the algebraic closureof a nite eld k. All varieties will be de ned over
Spedk). We shaw in this section a variant of Tate's Theorem for supersingular

abelian varieties with RM.

De nition  2.5.1. An ,-isogeny is an isogety of abelian varieties that can be de-
composedin a sequencef isogeniesvhosekernel is the local-local group sheme .
We s& that two abelian varieties are ,-isogenousf there existsan ,-isogery be-

tweenthem.

Remark 2.5.2 Note that |, hasa unique form over any perfect eld.

The SiegelspaceA g1 parametrizesg-dimensionalprincipally polarized abelian vari-
eties. Its supersingularlocus Sg;; hasbeenmuch studied by Li and Oort in [65. In
particular, it is shovn that any point in Sy, is linked to an arbitrary superspecial
point by a sequencef ,-isogenieq[65, p.23], cf. [65, x6.3]), calleda rigid PFTQ. Li
and Oort's work hasbeengeneralizedn detail by S. Harashitato principally polarized
supersingular abelian varieties with RM by O, ([43, Prop. 4.10]and [43, x6 Coarse
moduli spaces]Harashita's thesisappearedin print in [44]), sothe mereexistenceof
rigid PFTQ with Oy -structure i.e., in which in ead stepthe ,-isogery respectsthe

O, -structure, givesus the following result right away.

Prop osition 2.5.3. (Harashita) Any two principally polarizedsupersingularabelian

varietieswith RM are ,-isogenous.



80 Superspecial Ab elian Varieties and Theta Series

Note that the O -structure on an abelian variety A inducesan O, 7 Z--structure on
its Tate module T-(A). Thus, the Tate module decompsesaccordingto the primes
Ij\OL .

Y Y
T-(A) = lim A["]= lim A[I"l= T(A):

Ij lj*
Lemma 2.5.4. ([82 Lem. 1.3]) Let A be an abelian variety with RM over an al-
gebraically closed eld k of characteristic p. Then the Tate module T-(A) is a free

O. Z--module of rank 2 for any ~ 6 p.

Note that any two abelian varieties A de ned over k are actually de ned up to an
isomorphismover a nite sub eld of k. We can x k to be big enoughi.e., so that

A1; A, and all O_-homomorphismsare de ned over k.

Theorem 2.5.5. Let Aj; A, be two supersingular abelian varieties with RM by O

de ned over a nite eld k. Then

Homo, «(A1;A2)  Z- Homo, z (T (A1); T-(A2))

M2(OL  Z');
Homo, «(A1;A2)  Z, = Homo, wrvi(D(A2); D(AL));

wherethe homomorphismsrespect the O -structures.

Note that
Z- 7 Homg, (A1;Az) = Homo, 7 (T-(A1); T-(A2))
if and only if
O, o, Homo, (A1;Az) = Homo, (Ti(A1); Ti(A2)) 8l
since

Y
O|_| oL HomoL (Al,Az) =Z z HomoL (Al,Az)

lj°
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and
Y

Homo,  (Ti(A1); Ti(A2)) = Homo, (T-(A1); T-(A2)):
i

Proof. We explain the modi cations to Tate's original argumert ([96, x2]) that are
necessaryo adapt his proof to supersingularabelian varietieswith RM by O, . Also,
we skip the details of the proof for * = p, sincethe argumert is similar.

We begin by explaining the disappearanceof the Galois group G = Gal(k=k) com-
paredto the statemert of the original Tate theorem (Theorem 2.4.7, cf. [14, Lemma
7.1]). This has ewerything to do with the fact that supersingular abelian varieties

have lots of endomorphisms.We needto verify that the canonicalmap
Z HomoL ;k(Al; Az) ! Homol_ Z- (T (Al), T (Ag)), (251)

is injective. To seethat, look at the following diagram:

Z: Horgk(Al; Ay) iy Homg (T (%1); T-(A2))

f2? ?f3

Z- Homg, «(A1;Ay) ! Homg,o, 7z (T-(A1); T-(A2)

canonical

The mapsf;f, (and f3) areall injective, hencethe map \canonical" is alsoinjective.
Sincethe left side of the canonicalmap (2.5.1) hasZ--rank equalto 4g and the right
side, oncecoordinates are chosen,is an order inside of M,(O,  Z-), the cokernelis
torsion. It follows that the Galois group G acts through scalars. Thus, after proving
the analogueof Tate's theorem, we can eliminate the mertion of G from the statemen
of the theoremin the end.

Recallthe mainideasof Tate's proof: wereducethe desiredbijection (in the statemen

of the theorem) to the bijection of the map:
Q Endo, (A) ! Endo, (V-(A)); (2.5.2)

for any abelian variety A de ned over k, whereV-(A) = T-(A) Q. To shaw that the

map in Equation (2.5.2 is bijective, we rst usethe fact that h(L) = 1 to show that
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the canonical map is injective with torsion-free cokernel: if an O_-homomorphism
f : Ay ! A, vanisheson A[l], we pick a generator | of the principal ideal | to
de ne the homomorphismg := | 1 f asin Tate's proof.

Tate then introducestwo commnuting subalgebras- and F- of the Q--algebra
End(V-(A)) which are de ned asfollows: E- is the imageof Q- Endi(A) under the
map 2.5.2 while F- is the subalgebraof End(V-(A)) generatedby the automorphisms
of V.(A) de ned by elements of G. Tate then proceedsto shown that the desired
bijection is again equivalert, by the theorem of bicommutation, to the fact that F- is
the comnutant of E- in End(V-(A)), if F- is semisimple.

The nameof the gameis now to considerthe obvious O, -versionsof thesesubalgebras
and shaw that they are alsocommnutant to oneanother.

In Tate'saxiomatic proof comesnext a hypothesiscalledHyp(k; A; d; ) which is satis-
ed for nite elds: Hyp(k;A; d;") stipulates that there exists (up to k-isomorphism)

only a nite number of abelian varieties B de ned over k sud that:

There exists a polarization  of B of degreed? de ned over k

There existsa k-isogety B ! A of "-power degree.

It is clear that the O -version of this hypothesis holds for supersingular abelian
varieties with RM by O_. Tate then proves two propositions under the hypothe-
sisHyp(k; A; d;’). The rst proposition is to shav that for any G-stable maximal
isotropic subspacew of V-(A) with respect to the non-degeneratealternating bilin-
ear form on V-(A) correspnding to an O, -linear polarization of A de ned over k,
there exists an elemen u 2 E- sud that W is the image of V-(A) under u. An
additional ingrediert necessaryn the O, -setting is the existenceof O -polarizations
of A: The existenceof sud a polarization was proved by Rapoport in his thesis([82)).
Tate's secondproposition shows that the HypothesisHyp(k; A; d; ) and the fact the

the Q--algebraF- is isomorphicto a product of copiesof Q- implies that the map
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2.5.21is bijective. The proof proceedsby descendinginduction of the dimension of
an isotropic subspaceof V-(A), and thus the rst induction is guararteed by Tate's
rst proposition, and the rest of the proof is completely general. Tate's proof nishes
by using the particulars of assumingk to be nite to relate F, the subalgebraof
Q Endk(A) generatedby the Frobeniusendomorphismof A relative to k, with F-,
thus shaving that F- is indeedsemisimpleand moreover isomorphicto a product of
copiesof Q-. The O, -version of the proof's ending follows from the fact that the

Frobeniusendomorphismcomnutes with any O -endomorphism. O

Corollary 2.5.6. Let A;; A, be two principally polarized superspecial abelian vari-
etieswith RM with isomorphic Dieudonre modules D(A;) = D(A,) de ned over a

nite eld k. Then Homg, (A1;Ay) is a projective Endo, (A1)-module of rank one.

Proof. Let O := Endp, (A1). By Proposition 2.2.34 an O-ideal is projective if and
only if it is locally principal. We thus ched the latter condition. Tate's theorem for

supersingular O, -abelian varieties shows that
Homo, (Ag;A2)  Z = Homg 2 (T-(A1); T-(A2));
respectively,
Homg, (A1;A2)  Zp = Homg, wr:vi(D(A2); D(A1)):
It follows that

HOl”noL (Al, Az) Z- HomOL Z- (T (Al)y T (AZ))

Homo, z (T-(A1); T-(Ay))

Endo, (A) Z-

where we have usedthat T-(A;) = (O. Z-)?, and thus Homg, (A1;A,) is locally
principal at * 6 p. A similar argumert shovs that Homo, (A1; Ay) is locally principal

at p.
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O

The projective Endo, (A1)-module Homg, (A1; A2) can be embeddedas an integral
ideal in Endo, (A1) by the map f 7! f, where : A, ! A is an arbitrarily

chosenQ, -isogely.

Corollary 2.5.7. Let p be unramied in O_. Let A;;A, be two principally po-
larized superspecial abelian varieties with RM. Then Homg, (A1; A) is a projective
Endo, (A1)-module.

Proof. If pis unramied, there is a unique superspecial Dieudonne module with RM.
Indeed, sincein general Dieudonre modules factorize accordingto the rami cation
of p (cf. [38, x2.3]), we can reducethe questionto the inert case,which is found in
[36, Thm. 5.4.4];seealsoChapter | of the presen thesisfor a discussionof the totally

rami ed case. 0

We needa versionof Tate theorem'sfor supersingular abelian varieties with RM
that holds for principally polarized abelian varieties.
Denoteby Z-(1) = lim - the inverselimit of ""-th roots of unity for all positive
integersr andlet be an O, -polarization of (A; ). The polarization and the Weil
pairing

e :T(A) T(A) ! «;

induce an alternating forme = e( ; ( )) onT-(A) sud that the elemens of O_

are self-adjoirt. This is equivalert to an alternating O,  Z--bilinear form
T (A) T(A) ! D' 2Z(1);

sudh that Tr-q =e( ; ( )). Weshallcall apairing sudhas an alternating

pairing of a Tate module with RM .
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De nition  2.5.8. A quasi-polarization on D(A) is an (O, W (k))-bilinear form

e =¢e( ; () from
D(A) D(A) ! D' W(K)

satisfying the conditions:

e (Fx;y)=e (xVy); e(Vxy)=e(xFy)

e (xy)= e (y;x);

where is the Frobenius.

Theorem 2.5.9. Let (A1; 1; 1);(As; 2, ») betwo principally polarized supersingu-

lar abelian varietieswith RM by O, . Then

Homo, ((A1; 1);(A2 2)) Z- = Homo, z ((T-(A1);e,);(T-(A2);€,));
and

Homo, ((A1; 1);(A2; 2)) Zp= Homo w((D(A2);e ,);(D(As) e ,));
where
Homo, ((A1; 1);(Az 2)) R:=f 2Homg (A;;A;) Rsuhthat .= ig;

and where
Homo, 7z ((T-(A1);e,); (T-(A2);e,))

=f 2Homg, z((T(A1);(T(A2)] e,=e,Q;
and similarly at ~ = p.
Proof. Let * 6 p. The map

Homo, ((A1; 1); (A2 2)) Z-] Homo, z ((T-(A1);e ,);(T-(A2);e,));
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is clearly injective. Pick amap 2 Homo, z ((T-(A1);e,);(T-(A2);e,)). Then, by
Theorem 2.5.5 there existsa map 2 Homg, (A1;A2) Z- which induces and

2=0q 1forsomeq2 O_ Z-. An alternating pairing on T-(A) can be viewed
asan elemen of

Homo, 2 ("3, . T(A);D ' Z(1);

soamap 2 Homg, (A1;Az) will induceamap”~? :72T(A;) ! "2T(Ap) that
makes the obvious diagram comnute i.e., e, = e, "2 . SinceA; and A, are
principally polarized,they are p-isogenouswe cansupposethat e , = e, for = 6 p,

and this amourts to 2 = li.e.,g="? = 1. The proofis similar for > = p. O

Corollary 2.5.10.

19;

Aut(Endg (T-(A)) = f 2 Endo (A) Z:j °

Aut(Endg (D(A)) = f 2 Endo (A) Zyj ° = 1g;

where Cis the Rosati involution induced by

Proof. If A; = A, = A, the condition 1= jisthe sameas ° = 1. O

2.5.2 Transitivit y of the Hecke action of H-

We prove the existenceof an " -power degreeO, -isogely betweenany two superspecial
abelian varietieswith RM with isomorphic Dieudonne modules: this follows from the
strong approximation theorem ([12, Proof of Prop. 4.6]) and using Corollary 2.5.10
to adapt the argumen to the RM case. The idea of the proof is that the “-power
Hedke orbit of a supersingular point on the Hilbert moduli spacecan be descrited
by double cosetsfor the "-adic points of a suitable algebraic group. To obtain the
desiredresult, we apply the strong approximation theoremto shav that the double

cosetsparameterizingthe “-power Hedke orbit of a superspecial point x on the Hilb ert
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moduli spacehasthe samecardinality asthe double cosets(for the adelic points of
the samealgebraicgroup) parameterizingthe set of superspecial points with the same
Dieudonre module as x.

