HILBERT MODULAR FORMS:
MOD P AND P-ADIC ASPECTS

F. ANDREATTA AND E. Z. GOREN

ABSTRACT. We study Hilbert modular forms in characteristic p and over p-
adic rings. In the characteristic p theory we describe the kernel and image of
the g-expansion map and prove the existence of filtration for Hilbert modular
forms; we define operators U, V' and © and study the variation of the filtration
under these operators. Our methods are geometric — comparing holomorphic
Hilbert modular forms with rational functions on a moduli scheme with level-p
structure, whose poles are supported on the non-ordinary locus.

In the p-adic theory we study congruences between Hilbert modular forms.
This applies to the study of congruences between special values of zeta func-
tions of totally real fields. It also allows us to define p-adic Hilbert modular
forms “a la Serre” as p-adic uniform limit of classical modular forms, and com-
pare them with p-adic modular forms “a la Katz” that are regular functions
on a certain formal moduli scheme. We show that the two notions agree for
cusp forms and for a suitable class of weights containing all the classical ones.
We extend the operators V' and ©, to the p-adic setting.

1 Introduction.

This paper is concerned with developing the theory of Hilbert modular forms along
the lines of the theory of elliptic modular forms. Our main interests in this paper
are:

(i)

(iii)

to determine the ideal of congruences between Hilbert modular forms in char-
acteristic p and to find conditions on the existence of congruences over artinian
local rings. This allows us to derive explicit congruences between special val-
ues of zeta functions of totally real fields, to establish the existence of filtration
for Hilbert modular forms, to establish the existence of p-adic weight for p-adic
modular forms (defined as p-adic uniform limit of classical modular forms) and
more;

to construct operators U,V, 0, (one for each suitable weight ¢) on modular
forms in characteristic p and to study the variation of the filtration under these
operators. This allows us to prove that every ordinary form has filtration bounded
from above;

to show that there are well defined notions of a Serre p-adic modular form and
of a Katz p-adic modular form and to show that the two notions agree for a
suitable class of weights containing all the classical ones. Our argument involves
showing that every g-expansion of a mod p modular form lifts to a g-expansion
of a characteristic zero modular form. We extend the theta operators ©, to
the p-adic setting — their Galois theoretic interpretation is that of twisting a
representation by a Hecke character.

Our approach to modular forms is emphatically geometric. Our goal is to develop
systematically the geometric and arithmetic aspects of Hilbert modular varieties
and to apply them to modular forms. As to be expected in such a project, we
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use extensively the ideas of N. Katz [Kal], [Ka2], [Ka3|, [Kad] and J.-P. Serre
[Se], of the founders of the theory in the case of elliptic modular forms, and we
have benefited much from B. Gross’ paper [Gr]. In regard to previous work on the
subject, we mention that some of the constructions and methods in this paper were
introduced by the second named author, in the unramified case, in [Gol], [Go2],
and the congruences we list for zeta functions may be derived from the work of
P. Deligne and K. Ribet [DeRi|. For this reason we restrict our discussion to zeta
functions, though the same reasoning applies to a wide class of L-functions.

We now describe in more detail the main results of this paper.

Let L be a totally real field of degree g over Q. Let K be a normal closure of L.
Let N > 4 be an integer prime to p. Let 9(S, un) be the fine moduli scheme
parameterizing polarized abelian schemes over S with RM by Op and puy-level
structure; see 3.2. A Hilbert modular form defined over an Ok-scheme S has a
weight 1) € Xg, where Xg is the group of characters of the algebraic group g =
Reso, /zGm,01, Xspec(z) S- We shall mostly be concerned with weights obtained
from the characters X of Go, = Resp, /2Gm,0, Xspec(z) SPec(Ok ); we shall use
the notation XY (“U” for universal) to the denote the group of characters of Gg
induced from X by base change. See 4.1.

The group X is a free abelian group of rank ¢ and has a positive cone X' gener-
ated by the characters coming from the embeddings o1, ...,04: L — K. Indeed, the
map Op ®z K = ®7_, K induces a splitting of the torus Gx, and hence canonical
generators of X that we denote accordingly by x1,..., Xy, and call the basic charac-
ters. A complex Hilbert modular form of weight x{' ... xg? is of weight (a1, ...,a,)
in classical terminology.

It is important to note that Xg depends very much on S. For example, assume
that L is Galois and S = Spec(Or/p), with p an inert prime in L, then X = XZ,
while if p is totally ramified in L, p = B9, then XY = Z; in this case, letting ¥
denote the reduction of any basic character x;, we obtain that an Op-integral
Hilbert modular form of weight x{* ... Xy’ reduces modulo p to a modular form of
weight Waert--Fag,

We denote the Hilbert modular forms defined over S, of level uy and weight y
Let p be a rational prime. Let k be a finite field of characteristic p, which is an O k-
algebra. Let X (1) be the subgroup of Xj, consisting of characters x that are trivial
on (OL/(p))* under the map (OL/(p))* — Gi(k) = (0L ®z k‘)*LGm(k) = k*.
It is proven in 4.4 that the map X — X} is surjective and, in particular, X; =
X,g This allows us to define a positive cone X: in X as follows. For every i
there exists 1 < 7(i) < g such that the image of X?X:(li) in XV is in Xz(1). The
character x? X;(li) in XY does not depend on the choice of 7(i). The positive cone
in X}, is the one induced by these generators. The positive cone induces an order <y
on Xg; we say that 7 <g 7o if Tflrg belongs to the positive cone. Note that we
have provided X, (1) := X;(1) N X} with a canonical set of generators.

