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Abstract

Let E i , i = 1; :::; n, be all the supersingularelliptic curvesover Fp up to isomorphism.

The modulesof isogeniesHom(E i ; E j ), equipped with the degreemap, are quadratic

modulesthat give rise to theta seriesof level p. The spaceof modular forms of weight

two for � 0(p) is thus spannedby the theta seriescoming from supersingular elliptic

curves in this fashion. We generalizethis classicalresult to Hilbert modular forms

by showing that for totally real �elds L of narrow classnumber one, the spaceof

Hilbert modular newformsof parallel weight 2 for � 0(p), p unrami�ed, is spannedby

theta seriescomingfrom quadratic modulesHomOL (A i ; A j ), whereA i ; A j rangeacross

all superspecial abelian varieties with real multiplication by OL . We also provide a

version of this theorem in the more delicate casewhere p is totally rami�ed in OL ,

building on the classi�cation of superspecialcrystals following from the generalization

of Manin's Habilitationschrift that we present in the �rst Chapter.
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R�esum�e

Soient E i , i = 1; :::; n, toutes les courbeselliptiques supersinguli�eresd�e�nies sur Fp,

�a isomorphismepr�es. Les modules d'isog�eniesHom(E i ; E j ), munis de l'application

degr�e, sont desmodulesquadratiquesqui donnent lieu �a dess�eriesthêta de niveaup.

L'espacedes formes modulaires de poids 2 pour � 0(p) est donc engendr�e par des

combinaisonsde s�eriesthêta provenant descourbeselliptiques supersinguli�eres.Nous

g�en�eralisonsce r�esultat classiqueaux formesmodulaires de Hilbert en montrant que

pour un corpstotalement r�eelL denombre de classesrestreintes un, l'espacedesnou-

vellesformesmodulairesde Hilbert de poids parall�ele2 pour � 0(p), p non rami� �e, est

engendr�e par les s�eriesthêta provenant de modulesquadratiquesHomOL (A i ; A j ), o�u

les A i ; A j parcourent l'ensemble des vari�et�es ab�eliennessupersp�eciales�a multiplica-

tion r�eellepar OL . Nousfournissonsaussiuneversionde ceth�eor�emedansle casplus

d�elicat o�u p est totalement rami� �e dans OL , en nous appuyant sur la classi�cation

descristaux supersp�eciauxqui d�ecoulede la g�en�eralisation de l'Habilitationschrift de

Manin que nousexposonsdans le chapitre premier.
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1

In tro duction

Let p be a prime number. Let E be a supersingular elliptic curve over Fp. Deur-

ing showed that the endomorphismring End(E) is a maximal order in the rational

quaternion algebra Bp;1 rami�ed at p and 1 . The number h of supersingular j -

invariants, and thus the number of supersingularelliptic curvesE i =Fp, is �nite. The

left ideal classesof End(E) are in bijection with supersingularelliptic curvesde�ned

over Fp, and any maximal order in Bp;1 arisesas the endomorphismring of a suit-

ablesupersingularelliptic curve E i for somei . All maximal ordersof Bp;1 are locally

conjugate. The number of maximal orders, up to isomorphism, is thus bounded

by h. It is called the type number, and it can be strictly less than h: End(E i ) is

isomorphic to End(Ek) if and only if j p
i = j k . The Z-module Hom(E1; E2) of homo-

morphismsbetweentwo supersingularelliptic curvesE1 and E2 is naturally equipped

with the degreemap, a quadratic form in four variables with values in Z. Indeed,

as the above bijection suggests,this data can be formulated in terms of quaternion

algebrasonly. Let I 1; : : : ; I h be ideals of Bp;1 representing the left ideal classesof

O = End(E), viewed as a maximal order in Bp;1 . Then E 
 O I j for j = 1; : : : ; h,

are equal to E1; : : : ; Eh; up to isomorphism (and up to re-indexing), and we have

the formula Hom(E 
 O I k ; E 
 O I j ) = I � 1
j I k . Moreover, the quadratic forms on

Hom(E 
 O I k ; E) = I k , given by the degreemap and by Norm(� )=Norm(I k), are
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equal. The theta series

� j k =
1X

n=0

jf f 2 I � 1
j I k : deg(f ) = ngj � qn ; q = e2� iz ;

are modular forms of level � 0(p) and weight 2 (with trivial character). Eichler's The-

orem states that thesetheta seriesspan the vector spaceof weight 2 modular forms

for � 0(p). The geometryenters the picture when one considersthe reduction X 0(p)

of the modular curve X 0(p) modulo p. It hasa canonicalprojection X 0(p) � ! X 0(1)

and X 0(p) consistsof two copiesof X 0(1), one projecting isomorphically and one

via the Frobeniusmap on X 0(1). The two components intersect transversally at the

supersingular points. Cusp forms of weight 2 on X 0(p) with integral Fourier coe�-

cients can be viewed asholomorphicdi�erentials; they canalsobe reducedmodulo p.

There, we view them as meromorphicdi�erentials on X 0(1) with simple polesalong

the supersingular locus. Since X 0(1) is P1, we get functions on the supersingular

locus(with the valueat a point being de�ned asthe residue)such that the sum of its

valuesis zero.

We generalizesome of these results to the Hilbert modular setting in the second

Chapter. From the perspective of this thesis, a key point is the uniquenessof the

superspecial crystal, for p unrami�ed.

The �rst Chapter of this thesisgeneralizesmutatis mutandis Manin's Habilitation-

schrift to obtain a classi�cation up to isomorphismof F -crystals over totally rami�e d

extensionsof the Witt vectorsover a perfect �eld of characteristic p. The key point

of the classi�cation is the conceptof a special module. The supersingularspecial, or

superspecial crystals, arise in geometry from superspecial points on Hilbert moduli

spaces. We derive from the general classi�cation somegeometrical results relative

to Hilbert-Siegelmoduli spacese.g.,determining the number of superspecial crystals

in the totally rami�ed caseand studying the strati�cation of the supersingular locus

suggestedby the decomposition of the module spaces�a la Manin, examplesof which
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are calculatedexplicitly. This strati�cation of moduli spacesof abelian varietieswith

additional structure that we are suggesting,which essentially consistsof associating

its specialDieudonn�emodule to an abelian variety with additional structure, is shown

to be the sameasthe slope strati�cation of Andreatta and Goren for the supersingu-

lar Newton polygonstratum. We show in particular that the isomorphismtype of the

Dieudonn�e module dependsonly on the singularity index (which measuresthe failure

of the tangent spaceto be a free OL 
 Fp-module). We also establisha truncation

conjecture of Traverso in a particular case,showing that a (classical) supersingular

Dieudonn�e module of rank 2g is determinedup to non-canonicalisomorphismby its

truncation modulo pg.

The secondChapter of this thesisgeneralizesfor Hilbert moduli spacesthe above

mentioned results of Deuring and Eichler. The Main Theorem is a geometric inter-

pretation of Eichler's Basis Problem for Hilbert modular forms: in short, under the

hypothesisthat the narrow classnumber of the totally real �eld L is 1 and p unrami-

�ed, we show that the theta seriesstemmingfrom superspecial points on the Hilbert

moduli spacespan the vector spaceof Hilbert newformsof level p and weight two.

We also investigate the casewhere p is totally rami�ed. The proof follow the gen-

eral strategy of the elliptic case. The Hilbert moduli spaceparametrizesprincipally

polarizedabelian varieties with an action of OL , wherethe polarization is OL -linear.

The superspecial points on the Hilbert moduli spacein characteristic p form a �nite

set A1; : : : ; AH . In fact, if E1; : : : ; Eg are any supersingular elliptic curves over Fp,

then any A j is isomorphic to E1 � � � � � Eg as abelian varieties and so the A i 's are

distinguishedpreciselyby the action of OL (once the OL -action is given, all choices

of OL -linear principal polarizations are isomorphic).

Let A bea superspecialabelianvariety with RM. We�rst show that the centralizer

of OL in End(A) i.e., EndOL (A) is an order of discriminant dividing p in Bp;L that

is, the quaternion algebraBp;1 
 L . In particular, if p is unrami�ed, it is an Eichler
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order of level p. Let E be a supersingularelliptic curve over Fp. The key exampleis

the abelian variety E 
 Z OL , which is principally polarized. One has

EndOL (E 
 OL ) = End(E) 
 OL = O 
 OL ;

whereO is a maximal order in Bp;1 . The order O 
 OL clearly has discriminant p.

The local nature of EndOL (A i ) can be studied by a versionof Tate's theoremthat we

provide, which statesthat EndOL (A i ) 
 Z`
�= EndOL 
 Z` (T` (A i )) and EndOL (A i ) 
 Zp

�= EndOL 
 W (Fp )[F;V ](D(A i )) ; where D(A i ) is the Dieudonn�e module of A i . Sinceall

T` (A i ) and D(A i ) are independent of i when p is unrami�ed, one concludesthat

all the orders EndOL (A i ) are locally conjugate. When p is rami�ed, there is more

than one isomorphism class of Dieudonn�e module, and we get orders of di�erent

levels. For the rest of this introduction, we suppose that p is unrami�ed. Using

our version of Tate's theorem, we show that HomOL (A i ; A j ) is a projective rank 1

module over EndOL (A i ). Conversely, left ideals classesof EndOL (A) are in bijection

with superspecialabelian varietieswith RM. Also, any superspecialorder of level pOL

i.e., an order admitting the samelocal description asEndOL (E 
 OL ) (seeDe�nition

2.3.11), arisesas the endomorphismring of a suitable superspecial abelian variety

with RM. One can also de�ne the type number in this context (and it is bounded

by the class number H ) but we do not study its geometric interpretation in this

thesis. We then consider the OL -module HomOL (A1; A2) of OL -isogeniesbetween

two superspecial abelian varieties A1; A2, equipped with a totally de�nite quadratic

form called the OL -degreejj � jj . This OL -degreeis de�ned as jj f jj = � � 1
1 f t � 2f ,

for f 2 HomOL (A1; A2), and � 1 (respectively, � 2) the principal polarization on the

abelian variety A1 (respectively A2). Thus, the OL -degreeis de�ned up to the choices

of polarizations, which are unique up to totally positive units in OL . Sincethe norm

Norm(I j ) of an ideal I j of End(A1) is an ideal in OL , we can make senseof it by

choosinga totally positive generatorr of Norm(I j ) and looking at Norm(� )=r, which

is well-de�ned up to a totally positive unit of OL . Therefore, Norm(� )=r is equal
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to the OL -degreeup to a totally positive unit. This quadratic form allows us to

construct a theta seriesof level p from the quadratic module (HomOL (A1; A2); jj � jj )

in the usual way. The Jacquet-Langlandscorrespondence, translated in classical

terms, implies that the spaceof Hilbert modular newformsof weight 2 for � 0(p) is

thence spannedby the theta seriescoming from superspecial abelian varieties with

RM, and we get the desiredresult this way.

An isolated result we include in this thesis concernsthe Siegel moduli space,

which parametrizesprincipally polarized abelian varieties. The a-number allows to

slice the Siegelmoduli spacein characteristic p in �nitely many strata Ta. Using

deformation theory, we show that the singular locusof Ta is Ta+1 , completinga result

of van der Geer.

More detailed introductions are given at the beginningof each Chapter.
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Chapter 1

Dieudonn �e mo dules

1.1 In tro duction

This mainly utilitarian chapter covers the basicsabout Dieudonn�e modulesover per-

fect �elds, and treats somequestionsin line with Manin's Habilitation [66], especially

its chapter I I I on the classi�cation, up to isomorphism,of Dieudonn�emodules. In par-

ticular, weshow that Manin's resultsextendmutadis mutandis to Dieudonn�emodules

with real multiplication (RM) in the totally rami�ed case. Revisiting the spacesof

Dieudonn�e modules �a la Manin in the combined light of old conjecturesand modern

theoremsenablesus to reap many interesting results about supersingularDieudonn�e

modules:

1. In Subsection1.3.6: The classi�cation of superspecial crystals with RM; this,

in turn, is usedin the rami�ed caseof the geometricinterpretation of Eichler's

BasisProblem in Chapter I I of the present thesis.

2. In Sections1.4 and 1.5: Someoptimal results in line with Traverso'sbounded-

nessconjecture (for classicalDieudonn�e modules). In particular, we optimize

two propositions of Vasiu ([99]): by proving Traverso's conjecture in the su-
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persingular case,and by giving the optimal bound for the isocrystal of slopes

f 1
n ; n� 1

n g, n � 3. A combination of Oort's result that the �rst truncation D=pD

of a minimal Dieudonn�e module D determinesuniquely the isomorphismclass

of D and the computation of the classicalsupersingularDieudonn�emodulespace

�a la Manin provesthat caseof Traverso'sconjecture.

3. In Section 1.6: A description of the slope strati�cation of [1] of the supersin-

gular Newton polygon stratum of Hilbert modular varieties purely in terms of

the geometryof the Dieudonn�e module spaces�a la Manin. Note that the geo-

metric properties of the slope strati�cation of Hilbert moduli spaceshave been

investigatedin depth in [1] and [2].

1.2 Basics

We introduce, in this section,all relevant de�nitions about Dieudonn�e modules,and

westate the classicalDieudonn�e-Manin classi�cation. The connectionwith p-divisible

groups is explained in detail in [18] and also [41], which is nicely complemented by

the lecture notes[78].

Let k be a perfect �eld of characteristic p > 0, and let K be the fraction �eld of

the Witt ring W(k); k perfect implies that W(k) is a completediscretevaluation ring

with residue�eld k. The Frobeniusautomorphism � of k inducesan automorphism

(also noted � ) of K .

De�nition 1.2.1. An F -isocrystal (V; �) is a �nite dimensionalvector spaceV over

the �eld K , equipped with a � -linear bijection � : V � ! V .

More generally, we can replaceK by the compositum K F := K � F of K and a �nite

extension F of Qp in K . We give a few necessarywords of explanation, following

Kott witz ([60, x1]). Supposethat k is algebraicallyclosed.Let kF denotethe residue
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�eld of F and let M denote the fraction �eld of W(kF). The extension F=M is

totally rami�ed of degreeg, the absolute rami�cation index of F. The canonical

homomorphismK 
 M F � ! K F is an isomorphism,sincean Eisensteinpolynomial

over M remains Eisenstein over K . In particular, the extension K F=K is totally

rami�ed of degreeg, which means that g is also the absolute rami�cation index

of K F. The Frobeniusautomorphism � of k relative to kF inducesan automorphism

of K over M , which in turn inducesan automorphism(also noted � ) of K F over the

�eld F. The �xed �eld of � on K F is F (see[60, Lem. 1.2]).

De�nition 1.2.2. An F -isocrystal (V; �) with RM by F is a �nite dimensional

vector spaceV over K F equipped with a � -linear bijection � : V � ! V.

Remark 1.2.3. The terminology \with RM" stemsfrom the fact that Hilbert moduli

spacesclassifyg-dimensionalpolarized abelian varieties A over k with real multipli-

cation e.g.,equipped with an action

� : OL � ! End(A);

where OL is the ring of integersof a totally real �eld L. By functorialit y, the ac-

tion of OL carries over to the �rst crystalline cohomologygroup H 1
cr ys(A=W(k)). If

pOL = pg is totally rami�ed, H 1
cr ys(A=W(k)) 
 Q can be viewed as an F -isocrystal

with RM by OL p , the ring of integersof the totally rami�ed extensionof Qp obtained

by completing L at p.

Theorem 1.2.4. (Dieudonn�e-Manin) Let k bean algebraicallyclosed�eld. The cate-

gory of F -isocrystalswith RM over K F is semisimplewith simpleobjectsparametrized

by Q. To � 2 Q corresponds the simple object E � de�ned as follows. If � = r
s , with

r; s 2 Z; s > 0; (r; s) = 1, then

E � = K F[F ]=(F s � T r );

whereT is a uniformizer of K F, and F is � -linear i.e., F x = x � F .
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Proof. [60, x3]

De�nition 1.2.5. We call the collection of rational numbers f r i
gsi

g associated to a

semisimpleobject � i E � i ; � i = r i
si

its slopes.

Denote by WF(k) the ring of integersof K F. The ring WF(k) is a totally rami�ed

extensionof W(k) of degreeg, and sinceWF(k) arisesfrom an Eisensteinpolynomial,

the relation Tg = �p holds for some� 2 WF(k)� i.e., some� of T-valuation zero.

If the �eld k is algebraically closed,then the equation X � = (T � =T)X in X has a

nonzerosolution modulo T, and so by the � -variant of Hensel'slemma (e.g., usedin

[66, Lem. 2.2, p.29]), has a non-zerosolution in WF(k). Then T=X is a uniformizer

of WF(k). Unlessotherwisementioned, k is algebraicallyclosedin the sequel,and we

thus supposethat T is a uniformizer such that T � = T.

De�nition 1.2.6. An F -crystal (M ; �) with RM by F is a free module M of �nite

rank over WF(k) equipped with a � -linear injective map � : M � ! M such that

M =� M has �nite length as a WF-module.

Since we are interested in p-divisible groups, it is useful to introduce Dieudonn�e

modules, which give a full subcategoryof the categoryof F -crystals, anti-equivalent

to the categoryof p-divisible groups([18]). This anti-equivalenceholdswith additional

structure e.g.,RM, by functorialit y of the construction.

De�nition 1.2.7. � The ring E = WF(k)[F; V ] is the ring of non-commutativ e

polynomials of the form

w +
nX

r =1

ar F r +
mX

s=1

bsV s; w; ar ; bs 2 WF(k);

satisfying the multiplication rules :

VF = F V = p; F w = w� F; wV = Vw� :
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� The ring cEk is:

WF(k)(( F )) =

(
X

i> �1

ai F i ; ai 2 WF(k); F a = a� F; a 2 WF(k)

)

:

� The ring Ek is de�ned to be the subring WF(k)[[F ]] � cEk . Note that cEk is the

localization of Ek at (F ).

Remark 1.2.8. The letter F (resp. V) standsfor Frobenius(resp. Verschiebung).

De�nition 1.2.9. A Dieudonn �e module D is a left WF(k)[F; V]-module free of

�nite rank over WF(k) with the condition that D=FD has �nite length.

Remark 1.2.10. A Dieudonn�e module M is closedunder Frobeniusand Verschiebung

i.e., F M � M , and VM � M . Theseconditions imply that the slopesof M (i.e., of

the associated F -isocrystal) are � 0 (respectively, � 1) (cf. [66, x4, p. 34]).

An F -crystal M with RM can be viewed as a WF(k)[F ]-module, where F acts

Frobenius-linearly. If F is topologically nilpotent e.g.,\ i � 0F i M = 0, M canbe viewed

as an Ek-module, and reciprocally, any Ek-module M free of �nite rank over WF(k)

with M =FM of �nite length can be viewed as an F -crystal with RM on which F is

topologically nilpotent.

A Dieudonn�e module M is free of �nite rank over WF(k), hence(M ; F ) is always an

F -crystal, but an F -crystal (M ; F ) is a Dieudonn�e module if and only if pM � F M

(so that Verschiebung is de�ned as the map V := F � 1p : M � ! M ).

Prop osition 1.2.11. (Fitting's Lemma, [64, xVI 5.7-5.8,p. 180]) A crystal (M ; F )

with RM is decomposableuniquely in a direct sum:

M = M etal e � M local;

where M etal e is a crystal with RM on which F is an isomorphism, and M local is a

crystal with RM on which F is topologically nilpotent.
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Proof. Let n 2 N. We will prove things mod T n . Let (M =TnM ; F ) be the reduced

crystal. Sincek is perfect, for all m 2 N, Im(F m ) is a WF(k)=TnWF(k)-submodule of

M =TnM . Sincethe latter is of �nite length, for m big enough,the following equalities

hold :

(M =TnM ) local :=
[

i � 0

kerF i = kerF m and (M =TnM )etal e :=
\

i � 0

ImF i = ImF m ;

andM =TnM = (M =TnM ) local � (M =TnM )etal e sinceM =TnM is a �nite length WF(k)-

module (cf. [41, Lem., p. 39]). We then de�ne M local = lim
 �

(M =TnM ) local and

Metal e = lim
 �

(M =TnM )etal e.

Similarly, we can replaceF by V in the statement of Fitting's Lemmafor F -crystals,

and we obtain the following decomposition for any Dieudonn�e module D:

D = Detal e;etale � Detal e;local � Dlocal;etal e � Dlocal;l ocal:

However, Detal e;etale = 0, for if F and V are both isomorphismson a Dieudonn�e

module D0, then F VD0 = pD0 = D0, and thus D0=pD0 = 0, and sincerkk(D0=pD0) =

g � r kWF (k)D0, if follows that D0 = 0). Also, there is a duality functor called Cartier

duality which in particular switches Frobenius and Verschiebung ([41]); Cartier du-

ality establishesan equivalence of categoriesbetween the category of local-�etale

Dieudonn�e modules and the category of �etale-local Dieudonn�e modules. Thus, to

classifyDieudonn�e modules, it su�ces to classifyall local Dieudonn�e modules. Since

the categoryof local F -crystalswith RM is equivalent to the categoryof Ek-modules,

it su�ces to classifyEk-modules. This is the content of the next section.
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1.3 Classi�cation up to isomorphism

We go over Manin's arguments and establish the classi�cation of Dieudonn�e mod-

ules up to isomorphism. Only trivial technical modi�cations are applied to Manin's

original ideas. Our goal in Subsections3:1 to 3:5 is to convince the reader that this

is indeed the case. To this end, we highly recommendthat the reader keepa copy

of [66, xI I I] at hand, sincewe do not reproduce Manin's proofs in their entiret y. As

noted earlier, even though the statements of Theorems,Lemmas,Corollaries involve

generalDieudonn�e modules,the proofs(especially thosequotedfrom [66]) arewritten

for local Dieudonn�e modules, i.e. Ek-modules.

In the classi�cation up to isomorphismof Dieudonn�e modules,we supposethat:

� the �eld k is algebraicallyclosed;

� the �eld F is a totally rami�ed extensionof Qp.

1.3.1 Overview of Manin's classi�cation in the totally rami-

�ed case

Let k be algebraically closed,and let F be a totally rami�ed extensionof Qp. The

main tools that appear in Manin's classi�cation are two �niteness theoremsand some

algebro-geometricclassifyingspaces.The key idea behind the FinitenessTheorems

is the conceptof a special module, a conceptwe de�ne below; a crucial fact is that

every module has a unique maximal special submodule, of �nite colength. Here are

the results we establishbelow.

De�nition 1.3.1. Two Dieudonn�e modules M 1; M2 are isogenous if there is an

injective homomorphism� : M 1 ,! M 2 such that M 2=� (M 1) has �nite length over

WF(k). If M 1 is isogenousto M 2, we write: M 1 � M 2.
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Remark 1.3.2. Sincek is algebraicallyclosed,the isogeny classof a Dieudonn�emodule

is uniquely determinedby the associated isocrystal. Isogeny is an equivalencerelation.

Theorem 1.3.3. (First FinitenessTheorem) Let M be a Dieudonn�e module. There

exists only a �nite number of non-isomorphicspecial modules isogenousto M .

Theorem 1.3.4. (SecondFinitenessTheorem) Let M be a Dieudonn�e module. The

module M has a maximal special submodule M 0. The length [M : M 0] is bounded

uniformly in the isogeny classof M .

Theorem 1.3.5. (Classi�cation Theorem) Let k be an algebraically closed�eld. A

Dieudonn�e module M is determinedby the following collection of invariants:

� the systemof non-negative integers(mi ; ni ; qi ) which de�nes the isogeny class

of M :

M � � i E=E(F m i � Tqi V n i ):

The numbers gn i + q
g(m i + n i )

are the slopesof M , thus the restriction

(mi + ni ; gni + qi ) = 1:

The triples (mi ; ni ; qi ) are uniquely de�ned from the slopes by the condition

0 � qi < g, and the condition on slopes0 � gn i + q
g(m i + n i )

� 1 (arising from the fact

that M is a Dieudonn�e module) implies that qi ; ni are nonnegative and mi > 0;

� the maximal special submodule M 0 � M (parametrizedby discreteinvariants);

� a �( M 0; H )-orbit of a point corresponding to M in a constructible algebraicset

A(M 0; H ), whereH is a nonnegative integer that dependsonly on (mi ; ni ; qi ),

A(M 0; H ) and �( M 0; H ) depend only on M 0 and H , and �( M 0; H ) is a �nite

group.

Two E-modulesare isomorphic if and only if all theseinvariants coincide.
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We explain how the decomposition M � � i E=E(F m i � Tqi V n i ) is equivalent to the

Dieudonn�e-Manin decomposition.

Note that V := pF � 1, soE=E(F m � TqV n ) � E=E(F m � Tq(pF � 1)n ). Moreover, by

[66, Lem. 2.5],

E=E(F m � Tq(pF � 1)n ) � E=E(F m � F � nTgn+ q) � E=E(F m+ n � Tgn+ q);

hencethe condition (m + n; gn + q) = 1. Note that the rank of M over WF(k) is
P

i (mi + ni ). We show how to �nd the systemof triples of integersstarting from the

Dieudonn�e-Manin classi�cation. Without lossof generality, suppose

M � E=E(F r � T s); (r; s) = 1;

and r; s > 0. De�ne q such that q = s mod g, 0 � q < g and de�ne n := s� q
g . The

integer m is de�ned as r � n.

Remark 1.3.6. The spacesarising in the classi�cation up to isomorphismare quite

amenableto study. In particular, the dimensionsof their components are often easy

to determine.

1.3.2 Special mo dules

De�nition 1.3.7. ([66, x2, p. 37]) Let M be a local Dieudonn�e module.

An Ek-submodule M 0 of MF := cEk 
 E k M is dense if its localization M 0
F is MF .

Lemma 1.3.8. An Ek-module M 0 is isogenousto an Ek-module M if and only if it

is isomorphic to a denseEk-submodule of MF .

Proof. [66, Lem. 3.1].

We henceforthclassifydensesubmodulesof M F .

Lemma 1.3.9. ([66, Lem. 3.2]) Let M = � i E=E(F m i � Tqi V n i ). An Ek-submodule

M 0 of MF is denseif and only if its rank, as WF(k)-module, is
P

i (mi + ni ).
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Proof. Clear, becausethe rank of M is
P

i (mi + ni ).

Corollary 1.3.10. Dieudonn�e modulesthat are isogenoushave the samerank.

De�nition 1.3.11. � An isoclinic module M of type (m; n; q) is a Dieudonn�e

module M isogenousto r � E=E(F m � TqV n ); (gn + q; m + n) = 1, r 2 N.

� An isoclinic moduleM of type(m; n; q) is saidto bespecial if F mM = TqV nM .

An arbitrary Dieudonn�e module M is said to be special if M �= M1 � � � � � M ` ,

whereM i , 1 � i � `, are maximal isoclinic special submodulesof M .

N.B. Manin calls isoclinic moduleshomogenous.

Example 1.3.12. The module � i E=E(F m i � Tqi V n i ) is special. It su�ces to check

the claim on isoclinic components. ConsiderM = E=E(F m � TqV n ). A basisof the

module M is given by 1; F; F 2; : : : ; F m+ n� 1. Let x =
P m+ n� 1

i=0 ai F i , for ai 2 WF(k).

Then

F mx =
m+ n� 1X

i =0

a� m

i F m F i =
m+ n� 1X

i =0

a� m

i TqV nF i = TqV n
m+ n� 1X

i =0

a� m + n

i F i ;

i.e., for any x 2 M , there exists y 2 M such that F m x = TqV ny, and reciprocally.

Thus, F mM = TqV nM .

De�nition 1.3.13. Let M be an isoclinic module of type (m; n; q). An element

x 2 M is said to be special if F mx = TqV nx.

Example 1.3.14. The module � i E=E(F m i � Tqi V n i ) is special, but not all its el-

ements are special. E.g., if x is special in E=E(F m � TqV n ), then �x is special if

F m (�x ) = TqV n (�x ), that is, if and only if � � m
F mx = � � � n

TqV nx, or � � m
= � � � n

sinceF mx = TqV nx. Succinctly, � � m + n
= � i.e., � 2 WF(Fpm + n ).