This argumert in the elliptic caseis to be found in great detail in Cornut's Ph.D.
thesis (see[16, Cor. 5.5.6], but bear in mind that the prime characteristic in that
references °, not p).

Let A, bea xed (principally polarized) superspecial abelian variety with RM by O, .
Let G4 denote the group stheme over SpedZ) whose group of R-points, for any

comnutative ring R, is :
Gx(R)= 2 (Endo, (Ax) R); ° =1;

where 7! Cis the Rosati involution induced by the polarization of A,. We will
sometimesdrop the su x in Gy if no confusioncan arise.
Let , denotesthe set of isomorphism classesof principally polarized superspecial
abelian varieties with RM (A; ; ) of dimensiong over k sud that the Dieudonne
module D(A) isisomorphicto D(Ay) asquasi-polarized Dieudonne moduleswith RM,
and the Tate module T-(A) is isomorphic to T-(Ay) as nondegeneratealternating
O. Z--modulesfor all © 6 p. We know that these conditions are automatically
satis ed i.e., that the prime-to-p Tate modules are isomorphic, sincethere exists an
p-isogery betweenany two principally polarized superspecial abelian varieties with

RM by Proposition 2.5.3 the condition at p is satis ed by hypothesis.

Theorem 2.5.11. ([111, Thm. 10.5]) The set  is in natural bijection with the
(adelic) double cosetsG, (Q)NGy (As )=Gy(2).

We now descrile the “-Hede orbit of a superspecial point on the Hilb ert moduli space
can be descrike by the "-adic points of the samealgebraicgroup Gy.

We adapt to our algebraic group Gy the argumen of Ching-Li Chai ([12, Proof of
Prop. 4.6]): The specialunitary group G4 over Q attachedto the semisimplealgebra
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Endo, (Ax) z Q = By, with Rosati involution is an inner form of SU, sud that

Gyx(R ) = SU,(R) is compactfor any embedding :L ! R, while
Gy(Q) = fb2 (Bp Q) jNorm(b) = 1g

is non-compactfor every prime number ~ 6 p. The Z--lattice Endo, (Ax) 2z Z: in

Endo, (Ax) z Q' de nesamaximal compactsubgroupG,(Z-) of G4(Q-). Note that
Endo, (Ax) zZp T Endo, (D(Ax))
by our supersingular versionof Tate's theorem. Moreover,
Gy(Z,) = Aut(End§ (D(A)))

by Corollary 2.5.10Q

We now descrite the Hede orbits in terms of G4: by the argumen of [11, End of
x1] (cf. [12 p.9], [16, Prop. 5.5.2]), the prime-to-p Hedke orbit of x on the Hilbert
moduli spaceof o(N) level (N;p) = 1, is in natural bijection with the nite set

Y o
(Gx(Q)\ Gx(Zp))n Gx(Qr)= o(N);

rép

where o(N) is the usual congruencesubgroupof restricted product Qfngx(Qr) of
level N. We are only interestedin the N = 1 case,sothe prime-to-p Hede orbit of
the point x on the Hilb ert moduli spaceis in natural bijection with the double cosets

Y o Y o
(Gx(Q)\ Gx(Zp)n  Gu(Qr)=  Gx(Z)):

rép rép
A similar argumert of courseappliesto the “-power Hede orbit. The "-power Hede
orbit H- x of a point x is thus parametrizedby:
Y 0}
Gx(Q)\  Gx(Z0) nGx(Q)= o(N)7
‘g

where o(N)%is the congruencesubgroupof G,(Q-) of level N e.g.,G,(Z') if N = 1.
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Now that we have the description of the "-Hede orbit, we usethe strong appraxima-

tion theoremto related the "-adic double cosetswith the adelic double cosets.

For the group Gy, the statemert of the strong approximation theorem ([102, p.81])
is: Gy (Q)Gx(Q) is densein Gy (As). Sincer(,b;) is openin Gy(Af), wethus get the
equality:

Gx(Q')Gx(B)Gx(Q) = Gx(As):

It followsthat for any ba, 2 G« (A ), there existssomegg 2 G«(Q), o 2 G4(Q*) and
b, 2 GX(Q) sud that goa by, = Ba,. This implies that the map Q- ! A¢ inducesa

surjection:

Gx(Q)  Gx(QNGx(Ar)=G(2):

which in turn yields a bijection at the level of double cosets

G(ZIDNGA(Q)=Gx(Z)) | Gx(QING(A)=Gx(2):
Since G, (Z[]) = G (Q) \ Q\og\ Gyx(Z-0), this shaws that the "-power Hede orbit of

the point x is . We thereforeconclude:

Prop osition 2.5.12. Let Aj; A, be principally polarized supersingular abelian va-
rieties with RM with Tate modules T-(A1); T-(A,) and Dieudonre modules D(A,),
D(A,). Recallthat T-(A1) = T-(A;) asO_ Z--module with alternate pairings by
Proposition 2.5.3 Assumefurther that D(A;) = D(A,) asquasi-polarizedO,. W (k)-
modules, a condition holding automatically if p is unrami ed (seeProposition 2.5.7).
Then for any prime = 6 p, there exists an "-power isogety betweenA; and A,. In
particular, the module Homg, (A1; A,) cortains two isogenieswhich are of coprime

degrees.
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2.5.3 Quadratic forms arising from superspecial points
Let A;; A, betwo abelianvarietieswith RM. Let ; = A; ! Al;i = 1;2; beprincipal
O -polarizations, and de ne, for 2 Homg, (A1;A3)
t 2 A
2 2
BDIN=010.= 1 2 y
AL 1A
Then we obtain a function:

JjJl :Homg, (A1;Az) ! Endo, (A1):

Lemma 2.5.13. The functionjj jj takesvaluesin O_  Endo, (A1) andis a totally

positive O, -integral quadratic form,
1.jj j=0ifandonlyif =0andj j Oforall 6 O;
2.< o=+ i W Gdi= 4t te 4 . isasymmetic
O, -bilinear form. In particular,
30" ii= "% iy for T2 O
Proof. The elemen jj jj is xed by the Rosatiinvolution f 7! f%= ft ,:
DGt 2 )= gt

This implies that jj jj 2 f 2 Endo, (A1)j °= g = O.; sincein general, the
Rosati involution xes L in End%L (Aqp): If A; and A, are supersingular abelian va-
rieties, it follows from Albert's classi cation that we are in the Type Ill situation:
the quaternion algebraEndo, (A1) Q over the totally real eld L is totally de -
nite, hencethe Rosati involution is the canonicalinvolution i.e., the conjugation map
i.e., x = Tr(x) x = X onthe quaternion algebraBy,. Since ; is principal, all

computations are integral, and the imageofjj jjisO..
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Let usched Assertion(1). Clearly, jj jj = Oif andonly if isthe zeromap (any non-
zeroO_ -homomorphismof abelian varietiesis anisogely). The total positivity follows
from properties of the enbeddingof the Neron-Seeri group N S°(A) in EndoOL (Ap)sym
viathemap 7! ;' ([39 p.46]): the polarizations are sern to positive symmetric
elemens. We nally chedk the O -linearity of the symmetric bilinear form. The

argumert is essetially the samefor the rst variable and the secondvariable:

TR T R [ I QD B el QR A
= ,tvt, ¢ttty
= Uttt B,
=t +T gt

=+ uonon

How canwe comparejj jj with the norm form on EndgL (A) ?
Prop osition 2.5.14. The O -degreejj jj is multiplicativ e: if 2 Homg, (Az; As)
and 2 Homg, (A1;Ay), then
/I /RTINS | I/ RPTI | I | IPP
Proof.

B dee = 70 ) s()

:11t2jj jj2;3
=g diasat o2

=0 e 00w
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Remark 2.5.15 This property de nes the quadratic form up to a constart multiple.

Lemma 2.5.16. Let 2 Homg, (A1;A;). Let O = Endg, (A1). Wecanuse to
embed Homg, (A1;Az) asan O-ideal:

Homo, (A1;Az) | Endo, (Ay);

Then
Norm( () =i 'ii ii ii:
Let | bethe O-idealj (Homg, (A1;A2)). Then the reducednorm N (I ) is equalto
the ideal (jj Yjj).
Remarkthat for A; = A, 1=

° = Norm( );

=
for 2 Endo, (Ay).

Proof. Compute the norm ofj ( ):

Norm( (1)) =j ()i ()
=00 (28 Y 2 ) Lt ]
=0 2.t 2]
=[2 .0 2]
=0
since , . '2 O.. It follows that

il )i =NormG () =i ‘i i i



2.5 The algebra of superspecial points on Hilb ert modular varieties 93

hencethe norm of | , being the greatestcommondenominator of the norms of the
elements jjj ( )jj, is the greatestcommon denominator of all jj ‘tjj jj jj, for 2
Homo, (A1; A). Sinceany superspecialabelian varietieswith isomorphicsuperspecial
crystal admit two isogenies ;; , of relatively coprimeabsolutedegreeby Proposition
2.5.12i.e., sud that

Normi=qjj 1jj;Normi=qjj 2jj = 1
and thus (jj 4ij;ji 20i) = (1), thenceit followsthat N(I ) = (jj Yjj): O

Summarizing the previous discussion,we obtain the desiredlink betweenthe norm

map and the O, -degree.

Prop osition 2.5.17. Let O := Endo, (A;). Let Homg, (A1;Az) = A, A an integral
O-ideal. Thenthe O_ -degreeof an O -isogely  correspndingto anon-zeroelemern
X 2 A is related to the norm of the quaternion algebraby the formula, valid up to a

unit:

... Norm(x)

Xl = Sy
Norm(A)

The indeterminacy between the O, -degreeand the norm of an elementis thus a

constart multiple: it is a totally positive elemen well-de ned up to atotally positive

unit.

2.5.4 Tensor construction

We gather a few well-known properties of a tensor construction attributed to Serre
(cf. [14, x7] and [16, x10]).

De nition  2.5.18. ([14, Thm. 7.2]) Let S be a scheme. Let R be an assaiative
ring with identity, M bea nitely generatedprojective right R-module with dual left

R-module M! := Homg(M;R) of right R-linear homomorphismsand M be a left
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R-module schemeover S i.e., an R-module object in the categoryof S-sthemes.The
functor
T ! M gM(T)=Homg(M M (T)) (2.5.3)

is represeted by a comrmnutative group shemeover S, denotedby M g M.
In particular, if M is an abelian shheme,then M g M is alsoan abelian sheme.

De nition 2.5.19. ([14, Def. 7.6]) A nitely generatedprojective (right) R-module
M has constant rank r if the nitely generatedright K-module M . K has
lengthdgr foreverymap :R ! K to a nite-dimensional certral simple algebra
over an algebraicallyclosed eld k = Z(K), with dim, K = d2. In other words, asa

right K-module, M . K isisomorphicto an r-fold direct sum of copiesof K .

Prop osition 2.5.20. ([14, Proof of Thm. 7.8])Let M ! S bealocally nite type
left R-module schemeover S, and let M be a nitely generatedprojective (right)
R-module. We use the notation T, to denote the tangent spaceat 0. Thereis a
natural isomorphism:

M rTo(M)=To(M rM):

Prop osition 2.5.21. ([14, Thm. 7.5]) Let M be a left R-module schemewhich has
relative dimensiong over S. Then M r M hasrelative dimensiongr over S if the

module M hasconstart rank r over R.

Prop osition 2.5.22. ([14, Lem. 8.2]) Let R be an assaiative ring and M a nitely
generatedprojective left R-module. For any left R-module sihemeM over S and any
commutative S-group schheme G, view the group Homs(M ; G) as a right R-module

via the R-action on M. Then the natural map:
M - Homs(M;G) grM ! Homs(Homg(M;M);G);

de ned functorially by m( m):f 7! (f (m)) (onthe level of points in S-schemes)

is well-de ned and an isomorphism.
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2.5.5 Endomorphism orders of superspecial abelian varieties

In this section,we needto establishanother property of the tensor construction. In
general,if A is an abelian schemeequipped with an action by a commutative ring R,

and T is an R-algebra,it is natural to expect that the following isomorphismholds:
EndR(A) RT = EndT (A R T)

In fact, aswe will seeshortly, a more generalstatemert holds. We speci cally need

the caseR = Z, A a supersingularelliptic curveand T = O_.