For every character ¢ € Xy (1)T we construct in 7.12 a holomorphic modular
form hy, over k. By 7.14 it has the property that its g-expansion at any F-rational
cusp is 1. Moreover, the ideal Z of congruences

-EX
1= Ker{ & Mk, uy, x) PP, k[[q”]]ueM}
X k



(where M is a suitable Op-module depending on the cusp used to get the g-
expansion) is given by

(hw —1:9€ Xk(1)+>.
It is a finitely generated ideal and a canonical set of generators is obtained by

letting v range over the generators for X;(1)* specified above; see 7.22; Cf. [Go2].
Again, it may beneficial to provide two examples. Assume that L is Galois. If p

is inert in L, we may order oy, ...,0, cyclically with respect to Frobenius: o0 oo; =
oit1. Let k = Or/(p). Then Xg(1) and X(1)* are generated by the characters
Xsz_l, e vaXi_-s-lp cee ngl_l. Note that this positive cone is different from the

one obtained from X' via the reduction map. The kernel of the g-expansion map is

generated by g relations h; —1,...,hg — 1, where h; = th ! is a modular form
i—1\g

of weight xf_lel. On the other hand, when p = 39 is totally ramified, k = O, /B,
Lo, x5! that are all the
same character UP~! in XU and the g-expansion kernel is generated by a single
relation hyp—1 — 1, where hyp—1 is a modular form of weight UP~1.

we find that X (1) is generated by the characters x}~

We offer two constructions of the modular forms hy; see 7.12 and 7.18. One con-
struction allows us to prove in 8.18 that the divisor of h, for ¢ one of the canonical
generators of Xy (1)T, is a reduced divisor. The other construction is related to a
compactification of M(k, pnyp)-

The proof of the theorem on the ideal of congruences is based on the isomorphism
between the ring ®yex, M(k, un, x)/Z of modular forms as g-expansions and the
ring of regular functions on the quasi-affine scheme 2 (k, p1ap). The latter scheme
can be compactified by adding suitable roots of certain of the sections h.;. This iso-
morphism creates a dictionary between modular forms of level p 5 and meromorphic
functions on the compactification Mi(k, pn,) that are regular on M(k, pn,). Under
this dictionary, the weight of a modular form, a character in Xy, is mapped to an
element of X /X (1), the k*-valued characters of the Galois group (OL/(p))* of
the cover M (k, unp) — M(k, pn)°™. The exact behavior of the poles of such a
meromorphic function is related to a minimal weight (with respect to the order <j
on X}), called filtration, from which a g-expansion may arise. Here the explicit
description of the compactification is invaluable in studying the properties of the
filtration.

This dictionary also allows us to define operators that clearly depend only on
g-expansions, like U, V' and suitable ©, operators, first as operators on functions
on M(k, pnp), and then as operators on modular forms (see §§ 12-14). This enables
us to read some of the finer properties of these operators from the corresponding
properties on M (k, inp). Our main results are the following:

e There exists a notion of filtration for Hilbert modular forms: a g-expansion arising
from a modular form f arises from a modular form of minimal weight ®(f) with
respect to <g; see 8.20.

e There exists a linear operator V: M(k, x, un) — M(k, xP), un), whose effect on

g-expansions is Y a,q¢” — > a,¢P”. The character x® is the character induced
from x by composing with Frobenius. (Concretely, in the inert case XEP ) = XFqs
and in the totally ramified case U®) = WP.) We have ®(V f) = ®(f)®). The op-
erator V' comes from the Frobenius morphism of 9t(F, iy ). See 13.1, 13.5, 13.9

and 15.12.



e For every basic character ¢ there exists a k-derivation © taking modular forms
of weight x to modular forms of weight 1 ®. Its effect on g-expansions at
a suitable cusp is given by > a(v)¢” — > ¢¥(v)a(v)q”. See 12.38-12.40. The
behavior of filtration under such operator involves too much notation to include
here and we refer the reader to 15.10. In the inert case, ®(f) = X" ---xy’,
we have ®(0,, f) <p ®(f)x}_1xi, and (O, f) <p ®(f)x7 iff pla; (note: x7 =
(X x)/(XE_ x; ). If p is completely ramified the result resembles the elliptic
case: if ®(f) = ¥ then ®(Oy f) <p VeHPTL and ®(Oy f) < V2 iff pla.

e There exists a linear operator U taking holomorphic modular forms of weight y
to meromorphic modular forms of weight x. See 14.7. The effect of U on g¢-

expansions is
17 17
§ ayq § apvq -

If x is “positive enough” (see 14.7 for a precise statement) then U takes holo-
morphic modular forms of weight x to holomorphic modular forms of weight x.
Every ordinary modular form has the same g-expansion as an ordinary modular
form whose weight is bounded from above (see 15.15). For example, such weight
lies in (—oo,p + 1]9 for p inert. It is < g(p + 1) if p is totally ramified.