Lemma 1.3.15. ([66, Lem. 3.3]) A isoclinic module M of type (m; n; q) is special if

and only if as a WF(k)-module, it hasa basisconsistingof special elements (called a

special basis) i.e., elements x1; : : : ; xm+ n such that F mx i = TqV nx i for all i .
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Proof. (Sketch) The proof in Manin is terse;we make explicit his referenceto a result

of Fitting. Incidentally, the proof shows that a non-trivial Dieudonn�e module M such

that F mM = TqV nM is necessarilyisoclinic of type (m; n; q). Manin's proof �rst

proceedsto show in a one-linecomputation that if the module M hasa special basis,

then it is special. Conversely, from an isoclinic special module with an arbitrary free

WF-basis, it is possibleto construct a special basisby using Fitting's result applied

to the operator T � qV � nF m , which inducesa � m+ n -semilinearautomorphism on the

k-vector spaceM =pM. Fitting's Lemma thus shows that there is a basis x (1)
i such

that T � qV � nF m x(1)
i = x(1)

i mod p. The rest of the proof shows that we can �nd

compatible elements x(r )
i such that T � qV � nF mx(r )

i = x(r )
i mod pr for all r .

Lemma 1.3.16. (Fitting) Let k be an algebraically closed�eld of characteristic p,

and let V a k-vector spaceof dimension n. Let q = pa, for some a 2 Zn0 and

� : V � ! V an additive bijection such that for all � 2 k, for all v 2 V, we have

� (�v ) = � q� (v). Then there exists a base(e1; : : : ; en) of V such that � (ei ) = ei 8i .

Proof. Without lossof generality, we may supposethat a > 0. We �rst claim there is

a w 2 Vnf 0g such that � (w) = w. Let 0 6= v 2 V, and r 2 N� be the biggest integer

such that (v; � (v); : : : ; � r � 1(v)) is free. There exist � i 2 k such that

� r (v) =
r � 1X

i =0

� i � i (v):

For x = (x1; : : : ; xn ) 2 kn , let w = w(x) =
P r � 1

i =0 x i � i (v). We solve for � (w) = w. We

reducethis to solving a singleequation:

� (w) =
r � 2X

i =0

xq
i �

i +1 (v) + xq
r � 1

r � 1X

i =0

� i � i (v) =
r � 1X

i =0

x i � i (v) = w:
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We obtain a linear systemby equating terms:

� 0x
q
r � 1 = x0

xq
0 + � 1x

q
r � 1 = x1

� � �

xq
r � 2 + � r � 1x

q
r � 1 = xr � 1

If we combine all equationsinto one,we obtain :

xr � 1 = � qr � 1

0 xqr

r � 1 + � � � + � r � 1:

Sincethis equation is non-trivial (there is an i such that � i 6= 0 and q > 0) and the

�eld k is algebraicallyclosed,there is a non-trivial solution, and thus � (w) = w. Let

(e1; : : : ; er ) be a systemof linearly independant vectorssuch that for all i , � (ei ) = ei .

Consider the subspaceW � V generatedby all thesevectors. If W 6= V, it follows

from our previous claim that there exists f 2 VnW such that � (f ) 2 V=W, (where

� : V � V=W is the projection), and � (f ) is �xed under � (� ). This meansthat there

are � i such that

� (f ) = f +
rX

i =1

� i ei :

Just put er +1 = f +
P r

i =1 yi ei for somevariablesyi 2 k. Again, we solve the equation

� (er +1 ) = er +1 in the variablesyi , e.g. we solve

er +1 +
rX

i =1

(� i + yq
i )ei = er +1 +

rX

i =1

yi ei ;

which is possible,sincefor all i , yq
i � yi = � � i has a solution (k being algebraically

closed).

Theorem 1.3.17. ([66, Thm. 3.1, p. 39]) Let M be a Dieudonn�e module. Then

among the special submodules of M there exists a unique maximal one, M 0 � M .

The factor module M =M 0 is of �nite length.
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Proof. The maximal specialsubmodule is obtainedasa direct sumof isoclinic special

submodules,and the proof is the sameas in [66, Thm. 3.1].

1.3.3 The First Finiteness Theorem

We de�ne the cyclic local algebraEm;n;q we usein the proof of the First Finiteness

Theorem. We denoteby K F(Fpm + n ) the sub�eld of K F �xed under � m+ n . With this

notation, K F(Fp) = F.

De�nition 1.3.18. Let m; n; q be non-negative integerssuch that 0 � q < g and
gn+ q

g(m+ n) , is the slope of an isosimpleDieudonn�e module (i.e., (m + n; gn + q) = 1,

and 0 � gn+ q
g(m+ n) � 1). Let Em;n;q be the associative WF(Fpm + n )-algebra (with unit)

generatedby � such that

� m+ n = T; � � = � � � b
� ; � 2 WF(Fpm + n );

whereb is such that � b(gn + q) = 1 mod m + n.

Note that the center of Em;n;q is OF, the ring of integers of F: since � b is a unit

modulo m + n, � � � b
= � implies that � � � b( gn + q)

= � � 1+ a( m + n )
= � � = � , and thus

� 2 OF.

Let K m;n;q := Em;n;q 
 Q. It is a division algebra: let x =
P m+ n� 1

i=0 ai 
 � i be a

right zero divisor. By multiplying by suitable powers of T and � , we can suppose

that ai 2 WF(Fpm + n ), and a0 62TWF(Fpm + n ), up to relabeling. The matrix of right

multiplication by X in the basis1; : : : ; � m+ n� 1 is (write � for � � b) :
0

B
B
B
B
B
B
B
B
B
B
@

a0 a1 � � � am+ n� 1

Ta�
m+ n� 1 a�

0 � � � a�
m+ n� 2

� � � � � � � � � � � �

Ta� m + n � 1

1 a� m + n � 1

m+ n� 1 � � � a� m + n � 1

0

1

C
C
C
C
C
C
C
C
C
C
A
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Its determinant is congruent to a0a�
0 � � � � � a� m + n � 1

0 = Norm(a0) mod T, which cannot

be zero,contradiction.

We introduce an isosimple module M m;n;q which will be useful in the explicit

computation of modulesspaces.De�ne:

Mm;n;q := WF(k) 
 WF (Fpm + n ) K m;n;q :

Recall that Tg = p � � for some � 2 WF(k)� from the discussionfollowing the

Dieudonn�e-Manin classi�cation (Theorem1.2.4). The module Mm;n;q is a vector space

over K F, a right K m;n;q -module and hasa E-module structure given by:

F � i = � i + gn+ q;

V � i = �� i + gm� q;

T� i = � i + m+ n ;

bearing in mind that F is � -linear on WF(Fpm + n ) and V is � � 1-linear on WF(Fpm + n ):

The relation V� i = �� i + gm� q actually follows from the actions of F and T by using

the relations Tg = � � p and F V = p. Note that gm � q � 0 since gn+ q
g(m+ n) � 1 implies

that gn + q � gm + gn. Note that F V = VF = p, with the above relations, is

equivalent to the equality � = � � becausewe picked our uniformizer T such that

T � = T, and Tg = � � p implies that � = � � .

Lemma 1.3.19. ([66, Lem. 3.5])

� The module Mm;n;q is isogenousto E=E(F m+ n � Tgn+ q).

� Any non-zero�nitely generatedE-submodule of M m;n;q is dense.

Proof. � SinceF m+ n � i = � i +( gn+ q)( m+ n) , and Tgn+ q� i = � i +( m+ n)( gn+ q) , the result

follows from the relation: F m+ n � i = Tgn+ q� i and the fact that both modules

have the samerank m + n.
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� The secondstatement follows from the fact that M m;n;q is isosimple.

Lemma 1.3.20. Let T � WF(k) be a multiplicativ e systemof representativ esfor the

�eld k such that 0 2 T. Any x 2 M m;n;q can be uniquely expressedas:

x =
X

i> �1

� i � i ; � i 2 T:

In this notation, the element x is special if and only if � � m + n

i = � i .

Proof. [66, Lem. 3.6]. In particular, the condition of x to be special is that

F � mTqV nx = x;

i.e.,
P

� i � i =
P

� � � m � n

i � i , sincem(gn + q) � n(gm � q) = q(m + n), hencethe equality

� � m + n

i = � i .

Lemma 1.3.21. One has

Aut cE k
(Mm;n;q ) = K �

m;n;q ;

where the action of K �
m;n;q is given by multiplication on the right. In particular, an

automorphismof Mm;n;q leaving all special elements �xed is the identit y.

Proof. As in the proof of [66, Lem. 3.7], it is enoughto check this on � = �� j 6= 0,

� 2 T \ WF(Fpm + n ). Then we have:

F
�

(
X

i

ai � i )�� j
�

= F
� X

i

ai � � � bi
� i + j

�
=

X

i

a�
i � � � bi +1

� i + j + gn+ q:

On the other hand,

�
F (

X

i

ai � i )
�

�� j = (
X

i

a�
i � i + gn+ q)�� j =

X

i

a�
i � � � b( i + gn + q)

� i + j + gn+ q:

Since� b(gn + q) = 1 modulo m + n, the assertionfollows.
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The following discussionfollowsclosely[66, xx2, p. 47]. Let M be a module isogenous

to a simple module of slope (m + n; gn + q). We embed M in WF(k) 
 K n;m;q . Every

element x of M can be written in the form x =
P

i> �1 � i � i : Let us put � (x) to be

the minimal i such that � i 6= 0. We choose an element x =
P

i � i 0
� i � i for which

i0 = � (x) has the least possiblevalue (for the given embedding), and consider a

new embedding M � ! M F for which 1 +
P

i> 0 � i � i 2 M (this is the composition

M
 

� ! MF
�

� ! MF , where � is right multiplication by � � i 0 2 K m;n;q and  is the

original embedding). We identify M with its imageunder this embedding. Then M

is included in the submodule WF(k) 
 Em;n;q and contains an element congruent to 1

mod WF(k) 
 Em;n;q � .

We de�ne:

J = J (M ) = f � (x)jx 2 M g:

It is a set of non-negative integers containing 0. It is easy to seethat � (F x) =

� (x) + gn + q, � (Vx) = � (x) + gm � q, � (Tx) = � (x) + m + n. Thus, the set J is

invariant under translations of the form

a(gn + q) + b(gm � q) + c(m + n); a;b;c � 0:

Since(gn + q; m + n) = 1, NnJ is �nite: clearly, from [66, Lem. 3.8], every integer

N � (gn + q � 1)(m + n � 1) is in J .

Example 1.3.22. We list the possiblesets J that can arise for g = 4 and rank 2

modulesunder the condition that (gn + q; m + n) = 1.

m = 2; n = 0 m = 1; n = 1

q = 1 ? ? ; f 1g

q = 3 ? ; f 1g ?

We now give a nice description of isosimplemodules.
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Lemma 1.3.23. ([66, Lem. 3.9]) Let M be an isosimplemodule of type (m; n; q),

with (gn + q; m + n) = 1. Considerthe �nite set of integersJ (M ) = NnJ (M ).

1. The set J does not depend on the choice of the embedding and is an invari-

ant of the module M (N.B. we restrict ourselves to embeddings that satisfy

minf � (x)jx 2 M g = 0).

2. For the givenembeddingM ,! WF(k) 
 Em;n;q , the module M contains a system

of elements of the form:

zj i = � j i +
X

k2 J ;k>j i

� ik � k ; � ik 2 T;

where T is a multiplicativ e systemof representativ es for k. Here j i runs over

all numbers of J such that

j i � (gn + q); j i � (gm � q); j i � (m + n) 2 J :

The systemf zj i g is uniquely determined and coincideswith a minimal gener-

ating set of the E-module M . It will be called a standard system.

3. The module M is special if and only if all elements zj i are special.

Proof. We follow the proof of [66, Lem. 3.9] very closely.

1. By Proposition 1.3.21, any embedding M ,! WF(k) 
 Em;n;q containing x such

that � (x) = miny2 M � (y) = 0, di�ers from another such embedding by right

multiplication by a unit in Em;n;q i.e., an element of valuation zero, for which

f � (y); y 2 M g is invariant.

2. As in Manin, oneconstructssuch a systemby choosingat the j -th step, j 2 J ,

any element z0 2 M of the form z0 = � j +
P

i>j � ij � i and then putting:

zj = 0 if j 2 [ j k <j f j k + a(gn + q) + b(gm � q) + c(m + n)g;
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zj = z0
j �

X

i 2 J

� ij z0
i ; if j =2 [ j k <j f j k + a(gn + q) + b(gm � q) + c(m + n)g;

where the elements � ij 2 WF(k) are chosenso that the decomposition of the

element zj has the form given in the lemma i.e., � ik 2 T, the multiplicativ e

systemof representativ e �xed earlier, which is always possibleby multiplying

� ij by a suitable unit. Let us show now that the elements zj form a minimal

generatingsystemof the Ek-module M . In fact, from the equality

J = [ i f j i + a(gn + q) + b(gm � q) + c(m + n)g;

it follows that M =
P

i Ezj i . The minimal number of generatorsof M agrees

with the dimensionof the k-linear spaceM =(F M + VM + TM ), by Nakayama's

Lemma. But the imagesof zj i in this linear spaceare linearly independant,

becausethe leading coe�cien ts � j i are all di�erent by construction. Sincethe

zj i generateM , it follows that they form a minimal system.

The sameargument as in Manin gives the uniquenessof the system f zj i g as

well asstatement (3).

Corollary 1.3.24. (First FinitenessTheorem for isosimplemodules, [66, Cor. 1, p.

48]) There exists only a �nite number of non-isomorphicspecial modules isogenous

to a �xed simple module.

Proof. As in Manin, onenotesthat by Lemma1.3.23, every such M is determinedby

its standard systemf zj i g, where the condition that M is special implies that coe�-

cients � ik 2 T \ WF(Fpm + n ) that occur in the standard system,satisfy the conditions

� � m + n

ik = � ik . The number of coe�cien ts in such a collection is �nite, and this implies

that the number of non-isomorphicspecial modules isogenousto E=E(F m � TqV n )

is �nite.
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Manin givesa reformulation of the description of special isosimplemodules in more

classicalterms. The (non-principal) order E 0
m;n;q is de�ned as

WF(Fpm + n )[� gn+ q; � gm� q] � Em;n;q :

Theorem 1.3.25. ([66, Thm. 3.6, p. 50]) The isomorphism classesof special

modulesof type (m; n; q) can be put into one-to-onecorrespondencewith the classes

of (fractional left) idealsof the order E 0
m;n;q .

Proof. Put Wm;n := WF(Fpm + n ). There is a correspondencebetweenthe special mod-

ules M � WF(k) 
 K m;n;q and the sets M s of special elements in M via picking a

special basisof M . By Lemma1.3.20, the set M s is actually a Wm;n [F; V]-submodule

of M and, moreover, F m � TqV n belongsto the annihilator of M s. Hencethere is a

natural left Wm;n [F; V]=Wm;n [F; V ](F m � TqV n )-module structure on M s. The ring

Wm;n [F; V]=Wm;n [F; V](F m � TqV n )

is isomorphic to the order E 0
m;n;q , by the map:

F 7! � gn+ q; V 7! � gm� q;

henceM corresponds to the E 0
m;n;q -ideal M s. We have supposed that M embeds

into WF(k) 
 K m;n;q under a given embedding. Any other embedding of M in

WF(k) 
 K m;n;q di�ers from the onechosenonly by right multiplication by an element

� 2 K m;n;q , which mapsspecialelements to specialelements since� 2 Aut (M m;n;q ) =

K �
m;n;q commuteswith F and V. Finally, wecanreconstructan E-module M uniquely

(up to isomorphism) from the E 0
m;n;q -module M s, again by picking a special basisof

M s and letting M be the W(k)-module generatedby this special basis.

Lemma 1.3.26. (First FinitenessTheoremfor isoclinic modules) Let

M � r � E=E(F m � TqV n )

be a special E-module and M s the left E 0
m;n -module of its special elements.
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� The module M s is isomorphic to a certain E 0
m;n;q -submodule of a free Em;n;q -

module M 0
s of rank r , containing a generatingsystem(x1; � � � ; xr ) of M 0

s as a

Em;n;q -module.

� Any E 0
m;n;q -submodule M s of M 0

s containing the system(x1; � � � ; xr ) possesses

over E 0
m;n;q a systemof generatorsof the form

rX

i =1

x i

cm;n;qX

j =0

� ij � j ; � ij 2 T \ WF(Fpm + n );

wherecm;n;q is the biggestnumber not representable as a sum

a(gn + q) + b(gm � q) + c(m + n);

with a;b;c � 0, or 0.

Proof. Sameproof as in [66, Lem. 3.10,p. 51].

� We take M 0
s := Em;n;q 
 M s. M 0

s is clearly free of rank r . The map

M s � ! En;m 
 M s; m 7! 1 
 m;

yields the required isomorphism.

� For any N > cm;n;q , we have x i � N 2 M s for all i = 1; : : : ; r , by de�nition of

cm;n;q . Pick any generatingsystem,and write its elements in the form :

rX

i =1

x i

1X

j =0

� ij � j ; � ij 2 T \ WF(Fpm + n );

removing terms in � j , j > cm;n;q sincethey already are in M s.

Corollary 1.3.27. (First FinitenessTheorem)Let M bea Dieudonn�emodule. There

exist only a �nite number of non-isomorphicspecial modules isogenousto M .
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Proof. This follows from the de�nition of a special module: a special module is

the sum of its maximal isoclinic special modules. Up to replacing M by an isoge-

nous Dieudonn�e module, we can decompose it in a �nite sum of isoclinic compo-

nents M = � tM t of pairwise di�erent slopes. Then by the First Finiteness Theo-

rem for isoclinic modules, every isoclinic component M t admits only �nitely many

non-isomorphicspecial modules isogenousto it. It is thus clear that the number of

non-isomorphicspecial modules isogenousto M is also �nite.

1.3.4 Second �niteness theorem

Theorem 1.3.28. Let M be a Dieudonn�e module. Let M 0 be its maximal special

module. Then F tM � M 0 holds, for somet 2 N depending only on the isogeny class

of M .

Proof. Seethe proof of [66, x6, Thm. 3.8].

1.3.5 The algebraic structure on the mo dule space

We follow [66, Chapter I I I, x3] very closely. For a referenceon the generaltheory of

rami�ed Witt vectors,see[45].

De�nition 1.3.29. Let M be a Dieudonn�e module. Let M belong to M 0 if the

maximal special submodule of M is isomorphic to M 0.

Remark 1.3.30. The module M belongingto M 0 canbe realizedasa densesubmodule

of (M 0)F containing M 0. There exists h; g 2 N such that

M0 � M � T � hM0 and M 0 � M � F � gM0:

De�nition 1.3.31. The T-height of x 2 M F over the densesubmodule M 0 of MF is

the least integer h such that Thx 2 M 0. The T-height of a module M 00� M 0 is the

maximum of the T-heights of the elements of M 00over M 0.
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Theorem 1.3.32. ([66, Thm. 3.2]) There is a bijection betweenon one hand: the

E-modulesM such that M belongsto M 0 and M satis�es

M0 � M � T � hM0 (1.3.1)

and on the other hand : a certain constructible algebraicset A(M 0; h) de�ned over k,

i.e. a �nite union of subsetsof projective spacethat are locally closedin the Zariski

topology.

Remark 1.3.33. In view of the SecondFinitenessTheorem,we can take h big enough

to get all modulesM belongingto M 0.

Proof. The strategy of Manin's proof is outlined as follows :

� Parametrizeall WF(k)-modulessatisfying Equation 1.3.1.

� Cut out algebraically the Ek-modules.

� Cut out algebraically the points not belongingpreciselyto M 0 (i.e. having too

many special elements) to get the �nal constructible algebraicset.

We begin the proof per se:

� Parametrize all WF(k)-mo dules satisfying Equation 1.3.1

De�nition 1.3.34. Let M 0 � M � T � hM0 be a WF(k)-module. There exists

a WF(k)-basis(x1; : : : ; xN ) of M 0 such that

(T � e1x1; : : : ; T � eN xn ); 0 � e1 � e2 � � � � � eN � h;

is a WF(k)-basis for M . We call the string of integers

i (M0; M ) = e = (e1; : : : ; eN );

the e-index of M .
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The index de�nes the module M uniquely; note that we only usedthe WF(k)-

module structure.

Any module satisfying Equation 1.3.1is completelydeterminedby its imagein

T � hM0=M 0 under the homomorphism

M � ! M =M 0 � ! T � hM0=M 0:

Wecheck that the group of automorphismsof T � hM0=M 0 is de�ned over k. The

trick is to replaceh by gh (we bring back the whole set-up to truncated Witt

vectorsWh(k) = W(k)=phW(k)), and note that :

WF(k) �= � g
i=1 W(k) asW(k)-modules;

WF(k)=pkWF(k) �= � g
i=1 Wh(k) as W(k)-modules;

whereWh(k) are the Witt vectors of length h. Note that T � hM0=M 0 is a free

module (of rank N , say) over WF(k)=phWF(k).

Lemma 1.3.35. The group of automorphismsof T � hM0=M 0 is:

Gk := (MN (WF(k)=phWF(k)) � �= (MN (� g
i=1 Wh(k)) �

�= GLN (Wh(k)) � g
i=2 MN (Wh(k)) ;

whereMN represents the N -by-N matrices.

Proof. This follows from the formulae de�ning the multiplication of Witt vec-

tors: The units in the Witt vectors W(k) are the elements w = (w1; w2; : : : ; )

whose�rst coe�cien t w1 is non-zero,and the similar statement holds for the

truncated Witt vectors. Sincethe multiplication of f and h for f = (f1; f2; : : : ; fg)

and h = (h1; h2; : : : ; hg) in WF(k) is f � h = (P1(f; h) = f1h1; P2(f; h); : : : ; Pg(f; h)),

for somepolynomials Pi (x; y) ([45, Eq. 6.14, x6.7, p. 60]), we can pick the



30 Dieudonn �e modules

isomorphismWF(k) �= � g
i=1 W(k) so that an element f 2 WF(k) �= � g

i =1 W(k) is

invertible if and only if the �rst coe�cien t f1 of f = (f1; f2; : : : ; fg) is invertible.

Thus, a matrix D 2 (M N (WF(k)=phWF(k)) � with coe�cien ts dij , 1 � i; j � N

will be invertible if and only if the matrix D1 whoseentries are the coe�cien ts

dij
1 ; 1 � i; j � N , is invertible i.e., D1 2 GLN (Wh(k)).

This group Gk is de�ned over k (since the composition law of Witt vectors

is de�ned over k), and its action on the spaceAe of modules of index e is

transitive. The action of the group can be transferred to M as follows : let

M0 � M , g 2 Gk . Fix a right action of Gk on the factor module T � hM0=M 0;

then

Mg = f xjx mod M 0 2 (M =M 0)gg:

The sameproof as in Manin's paper show that the stabilizer G0 of the module

M of index e is closedin G. Consequence: Ae is the set of geometricpoints of

the homogeneousspaceof right cosetsG=G0.

� Cut out algebraically the E-mo dules.

The module M g is an E-module if F (M g) � M g; V(M g) � M g. Manin

translatestheseconditions into two morphisms� 1; � 2 from G to a closedvariety

such that the set we are looking for is H = � � 1
1 (G0) \ � � 1

2 (G0); G0 closed.

The imageof H under the projection G � ! G=G0 is a constructible algebraic

set whosegeometric points are in one-to-onecorrespondencewith the set of

E-modulesM 0 � M of index e.

� Cut out, among the E-mo dules, those that belong to M 0 only . A special

element x 2 T � hM0 lies in M if and only if (x mod M 0)g� 1 2 M =M 0. But if

we seeT � hM0=M 0 as an a�ne variety over k,

� x : G � ! T � hM0=M 0;
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g 7! (x mod M 0)g� 1;

is a morphism. Thencex 2 M g if and only if g 2 � � 1
x (M =M 0) = Fx , a closed

set. So we discard [ x Fx , for x special, x 2 T � hM0; x 62M0.

Lemma 1.3.36. ([66, Lem. 3.4]) The set [ x Fx is closed,since the special

elements x 2 T � hM0 belongto a �nite number of cosets mod M 0.

Proof. The cosetsx mod (M 0) of specialelements arein bijection with N -tuples

(a1; : : : ; aN ); ai 2 WF(k)=ThWF(k) such that a� m + n

i = Tqai , and thoseN -tuples

are �nite in number.

Summingup, we get a constructible algebraicsetA(M 0; h), but there aredi�er-

ent points on it that correspond to isomorphic E-modules. The next theorem

takescareof this.

Theorem 1.3.37. ([66, Thm. 3.3]) There exists a �nite group of automor-

phisms �( M 0; h) such that two points correspond to isomorphic Dieudonn�e

modules if and only if they are contained in the same the orbit relative to

�( M 0; h).

Proof. We follow Manin's proof. The group � = Aut(M 0) acts on A(M 0; h)

(it acts on Ae, and it maps A(M 0; h) to A(M 0; h), since the condition on the

module M 0 is invariant under isomorphismsof M 0). Let M 0; M 002 A(M 0; h)

be isomorphicmodules. Any isomorphismM 0 � ! M 00inducesan isomorphism

of the corresponding special modules. Now M 0; M 000have the samemaximal

special submodule, namely M 0, therefore any isomorphism induces a certain

automorphism of M 0. Sinceany element of � that doesnot move the cosetof

x mod M 0 for all special elements x 2 T � hM0, leaves all points of A(M 0; h)

�xed. But the special elements x 2 T � hM0 belongto a �nite number of cosets
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mod M 0. We can thus take �( M 0; h) to be the permutation group (of cosets)

induced by the action of �, and it is clearly �nite.

This �nishes the proof of Theorem 1.3.32.

1.3.6 Superspecial Dieudonn �e mo dules with real multiplica-

tion

Let L be a totally real �eld of degreeg. In this section, we show that the general

theory yields e�ective computationsby counting the number of supersingularspecial

Dieudonn�emoduleswith RM. Wecall a supersingularspecialmodule a superspecial

module with RM by OL if it is a W(k) 
 OL -module. If pOL = pg, then W(k) 
 OL

is a totally rami�ed extensionof W(k) of degreeg i.e., F = L p.

Corollary 1.3.38. The number of isomorphism classesof superspecial Dieudonn�e

moduleswith RM by OL of rank 2 over a totally rami�ed prime p = pg is

hg
2

i
+ 1:

Proof. This follows in a straightforward way from Lemmas 1.3.23and 1.3.26: The

supersingularisocrystal hasslope gn+ q
g(m+ n) = 1

2 . Weare looking at rank 2 modules(over

WF(k)), henceif g is odd, m + n = 2, and it follows that gn + q = g, hence

n = 1; q = 0 and m = 1;

and the supersingular isocrystal is given by the isosimplemodule E=E(F � V). We

count the number of special crystals isogenousto E=E(F � V) by looking at the

discreteinvariants. The triplet f gm � q; gn + q; m + ng boils down to f g; 2g, hencefor

g = 2k + 1, the setsJ have the shape (1; 3; : : : ; 2c � 1), where0 � c � k (J is empty
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if c = 0): jJ j � g sinceg 2 f g; 2g, and even integersare ruled out since2 2 f g; 2g.

The complement of such a set is

Jc = f 2a + (2k + 1)bg [ f 2c + 1 + 2a + (2k + 1)bg; a;b � 0:

Recall that E 0
1;1;0 = WF(Fp2 )[� g], � 2 = T. By Lemma 1.3.23, the special submodule

M � WF(k) 
 E1;1;0 containing 1 is generatedby the elements 1; � 2c+1 if the set

J (M ) = f v(x)jx 2 M g coincideswith Jc, and all the corresponding modulesare non-

isomorphic. Note that the number of modules is preciselyk + 1 = [g=2] + 1, so this

provesthe classi�cation theoremfor g odd. If g is even, the isogeny classis givenby the

non-simplemodule2�E=E(F � T
g
2 ), som = 1; n = 0; q = g

2 . What weneedto conclude

is a computation-free application of Lemma 1.3.26: since E 0
1;0;g=2 = WF(Fp)[� g=2],

� = T, the generatingsystemof the special module M as an E1;0;g=2-module can be

chosento be f 1; � cg, for 0 � c � g=2, since it depends only on the valuations of

the generators. According to Lemma 1.3.26, any E 0
1;0;g=2-submodule of M 0

s, the left

E 0
1;0;g=2-module of special elements of M , is generatedby a systemof the form:

z1 = � 11 � 1 + � 12 � � c;

z2 = � 21 � 1 + � 22 � � c;

� cj 2 T \ WF(Fp). By changing variables, we can suppose that z1 = 1; z2 = � c,

thence there is a unique superspecial crystal for every c, 0 � c � g=2. The number

of superspecial Dieudonn�e modules is uniformly [g=2]+ 1 as claimed.