Lemma 2.5.23. ([11, Lem. 6]) Let L be atotally real eld. Let (A; ) be an abelian
variety of dimensiong = [L : Q] with multiplication by O, over an algebraically
closed eld k. Then A is isogenoudo B" for somesimple abelian variety B=k. Let
D = Endi(B) 7z Q, soEndk(A) 7z Q = M,(D). Considerthe casewhenD is a
totally de nite quaternion division algebraover Q, dim(B) = 1 and the eld k has
characteristic p. Then the algebraD = By is the quaternion division algebraover
the rationalsrami ed at pand 1 , and B is a supersingularelliptic curve over k. The

certralizer of L in Endg(A) 2z Q,

Centeng,(a) olL);

is the quaternion division algebraBp1 L which is rami ed at all in nite placesof
the totally real eld L and all placesv of L above p sud that [L, : Qp] is odd, and

is unrami ed at all other nite places.

Lemma 2.5.24. ([14, Lem. 7.14]) Let R be an assaiative ring, M; and M, two
nite projective left R-modules. Let M1 denotethe right module of left-linear maps
from M; to A. For any two left R-module sdhemesM ; and M , over a baseS, view

the group Homg(M 1; M ;) asa right R-module via the R-action on M and as a left
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R-module via the action on M ,. Then the natural map:

MoMq - M}_ R Homs(M 1;M2) R M2 ! Homs(HomR(Mz;Ml);HomR(Ml;Mz))

(2.5.4)
de ned functorially by
Mz, (1 m2))(f) :my 78 “3(ma) (f (mMp));
(on the level of points in S-schemes)is well-de ned and an isomorphism.
In particular, there is a natural isomorphism
M! R Ends(M) grM = Ends(Homg(M;M));
givenby - m7! (f 7' () (f(m))), andthis is anisomorphismof assiative

rings.

Remark 2.5.25 An interesting feature of Lemma 2.5.24is that the natural map 2.5.4
upgradesto an isomorphism of assiative rings when both sidesof 2.5.4 are rings
eg.,M; = Myand M; = My; M3 = M, and M, = R, M! an R-algebra (or vice

versa);

Prop osition 2.5.26. Let E beasupersingularelliptic curve. ThenEndo, (E O.) =
End(E) O.: In particular, the order Endo, (E O.) is Bass.

Proof. We have seenearlier (2.3.3 that End(E) O is primitiv e. Thence,it su ces
to show that the certralizer of O in End(E  O.), Endg, (E  O.), is isomorphic
to End(E) O..

First, the generalalgebraicproperties of Hom and  givesthe following isomor-

phism of rings:
EndoL (E z OL) = Hom(E, Homol_ (OL, E - OL))
(by the Hom- adjunction)

= Hom(E;E 7 Op) (by de nition).
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From Lemma2.5.24 we get the secondisomorphismof rings needed:

O =< End(E)

Hom(Hom;(Z; E); Hom;(O! ; E))

Hom(E;E 7 O.) (cf. Equation 2.5.3

We concludeimmediately that
Endol_ (E z OL) = End(E) 72 OL:
U

Theorem 2.5.27. Let pbeunramied. Let A bea principally polarizedsuperspecial

abelian variety with RM. Then Endo, (A) is a superspecial order of level p.

Proof. By Proposition 2.5.12 the order Endg, (A) is locally conjugateto the order
Endo, (E Or) = End(E) O, which is a superspecial order of level p. Sincebeing

superspecial is a local property, we are done.

Remark 2.5.28 This alsofollows straight from Theorem 2.5.5

2.5.6 The bijection between ideal classes and superspecial
points

Let p be unramied. The goal of this sectionis to give a direct connection be-
tween superspecial abelian varieties with real multiplication and the arithmetic of
guaternion algebrasover totally real elds, generalizingthe classicalbijection be-
tween supersingular elliptic curves and left ideals classesof a maximal order in the
rational quaternion algebraramied at p and 1 . We supposethat p is unrami ed
throughout, sothat the order O under considerationis an Eichler order of level p. The

preciseidenti cation of the ordersappearingasendomorphismordersof superspecial
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abelian varietieswith RM by O, enabledusto derive, using standardtools, the class
number formula or rather an expressionin terms of double cosetsof the number of
ideal classegseeCorollary 2.3.8. It turns out that this nite setB'(O)nJ3=B has
the samecardinality as the set of superspecial points on a Hilbert modular variety
a la Deligne-Pappas. We usethe Serretensor construction to establisha functorial
bijection. The argumern using kernelidealswe generalizewas already deweloped and
applied to the caseof elliptic curvesin [108 x3], where the endomorphismorder is

maximal.

De nition  2.5.29. Let A be a superspecial abelian variety with RM by O_. Denote
by I anintegral left O-ideal, whereO = Endo, (A). Wede ne A[l] to be the sheme-
theoretic intersection of the kernelsof all 2 I. A left O-ideal | is called a kernel

ideal if | =f 2 Oj (A[l]) = 0Og.

The tensorconstructionis de ned in De nition 2.5.18and studied in depth in Section
2.5.4 It wasalsode ned in detall in the cortext of Hilbert modular varietiesin [28,

Proposition 1.2.7].

Prop osition 2.5.30. Let A be a superspecial abelian variety with RM. Let | be
a projective rank one O-module, where O = Endg, (A). Then A o | is alsoa

superspecial abelian variety with RM.

Proof. Since A is principally polarized, the cotangen spacewill be killed by Ver-
schiebungif and only if the tangert spaceis killed by Frobenius. Both conditions are
equivalert to A being superspecial. It follows from Proposition 2.5.20that Frobenius

alsokills the tangert spaceof A o |, and we are done. O
Theorem 2.5.31. ([108 Prop. 3.11])Let A, B be kernelideals. Then

A OA=A oB
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if and only if
[Al=[B]

i.e,A=B forsomev2B, .

We now make this theoremrelevant by shawving that any left ideal of the hereditary

order O = Endp, (A), asin the caseof a maximal orderin B, , is a kernelideal.
De nition  2.5.32. ([108 Def., p.533]) Let I, be a left O-ideal. The ideal
l2:=f 2 0j (All1]) = Og

is called the associated kernel ideal to I,. Note that A[l1] = A[l;], sol, is indeed

a kernelideal.

Lemma 2.5.33. Let |, bealeft O-ideal,andlet1; 1, bethe ass@iatedkernelideal.
Then N -q(Norm(l1)) = N -q(Norm(l,)), and thereforel; = I, i.e., all O-idealsare

kernelideals.

Proof. The proof by Waterhouse([108 Thm. 3.15]) in the maximal caseessenhally
relies on a theorem of Nehrkorn (seebelow) which generalizesvithout modi cation

to the hereditary case. O

Prop osition 2.5.34. (Nehrkorn) Let | be an O-ideal. Let O,(l) be its right order.
Then thereis an O, (I )-ideal J sud that IJ = R for 2 By, and

(Norm=o(N (3));jAllli) = L

Proof. The proof of Nehrkorn's theorem in Deuring's book ([21, Satz 27, p. 106])
only usesthe fact that a (left) ideal is locally principal, which is always true in the

hereditary case. H
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Theorem 2.5.35. The mapB 7! A o B from ideal classesof O to superspecial
abelian varieties with RM by O_ is a bijection at the level of setsand is functorial
in A.

Proof. The functoriality is clearfrom the constructiongivenin Section2.5.4 We have
seenthat all O-idealsare kernelideals,hencethe mapB 7! A o B isinjective. We
just needto proveit is surjective. Let A°be a superspecial variety with RM. We warnt
to nd aprojective module B suchthat A oB = A% ConsiderB := Homg, (A; A9.

The natural map
A oHomg (A;A9 1 A% a 71 (a):
is a well-de ned, and an isomorphismof abelian varieties with RM. O

Corollary 2.5.36. Let p be unrami ed. All superspecial ordersO of By, of level

pO. arisefrom geometry

Proof. Since superspecial orders O of level p are locally isomorphic (Proposition
2.2.29, the set of right orders of a complete set of represetativ es of left, projec-
tive ideal classesf any superspecial order of level p represen all isomorphismclasses
of superspecial ordersby [102 Lem. 4.10, p. 26] and Proposition 2.2.34(cf. [102
Cor. 5.5,p. 88])). O

2.5.7 Application of Kneser's Theorem to superspecial or-

ders

The avowed purposeof this subsectionis to coin Kneser's Theorem, and derive an

easycorollary pertaining to superspecial abelian varieties.

Theorem 2.5.37. (Kneser) Let f be a totally positive de nite quadratic form in

n 4 variables over the totally real eld L. There is a constart C; (depending
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e ectivelyon f) sud that if 2 O is totally positive and Norm( ) C;, then the
number is primitiv ely represeted by f if and only if it is primitiv ely represeied

locally at every completionv of L. By primitiv e represetation, we meanan integral

Proof. The proof in ([10, x11, Section 9]) for Q works for any totally real number

De nition 2.5.38. An O_-isogely :A; ! A,isprimitiv e if for any factorization
=[m] , where isanOg-isogely and[m] is multiplication-by-m form 2 O, it

is necessanthat m 2 O, .

The strategy of the proof of the existenceof an isogety of arbitrary degreein the
elliptic case(asin [59, Cor. 77]) works in the Hilbert case.Recallthat we proved the

existenceof an “-power isogety in Proposition 2.5.12

Theorem 2.5.39. Let A;; A, be two principally polarized superspecial abelian va-
rieties with RM. Then for every n 2 O, su ciently large and relatively prime to p,

there existsa primitive isogety :A; ! A over k of O, -degreen.

Proof. We equip the module M of k-isogenieswith the structure of a quaternary
guadratic module with the jj jj map. It is sucient to look at solutions locally.
Put O := Endo, (A;). For all primes| in O, the projective O;-module M, is free
of rank one over O, and generatedby an isogely of degreerelatively prime to |. For
all primes away from p, O, splits and the local condition is trivially satis ed, be-
causethe matrix algebraM,(O,) represets all (totally positive) integersprimitiv ely.
Thus we needonly considerthe primesp over pin B,; L. Herealso, ewery in-
teger n relatively prime to p is represeted, since O, cortains a split extensionor
an unrami ed quadratic extensionR, of O_,, O being superspecial (see De nition

2.3.13, and the reducednorm map on O, inducesthe surjective norm map on units
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Norm:R, ! O . Sincen liesin O, any represemation of n is trivially primi-
tive in M,. At placespjjp unramied in By, , thereis alsoa split or an unrami ed
extension,and the sameargumen applies. Thus the conditions of Kneser'stheorem

are satis ed, and the result follows. O

2.6 Theta series arising from superspecial points

In this section, p is arbitrary. Let A;; A, be two principally polarized superspecial
abelian varieties. The O, -module Homg, (A1; A2) becomesa quadratic module when
equipped with the O -degreegjj jj (seeLemma2.5.13. We study in this sectionthe
theta seriesthat arisefrom thesequadratic modules. We prove that the g-expansion

X
= aqg,
o3 00r =0

where

a =jf 2 Homo (A1;A2) sudthat jj jj = gj;

is the g-expansionof a Hilbert modular form. This actually stemsfrom the fact
that is atheta seriesi.e., a is given by the totally positive quadratic form jj jj.
In particular, ag = 1 (the zeromap!). Sinceh* (L) = 1, all totally positive units are
squaresand thus the quadratic form jj  jj is uniquely de ned asthe norm up to an
integral change of basis, operation under which the represemation numbers of the
guadratic form are invariant. This shows that the theta seriesdoesnot depend on

the polarizationos ;; , usedfor the de nition of the O, -degreejj jj.

Theorem 2.6.1. A theta seriesconstructed from a quadratic O, -lattice (M;q) of
level N yieldsa Hilb ert modular form of weight 2 and quadratic character ,, (modulo

the level) given by a Gausssum, which transforms under the group

SL,(O. N Norm(M)D.):= f(28) 2 Ou  (Nom(M)DL) * a4 pe= 1g;

N Norm (M )D, OL
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whereN = (p) is the level of the lattice M, and D, is the di erent of L.
Proof. This was rst proved by Eichler ([24, Th. 1]). O

We apply this generaltheoremto the O -lattices (Homo, (A1;A);]j Jj) of level (p)
(the level hasbeencalculatedin Proposition 2.3.20.
We needto explain why the quadratic character is idertically 1 for the theta series
coming from quaternion algebras. The expressionof \, in terms of a Gausssumin
[24, Thm. 1] for a lattice of O -rank 4 is given by the formula:

29

X
O 0P e 0N = det(tr (q(l ;1)));
X2M=M

where 2 NNorm(M)D_, and is computedwith respectto a basisl ;I of M.
This is a quadratic character modulo the level, and it is equalto 1 if the determinart
of M is a square. Sincethe determinart of (Homo, (A1;A2);]j Jj) is always a square
(in this occurrencep?), the quadratic character \, is thusidertically 1.

For (M;q) = (Homo, (A1;A2);jj Jj), the existenceof two isogenief coprimedegrees
imply that Norm(M ) is 1. But sinceh(L) = 1, the group of transformation is actually
isomorphicto  o(p) i.e., the matrices (28) 2 % 3" sudithat ad bc= 1: the
bottom-left entry and the top-right erntry \cancel out" if the ideals are principal,
since SL,(O.) and SL,(O_ ;D) are conjugate. Thus, the value of the norm of the

quadratic O -lattice Homp, (A1; Ay)) disappearscompletely from the end result.