We always have an identity of g-expansions between V o U and a certain
operator constructed from the operators ©,,; see 14.7.1 for the general formula.
For instance, if p is totally split then

g
VUf(q) =[] (1d - 02" f(q),
=1
while if p is inert we have
VU f(q) = (Id — H er-1)

The product appearing in the split case is typical of the general case. If we
write the operator on the right hand side as Id — A, then on the one hand
we have the classical identity V o U = Id — A, but on the other hand A has
a complicated expression (involving addition and composition) in terms of the
basic theta operators which makes its study difficult. However, in the inert case
we can improve and further our results.

e Assume that p is inert in L. In this case we study in §16 two phenomena. The first
is modular forms of parallel weight, the notion of parallel filtration (the definition
can be made in the general case as well) and the behavior of those under U, V
and § = ©,, --- O, . For example, in 16.13 we prove that every ordinary form of
parallel weight is congruent to an ordinary form of parallel weight lying in the
range [2,p + 1].

The second phenomenon is that of ©,,-cycles. This suffices to study all ¢-
expansions obtained by “twists”. Following N. Jochnowitz we establish several
combinatorial facts concerning such cycles. For g > 1 it appears that the struc-
ture is much richer than in the elliptic case.

Our main results concerning the p-adic theory are the following. We define a p-
adic modular form as an equivalence class of Cauchy sequences of classical modular
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forms of level i, with IV prime to p, with respect to an appropriate p-adic topology;
see 10.8. A choice of cusp allows one to identify a p-adic modular form with a p-
adic uniform limit of g-expansions of classical modular forms of a fixed level uy;
see 10.10 and 10.11. Thus, this definition is in the spirit of Serre’s original definition
in the one dimensional case [Se] and we are able to present a theory very similar to
that of loc. cit. In particular, a p-adic modular form has a well defined weight in a
p-adic completion X of the group of universal characters X; see 10.11.

On the other hand, one may define p-adic modular forms as regular functions on
a formal scheme along lines established by Katz [Ka2], [Ka4] (who works mostly in
the unramified case); see 11.4. The group (O, ®z Z,)* acts on this ring of regular
functions and we interpret X as p-adic characters of (O ®z Z,)*. We prove that
the notions of a modular form in Serre’s approach and Katz’ approach agree under
minor restrictions: one may then identify a modular form of weight y € X with a
regular function transforming under the action of the group (Or ®zZ,)* by the
character x; see 11.11.

Using this, we extend the definition of the theta operators defined modulo p to
p-adic operators that agree with those in Katz [Ka4] when defined; see 12.15, 12.23
and 12.26. This allows us to present many examples of p-adic modular forms;
see 12.27.

The arithmetic of (p-adic) Hilbert modular forms has already seen some major
achievements through Hida’s theory and the association of Galois representations
to Hilbert modular forms by A. Wiles and R. Taylor. The subject continues to de-
velop rapidly and as the final version of this manuscript is written, related work by
P. Kassaei on p-adic modular forms over Shimura curves, by A. Abbes-A. Mokrane,
M. Kisin-K. F. Lai and E. Nevens on canonical subgroups of abelian varieties, and
by F. Diamond and collaborators on the Serre conjectures for Hilbert modular
forms are presumed to appear soon. The connection and mutual applications be-
tween these theories and the theory exposed below is yet to be explored and many
interesting problems still need to be resolved. Among which, the construction of
analytic families and eigenvarieties of Hilbert modular forms, the issue of bound-
edness from below of filtrations of Hilbert modular forms, a theory of theta cycles
and the applications of the canonical subgroup to over-convergence. The authors
hope to return to some of these topics in a future work.
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2 Notations.

2.1 Notation. Let L be a totally real number field. Let p be a prime of Z. Let

Oy, be the ring of integers of L;
g = [L : Q] be the degree of L over Q;
Dy, be the different ideal of L over Q and dy, be the discriminant;

{(’J, 3*)} be fractional Op-ideals, with the natural notion of positivity, forming
a set of representatives of the strict class group of L i. e., of the isomorphism
classes of projective Op-modules of rank 1 with a notion of positivity;

K be a Galois closure of L. Fix embeddings K — Qp and K — C;
{y: L — K} be the set of distinct embeddings of L into K;

{B| P divides p} be the primes of Oy, above p. For each prime P over p, let 7y €
Op, be a generator of P ®z Z, such that 7o & P’ for any other prime P’ over p
different from ;

Lg be the completion of L at B and Op,, be its ring of integers;
esp be the ramification index of B over p;
kg = O /%P and fig = kg : Fp]. Denote by W (ky) the Witt vectors of k.

Let k be a perfect field of characteristic p such that k contains isomorphic copies

of the residue fields {kyp }q, of the prime ideals of Op, over p. Let o:k — k be the
absolute Frobenius on k sending x — . Let o: W (k) — W (k) be the Frobenius
automorphism — the unique lift of o to the Witt vectors W (k) of k. For each
prime ‘B of Op, over p let

{5‘1‘,1'5 kg =OL/P — k}izl,.“,fﬁp

(resp. {6, W (ky) — W(k)}i:17...,fm)

be the set of different homomorphisms from the residue field kez of Op, at I3 to k
(resp. from W (k) to W (k)) ordered so that

oo0p, = Op,itl (resp. colgp; = 0p,it1)-

Then

0L ® W(k HOL(B@)W H(HOW @ W(k)),

Z, ko)



where for each prime P the last isomorphism is induced by applying OL,, @w (iy) )
to the isomorphism

Iy
(6,1, 0,15 ): W (kep) gz)vv(k);r[w(k).
P i=1
For each prime P and for 1 <4 < fi, denote by
ep,i € Or %)W(k)

the associated idempotent.