De�nition 1.3.39. We de�ne the superspecial Dieudonn�e module M c as follows, for

c 2 f 0; : : : ; [g=2]g:

M c is generatedby

8
>><

>>:

f 1; � 2c+1 g if g is odd

f 1; � cg if g is even
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Prop osition 1.3.40. Supersingular special modules M are supersingular modules

M with maximal a-number a(M ) = g (hencethe namesuperspecial ).

Proof. Recall that the a-number of a Dieudonn�e module M over W(k) is de�ned as

a(M ) := dimk M =FM + VM . A supersingular special module M is supersingular

i.e., of slope 1
2 and special, thereforeF � M = V � M and sincethe W(k)-rank of M is

2g, the a-number a(M ) = dimk M =FM + VM = dimk M =FM = dimk M =VM = g,

sincedimk M =FM + dimk M =VM = 2g. In other words, any supersingular special

module M is isomorphic to � g
i=1 W(k)[F; V]=(F � V) as W(k)[F; V]-module.

We postpone a proof and a discussionof the endomorphismorders of superspecial

crystals to Section 7 in Chapter I I of this thesis, where we compute the orders of

superspecial points on Hilbert moduli spacesin the totally rami�ed case.

1.4 Traverso's boundedness conjecture

In this section,we treat classicalDieudonn�e modules(without RM!). Traversoin his

1967Pisa thesis [97] proved the following result:

Theorem 1.4.1. ([97]) Let k be an algebraicallyclosed�eld of characteristic p. Let

M ; N be two Dieudonn�e modulesover W(k) of rank 2g. If M �= N mod pg2+1 , then

M �= N .

His work on a conjectureof Grothendieck led Traversoto speculatethat much more

is true:

Conjecture 1.4.2. ([98]) Let k be an algebraically closed�eld of characteristic p.

Let M ; N be two Dieudonn�e modulesover W(k) of rank 2g. If M �= N mod pg, then

M �= N .

Traversoalso showed that for any g, there are Dieudonn�e modulesM , N of rank 2g

which are isomorphicmodulo pg� 1 but such that M 6�= N ([98]).
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Remark 1.4.3. ([13, p.8]) Zink proved in a letter to Chai ([115]) the following trunca-

tion result: A crystal M over k is determined,up to non-uniqueisomorphisms,by its

quotient modulo pN , for somesuitable N > 0, depending only on the height of the

module M and the maximum amongthe slopesof M .

An interesting test for Traverso'sconjectureis the supersingular isocrystal.

Lemma 1.4.4. ([74, Proof of Prop. 1.6]) Let D1 be determined by its truncation

modulo pn1 , up to isomorphism. Let D2 � ! D1 be a degreepn2 isogeny. Then D2 is

determinedby its truncation modulo pn1+ n2 , up to isomorphism.

Minimal Dieudonn�e modules were �rst introduced by Manin ([66, p.45]): they are

isomorphic to direct sumsof modules M m;n ; (m; n) = 1, that we de�ned in Section

1.3.3. There is thus a unique minimal module for each Newton polygon. A minimal

module is special, sinceM m;n is special.

Example 1.4.5. The superspecial crystal is minimal.

Minimal moduleswerealsousedin [54, Section5.3]and their key truncation property

was proved in [75].

Theorem 1.4.6. ([75, Thm. 1.2]) Let M ; N be Dieudonn�e modules. Supposethat

the module M is minimal. If M =pM �= N=pN, then M �= N .

Corollary 1.4.7. Let D1 bea minimal Dieudonn�emodule. Supposethat the minimal

degreeof the isogeny betweenD2 andD1 is pn . Then D2 is determinedby its truncation

modulo pn+1 .

We proceedwith the computation in the supersingular isocrystal case. The super-

special module, denotedM 0, is the minimal supersingularmodule. We thereforeonly

want to bound the degreeof the isogeny betweenan arbitrary supersingular crystal

and the superspecial crystal. To this end, we generalize[66, Theorem3.15].
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Theorem 1.4.8. The Dieudonn�e modulesisogenousto g� E=E(F m � V ); m � 1 split

into m(g � 1) + 1 components. The indicesare the m(g � 1) + 1 possibilities ranging

from (0; : : : ; 0) to (0; : : : ; 0; 1; : : : ; 1) (with m(g � 1) repetitions of 1's).

Proof. The analogueof [66, Lem. 3.14]holds: any module is isomorphicto a primitive

submodule whoseF -height doesnot exceedm, and any primitiv e submodule whose

F -height h is small or equalthan m admits a cyclic factor module M =M 0, a generator

of which is given by the imageof an element of the form:

z = � � h
1 +

gX

j =2

hX

i =1

� ij � � i
j ; � ij 2 T; ehj 6= 0 for all j;

where� j is the element � 2 Em;1 in the j th copy of Em;1. The rest of the proof follows

exactly as in [66, Thm. 3.15].

Corollary 1.4.9. Let m = 1. The crystal g � E=E(F � V) is superspecial, and the

maximal index corresponds to isogeniesof degreepg� 1.

Corollary 1.4.10. Any supersingular crystal is determined up to isomorphismby

its truncation modulo pg.

Remark 1.4.11. This strengthens Traverso's and Vasiu's results ([97], [99, Prop.

3.4.1.1])which gave the bound g2 + 1 (resp. g2).

1.5 Explicit computations of module spaces �a la

Manin

We present in this subsectionexplicit computations of modules spaces:an in�nite

family of non-supersingularDieudonn�e modules(without RM), and the supersingular

isocrystal with RM.
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1.5.1 A family of non-sup ersingular Dieudonn �e mo dules

This exampleconcernsclassicalDieudonn�e modules i.e., F = Qp. Note that there is

only onespecial module in the isogeny classof M 0 = E=E(F � V n ) � E=E(F n � V ),

n � 2 (the casen = 1 is covered in [66, Thm. 3.15]). Write it as:

M0 = W(k) 
 E1;n � W(k) 
 En;1 = M 01 � M 02:

We will considermodulesM containing M 0 and contained in:

M0F = W(k) 
 K 1;n � W(k) 
 K n;1:

Any module isogenousto M 0 is isomorphicto a module contained in M 0F . We denote

the element � 2 E1;n (resp. � 2 En;1) by � 1 (resp. � 2). By height, we mean in this

examplethe F -height.

Lemma 1.5.1. Let M be isogenousto E=E(F � V n ) � E=E(F n � V), n � 2.

Let M be an E-module such that M 0 � M � M 0F . Then the height of M over M 0

is smalleror equal to one. Moreover, M =M 0 is cyclic, and a generatoris given by the

imageof an element of the form:

z = � � 1
1 + �� � 1

2 ; � 6= 0:

The module Ez + M 0 belongsto the special submodule M 0 and its index over M 0 is

(0; � � � ; 0; 1).

Proof. � The calculations are similar to the proof of [66, Lem. 3.13a]. Let x =

F � h1x1 + F � h2x2 2 M , x1 2 M01nF M 01 [ 0, x2 2 M02nF M 02 [ 0. We may

supposethat x i belong to a special basis of M 0i . We also assumethat M 6=

M0, x 6= 0 and h1h2 > 0. Then x2 6= 0, for otherwise EF � h1x1 would be a

special submodule of M not contained in M 0, which is impossible,becauseM 0

is maximal. Similarly, x1 6= 0. Further, h1 = h2 = h; for if h1 > h2, the element
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F h2x � x2 = F � h1+ h2 x 2 M generatesa specialsubmodule not contained in M 0.

Similarly, we obtain a contradiction in the casewhereh1 < h2. Finally, h � 1.

For if h > 1, then

Vx = x0+ x00; x0 2 (M 01)F ; x002 (M 02)F ;

is such that x002 M02, but x0 2 M01. Thereforex0 generatesa specialsubmodule

not contained in M 0, which is impossible. One seesthat h = 1 if and only if

x2 = V n� 1y for somey 62VM 02.

� Sameproof as in [66, Lem. 3.13b]

� The sameargument asin [66, Lem. 3.13c]appliesword for word, sincevalV (z) =

n � 1 for z of height 1.

Theorem 1.5.2. The modules isogenousto E=E(F � V n ) � E=E(F n � V ) are

parametrizedby A1.

Proof. The Dieudonn�e modules isogenousto E=E(F � V n ) � E=E(F n � V ) split

into 2 components Ah, 0 � h � 1. The component Ah consistsof moduleshaving a

maximal special submodule of index (0; � � � ; 0) if h = 0 (resp. (0; � � � ; 0; 1) if h = 1).

The spaceA0 consistsof onepoint, the special module itself, while A1 is isomorphic

to A1nf 0g, since� = 0 is excluded. The quotient of A1nf 0g by the associated �nite

group � h is necessarilyisomorphicto A1nf 0g, since� h is �nite, and quotients of a�ne

varieties by �nite groupsare a�ne varieties. We then glue A0 and A1 in the obvious

way and we get A1, the a�ne line.

Theorem 1.5.3. Let M 1; M2 be two modules isogenousto

E=E(F � V n ) � E=E(F n � V):

Then M 1=p2M1
�= M2=p2M2 implies that M 1

�= M2.
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Proof. Note that the special module E=E(F � V n ) � E=E(F n � V ) is minimal in the

senseof [75]. Oort hasshown that a minimal Dieudonn�e module M can be identi�ed

from its M =pM only. The index of any non-trivial module N over E=E(F � V n ) �

E=E(F n � V ) is p, thencethere is an isogeny � : N � ! E=E(F � V n) � E=E(F n � V )

of degreep, and so N is determinedby N=p1+1 N = N=p2N by Corollary 1.4.7.

Remark 1.5.4. This theoremrecovers a result of Vasiu ([99, Prop. 3.4.4.1,p. 32]).

1.5.2 The supersingular isocrystal in the totally rami�ed case

Case I: g odd.

We follow [66, Thm. 3.12] to study the caseg odd. Any supersingular module

is isogenousto the isosimplemodule E=E(F � V). In De�nition 1.3.39, we enumer-

ated all special modules M c isogenousto E=E(F � V) by giving the set of discrete

invariants Jc. By Lemma 1.3.23, any module over a special module corresponding to

the set Jc has two standard generators:

z1 = 1 +
hX

k=1

� 2k� 1� 2k� 1; z2 = � 2h+1 ;

where � 2k� 1 2 T are determined by M . We de�ne a number d, 0 � d � h, by the

conditions:

� 2k� 1 2 WF(Fp2 ); k � h � d;

� 2(h� d)+1 62WF(Fp2 ):

Theorem 1.5.5. Let M be a module belongingto M c. The following holds:

1. The T-height of M is at most [g=2]+ 1.

2. The factor module M =M c is generatedby the cosetof oneelement z, where

z = 1 +
dX

k=1

� 2k� 1� � (2k� 1):
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3. The e-index of M (seeDe�nition 1.3.34) is (0; d), for somed � c � [g=2].

4. The spaceM d
c of modulesM of e-index (0; d) belongingto a �xed specialmodule

M c hasdimensiond and is isomorphic to the complement of the disjoint union

of p2 hyperplanes

� d = a;a 2 Fp2 :

Proof. This follows very closelythe calculationsof [66, Thm. 3.12,Thm.3.15].

Case I I: g even.

For g even, any supersingular module is isogenousto 2E=E(F � T
g
2 ). The space

of modulesM belongingto a superspecialmodule M c arealways �nite union of quasi-

a�ne varieties. We use the samenotation as in Example 1.5.1 i.e., we label � i the

generatorof the cyclic local algebracoming from the i -th copy of E=E(F � T
g
2 ). A

submodule M , whereM c � M � M c;F is called primitive if it doesnot contain � � 1
1

and � � 1
2 . Any module isogenousto M c is isomorphicto a primitiv e submodule of M c;F

([66, Lem. 3.14]).

De�ne the invariant d in the samefashionas in the g odd case.

Theorem 1.5.6. Let M be a module belongingto M c. The following holds:

1. There is a primitiv e module M 0 isomorphic to M with T-height d � g
2 .

2. The factor module M 0=M c is generatedby the cosetof z, where

z = � � d
1 +

dX

k=1

� k � � k
2 ; � 2 T; � c 6= 0:

3. The index of M is (0; d), for somed � c � [g=2].

4. The spaceM d
c of modulesM of index (0; d) belongingto a �xed special module

M c hasdimensiond, and is isomorphicto the complement of the disjoint union

of p2 hyperplanes

� d = a;a 2 Fp2 :
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Proof. Sameas in [66, Lem. 3.14,Thm. 3.15].

Corollary 1.5.7. There are in�nitely many non-isomorphicsupersingularDieudonn�e

modules.

Remark 1.5.8. Cf. [1, Appendix].

1.6 Strati�cation(s) of the supersingular Newton

polygon stratum

In this section,we show that the strati�cation introducedby Andreatta-Goren in [1]

coincideswith the strati�cation suggestedby the decomposition of the moduli spaces

�a la Manin at least on the supersingularNewton polygon stratum.

We recall brie
y the de�nition of the strati�cation of [1]. Let p be a totally rami�ed

prime. Let A=k be a polarized abelian variety with RM, de�ned over a �eld k of

characteristic p. Fix an isomorphismOL 
 Z k �= k[T]=(Tg). One knows that H 1
dR(A)

is a freek[T]=(Tg)-module of rank 2, and there are two generators� and � such that:

H 1(A; OA ) = (T i )� + (T j )� ; i � j; i + j = g:

The index j = j (A) is calledthe singularit y index . For perspective, recall the short

exact sequence:

0 � ! H 0(A; 
 1
A ) � ! H 1

dR(A) � ! H 1(A; OA ) � ! 0:

Thesemodules are Dieudonn�e modules of group schemes,and we rewrite this exact

sequenceas:

0 � ! (k; Fr� 1) 
 k D(Ker(Fr)) � ! D(A[p]) � ! D(Ker(Ver)) � ! 0:

The slope n = n(A) is de�ned by j (A) + n(A) = a(A), wherea(A) is the a-number

of the abelian variety.
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The subsetsW (j;n ) parameterizing abelian varieties with singularity index j and

slope n are quasi-a�ne, locally closedand form a strati�cation ([1, Thm. 10.1],

[2, x6.1]).

Note that for any Dieudonn�e module M with RM of rank 2, we can de�ne abstractly

j (M ) and n(M ) without any referenceto abelian varietiesi.e., j (M ) = j is the integer

such that

T i � + T j � = Ker(V : M =pM � ! M =pM); i � j;

for � ; � somegeneratorsof M . The slope is n(M ) := a(M ) � j (M ).

Remark 1.6.1. Hereis our �rst main observation: Outside the supersingularlocus,the

slope n de�nes the Newton polygonuniquely asf n
g ; g� n

g g. For each non-supersingular

Newton polygon, there is a uniquespecial module, given by

E=E(F � Tn) � E=E(F � Tg� n ):

In the visual representation of the strati�cation of [1, p.1829], this meansthat the

maximal special module is constant along diagonalsi.e., it dependsonly on the slope

n. In the supersingularlocus,the diagonalconstancyof the maximal specialmodules

is alsode rigueur, but we needmore computations to establishit.

Remark 1.6.2. We present our secondmain observation: Considerthe supersingular

Newton stratum. It decomposesin ([g=2]+ 1)� ([g=2]+ 2)=2 strata indexedby the type

(j; n), n=g � 1=2. Recall that for a �xed superspecial module M c, the component

classifyingmodulesof index (0; d) over the specialmodule M c is denotedby M d
c. The

explicit computations of the supersingular module spaces�a la Manin carried out in

Section 1.5 indicate that the dimensionof M d
c is the sameas the dimensionof the

stratum W (c� d;g� c) of type (i � d;g � i ) i.e.,

dim M d
c = dim W (c� d;g� c) :

Moreover, the components M d
c, like the corresponding strata W (c� d;g� c) , are quasi-

a�ne by our explicit computations.
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Conjecture 1.6.3. De�ne N d
c as the strata on the Hilbert moduli spacesuch that

for A 2 N d
c, the Dieudonn�e module D(A) of A belongsto M d

c. Then the strati�cation

induced by the components M d
c coincidewith the slope strati�cation f W (j;n )gj;n i.e.,

Nd
i = W (c� d;g� c) :

Given the conjecture,we may draw the following conclusions:

Let M belongto M c, M c a superspecial Dieudonn�e module.

� The slope n of M dependsonly on the maximal special submodule M c.

� The a-number of M dependsonly on the e-index i (M c; M ):

a(M ) = a(M c) � i (M c; M ):

We prove these conclusionsindependently, thus providing evidencefor Conjecture

1.6.3by settling it for the supersingularstrata. The proofs consist in translating the

precise,explicit knowledgeof the supersingularmoduli spaces�a la Manin in terms of

the invariants of [1]. We�rst provethat the a-number of a supersingularslopestratum

only dependson i (M c; M ). Recall that in the contravariant Dieudonn�e theory we are

using, an embedding � p ,! A[p1 ] at the level of p-divisible groupscorresponds to a

surjection D(A[p1 ]) � D(� p) �= k.

Prop osition 1.6.4. The a-number of the Dieudonn�e module M belongingto a �xed

superspecialmoduleM c dependsonly on the index i (M c; M ) = (0; d) over this module:

a(M ) = g � d:

Proof. Let M be a module belonging to M c such that i (M c; M ) = (0; d). We use

the speci�c computations of Section 1.5. The a-number of M is, by de�nition,

dimk M =FM + VM . SinceM c is superspecial, dimk M c=FM c + VM c = g. Thence,

showing that a(M ) = g � d is equivalent to showing that the e-index of F M + VM
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over F M c + VM c is (0; d) i.e., i (F M c + VM c; F M + VM ) = (0; d): This is possibleif

and only if d � c � [g=2].

Let g be odd.

F (1 +
dX

k=1

� 2k� 1� � (2k� 1)) = � g +
dX

k=1

� �
2k� 1� � 2k+1+ g; F � 2c+1 = � 2c+1+ g;

and

V(1 +
dX

k=1

� 2k� 1� � 2k+1 ) = �

(

� g +
dX

k=1

� � � 1

2k� 1�
� 2k+1+ g

)

; V � 2c+1 = �� 2c+1+ g:

This implies that

F M + VM = < � g+
dX

k=1

� �
2k� 1� � 2k+1+ g; � 2c+1+ g > + < � g+

dX

k=1

� � � 1

2k� 1�
� 2k+1+ g; � 2c+1+ g >;

as we can ignore the unit � by changing the generator(note the crucial di�erence in

the action of � (resp. � � 1) for F (resp. V). Of course,

F M c + VM c = < � g; � 2c+1+ g > :

Sincethe secondgenerator� 2c+1+ g of F M andVM is the sameasthe secondgenerator

of F M c+ VM c, to computethe e-index of F M + VM over F M c+ VM c, weonly needto

inspect the coe�cien ts of the �rst generators.Since� �
2d� 1 6= � � � 1

2d� 1, the corresponding

coe�cien t in the generator of F M + VM is non-trivial, and this implies that the

e-index of F M + VM over F M c + VM c is (0; d), sincefor g odd, � 2 = T.

Let g be even. We exploit Theorem1.5.6. Similarly to the g odd case,F actsby � on

the coe�cien ts � k 2 T and by multiplication by � g=2 in the cyclic local algebraM m;n;q ,

and V acts by � � 1 on the coe�cien ts � k 2 T and by multiplication by �� g=2 in the

cyclic local algebraM m;n;q , where � = T. We can ignore � as beforeby making the

obviouschangeof generatorof VM . SinceM c = f 1; � cg, F M c+ VM c = f � g=2; � g=2+ cg.

In the sameway as in the g odd case,the e-index of F M + VM over F M c + VM c is

alsoclearly (0; d), and we are done.
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We provide the conversation to Proposition 1.3.40.

Corollary 1.6.5. A supersingularmodule M with a-number a(M ) = g is special.

Prop osition 1.6.6. Let M be a module belongingto M c with e-index (0; d). Then

M has type (c � d;g � c).

Proof. The invariants j (M ) and i (M ) are computablemodulo p. In particular,

g � j = minf mjTmH 1(A; OA ) = 0 mod pg:

Recall that H 1(A; OA ) �= H 1
dR(A)=H0(A; 
 1

A ), and, in terms of the contravariant

versionof Dieudonn�e theory, H 1(A; OA ) = D(A[p])=VD(A[p]) = D(A[p])=D(A[p])[F ]:

We can computethe singularity index j (M ) by computing minf mjT m (M =M [F ]) = 0

mod pg for any Dieudonn�e module M . We reducethe claim to the caseof e-index

(0; d) = (0; 0). Fix an isomorphism M �= WF(k) � WF(k), such that M c = M c

mod p �= k[T]=(Tg) � Tdk[T]=(Tg). In this representation, it is obvious that j (M c) �

d = j (M ). We now show that

j (M c) = c:

Suppose�rst that g is odd. Recall that in this case,

E 0
1;1;0 = WF(Fp2 )[� g]; � 2 = T:

Recall that the superspecial module M c is generatedby < 1; � 2c+1 > . Therefore

� 2g� 2c� 1(M =VM ) = 0; � 2g� 2c� 2(M =VM ) 6= 0;

and so

Tg� c(M =VM ) = 0; Tg� c� 1(M =VM ) 6= 0;

i.e., j (M c) = c. Supposenow that g is even. Recall that in this case,

E 0
1;0;g=2 = WF(Fp)[� g=2]; � = T;
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and M c is generatedby f 1; � cg. Therefore,

� g� c(M =VM ) = 0; � g� c� 1(M =VM ) 6= 0;

and since� = T, j (M c) = c.

Corollary 1.6.7. A supersingular module M of type (j; n) belongsto a maximal

special module of type (g � n; n).
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Chapter 2

Superspecial Ab elian Varieties and

Theta Series

2.1 In tro duction

Supersingularpoints on modular curvesarehighly signi�cant in arithmetic geometry:

1) for the connectionwith modular forms via quaternion algebras,2) for the geomet-

ric realization of the monodromy pairing (Picard-Lefschetz formula �a la Grothendieck

([42, Expos�e IX, Thm. 12.5])),3) for the geometricanalogueof the Jacquet-Langlands

correspondence([86, Thm. 4.1]), etc. Polarizedabelian varietieswith real multiplica-

tion i.e., equipped with an action of the ring of integersOL of a totally real �eld L,

constitute a generalizationof elliptic curves that carriesa strong arithmetic 
a vour.

The algebraicstacks classifyingtheseobjects are calledHilbert moduli spacesand are

the main object of study of this chapter. Albeit our treatment does not do justice

to the depth of its topic, we lay the groundwork to someextent for all three aspects

mentioned above for superspecial points on Hilbert moduli spaces.Grossomodo, our

results can be viewed as geometricvariations on the theme of trace formulae.

We describe the main featuresof this chapter in more details.
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Let h+ (L) = 1. This implies that the abelian varietiesunder considerationare princi-

pally polarized. Our starting point is the investigationof the abelian variety E 
 Z OL ,

where E is a supersingular elliptic curve. We show that its ring of endomorphisms

EndOL (E 
 Z OL ) is isomorphic to End(E) 
 Z OL , a primitiv e order (in the sense

of Eichler) of level pOL . It turns out that, in general, the endomorphismring of a

superspecial abelian variety A is of a particular type of Bass order that we call a

superspecial order.

Theorem: (cf. Theorem2.5.27) Let p be unrami�ed. Let A be a superspecial abelian

variety with RM. Then the order EndOL (A) is an Eichler order of level p.

The knowledgeof the order EndOL (A) allows us to parameterizethe set of super-

special points using the double cosetsof the adelic points of a quaternionic group.

Theorem: (cf. Theorem 2.5.35) Let p be unrami�ed. The left (resp. right) ideals

classesof EndOL (A) are in bijection with superspecial abelian varieties with RM.

Corollary: (cf. Corollary 2.5.36) Any superspecial order of level p arisesas the en-

domorphismring of a suitable superspecial abelian variety with RM.

Our next step is to considerthe OL -module HomOL (A1; A2) of OL -homomorphisms

betweentwo superspecial abelian varietiesA1; A2. We equip HomOL (A1; A2) with the

structure of a quadratic module by de�ning a notion of OL -degreejj � jj , which is

essentially the norm form of the quaternion algebraBp;L := Bp;1 
 L , hencea totally

de�nite positive quadratic form in four variables. This allows us to construct a theta

seriesof level p from the quadratic module M = (HomOL (A1; A2); jj � jj ); that is,

� M :=
P

� 2O L
] f m 2 M j jjmjj = � gq� : From the bijection betweenleft ideal classes

of a superspecial order of level p and the superspecial abelian varieties, it follows

that all theta seriesof level p coming from Bp;L arise from geometry. The Jacquet-

Langlands correspondence,translated in classical terms, implies that the spaceof

Hilbert modular newformsof weight 2 for � 0(p) is thencespannedby the theta series

coming from superspecial abelian varieties with RM.
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Denoteby X 0(1)=Fp the Hilbert moduli space(�a la Deligne-Pappas)with no level

structure in characteristic p. It hasdimension[L : Q].

Main Theorem: Let h+ (L) = 1, p unrami�ed. The theta seriesattached to the

superspecial points of the Hilbert moduli spaceX 0(1)=Fp span the vector spaceof

weight 2 Hilbert modular newformsof level � 0(p).

We can view this theorem as a geometricversion of Eichler's Basis Problem for

Hilbert modular forms. We also study the casewhere the prime p = pg is totally

rami�ed in OL . We show that resultsanalogousto the unrami�ed casehold, with the

addedsubtlety that the Hilbert modular forms arising from HomOL (A1; A2) can have

level pi , g � [g=2] � i � g, depending on the superspecial crystal of A1 and A2. We

illustrate numerically to a limited extent someof the results concerningtheta series

in Subsection2.7.1and Section2.9.

We also prove a theorem about the singularities of the a-number strati�cation

of the Siegelmoduli spaceA g classifying principally polarized abelian varieties of

dimensiong. Let Ta be the locusof points A 2 A g 
 Fp such that a(A) � a.

Theorem: (cf. Theorem2.4.14) Let a > 0. The set Sing(Ta) of singular points of the

locusTa is preciselyTa+1 .

2.2 Orders in quaternion algebras

2.2.1 Basic de�nitions

The main referencefor this sectionis Vign�eras'book [102], and we follow its notation

for this subsection,in which we recall succinctly the basic de�nitions pertaining to

quaternion algebras.

We needthe notion of a Bassorder to describe accurately in the generalcasethe

ordersarising asendomorphismordersof a superspecial abelian variety with RM. On

the other hand, a hurried readermight want to restrict to the casep unrami�ed, in
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which casesheonly needsthe well-known conceptof an Eichler order. On the other

hand, in the totally rami�ed case,the ordersarising from geometryare never Eichler

orders,so the algebraicterminology is necessary.

Let K be a �eld.

De�nition 2.2.1. ([102, p.1]) A quaternion algebra H over K is a central, simple

algebraof rank 4 over K .

If the characteristic of K is di�erent from two, a quaternion algebra H is given

by a couple (a;b), where a;b 2 K nf 0g, as the K -algebra of basis 1; i; j; k, where

i; j 2 H; k = ij , and

i2 = a; j 2 = b; ij = � j i:

A quaternionalgebrais equippedwith a canonicalinvolutive K -endomorphismh 7! h

called conjugation . The (reduced) norm of H is de�ned as n(h) := hh, and the

(reduced) trace is de�ned as t(h) := h + h.

Any �eld K admits over itself the quaternion algebra M 2(K ). For local �elds

(di�eren t than C), there is only onemore:

Theorem 2.2.2. ([102, p.31]) Let K 6= C be a local �eld. Then there existsa unique

quaternion division algebraover K , up to isomorphism.

De�nition 2.2.3. ([102, p.58]) Let H bea quaternionalgebraover a number �eld K .

Let v be a placeof K . We denoteH v := H 
 K K v. A placev is rami�ed if Hv is a

division algebra. If Hv
�= M2(K v), we say the placev is split (or unrami�ed ).