2.7 The Basis Problem for Hilb ert modular forms

We explain the derivation of a special caseof the Basis Problem for Hilb ert modular
forms from the Jacquet-Langlandscorrespndencei.e., we shav that theta series
comingfrom idealsof an Eichler order of level pin By.; L spanthe spaceof Hilb ert

modular newformsof weight two for o(p) (and trivial character).
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The Jacquet-Langlandscorrespndence([52, Thm. 16.1]) establishesfor any totally
de nite quaternion algebraB, a Hedke-equiariant injection 7! JL( ) from the set
of classesf automorphic represetations =  , of Gg(A) = (B ¢ A) with the
set of classe®f automorphic represetations of GL,(A). The imageof the map s the
set of cuspidal automorphic represetations of GL,(A) that are discrete series(i.e.,
specialor supercuspidalat a nite place)at all rami ed placesof B. Imposingthat the
represemation is of the discreteseriesat in nite placesmeansthat it is holomorphic
of weight k 2. A completeproof of the Jacquet-Langlandscorrespndencecan be

found in [34, xVI, Section2]; for a more completediscussion,see[47, x5].

The key fact that we useis that the represemation , correspnding to a newformat
a prime p whoseexponert is odd in the level is necessarilyin the discreteseries,since
the conductor at p is not a square(see[33, Proof of Prop. 5.21,p. 95; Table 4.20,
p. 73]). Recallfrom Lemma 2.5.23that a prime p dividing pisramied in B,; L
if and only if [L, : Qp] is odd. It is necessaryfor this to happen that the exponen
of p occuring in the prime decompsition of p is odd i.e., for level p, only odd
exponerts occur. But then the local represetation |, of any cuspidal automorphic
represemation of GL,(A) of level p occursin the discreteseriesat p for any rami ed
placep of By, .
In brief, in the caseof level exactly equalto p, the Jacquet-Langlandscorrespndence
implies that all cuspidalautomorphic represetations of GL,(A) ariseasquaternionic

represemations on the adelic group asseiated to the quaternion algebraB,,, .

Having explainedthe situation in the represetation-theoretic setting, we derive the
classicalstatemert that the correspnding spaceof Hilb ert newformsof weight 2 and

level (p) is spannedby classicaltheta series.We follow [46, x5].

The spaceSf‘”L (N; C) of modular formson By, is de ned asthe spaceof functions
satisfying [48, Condition (SB1), p. 201]. The spaceS,(N; C) is the spaceof functions
f : GL,(A) ! C satisfying [48, Conditions (SAl), (SA2), (SA3), p. 193], that
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is, the automorphy condition, the holomorphy condition and somerapid decreasing
condition at all cuspsof GL,; this spacecorrespndsto classicalHilbert cusp forms

of weight 2 and o(N)-level.

Theorem 2.7.1. ([48 Thm. 4.34, p.202]) Suppose N = Nod(Bp. ) for an inte-
gral ideal Ny prime to d(Bp.). Then we have an Hede-equiariant embedding
Sf"l (N;C) ! Sy(N;C). The image of this embedding only dependson B, andis

madeup of cuspformsin S;(N; C) newat all primesdividing d(Bp,.).

Remark 2.7.2 SinceB,, istotally de nite, the elemetts of SS‘”L (N; C) canbeviewed
as functions on the double cosetsparametrizing ideals classesof an Eichler order of
level d(Bp, )N (cf. [46, p.2112]and [47, p. 46]): Put N = p and Ny sud that
Nod(By..) = p; No is clearly prime to d(B,.. ). We now explain why a maximal order
in Bp,. equipped with No-level structure is the samething as an Eichler order of
level p in By, . This is clear from the local description of Eichler orders: at primes
dividing d(Bp, ), we locally have a maximal orders, so there is no di erence with
the global maximal order at those primes; at a prime q dividing N, the local order
OLy Ouq

Oq is isomorphicto % 5 ¢ ; which we recognizeto be the local maximal order
q q

M2(OL,) with o(q)-level.

Corollary 2.7.3. ([46, p. 2113])Let H(C) bethe Hedke algebrain End(SE‘”L (N; C)).
Then Sf"* (N; C) is free of rank 1 over H(C).

Hida then de nes a \theta map"
1S;P(N;C) mie S27 (N5C) 1 SE™"( o(N); C);

which is an isomorphismby [46, Cor. 5.2] since Sf"* (N; C) is free of rank 1 over
H(C) for N squarefree.As pointed out by Hida ([46, Caser = 0, p. 2114]and [47,
Equation7.9], ( f;qg), forf;g2 Sf"* (N; C), isthe classicaltheta seriesasseiatedto

an ideal of an Eichler order of level N of B, . We thus get that all Hilbert newforms
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of weight 2 and level ((N) comefrom the spaceSZBF"L (N; C) via the theta map i.e.,
theta seriesof left ideals of an Eichler order of level N in By, spanS;®¥( o(N); C).

We state our conclusion.

Theorem 2.7.4. Let p unramied. Let S;( o(p); 1)"" be the subspaceof new-
forms of the vector spaceof Hilbert modular forms of weight two, level p. Then
S,( o(p); 1)™VY is spannedby theta seriescoming from left ideals of an Eichler order

of level p in the quaternion algebraBp, .

Remark 2.7.5 A self-corained exposition of this result canbe found [33, Thm. 10.13]

in the elliptic case.

2.7.1 Examples

The more explicit examplesof Hilbert modular forms and theta seriesthat appearin
the literature are typically computedfor real quadratic elds of narrow classnumber
onee.g., Q(p 5); nonethelessfairly general explicit formulas are available for the
arithmetic invariants (e.g., type number, classnumber, etc.) of ordersin quaternion
algebrasand the dimensionsof spacesof modular forms.

We begin with an exampleof theta series. Considera maximal order O of B3

given by the Z-basis
1 . 1. : :
elz§(1+J);e2:§(|+k);€‘3=j;64:k; if p= 3 mod 4:

P . .
An elemet [, xig = X+ i(%2) +j (3 + Xa) + K(*2 + X4) hasnorm (%) + (%2)2 +
POF+ X3)?+ P+ xa)? = (p+ 1) (F)2+ (3)? + p(x3+ X{+ X1Xa+ X2X4). Consider
the order O O_. Its norm form is the samenorm form N (X1; X5; X3; X4) but with
valuesin O_. The assaiated theta seriesis de ned as:

X
(2) = a(0) + a( )q; a( )= 1fN(X1;X2;X3;Xq) = for x; 2 O_gj:

>> 0
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Of course,a(0) = 1. For L = Q(IO 5) and p >> 0, we can easily compute the rst
coe cients a;, say. We rst usethe fact that 1 is self-conjugateto eliminate the terms
in pB that arise form the norm form. Putting X; = %“pg, i = 1;::; 4, and exploit
the fact that the termsin p vanishfor p big in the expression:

2
+5 H+h+2 2;
4 2 4 2

P -

¥ az, 852 X a a.
4 4 P

j=1 j=1

2
ap

We seethat we needonly solve 73 +5 %+ i‘—é+5% = 1. The solutionsare(ay; by; ay; bp) =
( 4,0;0;0)and(as; b;ax; ) = (0;0; 4;0). Thusthereare4 solutions,anda(l) = 4.

In [103, onecan nd usefulformulas concerningEichler orders;we list a few. Let
H=L be a totally ramied quaternion algebraover a totally real number eld L of
degreeg, and let O be an Eichler order of squarefredevel n. Let d be the discriminart
of H.

Prop osition 2.7.6. ([102 Cor. 2.3,p.142])(Massformula) Let d be the discriminant
of the quaternion algebraH=L. Let O be an Eichler order of squarefreeevel n. Let
f1;g be represetativ es of left ideal classesof O. For O; the right order of |;, de ne
w; := [O; : O, ]. The following holds:

X Y Y
—=2"%j (1) (Norm(p) 1) (Norm(p)+ 1):

i=1 pid pin=d

Remark 2.7.7. For a table of valuesof | ( 1) for L of small discriminart, consult
e.g.,[37, p.373-374].

P
The numberM := L is called the Massof O.

i=1 w;
In general,the celebratedSiegel-Vil formula allowsto show that a suitable weighted

sum of theta seriesis an Eisensteinseries(see[94, Introduction]). The sum of theta

N . .
seriesis L} & Homo, (Ar:a). Wherew; = j[Endo (A)) : O Jj and Homo, (A1 Aj)
runs through all projective Endo, (A1)-ideals. The rst coe cient of the correspnd-

ing Eisensteinseriesis thus given by the Massformula (cf. [29, Prop. 3.15]).
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De nition 2.7.8. Let B beanorderin a separable guadratic algebraK =L cortained
in H. An optimal embedding of B in O is anisomorphismf of K into h sud that
O\ f(K)=f(B).

Let m; be the number of optimal embeddingsof B in O;. The number M (B) =
P
" M js calledthe Massof B. Dene w(B) = [B : O,

i:l Wi

Prop osition 2.7.9. ([102 Cor. 2.5, p.144]) (Class number formula) Let O be an
Eichler order. Recall that the number of left ideal classesof O is called the class

number h(O). It is given by the following formula:

1 X
h(O)=M + 5 M((B)(w(B) 1);
B

whereB runs through ordersof quadratic extensionsk =L.

Let (A) be a list of represetatives of principal ideals of O,, represeting all
principal idealsthat are reducednorms of two-sidedideals of O, modulo squaresof

principal ideals.

Prop osition 2.7.10. ([102 Cor. 2.6, p.145]) (Type number formula) Let O be an
Eichler order of level n. Recall that the number of isomorphism classesof Eichler
ordersof level n is called the type number t(O). It is given by the following formula:

1 X

t(0) = Torsl
h2r 1 5

M (B)W(B)X(B) + o

wherex(B) is the number of principal idealsof B of reducednorm in (A). The orders

in questionrun through ordersof quadratic extensionsk =L.
We give explicit formulas for the classnumber in somespecial cases.

Prop osition 2.7.11. ([10Q0 Thm. 3.1, 3.2]) Let p be unramied. Let L = Q(p D).

Let O bean Eichler of orderpin B, . The classnumber of O is given by the formula,
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for D > 5;:

% Y
CIh(O) _ (1) (Norm(p) 1) (Norm(p) + 1)
L

pid(Bp.L ) pip=d(Bp; )

h(n)h(n9.
YR

h( D) h( 3D) |
8 12

wherea(D);(D); c(D) are integersthat are de ned asfollows. Let

+a(D)

+ b(D)

c(D)

Y Y
E gpee(f) = . 1+ 3

pid(Bp.L ) pip=d(Bp; )

where O is an order in a quadratic extensionof L, f = f (O) is the conductor and

o 0

is equalto 1if p dividesf (O) or pissplit in O; b isequalto Ois pisramied
in O and 1 otherwise. The integersa(D);b(D) and ¢(D) are determined by the

following relations:

- NONCO)
5= MO )
s = MONC M) )
where
5= "M Pie, )+ 9Egpm@)]
_ h(D)h(_3D)

S; [5E 4;p=d(1) + 2bEq;p=d(3) + CEq;p=d(2)];

12
with b= 4 (resp. 2) if m= 3 mod 9 (resp. if m=6 mod9)andc= 3ifm=5
mod 8, 15if m = 1 mod 8 and 9 otherwise. We skip the de nition of S for brevity,
but it is similar to the others. If ¢(D) 6 0, the norm of the fundamenal unit of
Q(p D) isone;andn = 2 Tr( ) (modulo squares)and nn®= disc(Q(p D)).

We give a generalformula for the dimensionof the spaceof Hilb ert modular forms

for the sake of comparison.
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Theorem 2.7.12. ([30, Thm. 4.8]) Let SL,(R)" be a discrete subgroup sud
that the extendedquotient n(H") is compact. We assumethat the restriction of
eath of the n projections p; : SL(R)" ! SLy(R);1 | n to isinjective. If
nH" is compact, we assumethat the imageof under ead of the n projections:
i ©SL(R)" ! SL(R)" %1 i n; (cancellingo onecomponert) is densein
SL,(R)" 1. Then the following formula holds:

X X
1+ ( D)'dimS() = ( Dvol(H"=) +  E(:;a)+ L(; )

a
wherea (resp. ) runs over a completeset of represetativ esof -equiv alenceclasses
of elliptic xed points (resp. cusps). Here,E( ;a) is some nite sumin terms of the
stabilizer , that capturesthe cortribution of elliptic xed points, while L( ; ) is
Shimizu L-series(for details, see[30, p. 121, p.109]).