Let p be a prime of Ok over p and fix an embedding Ok /p — k. Let o be a lifting
to Ok, of the absolute Frobenius on Of /p. For every prime B of Op, over p let

{U‘B,i: OLm - OKp }i:l,...,fqg

be extensions of the homomorphisms {6sp7i}. to homomorphisms from the

i=1,..., fe
B-adic completion Or,, of O, to the p-adic completion O, of Ok.

2.2 Definition. Let
G :=Reso, /z(Gm,0, ): Schemes —— Groups

be the Weil restriction of G, 0, to Z i. e., the functor associating to a scheme S
the group (F(S, Os) ®z7 OL)*. If T is a scheme, we write

Sr=6§ x T.
Spec(Z)

If T = Spec(R), we write G for Gr. For any scheme T define
XT = HOHlGR(ST, Gm,T)

as the group of characters of Gr. We often write X for Xo, .

3 Moduli spaces of abelian varieties with real multiplication.

3.1 Note carefully. Throughout this paper we fix a fractional ideal J with its
natural positive cone J*, among the ones chosen in 2.1. Below, we discuss Hilbert
moduli spaces and Hilbert modular forms, where the polarization datum is fixed
and equal to (3,3*). Our notation, though, does not reflect that. When we are
compelled to consider the same notions with all the polarization modules chosen
in 2.1 simultaneously, this will be explicitly mentioned.

3.2 Definition. Let S be a scheme. Let N be a positive integer. Denote by
m(sv /JIN) — 8

the moduli stack over S of J-polarized abelian varieties with real multiplication
by Oy, and pn-level structure. It is a fibred category over the category of S-schemes.
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If T is a scheme over S, the objects of the stack over T are the J-polarized Hilbert-
Blumenthal abelian schemes over T relative to Oy with uy-level structure i. e.,
quadruples (A,L,)\,g) consisting of

a) an abelian scheme A — T of relative dimension g;

b) an Op-action i. e., a ring homomorphism

1:0r, — Endr(A);
¢) a polarization
A (Mg, MT)—(3,3T)

i. e., an Op-linear isomorphism of sheaves on the étale site of T between the
invertible O -module M 4 of symmetric Oy -linear homomorphisms from A to its
dual AV and the ideal J of L, identifying the positive cone of polarizations MX
with J+;

d) an Oyp-linear injective homomorphism

5:MN®D21 — A,
Z

where for any scheme S over T" we define

(un @ZQDEI)(S) = pun(S) @Zi’Dfl-

~

We require that the following condition, called the Deligne-Pappas condition, holds:
(DP) the morphism A®p, My — Al is an isomorphism.
Let p be a prime. Suppose that S is a scheme over Z,,. Denote by

931(57 [LN)Ord

the open substack of QJT(S, I N) whose objects are the J-polarized abelian schemes,
with real multiplication by Oy and with uy-level structure, that are geometrically
ordinary.

3.3 Remark. If N > 4, the level structure of type p is rigid [Go2, Lem. 1.1] and
hence SJI(S, W N) is represented by a scheme over S.

Furthermore, 9)1(5’7 o N) is geometrically irreducible over S. To see this one may
reduce to the case S is the spectrum of Z localized at a prime p. By the theory of
local models cf. [DePal, the geometric fibers are locally irreducible. Thus, it suffices
to prove that the fibers are geometrically connected.

Consider first the case N prime to p. Replace the scheme QJI(Z(p), ,uN) with its
Satake compactification, X. It is normal, projective and flat over Z,) [Ch]. One
then argues that in the Stein factorization X — Y — Spec(Z;)), the scheme Y is
integral. By Zariski’s main theorem and complex uniformization it follows that ¥ =
Spec(Z,) and, hence, that the geometric fibers of X — Spec(Z,)) are connected.
Since M (F,, u) is dense in X @ F, it is also geometrically connected.

It remains to consider the covering SJI(FP, fpr N) — SJi(Fp, I N)Ord. The irre-
ducibility of SJI(FP, Hpr N) follows from a monodromy argument as in [Ri, §III].



3.4 T (@)—Ieve] structure. Let N be an integer and let ® be an ideal of O, prime
to N. Let T be a scheme. A J-polarized abelian scheme over T with real multipli-
cation by Oy, and uy and T (D)—level structures is a quintuple

(A, Ly )\,s,H)/T,

where (A,1,A,¢) is a J-polarized abelian scheme over T' with real multiplication
by Op, and puy-level structure, and H is an Op-invariant closed subgroup scheme

H— A,

such that H is isomorphic to the constant group scheme (O L/ 33) locally étale on T'.

If S is a scheme, let
M (S, . To(D)) ——

be the moduli stack over S of J-polarized abelian varieties with real multiplication
by O, and puy X I'o(D)-level structure. If T is an S-scheme, the objects of the stack
over T consist of J-polarized abelian schemes over T' with real multiplication by Oy,
and py and Ty (’D)—level structures.

3.5 Definition. Let T be a scheme. We say that an abelian scheme m: A — T
with Op-action v: Op, — Endy(A) satisfies the Rapoport condition if
(R) W*QlA/T is a locally free Or ®z Or-module.
Let S be a scheme. Denote by
M(S, pn )

the open substack of SJT(S, 0 N) whose objects are the J-polarized abelian schemes
with real multiplication by Oy, with py-level structure and satisfying the Rapoport
condition.

3.6 Remark. We make several observations concerning the Rapoport condition.

1) A quadruple (4,:, A €) as in (a)-(d) of 3.2 satisfying (R) automatically satisfies
(DP). It follows from [Ra, Cor. 1.13] and the characteristic 0 theory.