Global �elds admit in�nitely many quaternion algebras,but we can classify them

accordingto the rami�cation of places:

Theorem 2.2.4. ([102, Thm. 3.1]) Let K bea number �eld. The number jRam (H )j

of rami�ed placesis even. For any even set S of places,there existsa unique quater-

nion algebraH=K up to isomorphismsuch that Ram (H ) = S.
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We will later needthe notion of a splitting �eld :

De�nition 2.2.5. ([102, p.4]) Let F be a �eld containing K , and let H be a quater-

nion algebraover K . The tensor product HF := H 
 K F is a quaternion algebra. If

HF
�= M2(F ), we call F=K a splitting �eld of H .

There are useful criteria to determine whether a quadratic �eld extensionof K is a

splitting �eld, when K is a local or global �eld.

Theorem 2.2.6. ([102, p.9]) Let K be a local or a global �eld. Let L be a quadratic

extensionof K . Then L is a splitting �eld of a quaternion algebraH=K if and only

if L is isomorphic to a (maximal) sub�eld of H .

Theorem 2.2.7. ([102, Thm. 1.3, p.33]) Let K be a non-archimedeanlocal �eld. A

�nite extensionF=K splits H if and only if its degree[F : K ] is even.

Remark 2.2.8. The archimedeancasesi.e., R and C, are simpler: M 2(C) is the only

quaternion algebraover C, and C is the only �nite extensionof R. Over R there are,

up to isomorphism,two quaternion algebras: M 2(R) and the Hamilton quaternions

HR given by the couple(� 1; � 1):

Theorem 2.2.9. ([102, Cor. 3.5]) An extensionL=K of degree[L : K ] < 1 splits a

quaternion algebraH over a number �eld K if and only if L w splits Hv for any place

wjv of L.

Theorem 2.2.10. ([102, Thm. 3.8]) A quadratic extensionL=K can be embedded

in a quaternion algebraH over a global �eld K if and only if L v = L 
 K v is a �eld,

for all v 2 Ram (H ).

2.2.2 Orders

We are motivated by the study of orders like O 
 Z OL , whereO is a maximal order

in the quaternion algebra Bp;1 over Q rami�ed at p and 1 , and OL is the ring
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of integers of a totally real �eld L. They arise as endomorphismorders of some

superspecial points on Hilbert modular varieties. Our main referencefor ordersis [6];

we also found [15, p.970-977]useful.

Let R be an integral domain. Let V be a �nite dimensionalvector spaceover the

quotient �eld of R. A �nitely generatedleft R-module M contained in V is called a

left R-lattice of V. Let K bea number �eld. Let OK be its ring of integersand H=K

a quaternion algebra. All OK -lattices M we consider in H are ideals i.e., lattices

such that M 
 OK K �= H .

De�nition 2.2.11. Let (M ; q) be an OK -lattice M equipped with a quadratic form

q : M � ! OK . We denoteN (M ) the norm of M , de�ned asthe OK -ideal generated

by the valuesq(x) for x 2 M (the nameoriginatesfrom the particular instancewhere

M � H , and the quadratic form is the reducednorm of the quaternion algebra).

De�nition 2.2.12. Let x1; : : : ; x4 2 H . Let d(x1; : : : ; x4) be the determinant of the

matrix [t(x i x j )]. If M is an OK -lattice in H , then the OK -ideal in K generatedby

all d(x1; : : : ; x4), wherex i 2 M ; 1 � i � 4; is basisof H , is a squareof an OK -ideal

in K , which we call the discriminan t d(M ) of M .

De�nition 2.2.13. The dual of an OK -lattice M � H is de�ned as

M ] := f x 2 H : t(xM ) � OK g:

The OK -ideal N (M ] )� 1 is called the level of M .

This de�nition of the level of a quaternionic lattice using the trace coincideswith the

de�nition of the level of an arbitrary quadratic lattice equipped with a bilinear form

for lattices of norm 1. Denote by N (x) the K -valued quadratic form associated to a

quadratic lattice M . We denoteby V the vector spaceM 
 Q. We denoteby B(x; y)

the symmetric, bilinear form de�ned by:

B(x; y) :=
1
2

(N (x + y) � N (x) � N (y)) :
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The dual of M is thus de�ned as M [ := f x 2 VjB(x; M ) � OK g: Moreover, the

[-level is de�ned as (N (M )N (M [ )) � 1, where N (M ) is the ideal generatedby N (x),

for x 2 M . Observe that in the quaternionic case,B(x; y) = t(xy) = xy + yx for

all x; y implies immediately that M [ = M ] and that for all lattices M such that

N (M ) = (1), the two notions of level coincide.

De�nition 2.2.14. An order of H is an ideal of H which is a ring (containing 1, by

de�nition).

Let O be an order of H .

De�nition 2.2.15. An ideal I of H is a left O-ideal if it is an ideal and its left order

Og(I ) := f h 2 H jhI � I g is O.

De�nition 2.2.16. Two ideals I and J are (right) equivalent if I = Jh; h 2 H � .

This is an equivalencerelation, and the equivalenceclassesof idealswhoseleft order

is O are called the left ideal classes of O.

A maximal order is an order which is not properly contained in any order. Maximal

orders always exist, and any order is contained in a maximal order. An order is

maximal if and only if its discriminant is equal to the product of the rami�ed, �nite

placesof H .

De�nition 2.2.17. An order O in H is Gorenstein if O ] is O-projective as a left

(or right) O-lattice.

Prop osition 2.2.18. ([6, Prop. 1.3]) The discriminant of an order O is equal to its

level i.e., d(O) = N (O] )� 1, if and only if the order is Gorenstein.

Remark 2.2.19. The level N (O ] )� 1 of an order O always divides the discriminant

d(O) ([6, Prop. 1.3]).
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De�nition 2.2.20. An order O in a quaternion algebraH over K is primitiv e if it

contains the maximal order of a quadratic �eld extensionof K or the maximal order

of the split extensionK � K .

Primitiv e orderswere �rst studied by Eichler in his Ph.D. thesis [22].

De�nition 2.2.21. An order O is a Bass order if each order in H containing it is

a Gorensteinorder. In particular, a Bassorder is Gorenstein.

Prop osition 2.2.22. ([6, Cor. 1.6]) An order O in H whosediscriminant is cube-free

is a Bassorder.

Let O be an order in the quaternion algebra H=K . Let Op := O 
 OK p . Denote

by k the residue �eld of OK p . The Jacobsonradical Np of Op is the intersection

of all maximal left (or equivalently right) ideals of Op. An order Op is said to be

an Azuma ya order if Op=Np is a non-trivial central simple algebra over k. Since

pOp � Np, Op=Np is a k-vector spacewith dimk(Op=Np) � 4. If Op is Azumaya, then

we must have Op=Np
�= M2(k), sincethere are no skew �elds over a �nite �eld.

De�nition 2.2.23. (cf. [6]) The Eichler symbol ( O
p ) at p of a Gorensteinorder O

of H , which is not Azumaya at p, is de�ned by

�
O
p

�
=

8
>>>><

>>>>:

1 if Op=Np
�= k � k;

0 if Op=Np
�= k;

� 1 if Op=Np is a quadratic �eld extensionof k:

Remark 2.2.24. The previous de�nition exhaustsall possibilities: If Op=Np is not

k � k; k nor a quadratic �eld extensionof k, then O is necessarilyAzumaya at p ([6]).

De�nition 2.2.25. Let O be an OK -order in H . The order O is Eichler if O is an

intersectionof two maximal orders,not necessarilydistinct.
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Remark 2.2.26. One sourceof confusionarisesfrom the terminology of the level e.g.,

in the literature, an Eichler order will often be said to be of level N , for (N; p) = 1,

in the quaternion algebra rami�ed at p and in�nit y Bp;1 (see [102, p.84]), while

accordingto our terminology, it is of level N p, that is, the reduceddiscriminant of

the quaternion algebrais always included in the level.

Prop osition 2.2.27. An Eichler order O in a quaternion algebraover K p is a Bass

order, independently of its level.

Proof. Use[6, Cor. 2.2, 2.4] and the observation that Bassis a local property.

Prop osition 2.2.28. (cf. [6, Prop. 5.3])

� Let e 2 f� 1; 1g. Two orders O1 and O2 in Hp with ( O1
p ) = ( O2

p ) = e are

conjugatein Hp if and only if their discriminants are equal.

� Two BassordersO1 and O2 in Hp with ( O1
p ) = ( O2

p ) = 0 are conjugatein Hp if

their discriminants are equal.

Prop osition 2.2.29. Let O be a Bassorder 1 in H=K .

If valp(d(O)) = 1, then:

� if p 62Ram (H ), ( O
p ) = 1, and Op does not contain the ring of integersof an

unrami�ed quadratic �eld extensionof K p;

� if p 2 Ram (H ), ( O
p ) = � 1 and Op doesnot contain a split extensionOK p � OK p ;

If valp(d(O)) � 2, then:

� ( O
p ) = 1 if and only if Op contains a split quadratic extensionOK p � OK p ;

� ( O
p ) = 0 if and only if Op contains the ring of integersof a rami�ed quadratic

�eld extensionof K p;

1A Bassorder is locally primitiv e by the proof of Proposition 2.3.5.
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� ( O
p ) = � 1 if and only if Op contains the ring of integers of an unrami�ed

quadratic �eld extensionof K p.

Proof. [8, Prop. 1.11,1.12,1.16].

Corollary 2.2.30. ([9, Prop. 3]) Let O be a primitiv e order 2 in H=K . Let S be a

maximal order in a maximal commutativ e sub�eld of H=K and assumeS � O.

If valp(d(O)) = 1, then:

� the prime p is split or rami�ed in S when p 62Ram (H ), and ( O
p ) = 1;

� the prime p is rami�ed or inert in S when p 2 Ram (H ), and ( O
p ) = � 1.

If valp(d(O)) � 2, then:

� ( O
p ) = 1 if p splits in S;

� ( O
p ) = 0 if p is rami�ed in S;

� ( O
p ) = � 1 if p is inert in S.

According to [6, Prop. 2.1], an order O in a quaternion algebraover K p has Eichler

symbol 1 if and only if is conjugateto the order consistingof matrices
0

B
B
@

OK p OK p

� d
pOK p OK p

1

C
C
A ;

where� p is a uniformizer of the maximal ideal of OK p , and d is a non-negative integer.

Sincea division quaternion algebraover a local �eld has a unique maximal order, it

follows ([6, Cor. 2.2]) than an Eichler order in H=K is characterizedby its Eichler

symbols being 1 for all non-zeroprime idealsp such that Op is not maximal.

2 A primitiv e order is Bass;cf. Proposition 2.3.5.
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De�nition 2.2.31. An order O is left (respectively right) hereditary if each left

(respectively right) O-lattice is projective.

Remark 2.2.32. Another sourceof confusionis the terminology usedin the literature

on quaternion algebrasfor the completions of modules. If M is an O-module the

completion M 
 OK p for a prime p of OK is called the localization of M at p. Note

that there is a di�erent notion of non-commutativ e localization in line with the usual

localization of commutativ e algebra, subject to someextra hypothesis called Ore's

condition (which is automatically satis�ed in the commutativ e case).

De�nition 2.2.33. An O-lattice M is locally principal if the localizationsM 
 OK p

are principal for all p.

Prop osition 2.2.34. ([6, Prop. 1.1]) Let O be an order in H=K . An O-ideal M is

projective if and only if M is locally principal.

A complementary result is that an order O is hereditary if and only if all the com-

pletions Op are hereditary ([84, Thm. 40.5,p.368]).

Prop osition 2.2.35. ([6, Prop. 1.2, p.504]) An order is hereditary if and only if its

discriminant is square-free.In particular, a hereditary order is always Bass.

Proof. The secondstatement follows from Proposition 2.2.22.

Theorem 2.2.36. ([21, Satz 27, p.106]) Every ideal classof a hereditary order O

contains an ideal I whosenorm is relatively prime to the norms of a given, �nite

number of idealsJ i of O i.e., for any J i , N (Ji ) + N (I ) = OK as OK -ideals.

Proof. The proof in [21] only usesthe fact that the idealsare locally principal, which

is automatic for hereditary orders.
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2.3 Ideal theory in quaternion algebras

We will encounter in the sequelsomevery speci�c quaternion algebras. They are

closely related to the rational quaternion algebra Bp;1 rami�ed at p and 1 , and

they arise from geometryas algebrasof endomorphismsof supersingular abelian va-

rieties with real multiplication. We study in this subsectionwhich ordersand which

quadratic modules derived from theseorders can be retrieved from the geometryof

Hilbert modular varieties.

2.3.1 Bp;1 and related quaternion algebras

De�nition 2.3.1. A quaternion algebra H over a totally real �eld L is totally

de�nite if H 
 L;� R is a division algebrafor all embeddings� : L ,! R.

The totally de�nite quaternion algebra Bp;L := Bp;1 
 L over L and its orders of

level p will be our central concern.

Example 2.3.2. The ring of endomorphismsEnd(E) of a supersingularelliptic curve

(over an algebraicallyclosed�eld of characteristic p) is a maximal order in Bp;1 ([40,

x2], [20]). We give explicit descriptionsof somemaximal orders, following [80, Prop.

5.1, 5.2]. First, the quaternion algebra Bp;1 over Q rami�ed preciselyat p and 1

can be given by:

Bp;1 = (� 1; � 1) if p = 2;

Bp;1 = (� 1; � p) if p = 3 mod 4;

Bp;1 = (� 2; � p) if p = 5 mod 8;

Bp;1 = (� p; � q) if p = 1 mod 8; whereq = 3 mod 4 is a prime and (p=q) = � 1:
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Moreover, one maximal order of Bp;1 can be given by the Z-basis:

1
2(1 + i + j + k); i; j; k if p = 2;

1
2(1 + j ); 1

2(i + k); j; k if p = 3 mod 4;

1
2(1 + j + k); 1

4(i + 2j + k); j; k if p = 5 mod 8;

1
2(1 + j ); 1

2(i + k); 1
q(j + dk); k if p = 1 mod 8; whered is such that qj(d2p + 1):

Here 1; i; j; k is the canonicalbasisof Bp;1 = (a;b) with relations i 2 = a; j 2 = b, and

ij = k = � j i .

Prop osition 2.3.3. Let O be a maximal order in Bp;1 .

1. A quadratic imaginary �eld Q(
p

� D) embedsin Bp;1 if and only if p doesnot

split in Q(
p

� D). Moreover, for any integer n, we can choosea D prime to n

such that the ring of integersof Q(
p

� D) embedsin O.

2. The order O 
 Z OL in Bp;1 
 L is primitiv e of level p = pOL . Moreover, if p is

unrami�ed, the order O 
 Z OL is hereditary.

Proof. The �rst statement in Part 1 is Theorem 2.2.10. The secondstatement fol-

lows from the surjectivity of Deuring's map of singular moduli onto supersingular

j -invariants for � D � p 0 ([27, Thm. 1.2]). To prove Part 2, we check that O 
 OL

contains the ring of integersof a quadratic �eld extensionof L. Recall ([53, Cor. 9.4])

that for S an imaginary quadratic �eld, OS 
 OL is a maximal order if the discrimi-

nants of S and L arerelatively prime. The proof of Part 1 givesusan appropriate ring

of integersof discriminant coprime to the discriminant of L for any O maximal. We

compute the level: The discriminant of O is p, and d(O 
 Z OL ) = d(O)OL = pOL ,

since TrB p;L (
P

i ai 
 bi ) =
P

i TrB p; 1 (ai )bi ; for
P

i ai 
 bi 2 End(E) 
 OL : Since

O 
 Z OL is primitiv e, it is Gorensteinby Proposition 2.3.5and De�nition 2.2.21, and

its level is equal to its discriminant by Proposition 2.2.18. Proposition 2.2.35shows

that O 
 Z OL is hereditary when p is unrami�ed.
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2.3.2 Algebraic aspects of ideals

Prop osition 2.3.4. (Local-global principle, [102, Prop. 5.1]) Let K be a number

�eld. Let X be a lattice of a quaternion algebra H=K . There exists a bijection

betweenthe lattices Y of H , and the set of lattices

f YpjYp a lattice of Hp; Yp = X p for all but �nitely many pg;

given by the applications:

Y 7! (Yp)p and (Yp)p 7! Y = f x 2 H jx 2 Yp; 8pg;

whereon both sidesthe prime idealsp of OK are the index set.

Many propertiescanbereado� locally e.g.,the property of beingan order, a maximal

order, an Eichler order, a Bassorder, a Gorensteinorder, an ideal, etc. Note, though,

that we cannot check locally that an order is globally primitiv e.

Prop osition 2.3.5. A primitiv e order O in H=K is a Bassorder.

Proof. Being a Bassorder is a local property. According to [8, Prop. 1.11], being

primitiv eandbeingBassarethe samething locally. It is clearthat a (global) primitiv e

order is locally primitiv e at all primes.

Prop osition 2.3.6. An order O in a quaternion algebraH is Eichler of square-free

level if and only if it is hereditary.

Proof. By Propositions 2.2.18 and 2.2.27, the level of an Eichler order is equal to

the discriminant, which is thus square-free. This implies that an Eichler order of

square-freelevel is hereditary by Proposition 2.2.35. By the sameProposition, a

hereditary order O is Bassof square-freediscriminant. Therefore, the level, being

equal to the discriminant sincea hereditary order is Gorenstein, is also square-free.

It su�ces to show that a hereditary order O is Eichler. Recall that an order is
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Eichler if and only if for every prime ideal p: Op is a maximal order or a Bass

order with Eichler symbol equal to one. A hereditary order is maximal at all primes

p 2 Ram (H ). By Proposition 2.2.29, a hereditary order, being Bass, has Eichler

symbol +1 if p 62Ram (H ), and we are done.

We gather in a succinct form the relationshipsbetweenthe various kinds of orders:

Maximal +3

%-SSSSSSSSSSSSSS

SSSSSSSSSSSSSS Hereditary +3 Eichler

��
Primitiv e +3 Bass +3 Gorenstein

Diagram I: Prop erties of orders in quaternion algebras

� A hereditary order O is maximal if and only if its discriminant d(O) is equal to

the discriminant of the quaternion algebra.

� An Eichler order O is hereditary if and only if its discriminant d(O) is square-

free.

� A Bassorder O in H=K is Eichler if ( O
p ) is 1 when Op is not maximal, for all

primes p.

� A Gorensteinorder O is Bassif its discriminant d(O) is cube-free.

� An order in a quaternion algebraover a local �eld is primitiv e if and only if it

is Bass.

2.3.3 Arithmetic aspects of ideals

Cf. [79, x2]. De�ne the idele group JB of B := Bp;1 
 L as:

JB :=

(

ea = (ap) 2
Y

p

B �
p jap 2 M �

p for almost all p

)

;
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where M is any order in B , and p runs over all placesof L. This is independent

of M . The set JB is a locally compact group with the topology induced by the

product topology on the open sets
Q

p2 S B �
p

Q
p62S M �

p , whereS rangesover all �nite

subsetsof primes containing the in�nite primes. If ea = (ap) 2 JB , we de�ne the

volumeof ea asvol(ea) =
Q

p jN (ap)j, wherej � jp is normalizedsuch that jpjp = 1
Norm( p)

for p < 1 and with the usual absolutevalue at in�nit y. Let J 1
B denotethe idelesof

volume 1 i.e.,

J 1
B :=

�
ea 2 J 1

B jvol(ea) = 1
	

;

and embed B � � J 1
B with the diagonalembedding. If M is an order of B , de�ne

B 1(M ) :=
�

ea = (ap) 2 J 1
B jap 2 M �

p for all p < 1
	

:

Prop osition 2.3.7. The following holds:

� B � is a discretesubgroupin J 1
B ;

� J 1
B =B� is compact;

� For any order O of B , B 1(O) is an open compact subgroupof J 1
B .

Proof. The referencesare scattered in Weil's book ([110]): the �rst statement is

proved in [110, p. 71]; the secondstatement follows immediately from [110, Thm. 4,

p.74], and the third statement follows from the de�nition.

Corollary 2.3.8. ([79, Prop. 6]) Let O be hereditary. The double cosets

B 1(O)nJ 1
B =B�

correspond bijectively to the ideal classesof (right) O-ideals.

Proof. If I is a left O-ideal, then sinceO is hereditary,

I p = Opap;
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for someap 2 Bp;L 
 Lp, for all �nite placesp and ap 2 O�
p for almost all p, since

I p = Op for almostall p. Thusthereexistsan element ea 2 J 1
B with the p-th component

of ea equal to ap for all �nite placesp. Conversely, if ea = (ap) 2 J 1
B , then by the local-

global correspondence,there is a unique lattice I such that I p = Opap for all �nite

placesp. Thus, via the local-global correspondence,we get a transitive action of J 1
B

on the left O-ideals. Under this action, the isotopy subgroupof O is B 1(O) and the

corollary follows from the decomposition:

J 1
B = [ H

n=1 B 1(O) ga(n)B � :

The O ga(n) represent the distinct O-ideal classes.

Prop osition 2.3.9. ([79, Prop. 7]) J 1
B acts transitively (by conjugation) on heredi-

tary ordersof level p in B.

Proof. Recall that a hereditary order is Bass(Proposition 2.2.35) and that hereditary

ordersof equaldiscriminant (equivalently, level) are locally conjugateby Propositions

2.2.28and 2.2.29. The action is: for ea = (ap) 2 J 1
B , a hereditary order of level p:

M 7! f M pg 7!
�

a� 1
p Mpap

	
7! N;

and we write N = ea� 1M ea.

Corollary 2.3.10. ([79, Prop. 8]) The classnumber H (O) is �nite and independent

of the particular hereditary order of level p usedin its de�nition. It is also the same

for left or right ideals.

2.3.4 Superspecial orders

We 
esh out the local properties of the primitiv e order R = O 
 Z OL of level p,

whereO is a maximal order in Bp;1 . To this end, we determine the possibleEich-

ler symbols, and then model on this our generalde�nition of a superspecial order.
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Our choice of terminology is motivated by the fact that the endomorphismorders

of superspecial points on the Hilbert modular variety associated to L modulo p are

superspecial orders (seeTheorem 2.5.27and Corollary 2.8.10). Note �rst that R is

maximal outside p by Proposition 2.2.28. Let

p =
Y

i

p� i
i �

Y

j

q� j
j ;

for pi 2 Ram (Bp;L ), qj 62Ram (Bp;L ). We remark that pi 2 Ram (Bp;L ) if and only

if [Lpi : Qp] is odd (Lemma 2.5.23). Using Corollary 2.2.30(cf. [6, xx2,3,4]), we get

the following possibilities:

�
�

R
pi

�
= � 1 if � i = 1;

�
�

R
qi

�
= 1 if � i = 1.

By Proposition 2.2.30, if � i = 1, an embeddedquadratic extensioncan be unrami�ed

or rami�ed; if � i = 1, an embeddedquadratic extensioncan be split or rami�ed. In

generalfor primitiv e orders, the Eichler symbol is allowed to be zero for exponents

bigger or equal than two. But in the proof that O 
 Z OL is primitiv e, we could

pick the order S to have discriminant prime to p, so no ideal dividing p can ramify

in S, and this forces the Eichler symbol to be � 1 for any pi ; qj . Moreover, since

pi 2 Ram (Bp;L ), pi is not split in S for otherwiseS 
 Q cannot be embeddedin Bp;L .

In short, we have the following possibilities:

�
�

R
pi

�
= � 1 if � i > 1;

�
�

R
qi

�
6= 0 if � i > 1.

In fact,
�

R
qi

�
= (� 1)f (pi =p) , as we explain now. Since qi is not rami�ed in Bp;L ,

[Lqi : Qp] is even. Suppose we write OK � OL = OK �L = OL [X ]=(X 2 � d), with

(dK ; pdL ) = 1, and
p

d 62Zp, (p;d) = 1. Then qi is split if and only if
p

d 2 Lqi ( )
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p
d 2 kL ( ) 2jf (qi =p), and otherwise is inert. Proposition 2.2.30 implies that

�
R
qi

�
= (� 1)f (pi =p) encapsulatesthis data.

This observation suggeststhe following de�nition for superspecial orders:

De�nition 2.3.11. Let P =
Q

i p� i
i �

Q
j q� j

j for pi 2 Ram(Bp;L ), qj 62Ram(Bp;L ),

be an ideal of OL dividing p. An order O in Bp;L of level P is superspecial if the

following conditions hold:

� if � i � 1,
�

O
pi

�
= � 1 ;

� if � j > 1,
�

O
qi

�
= (� 1)f (qj =p) ;

� if � j = 1,
�

O
qi

�
= +1;

� for any other �nite prime l satisfying (l; p) = 1, Ol is maximal.

In particular, by Proposition 2.2.28, a superspecialorder is Bassi.e., locally primitiv e.

Werephrasethese�ndings by specifyingat each prime which quadratic extensionof L p

arises,and describingthe (local) primitiv e order containing it, using the terminology

and ideasof [50].

De�nition 2.3.12. ([49, Def. 2.3, p.64], [50]) Let B be the quaternion algebra

over Lp. Let K = K p be a quadratic extensionof L p contained in B. Set

Rv(K ) = OK + P v� 1
B ;

for PB the unique maximal ideal in OB and v = 1; 2; : : : .

De�nition 2.3.13. An order O is superspecial of level P dividing p, P =
Q

i p� i
i �

Q
j q� j

j , for p 2 Ram(Bp;L ), qj 62Ram(Bp;L ), if the following conditions hold:

� if � i � 1, there is an unrami�ed quadratic extension OK of OL p such that

Opi = R� i (K );
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� if � j > 1, if f (qj =p) is even, Oqj contains a split quadratic extension;if f (qj =p)

is odd, there is an unrami�ed quadratic extensionOK such that

Oqj
�=

8
>><

>>:

0

B
B
@

� � �

� � j
qj � � �

1

C
C
A ; � ; � 2 OK

9
>>=

>>;
;

for � the involution on K , � qj a uniformizer in OL qj
;

� if � j = 1, Oqj contains a split extension,more precisely

Oqj
�=

0

B
B
@

OL qj
OL qj

qj OL qj
OL qj

1

C
C
A ;

� for any other �nite prime l, Ol contains a split extension.

Prop osition 2.3.14. The two de�nitions of superspecial ordersare equivalent.

Proof. It is clear a superspecial order in the secondsenseis superspecial in the �rst

senseby Propositions 2.2.29and 2.2.28. We show that a superspecial order in the

�rst senseis alsosuperspecial in the secondsense.

� For � i = 1, this follows directly from Proposition 2.2.29;

� For � j = 1, the order Oqj is Eichler, and thus contains a split extension

OL qj
� OL qj

;

� For � i > 1, since
�

O
pi

�
= � 1, the order Opi contains an unrami�ed quadratic

extensionOK of OL pi
by Proposition 2.2.29and this forcesOpi = R� i (K ) by

[50, Cor. 2.4, p.64].
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� For � j > 1, if
�

O
qj

�
= 1, the orderOL qj

is Eichler by Proposition 2.2.29, and thus

contains a split extension,asbefore. If
�

O
qj

�
= � 1, Oqj contains an unrami�ed

quadratic extension by Proposition 2.2.29. Since a (local) primitiv e order is

determined by its Eichler symbol and its discriminant by Proposition 2.2.28,

the result follows.

We can now seethat superspecial ordersare quite similar to special orders:

De�nition 2.3.15. ([50, Def. 6.1]) An order O in Bp;1 
 L is special if

� thereexistsan integral ideal I of OL , prime to the rami�ed primespi of Bp;1 
 L ,

such that for each �nite split prime p of Bp;1 
 L , Op is conjugateto
�

Op Op
I Op Op

�

by an element of (Bp;1 
 L)�
p ;

� for each �nite rami�ed prime pi of Bp;1 
 L , there existsa quadratic extension

K = K (pi ) of Lpi and a positive integer � = � (pi ) such that Opi = R� (K ). If

O is a special order of Bp;1 
 L , the collection of local data:

(I ; : : : ; L(pi ); � (pi ); : : : );

is called the (extended) level of O.

De�nition 2.3.16. Let O be a special order of Bp;L with local data (I ; L(pi ); � (pi )).

The classicallevel is I
Q

i p� (pi )
i .

Remark 2.3.17. We transposethe terminology of extendedand classicallevel to Bass

orders in the obvious way e.g., keeping in mind that the extended level uniquely

determinesthe Eichler symbols.
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2.3.5 Norm forms of orders

The main referenceis [59, x6]. We recall that a quadratic space (V; q) over a �eld

F of characteristic di�erent than 2 is a �nite dimensionalF -vector spaceV with a

symmetric bilinear form � : V � V � ! F . To the bilinear form � we can associate

a quadratic map q : V � ! F by q(v) = 1
2 �( v; v). A quadratic spaceis said to be

regular if for every v 2 V, the condition that �( u; v) = 0 for all u in V implies v = 0.