Remark 2.7.13 We point out that the rst term (although not necessarilythe \main™
term) of the formula giving the dimensionof the spaceof Hilb ert modular formsis pre-
ciselythe volumevol(H"=). For = SL,(O.), the volumeis 2! 9( 1) ( 1);thus

the volumefor ((p) is preciselythe index of (p) in SL,(O.) times2! 9( 1)9  ( 1).

LetL = Q(IO 5). We nd in [37, p. 373]that oP5( 1)= z5: The numerical data
we discussin the rest of this sectionis taken from [19]. This is the real quadratic
eld of narrow classnumber one of smallest discriminant. According to [19], the
smallestlevel p (p inert) sud that the spaceof newformsis non-trivial is p = 7.
The quaternion algebraB,.1 ¢ Q(IO 5) = B;,.1, is the totally de nite quaternion
algebraunramied at ewery nite prime. The classnumber of B; .1 , is equal to
one;therefore,the classnumber h(O) of an Eichler order O of level pin B is roughly
p? + 1. But there are M@QUO* i erent quadratic modules Homo, (Ai; A;), for
Ai; A superspecial abelian varietieswith RM by Oq P ). It will be clearto the reader
that some computational e ort would have to be exerted to illustrate our general

theory satisfactorily beyond the simplest casegcf. [40, x6] for examplesover Q).
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2.8 The ramied case

The rami ed caseis more complexthan the unrami ed case,sincedi erent superspe-
cial points might have non-isomorphicsuperspecial crystals (seeAppendix I), and in
generalthe endomorphismordersare not hereditary. We explainin detail the simplest
possiblesituation, and we give the essetial results for the generaltotally rami ed
case.Let g = 2, and pO_ = p?. There are then two kinds of superspecial points (cf.
[5]): thosethat satisfy the Rapoport condition (the non-singularsuperspecial points),
and thosethat do not (the singular superspecial points). The abeliansurfaceE ; O,
hasnon-singulartype. In [1], it hasbeenshovn that E ; O admits a unique sub-
groupsdhemeH = invariant under O, andthe quotiert (E ;O )=H hassingular
type (the O, -structure and the principal polarization always descend).We compute
the level of the endomorphismorder of (E ; O_)=H. Recallthat Endo, (E O.)

haslevel p= p? and B, = By .1 ,.

Prop osition 2.8.1. Let A= E 7O, andlet H be the unique O -invariant copy
of ,in A. Then Endo, (A=H) haslevel p.

Before the proof per se we needa few preliminaries. SincepO_ = p?, O, F, =
Fo[]=(?), andH = , () ([1 Prop. 6.5]). We denote A=H by B. The map

f :A ! B isthe projection map.

Lemma 2.8.2. Let g 2 Endo, (A) Q. If g descenddo an elemen in Endg, (B),
then pg2 Endo, (A).

Proof. If g descendsthen there existsh 2 End(B) sud that g = %(pf Y h fie,
pg2 Endo, (A).
]

In the sequel,we write H? for the rst crystalline cohomologygroup Hclrys.



112 Superspecial Ab elian Varieties and Theta Series

Corollary 2.8.3. If g2 Endo, (A) Q, theng2 Endo, (B) if and only if either
g2 Endo, (A) and g presenesH (B);

0= %=P;% 2 Endo, (A); p Gg, g presenesH *(B).

Proof. Clear, sinceEndo, (A) andEndg, (B) only di er at p, andthere, it is cortrolled

by H(B) by Tate's theoremfor supersingular abelian varieties with RM. O
We now prove Proposition 2.8.1

Proof. SincepH(A) f (HY(B)) HZ(A), we canstudy the situation modulo p:

HY(A) _ HYE)

pHi(A) ~ pHYE) OV

asEnd(E) Og-modules.

There exists a basisey; e, for HY(E) sud that
End(E) W(Fp)= & 2 ja;b2 W (Fg2) ; the nontrivial involution:

Recallthat H1(E)=pHY(E) = D(E[p]). For the following computations, it is easierto
usecovariant Dieudonre theory, sothat an enbedding , ! A becomesan inclusion
D( p) D(A). The condition that H(B) is presened meansmodulo p that the

following Itration is presened:

hg)i () D(p) O. D(E[p) O:

We computethe divisibilit y conditions on the coe cien ts of gy sothat gy=p presenes
H(B). Sinceeye; is a basisof HY(E), e; le. 1 & e is a basis of
H(A), where is a uniformizer of W(F,) OL. Wethuswrite gg=1ro 1+ r; ,

wherer; = (p""g Ql ), i = 0;1. The elemen go=p preseresH (B) if and only if

g h*Pi ()+HYA)  HEi ()+pHYA):



2.8 The ramied case

113

We decomsethis in v e subcases:
g P i () Wi ( )+ pHYA);
Go(eo 1) 2 H(E)i ()+ pHY(A);
(e )2 hFi  ()+pHY(A);
Qe )2 h§i  ()+ pHY(A);

wer  )2h)i  ()+ pHYA):

Explicitly,
h ap ho 1+ ar b ( )I ( 1 _ aop 1+ ax
phy ag pby a; € )_ Py pb;

This forcesp to divide ap.

h i
oRA+ BRSO () (0 )= g ()F

This hasno consequence.

h i

55010 ET O @ peEoael

This forcesp to divide ag; by; a;.

h i

ma 1 @2 () (@ )= 2 ()+ 2

This forcesp to divide ap.

():

(p)

()

(P)
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h i
a1+t ma () hPPo(O)= BT O+ BT

We seefrom this implies that p divides ap; a; and bn. Note that this last line gives
redundantinformation.

Summing up,

o= AL Leo B ()

with pjag; ly;a;. We thus obtain a slightly bigger order than End(E) O, sincep
doesnot necessarilydivide b;. More precisely goy=p= ngo g‘f 1+ ff b;(;p ,
where all coe cients are in W(F,z). To compute the level, we compute the index
of this order over End(E) O_. Recall that the level of End(E) O isp. A
priori, we know that the level of a strictly bigger order will divide p strictly, soin
this caseit will be either 1 or p. The quotient of End(E  O_=H) over End(E) O,
is W(Fy2)=pW(F2) = Fpz, which is alsothe quotient of an order of level p over an
order of level p?, since OL,=p0., = Fp, and the residue degreeof an unrami ed
quadratic extensionof O ; is 2. This showvsthat the discriminart of this biggerorder

is indeedp. O

Remark 2.8.4 Note that all the computationsrely on the facts that if we normalize

the valuation of p to be 1, the valuation of is é

We recalledthe connectionwith de Rham cohomologyand the descriptionsof the

slope strati cation and the type (j; i) in Subsectionl:6 of Chapter I.

Theorem 2.8.5. Supposethat pO_ = pY. Let A be a superspecial abelian variety
with RM by O, oftype(j; i), i j. The order Endo, (A) is Bassof level p? |, where
] [9=2]. Moreover, we can give an explicit description at p of this order. Usethe

decompmsition

n 0]
(End(E) 200) W(F)= {4 g (Machk2W(Fg) ;
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and denoteby M the setof matricesof the form ﬁ: b‘:p ; for ay; b 2 W(F2). then

Endo, (A) W(Fp) = bEnd(E) (%) LMy (%

Remark 2.8.6 We explain later onthat all sud Bassordersoflevelp? ;0 j [g=2]
(with the extra condition that ($) = (=€) if2 g j), ariseasendomorphism

ordersof superspecial abelian varieties on the Hilbert moduli space.

The ideasinvolved in the proof all arosein the g = 2 case. The structure of Moret-
Bailly family of abelian varieties with RM ([1, Proposition 6.6, (2c) and (2d)]) indi-
catesthat there is a canonical chain of O -invariant ,-isogeniesof superspecial

abelian varieties starting from E 7 O :

for g odd:
9! 9! 9! 9!
for g even:

Mo .. e

_ 9 9 )
A= A0;9 : Al;g 1 - A2;9 2 Ag=2:g=2’

wherethe pair (j; i);i + j = g is the type of the superspecial abelian variety.

All  ,-isogeniesabove are uniquely de ned by being O -invariant. The idea of the
proof consistsin bootstrapping the computation done for g = 2. Note that these
supersingular abelian varieties are speci ¢ examplesof superspecial points of type
(j; 1). It su ces to study this speci ¢ subsetbecausg1) thereis a unique superspecial
crystal for every type (j; i), asshaown in Chapter | (we alsoderived the result in the
languageof [1] in Appendix I) and (2) the Tate modulesat =~ 6 p are isomorphic
(Proposition 2.5.3.

Lemma 2.8.7. LetO, Fp= Fp[T]=(T9). Let A;; beasuperspecialabelianvariety of
type (j; i) in acanonicalchain. The O -invariant , isisomorphicto , (T' 1)=(T')

(cf. Section4, Chapter 1).
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Proof. This isimmediate from [1, Section6.2, Table 6.1], wherer =i 1ifi |+ 2,
which is veri ed for every abelian variety in a canonicalchain (except the last one,

which is not needed). O
We abusethe notation by writing , (T' 1) for the groupscheme , (T' H=T").
Lemma 2.8.8. If g2 Endg, (Aji) Q,theng2 Endo, (Aj+1: 1) if andonly if either
g2 Endo, (A;i) and g presenesH(Aj 1 1);
9= Go=pi%o 2 Endo, (Aji), P G0, g presenesH (A1 1).

Proof. The proof of Lemma 2.8.3applieswithout change. O

We now prove Theorem2.8.5

Proof. We proceedby induction on j. We have already shaovn in Proposition 2.5.26
that the level of the endomorphismorderof E O is p. We explain the computation
for the passagdrom type (0; g) to type (1;g 1). The divisibility conditionsare given
by:

go=p h(§)i (¢ H+pHYA)  HGi (% h+pHY(A);
forgo= 94 oh, 2: ( %) 2 Endo, (Aog) = Endo, (A). Asin the caseg = 2, it is

enoughto ched the divisibility conditions on the basis
& le 1:::; (9YYe (9Y:
First, necessarily

%;&0;’3 LA (9= &P (9han)i (9

this implies that p divides a; and k. Second,necessarily

BAEL (9 e 1= gt (9H2ndi (9
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and

Blat (Y e 1= X' (9H2HEi (9
therefore,we get that p dividesag ; from the secondvector. All other coe cients a;,
h,0< i< g 1lareeasilyseento bedivisible by p, sincethe correspnding vectorsall
have to land in pH(A). Now, supposethat we know Endo, (Ag ii). The divisibility

conditions are now given by:
w=p N§i (" H+pHYAg i)  hEHI (" H+pHY A &)

or, in terms of H(A),

xl

%w=p h(3)i (' 1+ pHYA) h(§)i () + pHY(A);
t=i 1
for g 2 Endo, (Aq ii), that is,
0o = i1 a, by ( k) g 1 & %t& ( k).
k=0 pb a, i b, a, :

Again, almost all coe cien ts will be divisible by p: p will divide all a;'s: since

1akh< k 1\; i1y —  &=p k+i 1 X! 1\; ty.
p Ao (9 Ao (" 9)= 7 ( ) 2 | hg)i ()

then p dividesa, for k = 0to g i, and since

AL (9RO (= A (92 pHA)

then pdividesa, fork =g i+ 1tog 1. Letusshavthat b ; doesnot haveto be
divisible by p. Sincei g [9=2]+ 1,20 1) g, and thus% ;‘q | 2 : ("9
N3 ('Y= Sq © (@ 29), andthe term ph , will always be divisible by p.
What about the other b's ? If k < i 1, p divides b, becausenecessarily

oA (e 1= X (92 pHYA):
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If k> i 1,the induction hypothesisshows that p hasto divide b, because
a X k _ Ky -
Sr(Me 1= k(Y

To nish the computation, recall that g, 2 Endo, (Ag i), and therefore, as expected
®%=p2 LSENd(E) (%) LiMe (9

To nish the proof, note the every type admits a unique isomorphismclassof super-
specialcrystal: thereforeall superspecial points of type (j; i) have Bassendomorphism

orders of the samelevel. I

In the previoussection,we relied heavily on the fact that for p unrami ed, the proof
for supersingularelliptic curvesgeneralizeswithout too much di cult y. On the other
hand, the Jacquet-Langlandscorrespndenceallows for more generallevels(in partic-
ular, it appliesto level pindependernly of the rami cation). Recallthat a superspecial
order is hereditary if and only if p is unrami ed. In particular, sinceit is Bass,the
discriminart p' of a given superspecial order is equalto its level, and thus the corre-
sponding theta seriesalsohaslevel p'.

Recall that the quadratic modulesHomg, (A;; A,) are projective (Proposition 2.5.9
when the Dieudonne modulesof A; and A, are isomorphic, which is the caseif and

only if A; and A, have the sameDieudonre module.

Prop osition 2.8.9. The projective left ideals of a superspecial order O of By, of

level p' are parametrizedby the double cosetsB(O)nJi=B .