2) If dy, is invertible in S, then (R) and (DP) are equivalent. See [DePa, Cor. 2.9].

3) Suppose that S is a scheme over Z,,. A quadruple (4, ¢, A, ) as in (a)-(d) of 3.2,
such that A — S is geometrically ordinary, automatically satisfies (R). Using that
(R) is an open condition, one reduces to the case S = Spec(k) where k is an alge-
braically closed field of characteristic p. Now, Hi,, (A/W(k)) is a free module of
rank 2 over O, ® W (k) [Ra, Lem. 1.3] that can be identified with the Dieudonné
module of the p-divisible group A[p>°]. Since A is ordinary, A[p>°] decomposes

as A[p>®]Y @ A[p>]°* and so H., .(A/W(k)) decomposes as the sum of the re-

spective Dieudonné modules M° and M®'. Since A admits an Op-polarization
by [Ra, Prop. 1.12], the O, ® W (k)-modules MY, M®" are isogenous, hence iso-
morphic (this uses that O, ® W (k) is a product of discrete valuation rings). It
follows that MY is a free O, ® W (k)-module. Since M°/pM° = HY(A4, Qh/k) as

O1, ® k-modules, the Rapoport condition holds.

4) We have open immersions
M(S, pun) ™ M(S, ) MU(S, ).
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Fiberwise over S, the complement of SJI(S, u N)R in Z)JT(S, W N) has codimension
at least 2. See [DePa, Prop. 4.4].

3.7 Remark. Let N; and Ny be positive integers such that No|N; and Ny > 4.
The morphism
E)JI(S, NNl) — E)JI(S, ,U,NQ)

is étale. Its image is open. Let s € S be a geometric point with residue field of
characteristic [. Consider the induced étale morphism

9L)’t(kj(s)’/ﬁNJ — m(k(s)?ﬂNz)'

Then

e if I[Ny, but I fNa, the map is not surjective and its image coincides with the
ordinary locus;

e otherwise the map is surjective.

Assume that R is a local artinian ring with residue field of characteristic [. Suppose
that N1N2_1 = [*. Then, the morphism from SUI(S, ,uNl) to its image in 9)?(5, MNz)
is Galois with Galois group isomorphic to

Auto, (y, vy @D1') = (OL/NiNy 1 01)" = (O1/1"0r)".

4 Properties of §.

The notation is as in 2.2. The characters of G over a scheme S are the weights of
Hilbert modular forms over S. For this reason we study them in some detail in
this section. Special emphasis is reserved to positive characteristic. An important
phenomenon is that if p ramifies in L, there exist characters over Ok (a normal
extension of O ) which coincide in characteristic p. This explains why the kernel of
the g-expansion map in characteristic p is generated by g relations if p is inert in L
and by a single relation if p is totally ramified. We also investigate the existence of
“exotic” weights (as opposed to the universal ones) over artinian local rings such
as Witt vectors of finite length.

4.1 Definition. (The universal characters) The homomorphism of O i-algebras

[[ reid H 0

~v:L—-K

Or®0k
Z

defines a morphism of O g -schemes

H X~
Sop ——— H G0k
~v:L—K
The characters {x~|y: L — K} are called the basic characters of Go, . Denote by
XTOK C Xoy = Homg, (SOK,Gm,OK)
the cone spanned by the basic characters. We also use the notation

Xt=x}, ., X=Xo,.
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Define Nm to be the character which is the product of the basic ones.

Let T be a scheme over Of. The subgroup XY of the character group Xr of G,
spanned by the basic characters, is called the subgroup of universal characters.

4.2 The generic fiber. The group scheme Gq is a torus. Let K be the fixed Galois
closure of L over Q, then the universal characters induce an isomorphism

SKM—) H G k.

~v:L—K
I, e R
In fact, Op ®z K ———— [],.; g K is an isomorphism.

4.3 The group scheme SZP. ‘We have

Sz,— H g%,
Blp
where G¥ = ResoLqB/Zp (Gm;OL;_B> for all primes P of Oy over p. This follows
from the isomorphism Of ®z Z,— pr OLy - For each P the natural inclusion
W (kyp) — Opr,, defines a closed immersion of group schemes

Resw (kp)/2, (G W(ky)) — S*-

The group scheme Resw (iy,)/z, (Gm,w(km)) is a torus. Let k be a field containing
the fields kg for all primes . Then for every 8 we have canonical isomorphisms
Resw (kp)/Z, (Gmwikp)) % Spec(W(E) == [ Gumwiny G llw-
Spec|Z, kg —k

4.4 The special fiber of Gz,. Let F be a prime of O over p. We have an exact
sequence

0 — Gp" — Gp G, —— 0,

P

where Sgpu stands for the maximal unipotent subgroup of 9?1) and 91?;85 is the

semisimple part. The natural inclusion kg < Opr, /pOr, defines a subgroup
scheme

Resiy /¥, (Gmkw) 9?,)
mapping isomorphically to 9?}’755. In particular, the exact sequence above is split.

If k is a field containing kg = Or, /B, then

ReSkqs/Fp (Gm7km) X Spec(k)— H Gm,kl’Gﬁf;ﬂ
Spec Fp) ko —Fk

is a split torus. In particular, if k& contains all the residue fields of Ok at all primes
above p, the reduction map
XOK e Xk
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is surjective and, hence, Xj is spanned by the universal characters. As shown in
Example 4.7, the reduction map is not an isomorphism in general.