We only considerregular quadratic spacesof rank 4.

Let R be an integral domain with �eld of fractions F , and let � be an R-lattice in

spaceV i.e., a �nitely generatedR-submodule of V containing a basisfor V over F .

If q(�) is contained in R, we say that (� ; q) is a quadratic module over R. If R is a

principal ideal domain, then every quadratic module hasa basis,and thus determines

a quadratic form f (x) over F . The ideal generatedby the coe�cien ts of a quadratic

form f (x) is de�ned to be the conten t of f (x). If the content of a quadratic form

f (x) is equal to 1, then we say that f is prop er.

In order to distinguish which quadratic modules arise from projective rank one left

modulesfor an order in a quaternionalgebra,we needto recall the notion of a Cli�ord

algebra(a generalreferencefor Cli�ord algebrasis [62]).

De�nition 2.3.18. An injective homomorphismof R-modules � : � � ! A of � in

an R-algebraA is said to be compatible with q if �(v)2 = q(v) � 1, for all v 2 V. An

R-algebraC = C(�) with an injection �C : � � ! C compatible with q is said to be

a Cli�ord algebra for (� ; q) if for any R-algebraA and R-module monomorphism

�A : � � ! A, there exists a unique R-algebra homomorphism� : C(�) � ! A such

that � � �C = �A .
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The Cli�ord algebraof (� ; q) exists and is unique up to unique isomorphism. Let

T i (�) =

8
>><

>>:

R i = 0

� 
 R � � � 
 R � (i times ) i > 0

The Cli�ord algebracan be constructedasthe quotient of the tensoralgebraT(�) =

� i T i (�) of � by the relations v 
 v � q(v), with � de�ned to be the isomorphism

of � with T1(�). The relations v 
 v � q(v) generatingthe kernel of the surjection

T(�) � ! C(�) lie in � i T2i (�). It follows that C(�) hasa Z=2Z-gradingand we have

a decomposition of R-modulesC(�) = C0(�) � C1(�), whereC0(�) is the evenpart of

C(�) and C1(�) is the odd part. The ring C0(�) is calledthe even Cli�ord algebraof

(� ; q). The Cli�ord algebraof the quadratic space(V; q) is de�ned to be the Cli�ord

algebraC(V) of (V; q) as a quadratic module over F . Let e be a nontrivial central

idempotent of C0(V ). The algebra eC0(�) 
 Q is a quaternion algebra ([62, Thm.

5.2.5]).

Let (� ; q) be a quadratic module of rank 4 over R admitting a basisf v1; : : : ; v4g. Let

� q be the bilinear form associated to q. Then the determinan t of �, denoteddet(�),

is de�ned to be det(� q(vi ; vj )). This is the squareof the discriminant of (� ; q) (see

De�nition 2.2.12) i.e., det(�) = d(� ; q)2: The determinant is nonzeroif and only if

(� ; q) is regular. The determinant is well-de�ned modulo (R� )2.

Theorem 2.3.19. ([59, Thm. 61], [77]) (Kohel-Pays' criterion) Let (� ; q) be a

proper regular quadratic module of rank 4 over R of squaredeterminant, contained

in the quadratic space(V; q). Let e be a nontrivial central idempotent of C0(V ).

Then (� ; q) is the quadratic module associated to a projective rank one left module

for an order in the quaternion algebraeC0(�) 
 Q if and only if oneof the following

equivalent statements is true.

� e� = eC1(�);
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� e� is a left module for eC0(�);

� � e is a right module for eC0(�);

� For every u in �, e� u is a left ideal of eC0(�);

� For someu in �, e� u is a left ideal of eC0(�);

� For somev in �, v� e is a right ideal of eC0(�).

For any projective O-module I of rank one, for O an order in the quaternion

algebraH=L, we can de�ne a reducednorm map from the reducednorm of O. For

every �nite place l of OL , �x a generatorx l of I l as an Ol-module. SinceI is locally

principal, every x 2 I is of the form � lx l 2 I l for some� l 2 Ol . Sincex l is de�ned up

to a unit in O�
l , and Norm(O�

l ) = O�
L l

, we de�ne Norm(x) = Norm(� l) mod O�
L l

.

SinceH is totally de�nite, the reducednorm on H 
 � i R is contained in R� 0 for all � i .

Thus we de�ne Norm(x) to be a totally positive generatorof \ l(Norm(� l)OL l \ OL );

it is thus de�ned up to a totally positive unit (which is a squareof an element of

(OL )� , sinceh+ (L) = 1).

Prop osition 2.3.20. (cf. [59, Prop. 51]) Let O be an order in a quaternion algebra

H=L. Let I be a projective O-module of rank one, with the quadratic map de�ned

by the reducednorm on I . Then the determinant of I is d(O)2. Any isomorphism

of I with an ideal J of O determinesa similitude � : I � ! O with similitude factor

Norm(J ).

Proof. The reduced norm on I is de�ned using the local isomorphismsI l
�= Ol .

Thus det(I l) = det(Ol) mod O� 2
L l

for all l and the two determinants are equal,since

determinants (and levels likewise)are determined locally. The reducednorm on the

order O, restricted to elements of J is Norm(J ) times the reducednorm on J de�ned

via its left O-module structure. Thus an isomorphismof I with J de�nes a similitude

with factor Norm(J ).
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Recall that L is a totally real �eld of narrow classnumber h+ (L) = 1.

Corollary 2.3.21. Suppose that p is unrami�ed. Any totally positive de�nite,

proper, quadratic module (� ; q) over OL of level p (and determinant p2) contained in

Bp;L arisesfrom a projective rank one left module for an order in Bp;L if and only if

the level of the associated order eC0(�) is p.

Remark 2.3.22. This corollary is not usedin the sequel,but a priori, a totally de�nite,

proper, quadratic module of level p could maybe come from a non-projective rank

one left module for an order of level qp, for someqjp.

Proof. Sincep is unrami�ed, the level of eC0(�) will bep if and only if its discriminant

is p (Propositions2.2.22, 2.2.18) if and only if its determinant is p2. We check Kohel-

Pays' criterion. Note that eC0(�) 
 Q �= Bp;L by assumption. Sincethe composite

map V � ! C1(V) � ! eC1(V ) = eV is an isometry (cf. [59, Prop. 59, p. 76]);

det(�) = det(e�) and the quadratic module e� is contained in the quadratic module

eC1(�):

e� � eC1(�) :

Sinceh(L) = 1, any quadratic module is free over OL , and the two modulese� and

eC1(�) coincideif and only if the quadratic module eC1(�) hasdeterminant equal to

the determinant of e� i.e., p2 by [59, Prop. 50]. SinceeC1(�) is a projective module

over eC0(�) by [59, Prop. 60],det(eC1(�)) = det(eC0(�)) by the proof of Proposition

2.3.20and we are done.

Remark 2.3.23. More generally, the sameproof applieswhen we know a priori that

the associated order eC0(�) of (� ; q) in Bp;L is Gorensteini.e., that its level is equal

to its discriminant.
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2.4 Ab elian varieties

2.4.1 Polarizations and endomorphisms

Let L be a totally real number �eld of degreeg over Q and let OL be its ring of

integers. Let S be a scheme. Let A be an abelian schemeover S of relative dimension

g = [L : Q]. Considerabelian schemeswith OL -action

� : OL � ! EndS(A):

De�nition 2.4.1. Let � bea polarization on an abelianvariety A, andput End0(A) =

End(A) 
 Q: The Rosati involution associated to � is the map

End0(A) � ! End0(A); f 7! f � := � � 1f t �:

The Rosati involution is a positive involution on End0(A). The semi-simplerational

�nite-dimensional algebraswith positive involution were classifedby Albert. Every

division algebraover Q with a positive involution belongsto oneof the following four

typesof algebras([92, x1]):

1. Type I: Totally real number �eld L;

2. Type II: Central simple algebraB over L such that the simple components of

B 
 R are all isomorphic to M 2(R);

3. Type I I I: Central simple algebraB over L such that the simple components of

B 
 R are all isomorphic to the Hamilton quaternionsover R.

4. Type IV: Central simplealgebraB over a totally imaginary quadratic extension

of L.

The canonicalinvolution � is de�ned by x 7! � (x) = Tr(x) � x. For Type II I algebras,

the positive involution is necessarilythe canonicalinvolution.
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Denoteby P(A) the sheafof OL -linear, symmetric morphismsfrom A to its dual

abelianschemeA t for the �etaletopologyon (Sch=S). The sheafP(A)+ is the subsheaf

of P(A) obtained by imposing the extra condition that the morphismsbe polariza-

tions. We call P(A) the polarization module of A and P(A)+ the positiv e cone

of polarizations. A principal polarization is a polarization A � ! A t which is also

an isomorphism.

De�nition 2.4.2. ([17, 2.1.3, p.64]) The abelian schemeA satis�es the condition

of Deligne-P appas if the canonicalmorphism A 
 OL P(A) � ! A t , (a; � ) 7! � (a) is

an isomorphism.

This condition implies that P(A) is locally constant ([103, Lem. 1.8]).

De�nition 2.4.3. An abelian scheme with RM is an abelian schemewith action

by OL satisfying the Deligne-Pappascondition.

De�nition 2.4.4. ([82, x1, Def. 1.1, p. 257]) The abelian scheme A satis�es the

condition of Rap oport if the Lie algebraof A is locally on S a freeOL 
 ZOS-module

of rank 1.

Prop osition 2.4.5. ([39, Lem. 5.5,p. 99]) The condition of Rapoport implies the

condition of Deligne-Pappas.

Prop osition 2.4.6. ([17, Cor. 2.9,p.66]) If p is unrami�ed, the condition of Deligne-

Pappasis equivalent to the condition of Rapoport.

Narro w class number one

Let S = Spec(k), k a �eld. Our theoremsare proved under the hypothesisthat the

narrow classnumber h+ (L) of the totally real number �eld L is one. This is equivalent

to asking that h(L) = 1, and that all totally positive units are squares. If the class

number h(L) = 1, P(A) is unique up to isomorphismas a projective OL -module of
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rank one. If h+ (L) = 1, then (P(A); P(A)+ ) �= (OL ; O+
L ) as invertible OL -modules

with a notion of positivit y. A principally polarized abelian variety with RM satis�es

the Deligne-Pappascondition automatically. Conversely, an abelian variety A with

RM always admits an OL -polarization ([82, Prop. 1.10]). Let (A; A+ ) be a projective

OL -module with a notion of positivit y.

The moduli spaceof pairs (A; �) such that (M A ; M +
A ) �= (A; A+ ), and the mod-

uli spaceof triples (A; �; � ), where � : (M A ; M +
A )

�=� ! (A; A+ ) are the samewhen

h+ (L) = 1. SinceCl(L)+ classi�esthe isomorphismclassesof projective OL -modules

with a notion of positivit y, we can assumethat (A; �) comesequipped with a given

principal OL -linear polarization (see[17, x2.6]).

2.4.2 Dieudonn �e mo dules

Dieudonn�e modules were discussedextensively in the �rst part of this thesis (see

Chapter I). The following is the bare minimum neededfor the sequel. Let k be a

perfect �eld. Denote by W(k) the ring of Witt vectors over k. Let � be the unique

automorphismof W(k) which reducesto the map x 7! xp on the residue�eld k. Let

W(k)[F; V] denotethe non-commutativ e ring with indeterminatesF; V subject to the

relations F V = VF = p, and F a = a� F and aV = Va� for a 2 W(k). The �rst

crystalline cohomologygroup D(A) := H 1
cr ys(A=W(k)) of an abelian variety A=k is

a Dieudonnn �e module , i.e., a W(k)[F; V]-module that is free of �nite rank over

W(k). This Dieudonn�e module (or equivalently, the corresponding p-divisible group)

plays the role at p of the more familiar `-adic Tate modules,which we review in the

next subsection.
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2.4.3 Tate mo dules

Our referencefor this section is [109]. Let A; B be abelian varieties over a per-

fect �eld k, of dimension g, and let ` be a prime di�erent from p. The scheme

A[`n ] := ker(A `n

� ! A) is a �nite �etalegroup schemeof order (`n )2g, moreover A[`n ] �=

(Z=`nZ)2g when k is algebraically closed. The group schemesA[`n ] form an inverse

system under the maps `m : A[`n ] � ! A[`n� m ], n � m, and we �t them together

to form the Tate module T` (A) = lim
 �

n

A[`n ]. Over an algebraically closed�eld,

T` (A) �= Z2g
` . We denote by Tp(A) the p-divisible group of A, de�ned as the limit

lim
� !

A[pn ] of the inductive systemof closedimmersions

A[p] ,! A[p2] ,! A[p3] ,! � � � ;

provided by the �nite 
at commutativ e group schemesA[pn ] of rank (pn )2g.

Theorem 2.4.7. ([109, Thms. 3, 5]) The maps

Homk(A; B) 
 Z Z` � ! HomGal( k=k)(T` (A); T`(B ));

Homk(A; B) 
 Zp � ! HomGal(k=k)(Tp(A); Tp(B ));

are injective with torsion-freecokernels.

Theorem 2.4.8. ([109, Thm. 6]) Let k be a �nite �eld. Then the mapsof Theorem

2.4.7are bijective.

Remark 2.4.9. Here is a confusing point: If A is a supersingular abelian variety

over Fp, End(A) 
 Zp
�= End(A[p1 ]), but End(A) 
 W(k) �= EndW (k)(D(A)) as

W(k)-modules. The correct versionof Tate's theoremusing Dieudonn�e modules is

End(A) 
 Zp
�= EndW (k)[F;V ](D(A)):
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2.4.4 The a-num ber

The main result of this sectionis not neededin the sequel.The readercan acquaint

herselfwith the de�nition of the a-number and Theorems2.4.10and 2.4.11.

Let A be an abelian variety of dimension g over an algebraically closed�eld k of

characteristic p. The a-number of A (cf. [70, xI I 12-3]) is de�ned by

a(A) := dimk Homk(� p; A);

where � p is the local-local group scheme of order p i.e., Ker(Fr : Ga=k � ! Ga=k).

Note that 0 � a(A) � g.

Theorem 2.4.10. [95, Thm. 3.5, p.580]Let E1; E2; E3; E4 be supersingular elliptic

curvesover k = k. Then E1 � E2
�= E3 � E4.

Theorem 2.4.11. ([71, Thm. 2]) Let k = k. A d-dimensionalabelian variety A has

a-number a(A) = g if and only if A �= E g, E a supersingularelliptic curve.

An abelian variety A such that A �= E g, E a supersingular elliptic curve, is called

superspecial .

Let A g=Spec(Z) be the moduli stack of principally polarized abelian varieties of

dimension g. It is an irreducible algebraic stack of relative dimension g(g+1)
2 . The

�bres A g 
 Fp and A g 
 Q are irreducible. Let Ta be the locusof points A 2 A g 
 Fp

with a(A) � a.

Theorem 2.4.12. ([31, x6]) The dimensionof Ta is equal to

dim(Ta) = g(g + 1)=2 � a(a + 1)=2:

Theorem 2.4.13. ([32, Thm. 2.11]) The loci Ta are irreducible for a < g.

The Ta loci are analogousto special Schubert cycles([57]). We give somesupport for

this statement in the next theorem.
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Theorem 2.4.14. Let a > 0. The set Sing(Ta) of singular points of the locus Ta is

preciselyTa+1 .

Remark 2.4.15. Note that A g = T0 is smooth (as a stack).

Beforeproving the theorem,we needto state a well-known lemma.

Lemma 2.4.16. Let U1; U2 be two closedsubsetsof a variety A , and let U1 be

irreducible. Supposethere existsx 2 U1 such that formally around x, U1 is contained

in U2 i.e., x 2 U2 and U1 � U2 in [Ox;A . Then U1 � U2.

Proof. SinceU1 is irreducible, the claim is reducedto verifying that the inclusion of

sets in�nitesimally implies the inclusion of sets locally i.e., we supposewithout loss

of generality that U1; U2 are a�ne. SinceU1; U2 are closed,they correspond to ideals

A1; A2 in Ox;A . SinceU1 is contained in U2 formally around x i.e., cA2 � cA1, where

cA i := A i � [Ox;A . SincecA i \ Ox;A = A i ([113, Cor. 2, p. 257]), the inclusion A2 � A1

follows.

Proof. (of Theorem2.4.14) The inclusion Sing(Ta) � Ta+1 is known ([31, Prop. 6.2]).

We only need to prove the other inclusion : Ta+1 � Sing(Ta). The locus Ta is

irreducible, and contains Tg. If we can show locally around the superspecial points

that Ta+1 � Sing(Ta) holds,wearedoneby Lemma2.4.16. The standardsuperspecial

display has the form
�

0 � I g
I g 0

�
(where I g is the g-by-g identit y matrix), hencethe

Hasse-Witt matrix of the universal display (mod p) is given by a symmetric g-by-g

matrix D = (t ij ), where t ij = t j i are indeterminates. We can describe the locus

of Ta+1 and Ta as so-calledsymmetric determinantal varieties in terms of the Hasse-

Witt matrix, given by the subdeterminants of rank g � a (respectively g � a + 1). It

is well-known (the \second fundamental theorem of invariant theory", see[3, Prop.,

p. 69]) that for so-calledgenericdeterminantal varieties the relation Ta+1 = Sing(Ta)

holds for 0 < a < g. A similar result holds for symmetric matrices, as we show now.
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Let I a be the ideal generatedby the (g� a+ 1)� (g� a+ 1)-minorsof D for 0 < a < g.

It is known ([61]) that I a is a radical ideal in the symmetric casealso. Thus, sinceI a

de�nes Ta, to show Ta+1 � Sing(Ta), it is enoughto show that the rank of the Jacobi

matrix comingfrom Ta i.e., composedof the derivativesof the (g� a+ 1)� (g� a+ 1)-

minors at any points of Ta+1 is smaller than a(a + 1)=2. Observe that the derivative

with respect to any variable t ij of the subdeterminant of any m-by-m minor in the

genericmatrix is a subdeterminant of an (m � 1)-by-(m � 1) minor. That is, if (t i r j r ),

1 � r � m, is an m-by-m minor, then

�
� t i r 0 j r 0

det(t i r j r ) = det(t i s j s ); s 6= r0;

e.g.,the line i r 0 and the column j r 0 beingremoved from the m-by-m minor to produce

the (m � 1)-by-(m � 1) minor. An analogousstatement holds when we replacethe

genericmatrix by the symmetric matrix e.g., the derivative of the subdeterminant of

an m-by-m minor of the symmetrix matrix can be written asthe sum of subdetermi-

nants of (m � 1)-by-(m � 1) minors of the symmetrix matrix. Let G be an arbitrary

subdeterminant of the genericmatrix and denoteby sym the operation consisting in

identifying t ij and t j i : as G runs through all subdeterminants of m-by-m minors of

the genericmatrix, Gsym runs through all subdeterminants of m-by-m minors of the

symmetric matrix, trivially . If G = Gsym , or G 6= Gsym and i = j , the result follows

from the genericcase,e.g.,we actually get only onesubdeterminant of a (m � 1)-by-

(m � 1) minor. In contrast, if G 6= Gsym and i 6= j , the chain rule allows to write

explicitly what the derivative is in the symmetric case:

� Gsym

� t ij
=

�
� G
� t ij

+
� G
� t j i

� sym

=
�

� G
� t ij

� sym

+
�

� G
� t j i

� sym

;

and this is clearly a sum of two subdeterminants. Summing up, the elements of the

Jacobi matrix of Ta all vanish on Ta+1 , and thereforeTa+1 � Sing(Ta).
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2.5 The algebra of superspecial poin ts on Hilb ert

modular varieties

2.5.1 Tate's theorem for supersingular abelian varieties with

RM

Let k be the algebraic closureof a �nite �eld k. All varieties will be de�ned over

Spec(k). We show in this section a variant of Tate's Theorem for supersingular

abelian varieties with RM.

De�nition 2.5.1. An � p-isogeny is an isogeny of abelian varieties that can be de-

composedin a sequenceof isogenieswhosekernel is the local-local group scheme� p.

We say that two abelian varieties are � p-isogenousif there exists an � p-isogeny be-

tweenthem.

Remark 2.5.2. Note that � p hasa unique form over any perfect �eld.

The SiegelspaceA g;1 parametrizesg-dimensionalprincipally polarized abelian vari-

eties. Its supersingular locus Sg;1 has beenmuch studied by Li and Oort in [65]. In

particular, it is shown that any point in Sg;1 is linked to an arbitrary superspecial

point by a sequenceof � p-isogenies([65, p.23], cf. [65, x6.3]), calleda rigid PFTQ. Li

and Oort's work hasbeengeneralizedin detail by S.Harashita to principally polarized

supersingular abelian varieties with RM by OL ([43, Prop. 4.10] and [43, x6 Coarse

moduli spaces];Harashita's thesisappearedin print in [44]), so the mereexistenceof

rigid PFTQ with OL -structure i.e., in which in each step the � p-isogeny respects the

OL -structure, givesus the following result right away.

Prop osition 2.5.3. (Harashita) Any two principally polarizedsupersingularabelian

varieties with RM are � p-isogenous.
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Note that the OL -structure on an abelian variety A inducesan OL 
 Z Z` -structure on

its Tate module T` (A). Thus, the Tate module decomposesaccordingto the primes

lj`OL :

T` (A) = lim
 �

A[`n ] =
Y

lj`

lim
 �

A[ln ] =:
Y

lj`

Tl(A):

Lemma 2.5.4. ([82, Lem. 1.3]) Let A be an abelian variety with RM over an al-

gebraically closed�eld k of characteristic p. Then the Tate module T` (A) is a free

OL 
 Z` -module of rank 2 for any ` 6= p.

Note that any two abelian varietiesA de�ned over k are actually de�ned up to an

isomorphismover a �nite sub�eld of k. We can �x k to be big enoughi.e., so that

A1; A2 and all OL -homomorphismsare de�ned over k.

Theorem 2.5.5. Let A1; A2 be two supersingular abelian varieties with RM by OL

de�ned over a �nite �eld k. Then

HomOL ;k (A1; A2) 
 Z`
�= HomOL 
 Z` (T` (A1); T`(A2))

�= M2(OL 
 Z` );

HomOL ;k (A1; A2) 
 Zp
�= HomOL 
 W (k)[F;V ](D(A2); D(A1)) ;

wherethe homomorphismsrespect the OL -structures.

Note that

Z` 
 Z HomOL (A1; A2) �= HomOL 
 Z` (T` (A1); T` (A2))

if and only if

OL l 
 OL HomOL (A1; A2) �= HomOL l
(Tl(A1); Tl(A2)) 8lj`;

since
Y

lj`

OL l 
 OL HomOL (A1; A2) �= Z` 
 Z HomOL (A1; A2)
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and
Y

lj`

HomOL l
(Tl(A1); Tl(A2)) �= HomOL (T` (A1); T` (A2)) :

Proof. We explain the modi�cations to Tate's original argument ([96, x2]) that are

necessaryto adapt his proof to supersingularabelian varietieswith RM by OL . Also,

we skip the details of the proof for ` = p, sincethe argument is similar.

We begin by explaining the disappearanceof the Galois group G = Gal(k=k) com-

pared to the statement of the original Tate theorem (Theorem 2.4.7, cf. [14, Lemma

7.1]). This has everything to do with the fact that supersingular abelian varieties

have lots of endomorphisms.We needto verify that the canonicalmap

Z` 
 HomOL ;k (A1; A2) � ! HomOL 
 Z` (T` (A1); T`(A2)) ; (2.5.1)

is injective. To seethat, look at the following diagram:

Z` 
 Homk(A1; A2)
f 1� � � ! HomG(T` (A1); T` (A2))

f 2

x
?
?

x
?
? f 3

Z` 
 HomOL ;k (A1; A2) � � � � � !
canonical

HomG;OL 
 Z` (T` (A1); T`(A2)

The mapsf 1; f 2 (and f 3) are all injective, hencethe map \canonical" is alsoinjective.

Sincethe left sideof the canonicalmap (2.5.1) hasZ` -rank equal to 4g and the right

side, oncecoordinates are chosen,is an order inside of M 2(OL 
 Z` ), the cokernel is

torsion. It follows that the Galois group G acts through scalars.Thus, after proving

the analogueof Tate's theorem,wecaneliminate the mention of G from the statement

of the theorem in the end.

Recallthe main ideasof Tate'sproof: wereducethe desiredbijection (in the statement

of the theorem) to the bijection of the map:

Q` 
 EndOL (A) � ! EndOL (V` (A)); (2.5.2)

for any abelian variety A de�ned over k, whereV` (A) = T` (A) 
 Q. To show that the

map in Equation (2.5.2) is bijective, we �rst usethe fact that h(L) = 1 to show that
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the canonical map is injective with torsion-free cokernel: if an OL -homomorphism

f : A1 � ! A2 vanisheson A1[l], we pick a generator � l of the principal ideal l to

de�ne the homomorphismg := � � 1
l � f as in Tate's proof.

Tate then introduces two commuting subalgebrasE ` and F` of the Q` -algebra

End(V` (A)) which are de�ned as follows: E` is the imageof Q` 
 Endk(A) under the

map 2.5.2, while F` is the subalgebraof End(V` (A)) generatedby the automorphisms

of V` (A) de�ned by elements of G. Tate then proceedsto show that the desired

bijection is again equivalent, by the theoremof bicommutation, to the fact that F` is

the commutant of E` in End(V` (A)), if F` is semisimple.

The nameof the gameis now to considerthe obviousOL -versionsof thesesubalgebras

and show that they are alsocommutant to oneanother.

In Tate'saxiomatic proof comesnext a hypothesiscalledHyp(k; A; d; `) which is satis-

�ed for �nite �elds: Hyp(k; A; d; `) stipulates that there exists(up to k-isomorphism)

only a �nite number of abelian varieties B de�ned over k such that:

� There exists a polarization  of B of degreed2 de�ned over k

� There exists a k-isogeny B � ! A of `-power degree.

It is clear that the OL -version of this hypothesis holds for supersingular abelian

varieties with RM by OL . Tate then proves two propositions under the hypothe-

sis Hyp(k; A; d; `). The �rst proposition is to show that for any G-stable maximal

isotropic subspaceW of V` (A) with respect to the non-degeneratealternating bilin-

ear form on V` (A) corresponding to an OL -linear polarization of A de�ned over k,

there exists an element u 2 E` such that W is the image of V` (A) under u. An

additional ingredient necessaryin the OL -setting is the existenceof OL -polarizations

of A: The existenceof such a polarization wasprovedby Rapoport in his thesis([82]).

Tate's secondproposition shows that the HypothesisHyp(k; A; d; `) and the fact the

the Q` -algebra F` is isomorphic to a product of copiesof Q` implies that the map
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2.5.2 is bijective. The proof proceedsby descendinginduction of the dimensionof

an isotropic subspaceof V` (A), and thus the �rst induction is guaranteed by Tate's

�rst proposition, and the rest of the proof is completelygeneral.Tate's proof �nishes

by using the particulars of assumingk to be �nite to relate F , the subalgebraof

Q 
 Endk(A) generatedby the Frobeniusendomorphismof A relative to k, with F` ,

thus showing that F` is indeedsemisimpleand moreover isomorphic to a product of

copiesof Q` . The OL -version of the proof's ending follows from the fact that the

Frobeniusendomorphismcommutes with any OL -endomorphism.

Corollary 2.5.6. Let A1; A2 be two principally polarized superspecial abelian vari-

eties with RM with isomorphic Dieudonn�e modules D(A1) �= D(A2) de�ned over a

�nite �eld k. Then HomOL (A1; A2) is a projective EndOL (A1)-module of rank one.

Proof. Let O := EndOL (A1). By Proposition 2.2.34, an O-ideal is projective if and

only if it is locally principal. We thus check the latter condition. Tate's theorem for

supersingularOL -abelian varieties shows that

HomOL (A1; A2) 
 Z`
�= HomOL 
 Z` (T` (A1); T` (A2));

respectively,

HomOL (A1; A2) 
 Zp
�= HomOL 
 W (k)[F;V ](D(A2); D(A1)) :

It follows that

HomOL (A1; A2) 
 Z`
�= HomOL 
 Z` (T` (A1); T` (A2))

�= HomOL 
 Z` (T` (A1); T` (A1))

�= EndOL (A1) 
 Z`

where we have used that T` (A i ) �= (OL 
 Z` )2, and thus HomOL (A1; A2) is locally

principal at ` 6= p. A similar argument shows that HomOL (A1; A2) is locally principal

at p.
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The projective EndOL (A1)-module HomOL (A1; A2) can be embeddedas an integral

ideal in EndOL (A1) by the map f 7! � � f , where � : A2 � ! A1 is an arbitrarily

chosenOL -isogeny.