Proof. This follows from the proof of the quaternionic parametrization of the locally
principal left ideals which are therefore in bijection with the superspecial points of

given type (j; i) by exactly the sameargumert asin the hereditary case. O

Corollary 2.8.10. All superspecial ordersO of By, of level p' arise from geometry
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Proof. Since superspecial orders O of level p' are locally isomorphic (Proposition

2.2.28, the proof of Corollary 2.5.36applieswith no further modi cation. O

Recall that in the totally ramied case,p is ramied in B, if and only if [L : Q] is
odd.

Question 2.8.11. Let h*(L) = 1,pO_. = pY. Let 0 j [g=2]. If [L : Q] is odd,
supposethat g | is odd. Do the theta seriesattachedto superspecial points of type
(; g j) of the Hilbert moduli spaceXq(1)=F, of dimension[L : Q] spanthe vector

spaceof Hilbert modular newformsof level p9 | ?

Prop osition 2.8.12. Leth* (L) = 1, pO, = p?. The theta seriesattachedto singular
superspecial points of the Hilbert moduli spaceX o(1)=F, of dimension[L : Q] span

the vector spaceof Hilb ert modular newformsof level p.

Proof. The order Endp, (A), for A a singular superspecial point, is Eichler. O

Recall that local deformation theory decommsesaccordingto the primes, and that
the type allows to label uniquely the isomorphism classesof superspecial crystals.
We therefore conjecture that a similar pattern holds for generalp and g > 2 (i.e.,
all theta series\come from geometry", within the inescapabldimits imposedby the

Jacquet-Langlandscorrespndenceand the levels arising on Hilb ert moduli spaces).

2.9 Lifts of theta series and twists by Aut(O,)

Tensoring supersingular elliptic curves with O, enablesus to lift elliptic modular
forms of level p to Hilbert modular forms of level p: Let E;;E, be supersingular
elliptic curves, and let (Homz(E; E;); g be a quadratic module giving rise to an
elliptic theta series g,g,. We asswiate to g,.¢, the theta series g, 0 [E,0,

coming from the quadratic module

(Homo, (E1  Or;E>  Ou)idi

I E10 | Ep0 L):
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We alsostudy the e ect of changingthe O, -action by an O -automorphism. That is,
let :O_. ! O_ beanautomorphism. Wethen de ne the -twist of an O, -abelian
variety (A; ) by putting ?(A; ) = (A; ).

2.9.1 Comparing the lifts

The lift we are interested in takes an elliptic modular form for o(p) with trivial
character to Hilbert modular formsfor o((p)) with trivial character. We call the lift
obtained by tensoring supersingularelliptic curvesby O, the trivial lift. In fact, our
rst proposition justi es its name,by showving it haslittle to do with geometry First,

obsene that Lemma 2.5.24shaws that
Hom(E; zOL;E» z0.)=0O_ zHomz(Ey;E;) zOf:
This suggestghe following O, -version:
Prop osition 2.9.1.
Homo (E1 Op;E> Op) = Homz(E1;Ez) 2z Ot

Proof. Recallthat Proposition 2.5.26statesthat Endo, (Ei Or) = End(Ei) O,

fori = 1;2. We know from the bijection betweenleft ideal classesf
O =Endo, (E1 zOv)
and superspecial points that there existsan ideal A sud that
(E1 OL) oA=E, O:
Using theseextra informations and Proposition 2.5.22 the isomorphism:

HomoL (El O|_, E2 OL) = Homz(El; Eg) z O|_,
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is recastvia
Homo (E1 zOL;E1 20L) EndEnyo . A= Homz(E1;Ez) 2O

as
A = Homz(E1;E2) 2O

Thus, to prove the desiredisomorphism,it is enoughto show that:
(E1 2zOL) Eendey 0, (Homz(Ey;Ez) Op)=E; O

This, in turn, is proved by general properties of the tensor product. The univer-
sal property of the tensor product shows that for M1; N; two R;-modules, M»; N,
two R,-modules, and Ry; R, two Rg-algebras,Ry a commutativ e ring, the following

isomorphismholds:
(M1 R, N1) Ry (M2 R, N2) = (M1 goM2) Ry ¢,r, (N1 Re N2):
In our speci ¢ case,this becomes:

(E1 OL) EendE: ,0.) (HOm(Ey; Ez) Oy) (Ex Homz(Ey Ez)) 2O

E, O

sinceE; Homz(Eq; E,) = E,.

O

Thus, the trivial lift amourts to tensoringleft idealsof Bp.; with O, . This extendsto
the quadratic modules, sincethe natural quadratic maponHomg, (E1 O_;E2 Oy)
i.e., the degreemap on Homz(E; E,) tensoredwith O, is always the sameas the

O -degree(asit is clearfrom the E; = E, case).

Corollary 2.9.2. The number of isomorphism classesof quadratic modules of the
form Homo, (E1  O_;E2, O.) is equalto the number of isomorphism classesof

guadratic modules of the form Hom; (E1; E>).
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Proof. This follows from a generaltheorem of Kitaoka ([56, Theorem 7.5.1]) about

tensoringwith the maximal order of a totally real eld, which says that
A, O .=A, O Imp“eS A= Ay
for A1; A, two positive de nite quadratic lattices over Z. O

Question 2.9.3. Doesthe trivial lift coincidewith the basechangelift ala Langlands
([63]) whenthe latter is de ned?

The answer to this questionis surely well-known to basechangeexperts, and we guess
it is yes.

We investigate symmetric forms in the next section.

2.9.2 Automorphisms of O_ and theta series

In this section, we take a look at the twist of the O, -action by an automorphism
:OL ! O.. Recallthat the -twist of an O -abelianvariety (A; )is ?(A; ) =
A ).

Prop osition 2.9.4. The O -modulesHomg, (A1; Az) and Homg, ( ?A;; ?A;) are

canonically isomorphic as quadratic modules.

Proof. Notethat Homg, ( ?A1; ?A) = Hom (o, )(A1; Az). Weconsiderthe idertity
map sending 2 Homg, (A1;A2) to 2 Hom (o, )(A1;Az). We ched it is well-
de ned: Note that

(2(D(x) = 2t)( (X))

forallt2 OL and x 2 A; is equivalert to

(2 OC)=(2 HOC )
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for any 2 Aut(Or). This shows that Homg, (A1;Az) = Hom o y(A1;Az). We
che that the polarizations ;; , of Aj, A, are alsopolarizationsof ?A;, ?A,:

this is an immediate consequencef the idertit y

t = ( )t;

which follows trivially from the de nition of the dual action !, that is '(t) = ( (1))
Sincethe polarizationsare the same,the induced O -degreeslsocoincide,and there-

fore the quadratic modules are canonicallyisomorphic. O

This suggestdooking at the quadratic modulesHomg, ( i ?Ay1; | ?Ay) for di erent
O, -automorphisms ;; ;, and study the e ect on the coe cien ts of the g-expansions

of the correspnding theta series.

De nition  2.9.5. An orderO in aquaternionalgebraB = By, L iscalledtotally
(weakly) symmetric or simply symmetric if forany 2 Aut(L=Q) there existan

extension— sud that

O =C 'oc;
with someC 2 B i.e., O and O are conjugate.

Remark 2.9.6 In general,there would be in nitely many extensionsof an automor-
phism of L to an automorphism (of the sameorder) of a quaternion algebraB L,

for B a quaternion algebraover Q.

Prop osition 2.9.7. Let E be a supersingular elliptic curve. The endomorphism

order Endo, (E  O.) is symmetric.

Proof. Let =1  bethe extensionof an O, -automorphism (. Note that it xes
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End(E).

(Endo, (E  O)) (Endz(E) Oy)

Endz(E) (O.)

Endz(E) 2O,
Endol_ (E z OL):

Corollary 2.9.8. The theta series Homo, (E1 O (€20 1) IS symmetric.

Proof. This theta seriesis de ned in terms of a projective ideal of the symmetric

order Endo, (E1  OL), hencenecessarilyhas symmetric coe cien ts. O

2.10 App endix I: The number of superspecial crys-

tals in the totally ramied caseis [g=2]+ 1

We presen a derivation of the classi cation theoremfor superspecial crystal with RM
in the totally rami ed setting on the lines of [1] sothat the readerinterestedin the
rami ed caseof Eichler's BasisProblem can skip Chapter | of this thesis. The result
that we needgivesa certain normal form for the Frobenius,and a tiny computation
involving -algebrayields the result. We prove this by exhibiting a canonical form
for the Frobenius operator of the assaiated display. Recallthat L is a totally real

eld of degreeg over Q, p2 Z sud that p= pYis totally ramied in O.

Lemma 2.10.1. A non-constan -linear equationin one variable with coe cien ts

in O,z W(k) with k = k of characteristic p always has a solution.

Proof. This is a standard trick of reducing the problem to solving successi® poly-

nomials over k: reduction mod T givesa polynomial which has a solution, k being
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algebraically closed. Now supposewe have a solutionx,, mod T" i.e.,p(X,) = T" c;

c2 0. W(k). Put xp+1  Xnp = T"y, and plug X,4+1 in p(X) mod T"* :

hencewe have to nd a solution to p(y) + ¢ = 0 mod T, which is always possible,

thencewe have a solution x,,; mod T"*! and we are done by induction.

Prop osition 2.10.2. Let D be a principally polarized superspecial display
(P;Q;F;V b

of type (i; j) over an algebraically closed eld k of characteristic p. There exists a

basis ° ©generatingP sud that Frobeniusis given by :
0 1

B° TS

T 0

Proof. Accordingto [1, Proposition 4.3.1],the display canbe givenin a normal form
asfollows: thereexists , sudithat P = (O W(k)) (OL W(k)) sud that

Frobeniusis given by : 0 1
T™™ C3Ti
BT
T 0

wherei+j=¢,0 j 3;m iandcz2 (O W(k)) :

Step 1. Supposei > j.

First obsenethat in this casethe requiremen on the determinart of the change

of basismatrix is givenby AA 6 0 mod T, e.g. Aisaunit in O,  W(k).

Put °=A +B ,forA;B20. W(k).
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We computeF (9 in orderto getthe formula expressing °in termsof and
F(Y9=AF()+BF()=A(T" +T )+B gT' ;
and on the other hand
F(Y=T 7%
thence,sincem i>j,
= (AT +B gT' 1) +A
We now compute F( 9:
TF(9= (AT "+B “T)T™ +T )+ A “csT9
= (AT +B T M+ A “gT9 + (A T™ + B “¢T9) ;
and on the other hand
TF(9=T9 °=TYA +B )

thencewe get the following systemof equations:

B=A'TM 9+ B "¢ (2.10.1)
A=A°T™M 9+ B “c,T"™ 9+ A "¢ (2.10.2)
and the determinart condition insuring the changeof basisis invertible :
0 1
A B
det% §2 (O W()) :

AT I +B gT'1 A
We multiply Equation 2.10.1by T™ | and subtract Equation 2.10.2to obtain

BT A= A ‘gt
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We plug this expressionfor B in Equation 2.10.2 this yields one equation:

AT 9 A'c’c,+A‘c,+A’c A=O; (2.10.3)
C; G Cs

According to Lemma 2.10.], this equation hasa solution. Let us verify that it
is possibleto pick a unit amongall sud solutions. The reduction mod T of the
Equation 2.10.3is :

PP+ P+ a’c a= 0
wherec = G;.
The degreeof this polynomial is clearly greaterthan one and we can thus pick
a 6 0, hencewe obtain a unit solution for A.
Step 2. Supposei = j.

Recall that under p-isogenieswe can map any superspecial point to any other
superspecial point. Our strategy is simple : we start from a point of type

() 1;j+1)andmapit to a point of type (j; j), and seehow Frobeniusvary.

We use the Moret-Bailly families descriked in [1, Proposition 6.8,2.d], since
j+1 ( 1)= 2, hencelApn]2 M ;). Wedescrite the map at the level of
crystals: let (P; Q;F;V 1) be the superspecial of type (j  1;j + 1), givenin

a canonicalform asin the rst step of this proof, explicitly :
P=0. W() oL W(K) ;

Q=0 W(kKT" o W(KT t;
0 1

o T+t
F:% §:

Tl o0
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The superspecial crystal of type (j; j) is constructed as follows ([1, De nition
6.1]):

P = El)W(k) + P whereQ3 :=T91;

and

Q = Q+F YW(K) ):

Explicitly, this yields :

P =0 W(k) OL W(k)?;

and
Q =0. WHKT o WKT *;
andin the basis °= ; °= —, Frobeniusis given by :
0 1
0O T
B0 TS
T 0

O

Prop osition 2.10.3. The local deformation theory is the sameat any superspecial

point of given type on a Hilbert modular variety over a totally rami ed prime.