4.5 Remark. We have

where xq,; is the character of the torus 9?;88 = Resyy, /F, (Gm ky ) defined over k
by the homomorphism & ; of 2.1.

4.6 Example: the inert case. Suppose that p is inert in L. Then the morphisms
defined in 4.1 are isomorphisms after tensoring with Z,. In particular, Gz, is a
torus. The natural morphisms of character groups

Xfp — XOK — XK

are all isomorphisms.

4.7 Example: the totally ramified case. Suppose that the prime p is totally ramified
in L and g > 1. Let 8 be the unique prime above p and fix an isomorphism
OL/pOp = kqg[T]/(Tg). Then

(%) (®) = (RexplT)/(19)

for any kg-algebra R. In particular, the toric part of Sgp is one dimensional. The
natural morphism of character groups

XOK — Xf

p

has a non-trivial kernel. In particular, all the basic characters have the same reduc-
tion W.

4.8 Exotic characters of G. Let k be a perfect field of positive characteristic p.
Let W,,,11(k) — W, (k) be the canonical surjective homomorphism on truncated
Witt vectors. It is defined by a principal ideal (€) satisfying pe = 0. Consider the
induced reduction homomorphism

6% XWerl(k) I me(k) N

Let
X: 9Wm+1(k) — GTVL,W7n+1(k)

be a character. Write

1
SWoes(h) = SPEC(A), G, () = Spec (Wmﬂ(k) 2 tD .

Then
x € Ker(a) = x(t)=1+ea, acA/pA

12



with a satisfying
Ala) =a®1+1®a, u(a) =0,

where A (resp. u) is the comultiplication (resp. counit) of A. Hence the kernel of «
is
Ker(a) = Homy_gr (Sk, Ga’k).

Let G} be the unipotent part of §. As soon as it is non-trivial, the group Ker(«) is
not finitely generated. In fact, there exists a surjective homomorphism G5 — Gk
and it is acted upon by

Endy_cr(Gax)—={f € k[X]| f € k[X"], f(0) =0},

where the group structure on the right hand side is induced by composition. In
particular, as soon as p is ramified, Xw, () is not finitely generated and hence is
not generated by the basic characters.

The reader may have noticed that this phenomenon cannot occur for g = 1. The
phenomenon of exotic weights, and the exotic Hilbert modular forms associated
to them, may only occur for g > 1 in the presence of ramification. However, this
“pathology” is a peculiarity of artinian bases and disappears in the truly p-adic situ-
ation. The situation is different when we consider the characters that lift to W, (k)
for all integers m.

4.9 Definition. (The formal characters) Let G be the smooth formal group over
Spf(Z,) associated to the group scheme G. Let Ok be the completion of O with
respect to the ideal pOg . Define

XaK (9) = H0m6K (SQSpf(Zp)Spf(OK),GmﬁK)

as the group of formal characters of § over Spf (6K) For any character x € Xo,
define X to be the induced element of X5, (9).

4.10 Proposition. The natural morphism
[ %—x,(5)
y:L—K
is an isomorphism.
Proof: Consider the following natural diagram over Ox

S, Sk

g\pal i> 9\1



\1 \1 i ~ ~
where 95K (resp. Sﬁ) stands for the completion of § 6 (resp. § K) along the
identity section, where Sg stands for the completion of SaKalong the special

K
fiber G B /pOx and where 9(\3]3’1 stands for the completion of G B at the identity

section of 95K/p5k. Let G = é(pec(A). Then

a) using that A is a domain and Krull’s theorem, one deduces that all the arrows
in the diagram are inclusions at the level of the algebras of regular functions;

b) since G is smooth over Spec(Z), we have that Sg is the formal spectrum of a
K

power series ring over Ok. Hence, the associated algebra is p-adically complete.
\1

5 induces an isomorphism at the
K

In particular, the natural map &: 9%{7’1 — G
K
level of the algebras of regular functions;
¢) under this isomorphism the underlying diagram of algebras is commutative.
A similar diagram exists replacing § with G, z. To any element of X@K ( 9), one

can associate a formal character of S\O/’L and hence, by the diagram above and b),
K
an element in

e\ ._ (c\1 @\
X (9) = Homg ($32.GM ).
On the other hand to any character of G (resp. of §), one can associate an element

in Xz ( 9%1 ) (resp. in X6K (§)) In particular, we obtain a commutative diagram

~

X e XK

-~ s \1
%5,(8) —— Xz (5%).
By 4.2, we have G = HW:K_,L G, k- Hence, ¢ is an isomorphism. By (a) the map s

is injective. Hence, all the arrows in the diagram of characters are isomorphisms.
This proves the claim.

Let B be a ring with an ideal p such that B/p is of characteristic p. In the rest of
this section we define a certain filtration {Xg ,(n)} on the group of characters Xp
of G Xgpec(z) Spec(B). If B is a p-adic ring and an Og-algebra, the topology of Xp
induced by this filtration is separated and we study the resulting completion X B.p-
The motivation is that p-adic modular forms “a la Serre” over B, defined in 10.8,
have a well defined weight in Xp ;.

4.11 Definition. Let B be a ring with an ideal p such that B/p is of character-
istic p. For any non-negative integer n define

Xpp(n) = {X € Xgp|x: (01/p"0r)" — (B/p"B)" is trivial }

Define R
XB,p = ol)lgln XB/XB,p (n)

We suppress the index p if no confusion is likely to arise.