Corollary 2.5.7. Let p be unrami�ed in OL . Let A1; A2 be two principally po-

larized superspecial abelian varieties with RM. Then HomOL (A1; A2) is a projective

EndOL (A1)-module.

Proof. If p is unrami�ed, there is a uniquesuperspecial Dieudonn�e module with RM.

Indeed, since in generalDieudonn�e modules factorize according to the rami�cation

of p (cf. [38, x2.3]), we can reducethe question to the inert case,which is found in

[36, Thm. 5.4.4];seealsoChapter I of the present thesisfor a discussionof the totally

rami�ed case.

We needa versionof Tate theorem's for supersingular abelian varieties with RM

that holds for principally polarized abelian varieties.

Denote by Z` (1) = lim
 �

� ` r the inverse limit of ` r -th roots of unity for all positive

integersr and let � be an OL -polarization of (A; �). The polarization � and the Weil

pairing

è : T` (A) � T` (A t ) � ! � `1 ;

induce an alternating form e� := è (� ; � (� )) on T` (A) such that the elements of OL

are self-adjoint. This is equivalent to an alternating OL 
 Z` -bilinear form

 � : T` (A) � T` (A) � ! D � 1
L 
 Z Z` (1);

such that TrL=Q �  � = è (� ; � (� )). We shall call a pairing such as � an alternating

pairing of a Tate module with RM .
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De�nition 2.5.8. A quasi-polarization on D(A) is an (OL 
 W(k))-bilinear form

e� = ep(� ; � (� )) from

D(A) 
 D(A) � ! D � 1
L 
 W(k)

satisfying the conditions:

e� (F x; y) = e� (x; Vy)� ; e� (Vx; y) = e� (x; F y) � � 1
;

e� (x; y) = � e� (y; x);

where� is the Frobenius.

Theorem 2.5.9. Let (A1; �1; � 1); (A2; �2; � 2) be two principally polarizedsupersingu-

lar abelian varieties with RM by OL . Then

HomOL ((A1; � 1); (A2; � 2)) 
 Z`
�= HomOL 
 Z` ((T` (A1); e� 1 ); (T` (A2); e� 2 )) ;

and

HomOL ((A1; � 1); (A2; � 2)) 
 Zp
�= HomOL 
 W (k)((D(A2); e� 2 ); (D(A1); e� 1 )) ;

where

HomOL ((A1; � 1); (A2; � 2)) 
 R := f � 2 HomOL (A1; A2) 
 R such that � � � 2 = � 1g;

and where

HomOL 
 Z` ((T` (A1); e� 1 ); (T` (A2); e� 2 ))

:= f � 2 HomOL 
 Z` ((T` (A1); (T`(A2)) j� � e� 2 = e� 1 g;

and similarly at ` = p.

Proof. Let ` 6= p. The map

HomOL ((A1; � 1); (A2; � 2)) 
 Z` ,! HomOL 
 Z` ((T` (A1); e� 1 ); (T` (A2); e� 2 )) ;
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is clearly injective. Pick a map � 2 HomOL 
 Z` ((T` (A1); e� 1 ); (T` (A2); e� 2 )). Then, by

Theorem 2.5.5, there exists a map  2 HomOL (A1; A2) 
 Z` which induces � and

 � � 2 = q � � 1 for someq 2 OL 
 Z` . An alternating pairing on T` (A) can be viewed

as an element of

HomOL 
 Z` (^
2
OL 
 Z`

T` (A); D � 1
L 
 Z` (1));

so a map  2 HomOL (A1; A2) will induce a map ^ 2 : ^ 2T` (A1) � ! ^ 2 T` (A2) that

makes the obvious diagram commute i.e., e� 1 = e� 2 � ^ 2 . Since A1 and A2 are

principally polarized, they are � p-isogenous,we can supposethat e� 1 = e� 2 for ` 6= p,

and this amounts to ^ 2 = 1 i.e., q = ^ 2 = 1. The proof is similar for ` = p.

Corollary 2.5.10.

Aut(End e�
OL

(T` (A)) = f � 2 EndOL (A) 
 Z` j � 0� = 1g;

Aut(End e�
OL

(D(A)) = f � 2 EndOL (A) 
 Zpj � 0� = 1g;

where� 0 is the Rosati involution induced by � .

Proof. If A1 = A2 = A, the condition � � � 1 = � 1 is the sameas � 0� = 1.

2.5.2 Transitivit y of the Hecke action of H `

Weprove the existenceof an `-power degreeOL -isogeny betweenany two superspecial

abelian varietieswith RM with isomorphicDieudonn�e modules: this follows from the

strong approximation theorem ([12, Proof of Prop. 4.6]) and using Corollary 2.5.10

to adapt the argument to the RM case. The idea of the proof is that the `-power

Hecke orbit of a supersingular point on the Hilbert moduli spacecan be described

by double cosetsfor the `-adic points of a suitable algebraic group. To obtain the

desiredresult, we apply the strong approximation theorem to show that the double

cosetsparameterizingthe `-power Hecke orbit of a superspecialpoint x on the Hilbert
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moduli spacehas the samecardinality as the double cosets(for the adelic points of

the samealgebraicgroup) parameterizingthe setof superspecialpoints with the same

Dieudonn�e module asx.

This argument in the elliptic caseis to be found in great detail in Cornut's Ph.D.

thesis (see[16, Cor. 5.5.6], but bear in mind that the prime characteristic in that

referenceis `, not p).

Let Ax bea �xed (principally polarized)superspecialabelian variety with RM by OL .

Let Gx denote the group scheme over Spec(Z) whose group of R-points, for any

commutativ e ring R, is :

Gx (R) =
�

� 2 (EndOL (Ax ) 
 R) � ; � 0� = 1
	

;

where � 7! � 0 is the Rosati involution induced by the polarization of Ax . We will

sometimesdrop the su�x in Gx if no confusioncan arise.

Let � x denotesthe set of isomorphismclassesof principally polarized superspecial

abelian varieties with RM (A; �; �) of dimension g over k such that the Dieudonn�e

module D(A) is isomorphicto D(Ax ) asquasi-polarizedDieudonn�emoduleswith RM,

and the Tate module T` (A) is isomorphic to T` (Ax) as nondegeneratealternating

OL 
 Z` -modules for all ` 6= p. We know that these conditions are automatically

satis�ed i.e., that the prime-to-p Tate modulesare isomorphic, sincethere exists an

� p-isogeny betweenany two principally polarized superspecial abelian varieties with

RM by Proposition 2.5.3; the condition at p is satis�ed by hypothesis.

Theorem 2.5.11. ([111, Thm. 10.5]) The set � x is in natural bijection with the

(adelic) double cosetsGx (Q)nGx (A f )=Gx(Ẑ).

Wenow describe the `-Hecke orbit of a superspecialpoint on the Hilbert moduli space

can be describe by the `-adic points of the samealgebraicgroup Gx .

We adapt to our algebraic group Gx the argument of Ching-Li Chai ([12, Proof of

Prop. 4.6]): The special unitary group Gx over Q attached to the semisimplealgebra
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EndOL (Ax ) 
 Z Q �= Bp;L with Rosati involution is an inner form of SU2 such that

Gx (R� ) �= SU2(R) is compact for any embedding � : L ,! R, while

Gx (Q` ) = f b2 (Bp;L 
 Q` )� jNorm(b) = 1g

is non-compactfor every prime number ` 6= p. The Z ` -lattice EndOL (Ax ) 
 Z Z` in

EndOL (Ax ) 
 Z Q` de�nes a maximal compactsubgroupGx (Z` ) of Gx (Q` ). Note that

EndOL (Ax ) 
 Z Zp
�=� ! EndOL (D(Ax ))

by our supersingularversionof Tate's theorem. Moreover,

Gx(Zp) = Aut(End e�
OL

(D(Ax )))

by Corollary 2.5.10.

We now describe the Hecke orbits in terms of Gx : by the argument of [11, End of

x1] (cf. [12, p.9], [16, Prop. 5.5.2]), the prime-to-p Hecke orbit of x on the Hilbert

moduli spaceof � 0(N ) level (N; p) = 1, is in natural bijection with the �nite set

(Gx (Q) \ Gx (Zp))n
Y

r 6= p

0

Gx (Qr )=� 0(N );

where� 0(N ) is the usual congruencesubgroupof restricted product
Q 0

r 6= p Gx (Qr ) of

level N . We are only interestedin the N = 1 case,so the prime-to-p Hecke orbit of

the point x on the Hilbert moduli spaceis in natural bijection with the doublecosets

(Gx (Q) \ Gx (Zp))n
Y

r 6= p

0

Gx (Qr )=
Y

r 6= p

0

Gx (Zr ):

A similar argument of courseappliesto the `-power Hecke orbit. The `-power Hecke

orbit H ` � x of a point x is thus parametrizedby:

�
Gx (Q) \

Y

`06= `

Gx(Z`0)
�

nGx (Q` )=� 0(N )0;

where� 0(N )0 is the congruencesubgroupof Gx (Q` ) of level N e.g.,Gx (Z` ) if N = 1.
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Now that we have the description of the `-Hecke orbit, we usethe strong approxima-

tion theoremto related the `-adic double cosetswith the adelic double cosets.

For the group Gx , the statement of the strong approximation theorem ([102, p.81])

is: Gx(Q)Gx (Q` ) is densein Gx(A f ). SinceGx (bZ) is open in Gx (A f ), we thus get the

equality:

Gx(Q` )Gx (bZ)Gx (Q) = Gx (A f ):

It follows that for any bgAf 2 Gx(A f ), there existssomegQ 2 Gx (Q), g` 2 Gx (Q` ) and

bgbZ 2 Gx(bZ) such that gQg̀ bgbZ = bgAf . This implies that the map Q` ,! A f inducesa

surjection:

Gx (Q` ) � Gx(Q)nGx (A f )=Gx(Ẑ):

which in turn yields a bijection at the level of double cosets

Gx(Z[
1
`

])nGx(Q` )=Gx(Z` ) � ! Gx (Q)nGx (A f )=Gx (Ẑ):

SinceGx (Z[1
` ]) = Gx (Q) \

Q
`06= ` Gx (Z`0), this shows that the `-power Hecke orbit of

the point x is � x . We thereforeconclude:

Prop osition 2.5.12. Let A1; A2 be principally polarized supersingular abelian va-

rieties with RM with Tate modules T` (A1); T` (A2) and Dieudonn�e modules D(A1),

D(A2). Recall that T` (A1) �= T` (A2) as OL 
 Z` -module with alternate pairings by

Proposition 2.5.3. Assumefurther that D(A1) �= D(A2) asquasi-polarizedOL 
 W(k)-

modules,a condition holding automatically if p is unrami�ed (seeProposition 2.5.7).

Then for any prime ` 6= p, there exists an `-power isogeny between A1 and A2. In

particular, the module HomOL (A1; A2) contains two isogenieswhich are of coprime

degrees.



90 Superspecial Ab elian Varieties and Theta Series

2.5.3 Quadratic forms arising from superspecial poin ts

Let A1; A2 be two abelian varietieswith RM. Let � i = A i � ! A t
i ; i = 1; 2; beprincipal

OL -polarizations, and de�ne, for � 2 HomOL (A1; A2)

jj � jj = jj � jj � 1;� 2 := � � 1
1 � � t � � 2 � �;

A t
2

� 2 � � � A2

� t

?
?
y

x
?
? � :

A t
1 � � � !

� � 1
1

A1

Then we obtain a function:

jj � jj : HomOL (A1; A2) � ! EndOL (A1):

Lemma 2.5.13. The function jj � jj takesvaluesin OL � EndOL (A1) and is a totally

positive OL -integral quadratic form,

1. jj � jj = 0 if and only if � = 0 and jj � jj � 0 for all � 6= 0;

2. < �;  > OL := jj � +  jj � jj � jj � jj  jj = � � 1
1  t � 2� + � � 1

1 � t � 2 is a symmetric

OL -bilinear form. In particular,

3. jj ` � � jj = `2jj � jj ; for ` 2 OL .

Proof. The element jj � jj is �xed by the Rosati involution f 7! f 0 = � � 1
1 f t � 1 :

� � 1
1 � (� � 1

1 � � t � � 2 � � )t � 1 = � � 1
1 � � t � � 2 � �:

This implies that jj � jj 2 f  2 EndOL (A1)j 0 =  g = OL ; since in general, the

Rosati involution �xes L in End0
OL

(A1): If A1 and A2 are supersingular abelian va-

rieties, it follows from Albert's classi�cation that we are in the Type II I situation:

the quaternion algebra EndOL (A1) 
 Q over the totally real �eld L is totally de�-

nite, hencethe Rosati involution is the canonicalinvolution i.e., the conjugation map

i.e., x � = Tr(x) � x = x on the quaternion algebra Bp;L . Since � 1 is principal, all

computations are integral, and the imageof jj � jj is OL .
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Let uscheck Assertion(1). Clearly, jj � jj = 0 if and only if � is the zeromap (any non-

zeroOL -homomorphismof abelianvarietiesis an isogeny). The total positivit y follows

from propertiesof the embeddingof the N�eron-Severi groupN S0(A) in End0
OL

(A1)sym

via the map � 7! � � 1
1 � ([39, p.46]): the polarizations are sent to positive symmetric

elements. We �nally check the OL -linearity of the symmetric bilinear form. The

argument is essentially the samefor the �rst variable and the secondvariable:

jj ` � � +  jj � jj ` � � jj � jj  jj = � � 1
1  t � 2(` � � ) + � � 1

1 (` � � )t � 2 

= � � 1
1  t ` t � 2� + � � 1

1 � t ` t � 2 

= � � 1
1 ` t  t � 2� + � � 1

1 ` t � t � 2 

= `� � 1
1  t � 2� + `� � 1

1 � t � 2 

= `(jj � +  jj � jj � jj � jj  jj )

How can we comparejj � jj with the norm form on End0
OL

(A) ?

Prop osition 2.5.14. The OL -degreejj � jj is multiplicativ e: if  2 HomOL (A2; A3)

and � 2 HomOL (A1; A2), then

jj  � � jj � 1;� 3 = jj  jj � 2 ;� 3 � jj � jj � 1;� 2 :

Proof.

jj  � � jj � 1 ;� 3 = � � 1
1 ( � )t � 3( � )

= � � 1
1 � t � 2� � 1

2  t � 3 �

= � � 1
1 � t � 2jj  jj � 2;� 3 �

= jj  jj � 2;� 3 � � 1
1 � t � 2�

= jj  jj � 2;� 3 � jj � jj � 1;� 2 :
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Remark 2.5.15. This property de�nes the quadratic form up to a constant multiple.

Lemma 2.5.16. Let  2 HomOL (A1; A2). Let O = EndOL (A1). We can use  to

embed HomOL (A1; A2) asan O-ideal:

HomOL (A1; A2)
j  
,! EndOL (A1);

� 7! � � 1
1 �  t � � 2 � �:

Then

Norm(j  (� )) = jj  t jj � jj � jj :

Let I  be the O-ideal j  (HomOL (A1; A2)). Then the reducednorm N (I  ) is equal to

the ideal (jj  t jj ).

Remark that for A1 = A2, � 1 = � 2,

jj � jj = � 0 � � = Norm(� );

for � 2 EndOL (A1).

Proof. Compute the norm of j  (� ):

Norm(j  (� )) = j  (� )j  (� )

= [� � 1
1 � (� � 1

1 �  t � � 2 � � )t � � 1] � [� � 1
1 �  t � � 2 � � ]

= [� � 1
1 � t � 2 ][� � 1

1  t � 2� ]

= [� 2 � � 1
1  t ][� � 1

1 � t � 2� ]

= jj  t jj � jj � jj ;

since� 2 � � 1
1  t 2 OL . It follows that

jj j  (� )jj = Norm(j  (� )) = jj  t jj � jj � jj ;
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hencethe norm of I  , being the greatest commondenominator of the norms of the

elements jj j  (� )jj , is the greatest common denominator of all jj  t jj � jj � jj , for � 2

HomOL (A1; A2). Sinceany superspecialabelianvarietieswith isomorphicsuperspecial

crystal admit two isogenies� 1; � 2 of relatively coprimeabsolutedegreeby Proposition

2.5.12i.e., such that

�
NormL=Qjj � 1jj ; NormL=Qjj � 2jj

�
= 1;

and thus (jj � 1jj ; jj � 2jj ) = (1), thenceit follows that N (I  ) = (jj  t jj ):

Summarizing the previous discussion,we obtain the desiredlink between the norm

map and the OL -degree.

Prop osition 2.5.17. Let O := EndOL (A1). Let HomOL (A1; A2) �= A, A an integral

O-ideal. Then the OL -degreeof an OL -isogeny � x correspondingto a non-zeroelement

x 2 A is related to the norm of the quaternion algebraby the formula, valid up to a

unit:

jj � x jj =
Norm(x)
Norm(A)

:

The indeterminacy between the OL -degreeand the norm of an element is thus a

constant multiple: it is a totally positive element well-de�ned up to a totally positive

unit.

2.5.4 Tensor construction

We gather a few well-known properties of a tensor construction attributed to Serre

(cf. [14, x7] and [16, x10]).

De�nition 2.5.18. ([14, Thm. 7.2]) Let S be a scheme. Let R be an associative

ring with identit y, M be a �nitely generatedprojective right R-module with dual left

R-module M t := HomR (M ; R) of right R-linear homomorphismsand M be a left
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R-module schemeover S i.e., an R-module object in the categoryof S-schemes.The

functor

T � ! M 
 R M (T) �= HomR(M t ; M (T)) (2.5.3)

is represented by a commutativ e group schemeover S, denotedby M 
 R M .

In particular, if M is an abelian scheme,then M 
 R M is alsoan abelian scheme.

De�nition 2.5.19. ([14, Def. 7.6]) A �nitely generatedprojective (right) R-module

M has constan t rank r if the �nitely generatedright K -module M 
 R;� K has

length dK r for every map � : R � ! K to a �nite-dimensional central simple algebra

over an algebraicallyclosed�eld k = Z(K ), with dimk K = d2
K . In other words, asa

right K -module, M 
 R;� K is isomorphic to an r -fold direct sum of copiesof K .

Prop osition 2.5.20. ([14, Proof of Thm. 7.8]) Let M � ! S be a locally �nite type

left R-module scheme over S, and let M be a �nitely generatedprojective (right)

R-module. We use the notation T0 to denote the tangent spaceat 0. There is a

natural isomorphism:

M 
 R T0(M ) �= T0(M 
 R M ):

Prop osition 2.5.21. ([14, Thm. 7.5]) Let M be a left R-module schemewhich has

relative dimensiong over S. Then M 
 R M has relative dimensiongr over S if the

module M hasconstant rank r over R.

Prop osition 2.5.22. ([14, Lem. 8.2]) Let R be an associative ring and M a �nitely

generatedprojective left R-module. For any left R-module schemeM over S and any

commutativ e S-group schemeG, view the group HomS(M ; G) as a right R-module

via the R-action on M . Then the natural map:

� M : HomS(M ; G) 
 R M � ! HomS(HomR (M ; M ); G);

de�ned functorially by � M (� 
 m) : f 7! � (f (m)) (on the level of points in S-schemes)

is well-de�ned and an isomorphism.
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2.5.5 Endomorphism orders of superspecial abelian varieties

In this section,we needto establishanother property of the tensor construction. In

general,if A is an abelian schemeequipped with an action by a commutativ e ring R,

and T is an R-algebra,it is natural to expect that the following isomorphismholds:

EndR (A) 
 R T �= EndT (A 
 R T):

In fact, as we will seeshortly, a more generalstatement holds. We speci�cally need

the caseR = Z, A a supersingularelliptic curve and T = OL .

Lemma 2.5.23. ([11, Lem. 6]) Let L be a totally real �eld. Let (A; �) be an abelian

variety of dimension g = [L : Q] with multiplication by OL over an algebraically

closed�eld k. Then A is isogenousto B n for somesimple abelian variety B=k. Let

D = Endk(B ) 
 Z Q, so Endk(A) 
 Z Q �= Mn (D). Consider the casewhen D is a

totally de�nite quaternion division algebraover Q, dim(B) = 1 and the �eld k has

characteristic p. Then the algebraD = Bp;1 is the quaternion division algebraover

the rationals rami�ed at p and 1 , and B is a supersingularelliptic curve over k. The

centralizer of L in Endk(A) 
 Z Q,

Cent End k (A )
 Q(L);

is the quaternion division algebraBp;1 
 L which is rami�ed at all in�nite placesof

the totally real �eld L and all placesv of L above p such that [L v : Qp] is odd, and

is unrami�ed at all other �nite places.

Lemma 2.5.24. ([14, Lem. 7.14]) Let R be an associative ring, M 1 and M 2 two

�nite projective left R-modules. Let M t
1 denotethe right module of left-linear maps

from M 1 to A. For any two left R-module schemesM 1 and M 2 over a baseS, view

the group HomS(M 1; M 2) as a right R-module via the R-action on M and as a left
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R-module via the action on M 2. Then the natural map:

� M 2 ;M 1 : M t
1 
 R HomS(M 1; M 2) 
 R M2 � ! HomS(HomR (M2; M 1); HomR (M1; M 2))

(2.5.4)

de�ned functorially by

� M 2 ;M 1 (`1 
 � 
 m2))( f ) : m1 7! `1(m1)� (f (m2)) ;

(on the level of points in S-schemes)is well-de�ned and an isomorphism.

In particular, there is a natural isomorphism

M t 
 R EndS(M ) 
 R M �= EndS(HomR(M ; M ));

given by ` 
 � 
 m 7! (f 7! `(� ) � � (f (m))), and this is an isomorphismof associative

rings.

Remark 2.5.25. An interesting feature of Lemma 2.5.24is that the natural map 2.5.4

upgradesto an isomorphismof associative rings when both sidesof 2.5.4 are rings

e.g., M 1 = M 2 and M 1 = M 2; M 1 = M 2 and M 2 = R, M t
1 an R-algebra (or vice

versa);

Prop osition 2.5.26. Let E bea supersingularelliptic curve. Then EndOL (E 
 OL ) �=

End(E) 
 OL : In particular, the order EndOL (E 
 OL ) is Bass.

Proof. We have seenearlier (2.3.3) that End(E) 
 OL is primitiv e. Thence,it su�ces

to show that the centralizer of OL in End(E 
 OL ), EndOL (E 
 OL ), is isomorphic

to End(E) 
 OL .

First, the generalalgebraicproperties of Hom and 
 gives the following isomor-

phism of rings:

EndOL (E 
 Z OL ) �= Hom(E; HomOL (OL ; E 
 Z OL ))

(by the Hom-
 adjunction)

�= Hom(E; E 
 Z OL ) (by de�nition).
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From Lemma 2.5.24, we get the secondisomorphismof rings needed:

OL 
 Z End(E) �= Hom(HomZ(Z; E); HomZ(Ot
L ; E))

�= Hom(E; E 
 Z OL ) (cf. Equation 2.5.3)

We concludeimmediately that

EndOL (E 
 Z OL ) �= End(E) 
 Z OL :

Theorem 2.5.27. Let p be unrami�ed. Let A be a principally polarizedsuperspecial

abelian variety with RM. Then EndOL (A) is a superspecial order of level p.

Proof. By Proposition 2.5.12, the order EndOL (A) is locally conjugate to the order

EndOL (E 
 OL ) = End(E) 
 OL , which is a superspecial order of level p. Sincebeing

superspecial is a local property, we are done.

Remark 2.5.28. This also follows straight from Theorem 2.5.5.

2.5.6 The bijection between ideal classes and superspecial

poin ts

Let p be unrami�ed. The goal of this section is to give a direct connection be-

tween superspecial abelian varieties with real multiplication and the arithmetic of

quaternion algebrasover totally real �elds, generalizingthe classicalbijection be-

tweensupersingular elliptic curves and left ideals classesof a maximal order in the

rational quaternion algebra rami�ed at p and 1 . We supposethat p is unrami�ed

throughout, sothat the order O underconsiderationis an Eichler orderof level p. The

preciseidenti�cation of the ordersappearingasendomorphismordersof superspecial
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abelian varietieswith RM by OL enabledus to derive, usingstandard tools, the class

number formula or rather an expressionin terms of double cosetsof the number of

ideal classes(seeCorollary 2.3.8). It turns out that this �nite set B 1(O)nJ 1
B =B� has

the samecardinality as the set of superspecial points on a Hilbert modular variety

�a la Deligne-Pappas. We usethe Serretensor construction to establisha functorial

bijection. The argument using kernel idealswe generalizewasalready developed and

applied to the caseof elliptic curves in [108, x3], where the endomorphismorder is

maximal.

De�nition 2.5.29. Let A be a superspecial abelian variety with RM by OL . Denote

by I an integral left O-ideal, whereO = EndOL (A). We de�ne A[I ] to be the scheme-

theoretic intersection of the kernelsof all � 2 I . A left O-ideal I is called a kernel

ideal if I = f � 2 Oj� (A[I ]) = 0g.

The tensorconstruction is de�ned in De�nition 2.5.18and studied in depth in Section

2.5.4. It was alsode�ned in detail in the context of Hilbert modular varieties in [28,

Proposition 1.2.7].

Prop osition 2.5.30. Let A be a superspecial abelian variety with RM. Let I be

a projective rank one O-module, where O = EndOL (A). Then A 
 O I is also a

superspecial abelian variety with RM.

Proof. Since A is principally polarized, the cotangent spacewill be killed by Ver-

schiebung if and only if the tangent spaceis killed by Frobenius. Both conditions are

equivalent to A being superspecial. It follows from Proposition 2.5.20that Frobenius

alsokills the tangent spaceof A 
 O I , and we are done.

Theorem 2.5.31. ([108, Prop. 3.11]) Let A, B be kernel ideals. Then

A 
 O A �= A 
 O B
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if and only if

[A] = [B ]

i.e., A = B � for somev 2 B �
p;L .

We now make this theorem relevant by showing that any left ideal of the hereditary

order O = EndOL (A), as in the caseof a maximal order in Bp;1 , is a kernel ideal.

De�nition 2.5.32. ([108, Def., p.533]) Let I 1 be a left O-ideal. The ideal

I 2 := f � 2 Oj� (A[I 1]) = 0g

is called the associated kernel ideal to I 1. Note that A[I 1] = A[I 2], so I 2 is indeed

a kernel ideal.

Lemma 2.5.33. Let I 1 bea left O-ideal, and let I 1 � I 2 bethe associatedkernelideal.

Then NL=Q(Norm(I 1)) = NL=Q(Norm(I 2)), and thereforeI 1 = I 2 i.e., all O-idealsare

kernel ideals.

Proof. The proof by Waterhouse([108, Thm. 3.15]) in the maximal caseessentially

relies on a theorem of Nehrkorn (seebelow) which generalizeswithout modi�cation

to the hereditary case.

Prop osition 2.5.34. (Nehrkorn) Let I be an O-ideal. Let Or (I ) be its right order.

Then there is an Or (I )-ideal J such that I J = R� for � 2 Bp;L , and

(NormL=Q(N (J )); jA[I ]j) = 1:

Proof. The proof of Nehrkorn's theorem in Deuring's book ([21, Satz 27, p. 106])

only usesthe fact that a (left) ideal is locally principal, which is always true in the

hereditary case.
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Theorem 2.5.35. The map B 7! A 
 O B from ideal classesof O to superspecial

abelian varieties with RM by OL is a bijection at the level of setsand is functorial

in A.

Proof. The functorialit y is clearfrom the constructiongiven in Section2.5.4. Wehave

seenthat all O-idealsare kernel ideals,hencethe map B 7! A 
 O B is injective. We

just needto prove it is surjective. Let A0 be a superspecial variety with RM. We want

to �nd a projective module B such that A 
 O B �= A0. ConsiderB := HomOL (A; A0).

The natural map  :

A 
 O HomOL (A; A0)
 

� ! A0; a 
 � 7! � (a):

is a well-de�ned, and an isomorphismof abelian varieties with RM.