Proof. Sincefor ewvery type (i; j ), thereis a unique principally polarized superspecial

crystal assaiated to it, the statemert follows from Zink's theorem (cf [1, Theorem
4.1.7)). O
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Conclusion

The exploration of the generalizationof the superspecial locus for general Shimura
varieties o ers marny opportunities for interesting work: generalizingthe Picard-
Lefsdetz formula a la Grothendiedk, the character group, and Ribet's Exact Se-
guence,using the powerful tool of p-adic uniformization of [83 which enablesus to
get our hands on the relevant strata for a wide classof Shimura varieties (thus in-
cluding casesof bad reduction). Moreover, p-adically uniformized varieties and the
simple Shimura varieties of Harris-Taylor satisfy the weigh-monodromy conjecture
of Deligne (see[51]). More concretely we can put our hand on the superspecial locus
of a certain quaternionic Shimura variety of dimensiong coming from the totally in-
de nite quaternion algebraover L ramied at the nite ramied primesof B, and
at the primesq; dividing a totally split prime g, and we can show that the superspe-
cial locusof the Hilbert modular variety is in bijection with the superspecial locus of
that quaternionic Shimura variety. By varying the splithessof g, we get quaternionic
Shimura varieties of dimensionbetweenl and g; exceptfor the examplewe have just
discussedtheseare not of P.E.L. type, but their geometryhasbeenthoroughly inves-
tigated by H. Reimann. It would be interesting to investigatethis circle of ideasfor
a Shimura variety with non-trivial endoscog. Moreover, the strati cation of moduli
spacesof abelian varieties with additional structure that we are suggesting,which
essetially consistsof assaiating its special Dieudonne module to an abelian variety

with additional structure, could be generalizedoeyond the Hilb ert moduli spaceghat
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we studied (say, to Hilbert moduli spaceswith (p)-level structure). As mertioned
in the introduction, we did not investigate the geometricinterpretation of the type
number. Any principally polarized superspecial abelian variety with RM is de ned
over Fp2. We expect that the number of superspecial points de ned over F, should

be given by a very simple formula in terms of the classnumber and the type number.

Let p be unrami ed. We have shavn that the spaceof Hilb ert modular newforms
of weight 2 of level p can be spannedby theta seriescomingfrom superspecial abelian
varieties with RM by relying on the fact that the endomorphismorder Endg, (A)
of A, a superspecial abelian variety with RM, is an Eichler order of level p and the
related description of the superspecial locus of the Hilbert moduli spaceby suitable
doublecosets.On the other hand, the exploration of the rami ed caseis not complete,
since we could not descrike yet the span of the theta series(note that we also left
the realm of special orders a la Hijikata-Pizer-Shemans&). The issueis that the
Jacquet-Langlandscorresmpndencein its current form dealswith greatesteasewith
Eichler orders. It is not clear what is the most generalclassof ordersfor which we
get the usual solution to Eichler's Basis Problem, and how we could apply directly

the Jacquet-Langlandscorrespndencein all known cases.

This thesisalsoo ers the opportunity to revisit [40] for Hilb ert modular forms (see
[114) or to investigatethe integral version of Eichler's Basis Theoremvia geometric
methods (see[29], [46]).

Also, Eichler proved additional results about symmetric modular forms whose
generalizationhas not beeninvestigatede.g., we expect that the number of linearly
independert symmetric Hilb ert modular forms of level pO_ and weight 2 is equalto
the number of symmetric Eichler ordersof level pO_ (for un rami ed p).

On the other hand, the Main Theoremof this thesisbegsto be improved. It is indeed

an easy matter to adapt the argumert to deal with o(Np), (N;p) = 1. What is

not clear to us is how to tackle weights higher than 2 geometricallyi.e., to nd a
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interpretation of spherical polynomials in terms of Hilbert modular data. It is also
not soclearto us how hard it would be to avoid the restriction on the narrow class
number of L, which has quite a simplifying e ect. It is possiblethat a geometric
proof of the Main Theorem using vanishing cyclesalong the lines of Mestre-Oesterg

graph method could work for an arbitrary L.



132 Conclusion




133

Bibliograph vy

[1] Andreatta, F., Goren, E.Z., Geometry of Hilbert Modular Varieties over Totally
Rami ed Primes, Int. Math. Res. Not. 2003,n0. 33, 1786{1835.

[2] Andreatta, F., Goren, E.Z., Hilbert modular varietiesof low dimension.Geomet-

ric aspects of Dwork theory. Vol. I, 113{175,Walter de Gruyter, Berlin, 2004.

[3] Arbarello, E.; Cornalba, M.; Griths, P. A.; Harris, J., Geometry of algebaic
curves.Vol. I. Grundlehrender Mathematischen Wissenshaften, 267. Springer-

Verlag, New York, 1985.

[4] Asai, T., On certain Dirichlet seriesassaiated with Hilbert modular forms and
Rankin's method. Math. Ann. 226 (1977),no. 1, 81{94.

[5] Bachmat, E.; Goren, E.Z., On the non-ordinary locus in Hilbert-Blumenthal
surfaces.Math. Ann. 313 (1999), no. 3, 475{506.

[6] Brzezinski, J., On ordersin quaternion algebras.Comm. Algebg, 11, (1983), no.
5, 501{522.

[7] Brzezinski, J., Spinor classgroupsof orders.J. Algebg, 84, (1983), no. 2, 468{
481.

[8] Brzezinski, J., On automorphismsof quaternion orders.J. Reine Angew.Math.,

403, (1990), 166{186.



134 BIBLIOGRAPHY

[9] Brzezinski, J., Eichler, M., On the imbeddingsof imaginary quadratic ordersin

de nite quaternion orders.J. Reine Angew.Math., 426, (1992),91{105.

[10] Cassels,J.W.S., Rational quadiatic forms, London Mathematical Scciety Mono-
graphs, 13. Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers],

London-NewYork, 1978.xvi+413 pp.

[11] Chai, C.-L., Every ordinary symplecticisogety classin positive characteristic is
densein the moduli. Invent. Math., 121, (1995), no. 3, 439{479.

[12] Chai, C.-L., Monodromy of Hede-invariant subvarieties, preprint, version of

25/04/2003. http : ==www:math:upenn:edu= chai=

[13] Chai, C.-L., Hedke Orbits on SiegelModular Varieties, version8/20/2004. http :

==www:math:upenn:edu= chai=

[14] Conrad, B., Gross-Zagierrevisited. With an appendix by W.R. Mann., Math.
Sci.Res.Inst. Publ., 49, Heegner points and Rankin L-series 67{163, Cambridge
Univ. Press,Cambridge, 2004.

[15] Consani,K., Sdolten, J., Arithmetic on a quintic threefold. Internat. J. Math.,
12, (2001), no. 8, 943{972.

[16] Cornut, C., Reduction de familles de points CM, thesede doctorat, Universite
de Strasbourg, 2000.

[17] Deligne, P., Pappas, G., Singularites des espacesie modules de Hilbert, en les
caracteristiquesdivisart le discriminant. Compositio Math., 90, (1994), no. 1,
59{79

[18] Demazure, M., Lectures on p-divisible groups. Lecture Notes in Mathematics,

Vol. 302. Springer-\kerlag, Berlin-New York, 1972.



BIBLIOGRAPHY 135

[19] Dembele, L., Explicit computations of Hilbert modular forms on Q(p 5), Ph.D.
thesis, McGill University, 2002.

[20] Deuring, M., Die Typen der Multiplik atorenringe elliptischer Funktionenkerper,
Abh. Math. Sem.HansischenUniv., 14, (1941),197{272.

[21] Deuring, M., Algeben. Zweite, korrigierte au age. Ergebnisseder Mathematik
und ihrer Grenzgebiete Band 41, Springer-\kerlag, Berlin-New York, 1968.

[22] Eichler, M., Untersuchungen in der Zahlertheorie der rationalen Quaternione-
nalgebren,J. reine angew.Math., 174, (1936),129-159.

[23] Eichler, M., AllgemeineKongruenzklasseneteilungen der Ideale einfacher Alge-
bren uber algebraistien Zahlkerpern und ihre L-Reihen,J. reine Angew. Math.,
179, (1938),227-251.

[24] Eichler, M., On theta functions of real algebraicnumber elds. Acta Arith. 33
(1977),no. 3, 269{292.

[25] Eichler, M., Theta functions over Q and over Q(p ), Modular functions of one
variable, VI (Proc. Secondinternat. Conf., Univ. Bonn, Bonn, 1976),pp. 197
225.Lecture Notesin Math., Vol. 627, Springer, Berlin, 1977.

[26] Eichler, M., On symmetricand unsymmetrictheta functions over areal quadratic
eld. Acta Arith., 37, (1980),167{179.

[27] Elkies, N., Ono, K., Yang, T., Reduction of CM elliptic curves and modular

function congruencespreprint 2005.

[28] Ellenberg, J., Hilbert modular forms and the Galois representationsassaiated to

Hilbert-Blumenthal akelian varieties, Ph.D. thesis, Harvard University, 1998.



136 BIBLIOGRAPHY

[29] Emerton, M., Supersingularelliptic curves,theta seriesand weight two modular

forms. J. Amer. Math. Scc., 15, (2002), no. 3, 671{714.

[30] Freitag, E., Hilbert modular forms. Springer-\erlag, Berlin, 1990.

[31] vander Geer,G., Katsura, T., An invariant for varietiesin positive characteristic.
Algebaic numker theory and algebaic geometry, 131{141,Contemp. Math., 300,
Amer. Math. Scc., Providence,RI, 2002.

[32] van der Geer, G., Cycleson the moduli spaceof abelian varieties. Moduli of
curvesand alelian varieties, 65{89, AspectsMath., E33, Vieweg, Braunstweig,
1999.

[33] Gelbart, S., Automorphicforms on adele groups.Annals of Mathematics Studies,
No. 83. Princeton University Press,Princeton, N.J.; University of Tokyo Press,
Tokyo, 1975.

[34] Gelbart, S. Lectureson the Arthur-Selkerg trace formula. University Lecture Se-

ries, 9. American Mathematical Scciety, Providence,RI, 1996.

[35] Ghate, E., Congruencesdetweenbase-bangeand non-base-bangeHilb ert mod-
ular forms. Cohomola@y of arithmetic groups, L -functions and automorphicforms
(Mumbai, 1998/1999), 35{62, Tata Inst. Fund. Res.Stud. Math., 15, Tata Inst.
Fund. Res.,Bombay, 2001.

[36] Goren, E.Z., Oort, F., Strati cations of Hilbert modular varieties. J. Algebaic
Geom. 9 (2000),no. 1, 111{154.

[37] Goren, E.Z. Hilbert modular forms modulo p™: the unrami ed case.J. Numler

Theory 90 (2001), no. 2, 341{375.



BIBLIOGRAPHY 137

[38] Goren, E.Z., Hilbert modular varietiesin positive characteristic. The arithmetic
and geometry of algebaic cycles(Ban, AB, 1998),283{303,CRM Proc. Lecture
Notes, 24, Amer. Math. Scc., Providence,RI, 2000.

[39] Goren, E.Z., Lectures on Hilbert modular varieties and madular forms. With
the assistanceof Marc-Hubert Nicole. CRM Monograph Series,14. American

Mathematical Scciety, Providence,RI, 2002.

[40] Gross,B.H., Heights and the specialvaluesof L -seriesNumler theory (Montreal,
Que., 1985),115{187,CMS Conf. Proc., 7, Amer. Math. Scc., Providence,RI,
1987.

[41] Grothendiek, A., Groupesde Barsotti-T ate et cristaux de Dieudonre, Seminaire
de Mathematiques Superieures, No. 45, 1970. Les Pressesde |'Univ ersite de
Montr eal, Montr eal, Que., 1974.

[42] Groupes de monadromie en geonetrie algebrique.l. Seminaire de Geonetrie
Algebrique du Bois-Marie, 1967{1969(SGA 7 I). Dirige par A. Grothendied.
Avecla collaboration de M. Raynaud et D. S. Rim. Lecture Notesin Mathemat-
ics, Vol. 288. Springer-\erlag, Berlin-New York, 1972.

[43] Harashita, S., Moduli of sugersingular alelian varieties with endomorphismstruc-

ture, University of Tokyo, M.Sc. thesis, 2002.

[44] Harashita, S., Geometrical structure and number theory on supersingular logic
with endomorphismstructure. Young philosophersin number theory (Ky oto,
2001). Surikaisekikenkyusho K okyuroku No. 1256,(2002), 131{160.

[45] Hazewinlel, M. Twisted Lubin-Tate formal group laws, rami ed Witt vectors
and (rami ed) Artin-Hasse exponenials. Trans. Amer. Math. Scc. 259 (1980),
no. 1, 47{63.



138 BIBLIOGRAPHY

[46] Hida, H., The integral basisproblem of Eichler, .M.R.N. ,34, 2005,2101-2122.