4.12 The structure of XB,F- Suppose that B is an Og-algebra and that p is a
maximal ideal. Note that Xp/Xp (1) is isomorphic to Xp/,5/Xp/,5(1). It follows
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from 4.4 that Xp/Xp (1) consists of universal characters and

XB/XBVP(1)L>Hom((OL/pOL)*, (B/p)*) = HHom(k%, (B/p)*).
Blp

Since
Ker((B/p™")" = (B/p")") = 14+p" (mod p™*!) = p"/p" ",

it is killed by p. In particular, for any n > 1 we have that p kills Xp ,(n)/Xp , (n+1).
Suppose that B is flat over Og. We aim to prove that

MXpp(n) = {1}.

Let B = lim,, B/p™. Let 01,...,04: L — K denote the distinct embeddings of L
in K. Let x1,...,Xxy be the associated basic characters of Resp, /z (Gm’oK) as
in 4.1. The flatness of B over Z implies that Xp = % x --- x X?? see 4.13. Sup-
pose X € NyXpp(n). Write x = x7* -+ xg°. By assumption the homomorphism
X: (O ®zZy)* — B* is trivial. Let U C (OrL®zZy)* and V C OpL®zZ, be
subgroups of finite index where the exponential map is defined and induces an
isomorphism exp: V-—-U. The map logzox oexp: V. —— B, given by [®z —
9, aioi(l)z, is the zero map and factors through the completion of K at the prime
ideal p N Og. The independence of the embeddings o1, ..., 0, gives that a; = 0 for
every ¢t =1,...,¢g i. e., that x = 1 as claimed.

4.13 Lemma. Suppose that B is a ring flat over Ok . Then

1. we have

Xp=Xo, = [[ x%
~v:L—K

2. the topology on Xp induced by the system of subgroups {Xg ,(n)}nen Is sepa-
rated, i. e.

MnenXp p(n) = {1};

3. finally, XB,p is independent of p and is the product of

e a finite group of order prime to p isomorphic to Hgmp Hom(k%, (B/p)*);

e a topological group isomorphic to ZJ.
Proof: The flatness implies that Xp — Xpg,q. Claim (1) follows from 4.1.
Claim (2) follows from 4.12. Note that Xp ,(1) is a free abelian group of rank g.
Consider

Xpp(1) = lim Xp,p(1)/Xpp(n).

By 4.12 the group Xp ,(n)/Xpp(n + 1) is killed by p for n > 1. Hence p"Xp (1)
is contained in Xp p(n). We obtain a continuous surjective homomorphism

lim Xp,(1)/p"Xpp(1) — Kpp(1).

The group on the left hand side is isomorphic to ZJ as topological groups. It follows

from (2) that §§B,p(1) has no p-torsion. Hence, Xgﬁp(l) is isomorphic to Z§. We
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conclude from 4.12 that XBJJ = XB’p(l) x XB,p/XB,p(1). This proves claim (3).

4.14 Examples. In the inert case X B,p is the direct product of a cyclic subgroup of
order p/r — 1 and a free Z,-module with basis {Xfxz_l, e ,X’g’xfl}. In the totally

ramified case XB,p is the direct product of a cyclic subgroup of order p — 1 and
a free Z,-module with basis {Xffl,xgxfl, . ,ngfl} (where one can obtain a

similar basis with any x; in place of x1).

5 Hilbert modular forms.

5.1 Definition. Let S be a scheme. Let x be an element of Xg. A J-polarized
Hilbert modular form f over S of weight x and level u is a rule associating to

i. any affine scheme Spec(R) over S;
ii. any J-polarized Hilbert-Blumenthal variety (A,t,\,€) over Spec(R) with ppn-
level structure;
iii. any generator w of Q}4/R as R ®yz Or-module,

an element f(A, L,)\,a,w) of R1i. e.,
(A7 L7 )\7 E’ w) L — f(A7 L? A? 67 w)?

with the following properties:

I. the value f(A7 L\ €, w) depends only on the isomorphism class over Spec(R) of
the J-polarized Hilbert-Blumenthal variety (A, i, \,e,w) with uy-level structure
and with section w;

II. the rule f is compatible with base change i. e., if ¢: R — B is a ring homomor-
phism

f ((A,L,/\,e,w) X Spec(B)) =¢(f(A, 1, )\ e,w));

Spec(R)
III. ifa € §(R) = (R®zOL)*, then
f(A’ L? >\7€7a71 ) = X(a)f(A’ L? )\7€7w)'

Denote by M(S, jun, x) the I'(S,Og)-module of such functions.

5.2 Remark. The notation is as in 3.4. One defines J-polarized Hilbert mod-
ular forms of weight x and level uny X I'o(®) in the obvious way. Denote by
M(S, LN Fo(i)),x) the T'(S, Og)-module of such functions.

5.3 Remark. The formation of the space of modular forms does not commute
with base change. In fact, it is not even true that, given a morphism of schemes
T — S, the map

M(Sa :uNaX) F(S®O )F(Tv OT) - M(T, NN,X)
Vs
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is surjective. For example, one can take S = Spec(Or) and T = Spec(kyq) for
some prime ideal P of Or. By [vdG, Lem. 1.6.3], the weight x = ][, X5 of non-
zero modular forms over O; must satisfy the condition that a, > 0. See 4.1 for
the notation. Examples show that this is not necessary if T is of characteristic p.
See 7.12.