Corollary 2.5.36. Let p be unrami�ed. All superspecial orders O of Bp;L of level

pOL arise from geometry.

Proof. Since superspecial orders O of level p are locally isomorphic (Proposition

2.2.28), the set of right orders of a complete set of representativ es of left, projec-

tive ideal classesof any superspecial order of level p represent all isomorphismclasses

of superspecial orders by [102, Lem. 4.10, p. 26] and Proposition 2.2.34(cf. [102,

Cor. 5.5, p. 88]).

2.5.7 Application of Kneser's Theorem to superspecial or-

ders

The avowed purposeof this subsectionis to coin Kneser'sTheorem, and derive an

easycorollary pertaining to superspecial abelian varieties.

Theorem 2.5.37. (Kneser) Let f be a totally positive de�nite quadratic form in

n � 4 variables over the totally real �eld L. There is a constant Cf (depending
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e�ectively on f ) such that if � 2 OL is totally positive and Norm(� ) � Cf , then the

number � is primitiv ely represented by f if and only if it is primitiv ely represented

locally at every completion v of L. By primitiv e representation, we meanan integral

n-tuple (x1; : : : ; xn ) such that gcd(x1; : : : ; xn ) = (1).

Proof. The proof in ([10, x11, Section 9]) for Q works for any totally real number

�eld L.

De�nition 2.5.38. An OL -isogeny � : A1 � ! A2 is primitiv e if for any factorization

� = [m] �  , where is an OL -isogeny and [m] is multiplication-b y-m for m 2 OL , it

is necessarythat m 2 O �
L .

The strategy of the proof of the existenceof an isogeny of arbitrary degreein the

elliptic case(as in [59, Cor. 77]) works in the Hilbert case.Recall that we proved the

existenceof an `-power isogeny in Proposition 2.5.12.

Theorem 2.5.39. Let A1; A2 be two principally polarized superspecial abelian va-

rieties with RM. Then for every n 2 OL su�cien tly large and relatively prime to p,

there exists a primitiv e isogeny � : A1 � ! A2 over k of OL -degreen.

Proof. We equip the module M of k-isogenieswith the structure of a quaternary

quadratic module with the jj � jj map. It is su�cien t to look at solutions locally.

Put O := EndOL (A1). For all primes l in OL , the projective Ol-module M l is free

of rank oneover Ol and generatedby an isogeny of degreerelatively prime to l. For

all primes away from p, Ol splits and the local condition is trivially satis�ed, be-

causethe matrix algebraM 2(OL ) represents all (totally positive) integersprimitiv ely.

Thus we needonly considerthe primes p over p in Bp;1 
 L . Here also, every in-

teger n relatively prime to p is represented, since Op contains a split extensionor

an unrami�ed quadratic extensionRp of OL p , O being superspecial (seeDe�nition

2.3.13), and the reducednorm map on Op inducesthe surjective norm map on units
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Norm : R�
p � ! O�

L p
. Sincen lies in OL p , any representation of n is trivially primi-

tive in M p. At placespjjp unrami�ed in Bp;L , there is also a split or an unrami�ed

extension,and the sameargument applies. Thus the conditions of Kneser'stheorem

are satis�ed, and the result follows.

2.6 Theta series arising from superspecial poin ts

In this section, p is arbitrary. Let A1; A2 be two principally polarized superspecial

abelian varieties. The OL -module HomOL (A1; A2) becomesa quadratic module when

equipped with the OL -degreejj � jj (seeLemma2.5.13). We study in this sectionthe

theta seriesthat arise from thesequadratic modules. We prove that the q-expansion

� :=
X

OL 3 � � 0 or � =0

a� q� ;

where

a� = j f � 2 HomOL (A1; A2) such that jj � jj = � g j;

is the q-expansionof a Hilbert modular form. This actually stems from the fact

that � is a theta seriesi.e., a� is given by the totally positive quadratic form jj � jj .

In particular, a0 = 1 (the zero map!). Sinceh+ (L) = 1, all totally positive units are

squaresand thus the quadratic form jj � jj is uniquely de�ned as the norm up to an

integral change of basis, operation under which the representation numbers of the

quadratic form are invariant. This shows that the theta seriesdoes not depend on

the polarizationos� 1; � 2 usedfor the de�nition of the OL -degreejj � jj .

Theorem 2.6.1. A theta seriesconstructed from a quadratic OL -lattice (M ; q) of

level N yieldsa Hilbert modular form of weight 2 andquadratic character� M (modulo

the level) given by a Gausssum, which transforms under the group

SL2(OL � N � Norm(M )DL ) := f ( a b
c d ) 2

�
OL (Norm( M )DL ) � 1

N Norm (M )DL OL

�
jad � bc= 1g;



2.7 The Basis Problem for Hilb ert modular forms 103

whereN = (p) is the level of the lattice M , and DL is the di�erent of L.

Proof. This was �rst proved by Eichler ([24, Th. I]).

We apply this generaltheoremto the OL -lattices (HomOL (A1; A2); jj � jj ) of level (p)

(the level hasbeencalculated in Proposition 2.3.20).

We needto explain why the quadratic character � is identically 1 for the theta series

coming from quaternion algebras.The expressionof � M in terms of a Gausssum in

[24, Thm. I] for a lattice of OL -rank 4 is given by the formula:

� M (� ) =
i2g

n(
 )2
p

�

X

X 2 M =� M

e� itr (� � 1 q(X )) ; � = det(tr (q(I � ; I � ))) ;

where 
 2 N Norm(M )DL , and � is computed with respect to a basis I � ; I � of M .

This is a quadratic character modulo the level, and it is equal to 1 if the determinant

of M is a square.Sincethe determinant of (HomOL (A1; A2); jj � jj ) is always a square

(in this occurrencep2), the quadratic character � M is thus identically 1.

For (M ; q) = (HomOL (A1; A2); jj � jj ), the existenceof two isogeniesof coprimedegrees

imply that Norm(M ) is 1. But sinceh(L) = 1, the group of transformation is actually

isomorphic to � 0(p) i.e., the matrices ( a b
c d ) 2

� OL OL
pOL OL

�
such that ad � bc= 1 : the

bottom-left entry and the top-right entry \cancel out" if the ideals are principal,

sinceSL2(OL ) and SL2(OL ; DL ) are conjugate. Thus, the value of the norm of the

quadratic OL -lattice HomOL (A1; A2)) disappearscompletely from the end result.

2.7 The Basis Problem for Hilb ert modular forms

We explain the derivation of a special caseof the BasisProblem for Hilbert modular

forms from the Jacquet-Langlandscorrespondencei.e., we show that theta series

comingfrom idealsof an Eichler order of level p in Bp;1 
 L spanthe spaceof Hilbert

modular newformsof weight two for � 0(p) (and trivial character).



104 Superspecial Ab elian Varieties and Theta Series

The Jacquet-Langlandscorrespondence([52, Thm. 16.1]) establishes,for any totally

de�nite quaternion algebraB, a Hecke-equivariant injection � 7! JL(� ) from the set

of classesof automorphic representations � = 
 v � v of GB (A) = (B 
 F A)� with the

set of classesof automorphic representations of GL2(A). The imageof the map is the

set of cuspidal automorphic representations of GL2(A) that are discrete series(i.e.,

specialor supercuspidalat a �nite place)at all rami�ed placesof B . Imposingthat the

representation is of the discreteseriesat in�nite placesmeansthat it is holomorphic

of weight k � 2. A completeproof of the Jacquet-Langlandscorrespondencecan be

found in [34, xVI, Section2]; for a more completediscussion,see[47, x5].

The key fact that we useis that the representation � p corresponding to a newformat

a prime p whoseexponent is odd in the level is necessarilyin the discreteseries,since

the conductor at p is not a square(see[33, Proof of Prop. 5.21, p. 95; Table 4.20,

p. 73]). Recall from Lemma 2.5.23that a prime p dividing p is rami�ed in Bp;1 
 L

if and only if [Lp : Qp] is odd. It is necessaryfor this to happen that the exponent

� of p� occuring in the prime decomposition of p is odd i.e., for level p, only odd

exponents occur. But then the local representation � p of any cuspidal automorphic

representation of GL2(A) of level p occurs in the discreteseriesat p for any rami�ed

placep of Bp;L .

In brief, in the caseof level exactly equalto p, the Jacquet-Langlandscorrespondence

implies that all cuspidalautomorphic representations of GL2(A) ariseasquaternionic

representations on the adelic group associated to the quaternion algebraBp;L .

Having explainedthe situation in the representation-theoretic setting, we derive the

classicalstatement that the corresponding spaceof Hilbert newformsof weight 2 and

level (p) is spannedby classicaltheta series.We follow [46, x5].

The spaceSB p;L
2 (N; C) of modular formson Bp;L is de�ned asthe spaceof functions

satisfying [48, Condition (SB1), p. 201]. The spaceS2(N; C) is the spaceof functions

f : GL2(A) � ! C satisfying [48, Conditions (SA1), (SA2), (SA3), p. 193], that
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is, the automorphy condition, the holomorphy condition and somerapid decreasing

condition at all cuspsof GL2; this spacecorresponds to classicalHilbert cusp forms

of weight 2 and � 0(N)-level.

Theorem 2.7.1. ([48, Thm. 4.34, p.202]) Suppose N = N 0d(Bp;L ) for an inte-

gral ideal N 0 prime to d(Bp;L ). Then we have an Hecke-equivariant embedding

SB p;L
2 (N; C) ,! S2(N; C). The imageof this embedding only dependson Bp;L and is

madeup of cusp forms in S2(N; C) new at all primes dividing d(Bp;L ).

Remark 2.7.2. SinceBp;L is totally de�nite, the elements of SB p;L
2 (N; C) canbeviewed

as functions on the double cosetsparametrizing ideals classesof an Eichler order of

level d(Bp;L )N 0 (cf. [46, p.2112] and [47, p. 46]): Put N = p and N 0 such that

N0d(Bp;L ) = p; N 0 is clearly prime to d(Bp;L ). We now explain why a maximal order

in Bp;L equipped with N 0-level structure is the samething as an Eichler order of

level p in Bp;L . This is clear from the local description of Eichler orders: at primes

dividing d(Bp;L ), we locally have a maximal orders, so there is no di�erence with

the global maximal order at thoseprimes; at a prime q dividing N 0, the local order

Oq is isomorphic to
�

OL q OL q
qOL q OL q

�
; which we recognizeto be the local maximal order

M2(OL q ) with � 0(q)-level.

Corollary 2.7.3. ([46, p. 2113])Let H(C) bethe Heckealgebrain End(SB p;L
2 (N; C)).

Then SB p;L
2 (N; C) is free of rank 1 over H(C).

Hida then de�nes a \theta map"

� : SB p;L
2 (N; C) 
 H (C) SB p;L

2 (N; C) � ! Snew
2 (� 0(N); C);

which is an isomorphismby [46, Cor. 5.2] since SB p;L
2 (N; C) is free of rank 1 over

H(C) for N squarefree.As pointed out by Hida ([46, Caser = 0, p. 2114]and [47,

Equation 7.9], �( f ; g), for f ; g 2 SB p;L
2 (N; C), is the classicaltheta seriesassociated to

an ideal of an Eichler order of level N of Bp;L . We thus get that all Hilbert newforms
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of weight 2 and level � 0(N) comefrom the spaceSB p;L
2 (N; C) via the theta map i.e.,

theta seriesof left idealsof an Eichler order of level N in Bp;L spanSnew
2 (� 0(N); C).

We state our conclusion.

Theorem 2.7.4. Let p unrami�ed. Let S2(� 0(p); 1)new be the subspaceof new-

forms of the vector spaceof Hilbert modular forms of weight two, level p. Then

S2(� 0(p); 1)new is spannedby theta seriescoming from left idealsof an Eichler order

of level p in the quaternion algebraBp;L .

Remark 2.7.5. A self-contained exposition of this result canbe found [33, Thm. 10.13]

in the elliptic case.

2.7.1 Examples

The more explicit examplesof Hilbert modular forms and theta seriesthat appear in

the literature are typically computedfor real quadratic �elds of narrow classnumber

one e.g., Q(
p

5); nonetheless,fairly general explicit formulas are available for the

arithmetic invariants (e.g., type number, classnumber, etc.) of orders in quaternion

algebrasand the dimensionsof spacesof modular forms.

We begin with an exampleof theta series. Considera maximal order O of Bp;1

given by the Z-basis

e1 =
1
2

(1 + j ); e2 =
1
2

(i + k); e3 = j; e4 = k; if p = 3 mod 4:

An element
P 4

i=1 x i ei = x1
2 + i( x2

2 ) + j ( x1
2 + x3) + k( x2

2 + x4) hasnorm ( x1
2 )2 + ( x2

2 )2 +

p( x1
2 + x3)2 + p( x2

2 + x4)2 = (p+ 1)
�

( x1
2 )2 + ( x2

2 )2
�

+ p(x2
3 + x2

4 + x1x3 + x2x4). Consider

the order O 
 OL . Its norm form is the samenorm form N (x1; x2; x3; x4) but with

valuesin OL . The associated theta seriesis de�ned as:

� (z) = a(0) +
X

� >> 0

a(� )q� ; a(� ) = ] jf N (x1; x2; x3; x4) = � ; for x i 2 OL gj:
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Of course,a(0) = 1. For L = Q(
p

5) and p >> 0, we can easily compute the �rst

coe�cien ts a1, say. We �rst usethe fact that 1 is self-conjugateto eliminate the terms

in
p

5 that arise form the norm form. Putting x i = ai + bi
p

5
2 , i = 1; :::; 4, and exploit

the fact that the terms in p vanish for p big in the expression:

2X

j =1

� aj

4

� 2
+

� bj

p
5

4

� 2
+ p

2X

j =1

� aj

4
+

aj +2

2

� 2
+ 5

� bj

4
+

bj +2

2

� 2
:

Weseethat weneedonly solve a2
1

16+5 b2
1

16+ a2
2

16+5 b2
2

16 = 1. The solutionsare(a1; b1; a2; b2) =

(� 4; 0; 0; 0) and (a1; b1; a2; b2) = (0; 0; � 4; 0). Thusthereare4 solutions,anda(1) = 4.

In [102], onecan �nd useful formulas concerningEichler orders;we list a few. Let

H=L be a totally rami�ed quaternion algebra over a totally real number �eld L of

degreeg, and let O bean Eichler order of squarefreelevel n. Let d be the discriminant

of H .

Prop osition 2.7.6. ([102, Cor. 2.3,p.142])(Massformula) Let d be the discriminant

of the quaternion algebraH=L. Let O be an Eichler order of squarefreelevel n. Let

f I i g be representativ es of left ideal classesof O. For Oi the right order of I i , de�ne

wi := [O�
i : O�

L ]. The following holds:

hX

i =1

1
wi

= 21� ghj� L (� 1)j
Y

pjd

(Norm(p) � 1)
Y

pjn=d

(Norm(p) + 1):

Remark 2.7.7. For a table of values of � L (� 1) for L of small discriminant, consult

e.g., [37, p.373-374].

The number M :=
P h

i=1
1

wi
is called the Massof O.

In general,the celebratedSiegel-Weil formula allows to show that a suitable weighted

sum of theta seriesis an Eisensteinseries(see[94, Introduction]). The sum of theta

seriesis
P h

i=1
1

wi
� HomO L

(A 1 ;A i ) , where wi = j[EndOL (A i )� : O�
L ]j and HomO l (A1; A i )

runs through all projective EndOL (A1)-ideals. The �rst coe�cien t of the correspond-

ing Eisensteinseriesis thus given by the Massformula (cf. [29, Prop. 3.15]).
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De�nition 2.7.8. Let B bean order in a separable,quadratic algebraK =L contained

in H . An optimal embedding of B in O is an isomorphismf of K into h such that

O \ f (K ) = f (B).

Let mi be the number of optimal embeddings of B in Oi . The number M (B) =
P h

i=1
m i
wi

is called the Massof B . De�ne w(B) := [B � : O�
L ].

Prop osition 2.7.9. ([102, Cor. 2.5, p.144]) (Class number formula) Let O be an

Eichler order. Recall that the number of left ideal classesof O is called the class

number h(O). It is given by the following formula:

h(O) = M +
1
2

X

B

M (B)(w(B) � 1);

whereB runs through ordersof quadratic extensionsK =L.

Let (A) be a list of representativ es of principal ideals of OL , representing all

principal ideals that are reducednorms of two-sidedideals of O, modulo squaresof

principal ideals.

Prop osition 2.7.10. ([102, Cor. 2.6, p.145]) (Type number formula) Let O be an

Eichler order of level n. Recall that the number of isomorphism classesof Eichler

ordersof level n is called the type number t(O). It is given by the following formula:

t(O) =
1

h2r +1

X

B

M (B)w(B)x(B) +
M
h2r

;

wherex(B) is the number of principal idealsof B of reducednorm in (A). The orders

in questionrun through ordersof quadratic extensionsK =L.

We give explicit formulas for the classnumber in somespecial cases.

Prop osition 2.7.11. ([100, Thm. 3.1, 3.2]) Let p be unrami�ed. Let L = Q(
p

D).

Let O be an Eichler of order p in Bp;L . The classnumber of O is givenby the formula,
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for D > 5:

Cl(O)
hL

=
� L (� 1)

2

Y

pjd(B p;L )

(Norm(p) � 1)
Y

pjp=d(B p;L )

(Norm(p) + 1)

+ a(D)
h(� D)

8
+ b(D)

h(� 3D)
12

+ c(D)
h(n)h(n0)

4
;

wherea(D); b(D); c(D) are integersthat are de�ned as follows. Let

Ed;p=d(f ) =
Y

pjd(B p;L )

�
1 �

� O
p

� �
�

Y

pjp=d(B p;L )

�
1 +

� O
p

��
;

where O is an order in a quadratic extensionof L, f = f (O) is the conductor and
�

O
p

�
is equalto 1 if p divides f (O) or p is split in O;

�
O
p

�
is equalto 0 is p is rami�ed

in O and � 1 otherwise. The integers a(D); b(D) and c(D) are determined by the

following relations:

S2 =
h(D)h(� D)

8
a(m);

S3 =
h(D)h(� 3D)

12
b(m);

S� =
h(D)h(� n)h(� n0)

4
c(D);

where

S2 =
h(D)h(� D)

8
[Ed;p=d(1) + 9Ed;p=d(2)];

S3 =
h(D)h(� 3D)

12
[5Ed;p=d(1) + 2bEd;p=d(3) + cEd;p=d(2)];

with b = 4 (resp. 2) if m = 3 mod 9 (resp. if m = 6 mod 9) and c = 3 if m = 5

mod 8, 15 if m = 1 mod 8 and 9 otherwise. We skip the de�nition of S� for brevity,

but it is similar to the others. If c(D) 6= 0, the norm of the fundamental unit � of

Q(
p

D) is one;and n = 2 � Tr(� ) (modulo squares)and nn0 = disc(Q(
p

D)).

We give a generalformula for the dimensionof the spaceof Hilbert modular forms

for the sake of comparison.
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Theorem 2.7.12. ([30, Thm. 4.8]) Let � � SL2(R)n be a discrete subgroup such

that the extendedquotient � n(Hn)� is compact. We assumethat the restriction of

each of the n projections pj : SL2(R)n � ! SL2(R); 1 � j � n to � is injective. If

� nHn is compact, we assumethat the image of � under each of the n projections:

� j : SL2(R)n � ! SL2(R)n� 1; 1 � i � n; (cancelling o� one component) is densein

SL2(R)n� 1. Then the following formula holds:

1 + (� 1)n dim S2(�) = (� 1)nvol(Hn=�) +
X

a

E(� ; a) +
X

�

L(� ; � );

wherea (resp. � ) runs over a completeset of representativ esof �-equiv alenceclasses

of elliptic �xed points (resp. cusps). Here,E(� ; a) is some�nite sum in terms of the

stabilizer � a that captures the contribution of elliptic �xed points, while L(� ; � ) is

Shimizu L-series(for details, see[30, p. 121,p.109]).

Remark 2.7.13. Wepoint out that the �rst term (although not necessarilythe \main"

term) of the formula giving the dimensionof the spaceof Hilbert modular formsis pre-

cisely the volume vol(Hn=�). For � = SL2(OL ), the volume is 21� g(� 1)g� L (� 1); thus

the volumefor � 0(p) is preciselythe index of � 0(p) in SL2(OL ) times21� g(� 1)g� L (� 1).

Let L = Q(
p

5). We �nd in [37, p. 373]that � Q(
p

5)(� 1) = 1
30: The numerical data

we discussin the rest of this section is taken from [19]. This is the real quadratic

�eld of narrow classnumber one of smallest discriminant. According to [19], the

smallest level p (p inert) such that the spaceof newforms is non-trivial is p = 7.

The quaternion algebraBp;1 
 Q Q(
p

5) = B1 1 ;1 2 is the totally de�nite quaternion

algebra unrami�ed at every �nite prime. The classnumber of B1 1 ;1 2 is equal to

one;therefore,the classnumber h(O) of an Eichler order O of level p in B is roughly

p2 + 1. But there are h(O)�(h(O)+1)
2 di�erent quadratic modules HomOL (A i ; A j ), for

A i ; A j superspecialabelian varietieswith RM by OQ(
p

5). It will be clear to the reader

that somecomputational e�ort would have to be exerted to illustrate our general

theory satisfactorily beyond the simplest cases(cf. [40, x6] for examplesover Q).
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2.8 The rami�ed case

The rami�ed caseis morecomplexthan the unrami�ed case,sincedi�erent superspe-

cial points might have non-isomorphicsuperspecial crystals (seeAppendix I), and in

generalthe endomorphismordersarenot hereditary. Weexplain in detail the simplest

possiblesituation, and we give the essential results for the general totally rami�ed

case.Let g = 2, and pOL = p2. There are then two kinds of superspecial points (cf.

[5]): thosethat satisfy the Rapoport condition (the non-singularsuperspecialpoints),

and thosethat do not (the singular superspecialpoints). The abelian surfaceE 
 Z OL

hasnon-singular type. In [1], it hasbeenshown that E 
 Z OL admits a unique sub-

groupschemeH �= � p invariant underOL , and the quotient (E 
 Z OL )=H hassingular

type (the OL -structure and the principal polarization always descend).We compute

the level of the endomorphismorder of (E 
 Z OL )=H. Recall that EndOL (E 
 OL )

has level p = p2 and Bp;L = B1 1 ;1 2 .

Prop osition 2.8.1. Let A = E 
 Z OL , and let H be the unique OL -invariant copy

of � p in A. Then EndOL (A=H ) has level p.

Before the proof per se, we needa few preliminaries. SincepOL = p2, OL 
 Fp
�=

Fp[� ]=(� 2), and H = � p 
 (� ) ([1, Prop. 6.5]). We denote A=H by B. The map

f : A � ! B is the projection map.

Lemma 2.8.2. Let g 2 EndOL (A) 
 Q. If g descendsto an element in EndOL (B ),

then pg 2 EndOL (A).

Proof. If g descends,then there existsh 2 End(B) such that g = 1
p(pf � 1) � h � f i.e.,

pg 2 EndOL (A).

In the sequel,we write H 1 for the �rst crystalline cohomologygroup H 1
cr ys.
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Corollary 2.8.3. If g 2 EndOL (A) 
 Q, then g 2 EndOL (B ) if and only if either

� g 2 EndOL (A) and g preservesH 1(B );

� g = g0=p;g0 2 EndOL (A); p 6jg0, g preservesH 1(B ).

Proof. Clear, sinceEndOL (A) andEndOL (B ) only di�er at p, and there, it is controlled

by H 1(B ) by Tate's theoremfor supersingularabelian varieties with RM.

We now prove Proposition 2.8.1.

Proof. SincepH 1(A) � f � (H 1(B )) � H 1(A), we can study the situation modulo p:

H 1(A)
pH1(A)

�=
H 1(E)
pH1(E)


 OL ;

as End(E) 
 OL -modules.

There exists a basise0; e1 for H 1(E) such that

End(E) 
 W(Fp) =
��

a b
pb� a�

�
ja;b2 W(Fp2)

	
; � the non trivial involution:

Recall that H 1(E)=pH1(E) = D(E[p]). For the following computations, it is easierto

usecovariant Dieudonn�e theory, so that an embedding � p ,! A becomesan inclusion

D(� p) � D(A). The condition that H 1(B ) is preserved meansmodulo p that the

following �ltration is preserved:

h( 1
0 )i 
 (� ) � D(� p) 
 OL � D(E[p]) 
 OL :

We computethe divisibilit y conditions on the coe�cien ts of g0 sothat g0=ppreserves

H 1(B ). Since e0; e1 is a basis of H 1(E), e0; 
 1; e1 
 1; e0 
 � ; e1 
 � is a basis of

H 1(A), where� is a uniformizer of W(Fp) 
 OL . We thus write g0 = r0 
 1+ r 1 
 � ,

wherer i = ( ai bi
pb� a�

i
), i = 0; 1. The element g0=p preservesH 1(B ) if and only if

g0

�
h
�

1=p
0

�
i 
 (� ) + H 1(A)

	
� h( 1

0 )i 
 (� ) + pH1(A):
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We decomposethis in �v e subcases:

g0(h
�

1=p
0

�
i 
 (� )) � h( 1

0 )i 
 (� ) + pH1(A);

g0(e0 
 1) 2 h( 1
0 )i 
 (� ) + pH1(A);

g0(e0 
 � ) 2 h( 1
0 )i 
 (� ) + pH1(A);

g0(e1 
 1) 2 h( 1
0 )i 
 (� ) + pH1(A);

g0(e1 
 � ) 2 h( 1
0 )i 
 (� ) + pH1(A):

Explicitly ,

h�
a0 b0
pb�

0 a�
0

�

 1 +

�
a1 b1
pb�

1 a�
1

�

 (� )

i
� (e0 
 1) =

� a0
pb�

0

�

 1 +

� a1
pb�

1

�

 (� ):

This forcesp to divide a0.

h�
a0 b0
pb�

0 a�
0

�

 1 +

�
a1 b1
pb�

1 a�
1

�

 (� )

i
� (e0 
 � ) =

� a0
pb�

0

�

 (� ) +

� a1
pb�

1

�

 (p)

This hasno consequence.

h�
a0 b0
pb�

0 a�
0

�

 1 +

�
a1 b1
pb�

1 a�
1

�

 (� )

i
� (e1 
 1) =

�
b0
a�

0

�

 1 +

�
b1
a�

1

�

 (� )

This forcesp to divide a0; b0; a1.

h�
a0 b0
pb�

0 a�
0

�

 1 +

�
a1 b1
pb�

1 a�
1

�

 (� )

i
� (e1 
 � ) =

�
b0
a�

0

�

 (� ) +

�
b1
a�

1

�

 (p)

This forcesp to divide a0.
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h�
a0 b0
pb�

0 a�
0

�

 1 +

�
a1 b1
pb�

1 a�
1

�

 (� )

i
�
�
h
�

1=p
0

�
i 
 (� )

�
=

�
a0=p
b�

0

�

 (� ) +

�
a1=p
b�

1

�

 (p)

We seefrom this implies that p divides a0; a1 and b0. Note that this last line gives

redundant information.

Summingup,

g0=p=
1
p

�
a0 b0
pb�

0 a�
0

�

 1 +

1
p

�
a1 b1
pb�

1 a�
1

�

 (� );

with pja0; b0; a1. We thus obtain a slightly bigger order than End(E) 
 OL sincep

doesnot necessarilydivide b1. More precisely, g0=p =
�

a0
0 b0

0
pa�

0 b�
0

�

 1 +

�
a0

1 b1=p
b�

1 a0�
1

�

 � ,

where all coe�cien ts are in W(Fp2 ). To compute the level, we compute the index

of this order over End(E) 
 OL . Recall that the level of End(E) 
 OL is p. A

priori, we know that the level of a strictly bigger order will divide p strictly, so in

this caseit will be either 1 or p. The quotient of End(E 
 OL =H) over End(E) 
 OL

is W(Fp2 )=pW(Fp2) �= Fp2 , which is also the quotient of an order of level p over an

order of level p2, since OL p =pOL p
�= Fp, and the residue degreeof an unrami�ed

quadratic extensionof OL p is 2. This shows that the discriminant of this biggerorder

is indeedp.

Remark 2.8.4. Note that all the computations rely on the facts that if we normalize

the valuation of p to be 1, the valuation of � is 1
g .