[47] Hida, H., Anticyclotomic main conjectures, preprint, 2004. http

==www:math:ucla:edu= hida=

[48] Hida, H., p-adic automorphicforms on Shimura varieties. Springer Monographs

in Mathematics. Springer-\erlag, New York, 2004.

[49] Hijikata, H.; Pizer, A.; Shemansk, T., The basis problemfor modular forms on
o(N). Mem. Amer. Math. Scc. 82, (1989), no. 418.

[50] Hijikata, H.; Pizer, A.; Shemansk, T., Ordersin quaternion algebras.J. Reine
Angew.Math., 394, (1989), 59{106.

[51] lllusie, L., Realisation -adique de I'accouplemen de monodromie d'apres A.
Grothendiek. Courbes modulaires et courbes de Shimura (Orsay, 1987/1988).
AsterisqueNo. 196-197, (1991), 7, 27{44 (1992).

[52] Jacquet, H.; Langlands, R.P., Automorphic forms on GL(2). Lecture Notesin
Mathematics, Vol. 114. Springer-\erlag, Berlin-New York, 1970.

[53] Janusz, G., Algebaic numler elds. Secondedition. Graduate Studiesin Math-

ematics, 7. American Mathematical Scciety, Providence,RI, 1996.

[54] de Jong, A. J.; Oort, F., Purity of the strati cation by Newton polygons. J.
Amer. Math. Scc. 13, (2000), no. 1, 209{241.

[55] Katz, N., Slope ltration of F-crystals. Journeeesde Geonetrie Algebrique de
Rennes(Rennes,1978),Vol. |, pp. 113{163, Asterisque 63, Scc. Math. France,
Paris, 1979.

[56] Kitaoka, Y., Arithmetic of quadatic forms. Cambridge Tracts in Mathematics,
106,Cambridge University Press,Cambridge, 1993.



BIBLIOGRAPHY 139

[57] Kleiman, S.; Landol, J., Geometry and deformation of special Sdubert vari-

eties. Compositio Math., 23, (1971),407{434.

[58] Kneser, M., Strong appraximation. 1966, Algebaic Groups and Discontinuous
Sulgroups (Proc. Sympos. Pure Math. 1X , Boulder, Colo., 1965) pp. 187{196,

Amer. Math. Scc., Providence,R.I.

[59] Kohel, D., Endomorphismrings of elliptic curvesover nite elds, Ph.D. thesis,
U.C. Berkeley 1996.

[60] Kott witz, R., Isocrystalswith additional structure. Compositio Math. 56, (1985),
no. 2, 201{220.

[61] Kutz, R., Cohen-Macaulg rings and ideal theory in rings of invariants of alge-
braic groups. Trans. Amer. Math. Scc., 194, (1974),115{129.

[62] Lam, T.Y., The algebaic theory of quadiatic forms. Revised secondprinting.
Mathematics Lecture Note Series.Benjamin/Cummings Publishing Co., Inc.,

AdvancedBook Program, Reading, Mass.,1980.

[63] Langlands, R.P., Base changefor GL(2). Annals of Mathematics Studies, 96.
Princeton University Press,Princeton, N.J.; University of Tokyo Press, Tokyo,
1980.

[64] Lazard, M., Commutative formal groups. Lecture Notes in Mathematics, Vol.
443. Springer-\erlag, Berlin-New York, 1975.

[65] Li, K.-Z, Oort, F., Moduli of Sugersingular Akelian Varieties, Lecture Notesin
Mathematics, 1680. Springer-\erlag, Berlin, 1998.

[66] Manin, Yu.l., Theory of commutative formal groupsover elds of nite charac-
teristic. Uspehi Mat. Nauk, 18, 1963,no0. 6, (114), 3{90.



140 BIBLIOGRAPHY

[67] Milne, J.S., Points on Shimura varieties mod p. Automorphic forms, representa-
tions and L -functions (Proc. Sympos.Pure Math., OregonState Univ., Corvallis,
Ore., 1977), Part 2, pp. 165{184, Proc. Sympos. Pure Math., XXXI II, Amer.
Math. Scc., Providence,R.I., 1979.

[68] Moonen,B.J.J., A dimensionformula for Ekedahl-Oort strata. Ann. Inst. Fourier
(Grenoble) 54, (2004), no. 3, 666{698.

[69] Mumford, D., Abkelian varieties. Tata Institute of Fundamertal Researb Studies
in Mathematics, No. 5. Published for the Tata Institute of Fundamenal Re-

seard, Bombay; Oxford University Press,London, 1970.

[70] Oort, F., Commutative group schemes.Lecture Notes in Mathematics, 15,

Springer-\krlag, Berlin-New York, 1966.

[71] Oort, F., Which abelian surfacesare products of elliptic curves? Math. Ann.,
214, (1975), 35{47.

[72] Ogus, A., Supersingular K 3 crystals. Journees de Geonetrie Algebrique de
Rennes(Rennes, 1978), Vol. 11, pp. 3{86, Asterisque, 64, Scc. Math. France,
Paris, 1979.

[73] Oort, F., A strati cation of a moduli spaceof abelian varieties. Moduli of akelian
varieties (TexelIsland, 1999), 345{416, Progr. Math., 195, Birkhauser, Basel,
2001.

[74] Oort, F., Foliations in moduli spacesof abelian varieties. J. Amer. Math. Sac.
17 (2004),no. 2, 267{296.

[75] Oort, F., Minimal p-divisible groups, acceptedfor publication in the Annals of

Mathematics. http : ==www:math:r uu:nl=peopé&=oot=



BIBLIOGRAPHY 141

[76] Pappas,G., Arithmetic modelsfor Hilbert modular varieties. Compositio Math.

98, (1995),no0. 1, 43{76.
[77] Pays, |., Formesnormesd'ordres. J. Algeba, 155, (1993), no. 2, 325{334.

[78] Pink, R., Finite group schemes lecture notes, 2005. http

==www:math:ethz:ch= pink=

[79] Pizer, A., On the arithmetic of quaternion algebras.Acta Arith. 31, (1976), no.
1, 61{89.

[80] Pizer, A., An algorithm for computing modular formson (N). J. Algebg, 64,
(1980), no. 2, 340{390.

[81] Platonov, V.; Rapinchuk, A., Algebaic groups and numker theory. Translated
from the 1991Russianoriginal by Rachel Rowen. Pure and Applied Mathematics,
139. AcademicPress,Inc., Boston, MA, 1994.

[82] Rapoport, M., Compacti cations de I'espacede modulesde Hilb ert-Blumenthal.
Compositio Math. 36, (1978), no. 3, 255{335.

[83] Rapoport, M., Zink, Th., Period spacesfor p-divisible groups Annals of Mathe-

matics Studies, 141. Princeton University Press,Princeton, NJ, 1996.

[84] Reiner, 1., Maximal orders. London Mathematical Scciety Monographs, No.
5. Academic Press [A subsidiary of Harcourt Brace Jovanovich, Publishers],
London-NewYork, 1975.

[85] Ribet, K. Bimodulesand atelian surfaces, Algebraic number theory, 359{407,
Adv. Stud. Pure Math., 17, AcademicPress,Boston, MA, 1989.

[86] Ribet, K. A., On modular represetations of Gal(Q=Q) arising from modular
forms. Invent. Math. 100, (1990), no. 2, 431{476.



142 BIBLIOGRAPHY

[87] Saito, H., Automorphic forms and algebraic extensionsof number elds. 11. J.

Math. Kyoto Univ. 19, (1979),no. 1, 105{123.

[88] Sdwlze-Pillot, R., Theta liftings and theta series, expanded version of talks
at IAS, Princeton, Nov. 23rd, 1999, and at RIMS, Kyoto, Jan. 1998. http :

==www:math:uni sb:de= ag schulze=Preprints=rims:ps

[89] Serre, J.-P., Corps locaux. Publications de [l'Institut de Mathematique de
I'Univ ersite de Nancago,VI 11, Actualit esSci.Indust., No. 1296. Hermann, Paris
1962.

[90] Serre,J.-P., Complex multiplication, in Algebaic numter theory. Proceedingsof
the instructional conferenceheld at the University of SussexBrighton, Septem-
ber 1{17, 1965.Edited by J. W. S. Casselsand A. Frohlich. Reprint of the 1967
original. AcademicPress,Inc. [Harcourt Brace Jovanovich, Publishers],London,
1986.

[91] Shimizu, H., Theta seriesand automorphic forms on GL,. J. Math. Sac. Japan,
24, (1972),638{683.

[92] Shimura, G., On analytic families of polarized abelian varieties and automorphic
functions. Ann. of Math. (2), 78, 1963,149{192.

[93] Shimura, G., Introduction to the arithmetic theory of automorphic functions.
Kano Memorial Lectures, No.1. Publications of the Mathematical Scciety of
Japan, No. 11. lwanami Shoten, Publishers, Tokyo; Princeton University Press,
Princeton, N.J., 1971.

[94] Shimura, G., The number of represetations of an integer by a quadratic form.
Duke Math. J. 100 (1999), no. 1, 59{92.



BIBLIOGRAPHY 143

[95] Shioda, T., SupersingularK 3 surfaces Algebric geometry (Proc. SummerMeet-
ing, Univ. Copenhagen, Copenhagen, 1978), pp. 564{591, Lecture Notes in
Math., 732, Springer, Berlin, 1979.

[96] Tate, J., Endomorphismsof abelian varieties over nite elds. Invent. Math. 2,
1966,134{144.

[97] Traverso,C., Sulla classi cazionedei gruppi analitici comrmrutativi di caratteris-
tica positiva. Ann. ScuolaNorm. Sup. Pisa (3), 23, 1969,481{507.

[98] Traverso, C., Specializations of Barsotti-Tate groups. Sympsia Mathematic,
Vol. XXIV  (Sympos.,INDAM, Rome,1979),pp. 1{21, AcademicPress,London-
New York, 1981.

[99] Vasiu, A., Crystalline BoundednesdPrinciple, preprint AG/0205199.

[100] Vigneras, M.-F., Nombre de classesd'un ordre d'Eichler et valeur au point
1 de la fonction z&ta d'un corpsquadratique reel. EnseignementMath. (2) 21
(1975),no. 1, 69{105.

[101] Vigneras,M.-F., Invariants numeriquesdesgroupesde Hilb ert. Math. Ann. 224
(1976), no. 3, 189{215.

[102] Vigneras, M.-F., Arithmetique des algebres de quaternions. Lecture Notes in

Mathematics, 800., Springer, Berlin, 1980.

[103] Vollaard, I., On the Hilb ert-Blumenthal moduli problem, To appearin: Journal
of the Inst. of Math. Jussieu.
http : ==io:math:uni  bonn:de=peopk\wllaard=

[104] Waldspurger, J.-L., Engendremenh par des seriesth@ta de certains espacegle

formesmodulaires. Invent. Math. 50, (1978/79), no. 2, 135{168.



144 BIBLIOGRAPHY

[105] Waldspurger,J.-L., Formesquadratiquesa 4 variableset relevemen. Acta Arith.

36, (1980), no. 4, 377{405.

[106] Walling, L., Hedke operators on theta seriesattached to lattices of arbitrary
rank. Acta Arith. 54, (1990), no. 3, 213{240.

[107] Walling, L., The Eichler comnutation relation for theta serieswith spherical

harmonics.Acta Arith. 63, (1993), no. 3, 233{254

[108] Waterhouse,W., Abelian varietiesover nite elds. Ann. Sci. Ecole Norm. Sup.
(4), 2, 1969,521{560.

[109] Waterhouse,W. C.; Milne, J. S., Abelian varietiesover nite elds. 1969Num-
ber Theory Institute, (Proc. Sympos. Pure Math., Vol. XX , State Univ. New
York, Stony Brook, N.Y., 1969),pp. 53{64. Amer. Math. Scc., Providence,R.1.,
1971.

[110] Weil, A., Basic numler theory. Die Grundlehren der mathematisthhen Wis-
sensbaften, Band 144, Springer-\erlag New York, Inc., New York 1967.

[111] Yu, C.-F., On the supersingular locusin Hilbert-Blumenthal 4-folds. J. Alge-
braic Geom. 12 (2003), no. 4, 653{698.

[112] Yu, C.-F., On reduction of Hilbert-Blumenthal varieties. Ann. Inst. Fourier
(Grenaoble) 53, (2003), no. 7,

[113] Zariski, O., Sanuel, P. Commutative algeba. Vol. II. The University Series
in Higher Mathematics., D. Van Nostrand Co., Inc., Princeton, N. J.-Toronto-

London-NewYork, 1960.

[114] Zhang, S.-W., Gross-Zagierformula for GL,. Asian J. Math. 5 (2001), no. 2,
183{290.



BIBLIOGRAPHY 145

[115] Zink, T., Letter dated May 1, 1999.

www:math:upenn:edu=, chai=zink letter050199pd



	Abstract
	Résumé
	Remerciements
	Introduction