We recalledthe connectionwith de Rham cohomologyand the descriptionsof the

slope strati�cation and the type (j; i ) in Subsection1:6 of Chapter I.

Theorem 2.8.5. Supposethat pOL = pg. Let A be a superspecial abelian variety

with RM by OL of type (j; i ), i � j . The order EndOL (A) is Bassof level pg� j , where

j � [g=2]. Moreover, we can give an explicit description at p of this order. Use the

decomposition

(End(E) 
 Z OL ) 
 W(Fp) =
n

� g� 1
k=0

�
ak bk
pb�

k a�
k

�

 (� k); ak ; bk 2 W(Fp2 )

o
;
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and denoteby M k the setof matricesof the form
�

ak bk =p
b�

k a�
k

�
; for ak ; bk 2 W(Fp2 ). then

EndOL (A) 
 W(Fp) �= � i � 1
k=0 End(E) 
 (� k) � � g� 1

k= i M k 
 (� k):

Remark 2.8.6. Weexplain later on that all such Bassordersof level pg� j ; 0 � j � [g=2]

(with the extra condition that ( O
p ) = ( End(E )
 ZOL

p ) if 2 � g� j ), ariseasendomorphism

ordersof superspecial abelian varieties on the Hilbert moduli space.

The ideasinvolved in the proof all arosein the g = 2 case.The structure of Moret-

Bailly family of abelian varieties with RM ([1, Proposition 6.6, (2c) and (2d)]) indi-

cates that there is a canonical chain of OL -invariant � p-isogeniesof superspecial

abelian varieties starting from E 
 Z OL :

� for g odd:

A = A0;g
9!� p
� ! A1;g� 1

9!� p
� ! A2;g� 2

9!� p
� ! : : :

9!� p
� ! A [g=2];[g=2]+1 ;

� for g even:

A = A0;g
9!� p� ! A1;g� 1

9!� p� ! A2;g� 2
9!� p� ! : : :

9!� p� ! Ag=2;g=2;

wherethe pair (j; i ); i + j = g is the type of the superspecial abelian variety.

All � p-isogeniesabove are uniquely de�ned by being OL -invariant. The idea of the

proof consistsin bootstrapping the computation done for g = 2. Note that these

supersingular abelian varieties are speci�c examplesof superspecial points of type

(j; i ). It su�ces to study this speci�c subsetbecause(1) there is a uniquesuperspecial

crystal for every type (j; i ), as shown in Chapter I (we also derived the result in the

languageof [1] in Appendix I) and (2) the Tate modules at ` 6= p are isomorphic

(Proposition 2.5.3).

Lemma 2.8.7. Let OL 
 Fp = Fp[T]=(Tg). Let A j;i bea superspecialabelianvariety of

type (j; i ) in a canonicalchain. The OL -invariant � p is isomorphicto � p 
 (T i � 1)=(T i )

(cf. Section4, Chapter I ).
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Proof. This is immediate from [1, Section6.2, Table 6.1], wherer = i � 1 if i � j + 2,

which is veri�ed for every abelian variety in a canonicalchain (except the last one,

which is not needed).

We abusethe notation by writing � p 
 (T i � 1) for the group scheme� p 
 (T i � 1)=(T i ).

Lemma 2.8.8. If g 2 EndOL (A j;i ) 
 Q, then g 2 EndOL (A j +1 ;i � 1) if and only if either

� g 2 EndOL (A j;i ) and g preservesH 1(A j +1 ;i � 1);

� g = g0=p;g0 2 EndOL (A j;i ), p 6jg0, g preservesH 1(A j +1 ;i � 1).

Proof. The proof of Lemma 2.8.3applieswithout change.

We now prove Theorem 2.8.5.

Proof. We proceedby induction on j . We have already shown in Proposition 2.5.26

that the level of the endomorphismorder of E 
 OL is p. We explain the computation

for the passagefrom type (0; g) to type (1; g� 1). The divisibilit y conditionsaregiven

by:

g0=p
�

h( 1
0 )i 
 (� g� 1) + pH1(A)

	
� h( 1

0 )i 
 (� g� 1) + pH1(A);

for g0 = � g� 1
k=0

�
ak bk
pb�

k a�
k

�

 (� k) 2 EndOL (A0;g) = EndOL (A). As in the caseg = 2, it is

enoughto check the divisibilit y conditions on the basis

e0 
 1; e1 
 1; : : : ; e0 
 (� g� 1); e1 
 (� g� 1):

First, necessarily

1
p

�
a0 b0
pb�

0 a�
0

�

 1 � h( 1

0 )i 
 (� g� 1) =
�

a0=p
b0

�

 (� g� 1) 2 h( 1

0 )i 
 (� g� 1);

this implies that p divides a0 and b0. Second,necessarily

�
ag� 1 bg� 1
pb�

g� 1 ag� 1

�

 (� g� 1) � e0 
 1 =

�
ag� 1
pb�

g� 1

�

 (� g� 1) 2 h( 1

0 )i 
 (� g� 1);
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and
�

ag� 1 bg� 1
pb�

g� 1 ag� 1

�

 (� g� 1) � e1 
 1 =

�
bg� 1
a�

g� 1

�

 (� g� 1) 2 h( 1

0 )i 
 (� g� 1);

therefore,we get that p divides ag� 1 from the secondvector. All other coe�cien ts ai ,

bi , 0 < i < g� 1 areeasilyseento be divisible by p, sincethe correspondingvectorsall

have to land in pH 1(A). Now, supposethat we know EndOL (Ag� i;i ). The divisibilit y

conditions are now given by:

g0=p
�

h( 1
0 )i 
 (� i � 1) + pH1(Ag� i;i )

	
� h( 1

0 )i 
 (� i � 1) + pH1(Ag� i;i );

or, in terms of H 1(A),

g0=p
�

h( 1
0 )i 
 (� i � 1) + pH1(A)

	
�

g� 1X

t= i � 1

h( 1
0 )i 
 (� t ) + pH1(A);

for g0 2 EndOL (Ag� i;i ), that is,

g0 = � i � 1
k=0

�
ak bk
pb�

k a�
k

�

 (� k) � � g� 1

i

�
ak

1
p bk

b�
k a�

k

�

 (� k):

Again, almost all coe�cien ts will be divisible by p: p will divide all ak 's: since

1
p

�
ak bk
pb�

k a�
k

�

 (� k) � h( 1

0 )i 
 (� i � 1) =
�

ak =p
b�

k

�

 (� k+ i � 1) 2

g� 1X

t= i � 1

h( 1
0 )i 
 (� t );

then p divides ak for k = 0 to g � i , and since

1
p

�
ak bk
pb�

k a�
k

�

 (� k) � h( 1

0 )i 
 (� i � 1) =
� ak

pb�
k

�

 (� k+ i � 1� g) 2 pH1(A);

then p divides ak for k = g� i + 1 to g� 1. Let us show that bi � 1 doesnot have to be

divisible by p. Sincei � g � [g=2]+ 1, 2(i � 1) � g, and thus 1
p

�
ai � 1 bi � 1
pb�

i � 1 a�
i � 1

�

 (� i � 1) �

h( 1
0 )i 
 (� i � 1) =

�
ai � 1
pb�

i � 1

�

 (� 2i � 2� g)), and the term pb�

i � 1 will always be divisible by p.

What about the other bk 's ? If k < i � 1, p divides bk becausenecessarily

�
ak bk
pb�

k a�
k

�

 (� k) � e1 
 1 =

�
bk
a�

k

�

 (� k) 2 pH1(A):
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If k > i � 1, the induction hypothesisshows that p has to divide bk because

�
ak

bk
p

b�
k a�

k

�

 (� k) � e0 
 1 =

� ak
b�

k

�

 (� k):

To �nish the computation, recall that g0 2 EndOL (Ag� i;i ), and therefore,asexpected

g0=p2 � i � 2
k=0 End(E) 
 (� k) � � g� 1

k= i � 1M k 
 (� k):

To �nish the proof, note the every type admits a unique isomorphismclassof super-

specialcrystal: thereforeall superspecialpoints of type(j; i ) haveBassendomorphism

ordersof the samelevel.

In the previoussection,we relied heavily on the fact that for p unrami�ed, the proof

for supersingularelliptic curvesgeneralizeswithout too much di�cult y. On the other

hand, the Jacquet-Langlandscorrespondenceallows for moregenerallevels(in partic-

ular, it appliesto level p independently of the rami�cation). Recall that a superspecial

order is hereditary if and only if p is unrami�ed. In particular, sinceit is Bass,the

discriminant pi of a given superspecial order is equal to its level, and thus the corre-

sponding theta seriesalsohas level pi .

Recall that the quadratic modulesHomOL (A1; A2) are projective (Proposition 2.5.6)

when the Dieudonn�e modulesof A1 and A2 are isomorphic, which is the caseif and

only if A1 and A2 have the sameDieudonn�e module.

Prop osition 2.8.9. The projective left ideals of a superspecial order O of Bp;L of

level pi are parametrizedby the double cosetsB 1(O)nJ 1
B =B� .

Proof. This follows from the proof of the quaternionic parametrization of the locally

principal left ideals which are therefore in bijection with the superspecial points of

given type (j; i ) by exactly the sameargument as in the hereditary case.

Corollary 2.8.10. All superspecial ordersO of Bp;L of level pi arisefrom geometry.
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Proof. Since superspecial orders O of level pi are locally isomorphic (Proposition

2.2.28), the proof of Corollary 2.5.36applieswith no further modi�cation.

Recall that in the totally rami�ed case,p is rami�ed in Bp;L if and only if [L : Q] is

odd.

Question 2.8.11. Let h+ (L) = 1, pOL = pg. Let 0 � j � [g=2]. If [L : Q] is odd,

supposethat g� j is odd. Do the theta seriesattached to superspecial points of type

(j; g � j ) of the Hilbert moduli spaceX 0(1)=Fp of dimension[L : Q] span the vector

spaceof Hilbert modular newformsof level pg� j ?

Prop osition 2.8.12. Let h+ (L) = 1, pOL = p2. The theta seriesattachedto singular

superspecial points of the Hilbert moduli spaceX 0(1)=Fp of dimension[L : Q] span

the vector spaceof Hilbert modular newformsof level p.

Proof. The order EndOL (A), for A a singular superspecial point, is Eichler.

Recall that local deformation theory decomposesaccordingto the primes, and that

the type allows to label uniquely the isomorphism classesof superspecial crystals.

We therefore conjecture that a similar pattern holds for generalp and g > 2 (i.e.,

all theta series\come from geometry", within the inescapablelimits imposedby the

Jacquet-Langlandscorrespondenceand the levels arising on Hilbert moduli spaces).

2.9 Lifts of theta series and twists by Aut(OL)

Tensoring supersingular elliptic curves with OL enablesus to lift elliptic modular

forms of level p to Hilbert modular forms of level p: Let E1; E2 be supersingular

elliptic curves, and let (HomZ(E1; E2); q) be a quadratic module giving rise to an

elliptic theta series � E1 ;E 2 . We associate to � E1 ;E 2 the theta series � E1 
O L ;E 2 
O L

coming from the quadratic module

(HomOL (E1 
 OL ; E2 
 OL ); jj � jj � E 1
O L ;� E 2
O L
):
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We alsostudy the e�ect of changingthe OL -action by an OL -automorphism. That is,

let � : OL � ! OL be an automorphism. We then de�ne the � -twist of an OL -abelian

variety (A; �) by putting � ? (A; �) := (A; � � � ).

2.9.1 Comparing the lifts

The lift we are interested in takes an elliptic modular form for � 0(p) with trivial

character to Hilbert modular forms for � 0((p)) with trivial character. We call the lift

obtained by tensoringsupersingularelliptic curvesby OL the trivial lift. In fact, our

�rst proposition justi�es its name,by showing it haslittle to do with geometry. First,

observe that Lemma 2.5.24shows that

Hom(E1 
 Z OL ; E2 
 Z OL ) �= OL 
 Z HomZ(E1; E2) 
 Z Ot
L :

This suggeststhe following OL -version:

Prop osition 2.9.1.

HomOL (E1 
 OL ; E2 
 OL ) �= HomZ(E1; E2) 
 Z OL :

Proof. Recall that Proposition 2.5.26states that EndOL (E i 
 OL ) �= End(E i ) 
 OL ,

for i = 1; 2. We know from the bijection betweenleft ideal classesof

O = EndOL (E1 
 Z OL )

and superspecial points that there exists an ideal A such that

(E1 
 OL ) 
 O A �= E2 
 OL :

Using theseextra informations and Proposition 2.5.22, the isomorphism:

HomOL (E1 
 OL ; E2 
 OL ) �= HomZ(E1; E2) 
 Z OL ;
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is recastvia

HomOL (E1 
 Z OL ; E1 
 Z OL ) 
 End(E1 )
O L A �= HomZ(E1; E2) 
 Z OL

as

A �= HomZ(E1; E2) 
 Z OL :

Thus, to prove the desiredisomorphism,it is enoughto show that:

(E1 
 Z OL ) 
 End( E1 )
 ZOL (HomZ(E1; E2) 
 OL ) �= E2 
 OL :

This, in turn, is proved by general properties of the tensor product. The univer-

sal property of the tensor product shows that for M 1; N1 two R1-modules, M 2; N2

two R2-modules, and R1; R2 two R0-algebras,R0 a commutativ e ring, the following

isomorphismholds:

(M1 
 R1 N1) 
 R0 (M2 
 R2 N2) �= (M1 
 R0 M2) 
 R1 
 R 0 R2 (N1 
 R0 N2):

In our speci�c case,this becomes:

(E1 
 OL ) 
 End(E1 
 ZOL ) (Hom(E1; E2) 
 OL ) �= (E1 
 HomZ(E1; E2)) 
 Z OL

�= E2 
 OL ;

sinceE1 
 HomZ(E1; E2) �= E2.

Thus, the trivial lift amounts to tensoringleft idealsof Bp;1 with OL . This extendsto

the quadratic modules,sincethe natural quadratic map on HomOL (E1 
 OL ; E2 
 OL )

i.e., the degreemap on HomZ(E1; E2) tensoredwith OL is always the sameas the

OL -degree(as it is clear from the E1 = E2 case).

Corollary 2.9.2. The number of isomorphismclassesof quadratic modules of the

form HomOL (E1 
 OL ; E2 
 OL ) is equal to the number of isomorphism classesof

quadratic modulesof the form HomZ(E1; E2).
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Proof. This follows from a generaltheorem of Kitaoka ([56, Theorem 7.5.1]) about

tensoringwith the maximal order of a totally real �eld, which says that

A1 
 OL
�= A2 
 OL implies A1

�= A2;

for A1; A2 two positive de�nite quadratic lattices over Z.

Question 2.9.3. Doesthe trivial lift coincidewith the basechangelift �a la Langlands

([63]) when the latter is de�ned?

The answer to this questionis surelywell-known to basechangeexperts, and we guess

it is yes.

We investigatesymmetric forms in the next section.

2.9.2 Automorphisms of OL and theta series

In this section, we take a look at the twist of the OL -action by an automorphism

� : OL � ! OL . Recall that the � -twist of an OL -abelian variety (A; �) is � ?(A; �) :=

(A; � � � ).

Prop osition 2.9.4. The OL -modulesHomOL (A1; A2) and HomOL (� ?A1; � ?A2) are

canonically isomorphicas quadratic modules.

Proof. Note that HomOL (� ?A1; � ?A2) = Hom� (OL )(A1; A2). Weconsiderthe identit y

map sending � 2 HomOL (A1; A2) to � 2 Hom� (OL )(A1; A2). We check it is well-

de�ned: Note that

� (�1(t)(x)) = �2(t)( � (x))

for all t 2 OL and x 2 A1 is equivalent to

� (( �1 � � )( t)(x)) = (�2 � � )( t)( � (x))
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for any � 2 Aut (OL ). This shows that HomOL (A1; A2) = Hom� (OL )(A1; A2). We

check that the polarizations � 1; � 2 of A1, A2 are also polarizations of � ? A1, � ? A2:

this is an immediate consequenceof the identit y

� t � � = (� � � )t ;

which follows trivially from the de�nition of the dual action � t , that is � t (t) = (�(t)) t .

Sincethe polarizationsare the same,the inducedOL -degreesalsocoincide,and there-

fore the quadratic modulesare canonically isomorphic.

This suggestslooking at the quadratic modulesHomOL (� i ? A1; � j ? A2) for di�erent

OL -automorphisms� i ; � j , and study the e�ect on the coe�cien ts of the q-expansions

of the corresponding theta series.

De�nition 2.9.5. An order O in a quaternionalgebraB = Bp;1 
 L is calledtotally

(w eakly) symmetric or simply symmetric if for any � 2 Aut( L=Q) there exist an

extension� such that

O� = C � 1OC;

with someC 2 B � i.e., O� and O are conjugate.

Remark 2.9.6. In general,there would be in�nitely many extensionsof an automor-

phism of L to an automorphism (of the sameorder) of a quaternion algebraB 
 L,

for B a quaternion algebraover Q.

Prop osition 2.9.7. Let E be a supersingular elliptic curve. The endomorphism

order EndOL (E 
 OL ) is symmetric.

Proof. Let � = 1
 � 0 be the extensionof an OL -automorphism� 0. Note that it �xes



124 Superspecial Ab elian Varieties and Theta Series

End(E).

(EndOL (E 
 OL )) � �= (EndZ(E) 
 OL )�

�= EndZ(E) 
 � (OL )

�= EndZ(E) 
 Z OL

�= EndOL (E 
 Z OL ):

Corollary 2.9.8. The theta series� HomO L (E1 
O L ;E 2 
O L ) is symmetric.

Proof. This theta seriesis de�ned in terms of a projective ideal of the symmetric

order EndOL (E1 
 OL ), hencenecessarilyhassymmetric coe�cien ts.

2.10 App endix I: The num ber of superspecial crys-

tals in the totally rami�ed case is [g=2]+ 1

We present a derivation of the classi�cation theoremfor superspecialcrystal with RM

in the totally rami�ed setting on the lines of [1] so that the reader interested in the

rami�ed caseof Eichler's BasisProblem can skip Chapter I of this thesis. The result

that we needgivesa certain normal form for the Frobenius,and a tiny computation

involving � -algebrayields the result. We prove this by exhibiting a canonical form

for the Frobenius operator of the associated display. Recall that L is a totally real

�eld of degreeg over Q, p 2 Z such that p = pg is totally rami�ed in OL .

Lemma 2.10.1. A non-constant � -linear equation in one variable with coe�cien ts

in OL 
 Z W(k) with k = k of characteristic p always hasa solution.

Proof. This is a standard trick of reducing the problem to solving successive poly-

nomials over k: reduction mod T gives a polynomial which has a solution, k being
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algebraicallyclosed.Now supposewe have a solution xn mod Tn i.e., p(xn ) = Tn � c;

c 2 OL 
 W(k). Put xn+1 � xn = Tny, and plug xn+1 in p(X ) mod Tn+1 :

p(xn + Tny) = p(xn ) + Tnp(y) = Tn � c + Tnp(y) mod Tn+1 ;

hencewe have to �nd a solution to p(y) + c = 0 mod T, which is always possible,

thencewe have a solution xn+1 mod Tn+1 and we are doneby induction.

Prop osition 2.10.2. Let D be a principally polarized superspecial display

(P; Q; F; V � 1);

of type (i; j ) over an algebraically closed�eld k of characteristic p. There exists a

basis� 0, � 0 generatingP such that Frobenius is given by :

F =

0

B
B
@

0 T i

T j 0

1

C
C
A :

Proof. According to [1, Proposition 4.3.1],the display can be given in a normal form

asfollows : there exists� , � such that P �= (OL 
 W(k)) � � (OL 
 W(k)) � such that

Frobenius is given by :

F =

0

B
B
@

Tm c3T i

T j 0

1

C
C
A ;

wherei + j = g; 0 � j � g
2 ; m � i and c3 2 (OL 
 W(k)) � :

� Step 1. Supposei > j .

First observe that in this casethe requirement on the determinant of the change

of basismatrix is given by AA � 6= 0 mod T, e.g. A is a unit in OL 
 W(k).

Put � 0 = A� + B� , for A; B 2 OL 
 W(k).
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WecomputeF (� 0) in order to get the formula expressing� 0 in terms of � and � .

F (� 0) = A � F (� ) + B � F (� ) = A � (Tm � + T j � ) + B � c3T i � ;

and on the other hand

F (� 0) = T j � 0;

thence,sincem � i > j ,

� 0 = (A � Tm� j + B � c3T i � j )� + A � � :

We now computeF (� 0):

T j F (� 0) = (A � 2
Tm + B � 2

c�
3T i )(Tm � + T j � ) + A � 2

c3Tg�

= (A � 2
T2m + B � 2

c�
3T i + m + A � 2

c3Tg)� + (A � 2
Tm+ j + B � 2

c�
3Tg)� ;

and on the other hand

T j F (� 0) = Tg� 0 = Tg(A� + B � );

thencewe get the following systemof equations:

B = A � 2
Tm+ j � g + B � 2

c�
3 ; (2.10.1)

A = A � 2
T2m� g + B � 2

c�
3T i + m� g + A � 2

c3; (2.10.2)

and the determinant condition insuring the changeof basisis invertible :

det

0

B
B
@

A B

A � Tm� j + B � c3T i � j A �

1

C
C
A 2 (OL 
 W(k)) � :

We multiply Equation 2.10.1by Tm� j and subtract Equation 2.10.2to obtain

BTm� j � A = � A � 2
c3:
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We plug this expressionfor B in Equation 2.10.2; this yields oneequation:

A � 2
T2m� g � A � 4

c� 2

3 c�
3 + A � 2

c�
3 + A � 2

c3 � A = 0: (2.10.3)

According to Lemma 2.10.1, this equation has a solution. Let us verify that it

is possibleto pick a unit amongall such solutions. The reduction mod T of the

Equation 2.10.3is :

� ap4
cp2

cp + ap2
cp + ap2

c � a = 0;

wherec = c3.

The degreeof this polynomial is clearly greater than oneand we can thus pick

a 6= 0, hencewe obtain a unit solution for A.

� Step 2. Supposei = j .

Recall that under p-isogenies,we can map any superspecial point to any other

superspecial point. Our strategy is simple : we start from a point of type

(j � 1; j + 1) and map it to a point of type (j; j ), and seehow Frobeniusvary.

We use the Moret-Bailly families described in [1, Proposition 6.8,2.d], since

j + 1 � (j � 1) = 2, hence[A (0:1) ] 2 M (j;j ). We describe the map at the level of

crystals : let (P; Q; F; V � 1) be the superspecial of type (j � 1; j + 1), given in

a canonicalform as in the �rst step of this proof, explicitly :

P = OL 
 W(k)� � OL 
 W(k)� ;

Q = OL 
 W(k)T j +1 � � OL 
 W(k)T j � 1� ;

F =

0

B
B
@

0 T j +1

T j � 1 0

1

C
C
A :
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The superspecial crystal of type (j; j ) is constructed as follows ([1, De�nition

6.1]) :

P
 :=
1
p

W(k)
 + P whereQ 3 
 := T g� 1� ;

and

Q
 := Q + F � 1(W(k)
 ):

Explicitly , this yields :

P
 = OL 
 W(k)� � OL 
 W(k)
�
T

;

and

Q
 = OL 
 W(k)T j � OL 
 W(k)T j � 1� ;

and in the basis� 0 = � ; � 0 = �
T , Frobenius is given by :

F =

0

B
B
@

0 T j

T j 0

1

C
C
A :

Prop osition 2.10.3. The local deformation theory is the sameat any superspecial

point of given type on a Hilbert modular variety over a totally rami�ed prime.

Proof. Sincefor every type (i; j ), there is a unique principally polarizedsuperspecial

crystal associated to it, the statement follows from Zink's theorem (cf [1, Theorem

4.1.7]).
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Conclusion

The exploration of the generalizationof the superspecial locus for generalShimura

varieties o�ers many opportunities for interesting work: generalizing the Picard-

Lefschetz formula �a la Grothendieck, the character group, and Ribet's Exact Se-

quence,using the powerful tool of p-adic uniformization of [83] which enablesus to

get our hands on the relevant strata for a wide classof Shimura varieties (thus in-

cluding casesof bad reduction). Moreover, p-adically uniformized varieties and the

simple Shimura varieties of Harris-Taylor satisfy the weight-monodromy conjecture

of Deligne(see[51]). More concretely, we can put our hand on the superspecial locus

of a certain quaternionic Shimura variety of dimensiong coming from the totally in-

de�nite quaternion algebraover L rami�ed at the �nite rami�ed primes of Bp;L and

at the primes qi dividing a totally split prime q, and we can show that the superspe-

cial locusof the Hilbert modular variety is in bijection with the superspecial locusof

that quaternionic Shimura variety. By varying the splitnessof q, we get quaternionic

Shimura varietiesof dimensionbetween1 and g; exceptfor the examplewe have just

discussed,thesearenot of P.E.L. type, but their geometryhasbeenthoroughly inves-

tigated by H. Reimann. It would be interesting to investigate this circle of ideasfor

a Shimura variety with non-trivial endoscopy. Moreover, the strati�cation of moduli

spacesof abelian varieties with additional structure that we are suggesting,which

essentially consistsof associating its special Dieudonn�e module to an abelian variety

with additional structure, could begeneralizedbeyond the Hilbert moduli spacesthat
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we studied (say, to Hilbert moduli spaceswith � 0(p)-level structure). As mentioned

in the introduction, we did not investigate the geometric interpretation of the type

number. Any principally polarized superspecial abelian variety with RM is de�ned

over Fp2 . We expect that the number of superspecial points de�ned over Fp should

be given by a very simple formula in terms of the classnumber and the type number.

Let p be unrami�ed. We have shown that the spaceof Hilbert modular newforms

of weight 2 of level p canbe spannedby theta seriescomingfrom superspecialabelian

varieties with RM by relying on the fact that the endomorphismorder EndOL (A)

of A, a superspecial abelian variety with RM, is an Eichler order of level p and the

related description of the superspecial locus of the Hilbert moduli spaceby suitable

doublecosets.On the other hand, the exploration of the rami�ed caseis not complete,

sincewe could not describe yet the span of the theta series(note that we also left

the realm of special orders �a la Hijik ata-Pizer-Shemanske). The issue is that the

Jacquet-Langlandscorrespondencein its current form dealswith greatesteasewith

Eichler orders. It is not clear what is the most generalclassof orders for which we

get the usual solution to Eichler's Basis Problem, and how we could apply directly

the Jacquet-Langlandscorrespondencein all known cases.

This thesisalsoo�ers the opportunit y to revisit [40] for Hilbert modular forms(see

[114]) or to investigatethe integral versionof Eichler's BasisTheorem via geometric

methods (see[29], [46]).

Also, Eichler proved additional results about symmetric modular forms whose

generalizationhas not beeninvestigatede.g., we expect that the number of linearly

independent symmetric Hilbert modular forms of level pOL and weight 2 is equal to

the number of symmetric Eichler ordersof level pOL (for un rami�ed p).

On the other hand, the Main Theoremof this thesisbegsto be improved. It is indeed

an easy matter to adapt the argument to deal with � 0(N p), (N; p) = 1. What is

not clear to us is how to tackle weights higher than 2 geometrically i.e., to �nd a
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interpretation of sphericalpolynomials in terms of Hilbert modular data. It is also

not so clear to us how hard it would be to avoid the restriction on the narrow class

number of L, which has quite a simplifying e�ect. It is possiblethat a geometric

proof of the Main Theoremusing vanishingcyclesalong the lines of Mestre-Oesterl�e

graph method could work for an arbitrary L.
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� 1 de la fonction ẑeta d'un corpsquadratique r�eel. EnseignementMath. (2) 21

(1975), no. 1, 69{105.

[101] Vign�eras,M.-F., Invariants num�eriquesdesgroupesdeHilbert. Math. Ann. 224

(1976), no. 3, 189{215.

[102] Vign�eras, M.-F., Arithm�etique des alg�ebres de quaternions. Lecture Notes in

Mathematics, 800., Springer,Berlin, 1980.

[103] Vollaard, I., On the Hilbert-Blumenthal moduli problem, To appear in: Journal

of the Inst. of Math. Jussieu.

http : ==io:math:uni � bonn:de=people=vollaard=

[104] Waldspurger, J.-L., Engendrement par dess�eries thêta de certains espacesde
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