5.4 Definition. Suppose that N > 4. Let R be a ring and let x € Xg. By 3.3
there exists a universal J-polarized Hilbert-Blumenthal abelian scheme with -
level structure

(AY, A7, eY)
over ’JJ?(Z, ,uN). The pull-back of the sheaf Tr*Q}XU/‘Jﬁ(Z,uN)R to the Rapoport lo-

cus QJT(R7 MN)R, defined in 3.5, is a locally free Ogn (g, ;i) ®z Or-module of rank 1.
Hence, it defines a cohomology class

ceH' (im(R, 1x)" s (Ot e 2 OL)*>'

Let L, be the invertible sheaf over QJt(R, I N)R associated to the cohomology class
defined by the push-forward of c¢ via the map x

H' <9)t(R, 1) (O pun e 2 oL)*) X, H' (zm(R, ) O;R(R’MN)R)

See [Ra, §6.8].

5.5 Proposition. 1. To define a J-polarized Hilbert modular form f of weight x
and level uy over a ring R is equivalent to define a section of L, over QJT(R, ,uN)

2. For x,x’ € Xg we have a canonical isomorphism
Ly®Ly L’ﬁx X'

as invertible sheaves on E)JK(R, [LN)R.

5.6 Remark. By definition, Hilbert modular forms are only defined over the
Rapoport locus. It is interesting to note that although one can make sense of Hilbert
modular forms of parallel weight (i. e., Nmk) over the whole moduli space, this is
not possible for non parallel weight. For example, when p is maximally ramified
in Oy, the invertible sheaf £, (1) any basic character) does not extend as an invert-
ible sheaf over the whole moduli space [AG].
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6 The ¢-expansion map.

6.1 Uniformization of semiabelian schemes with Op-action. Let R be a noetherian
normal excellent domain complete and separated with respect to an ideal I such
that /I = I. Let S := Spec(R) and Sy = Spec(R/I). Let S\Sy be the open
subscheme defined by the complement of Sy in .S. Then we have an equivalence of
categories between

(Or-DD) the category of 1-motives

B — Ql_lDzl %) G, (5\50)7

where

e 2 and B are projective Op-modules of rank 1;

e ¢ is Op-linear;

e the Or-module M := AV is endowed with a notion of positivity so that

(AB~1 (MB~2)T) = (3,71).

The motive is subject to the degeneration condition that for any m = ab € AB
such that m € M the element of the fraction field of A associated to a(q(b)) €
G,.(S\So) belongs to I. Here, we identify I with the character group of the
torus Qllezl ®z Gm,z.

The morphisms from an object ¢:%B — Qllegl Rz Gm(S\So) to a second
object ¢': B — (A)7'D;' @z G, (S\So) are defined by the Op-linear maps

@ — )"

such that in q L
B — A'D;' ez Gm(S\SO)

’

B 2 () ID;' ®2 G (S\So)

there exists a left vertical arrow making the diagram commute. Note that the de-
generation condition implies that ¢ and ¢’ are injective. Hence, if such map exists
it is unique. B B
(Or-Deg) the category whose objects consist of semiabelian schemes G over S
endowed with an Op-action such that

e GXxg (S \So) is an abelian scheme with Op-action and with polarization mod-

ule isomorphic to (J,37);

e GxXgSy= QlDzl ®z Gm,s,, where 2 is a projective Or-module of rank 1.
The morphisms are the homomorphisms as semiabelian schemes commuting with
the Op-action.

The semiabelian scheme G associated to a 1-motive ¢: B — Ql_lDzl ®z G (S\S0)
is usually denoted by

(mngl <§>Gm,s> /4(B).

See [Ra] for details.

6.2 Remark. We gather some properties of this construction.
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i) We have an isomorphism :
<(2[1D;1 2 Gm,s> /g(‘B)) X So = 2A-'D; ! 2G5,

ii) For any integral Op-ideal ©® we have an exact sequence of group schemes
over S\Sp

0 — (%) (1) — (m—lDLl ® Gm,s/q(%)) [®] — D7 '8/B — 0,

where (2/®2()(1) is the Cartier dual of the constant group scheme 2/D%.

iii) The module of invariant differentials w5 of G relative to S satisfies
dt dt
= (@'pp) e R) T (A R) T
wa/s (( L) @Zi’ p ‘529 p

where Rdt/t is the module of invariant differentials of G, g relative to S.

iv) The Op-module of symmetric Op-linear homomorphisms from the abelian
scheme G x (S\So) to its dual is canonically isomorphic to

Homo, (B, (A 'D;H)Y) =87 'A=MB 2 =M '

and it is endowed with a notion of positivity induced by the one on M.

6.3 Tate objects. Fix projective Op-modules 2 and % of rank 1. Fix a notion of
positivity on M := AB such that (AB~!, (MB2)") = (3,7%). Fix a rational
polyhedral cone decomposition {03}z of the dual cone to Mz C Mg, which is
invariant under the action of the totally positive units of O, and such that, modulo
this action, the number of polyhedra is finite. Let

S:=M"®G,z.
Z
For any o3 we obtain an affine torus embedding S C S,,. Let Sé\ﬁ be the spectrum
of the ring obtained by completing the affine scheme S, , along the closed subscheme

Sgﬁ,o = S%‘ \\S with reduced structure. Over the base SJB one has a canonical 1-
motive giving rise over Sé\ﬁ\S’gﬁ’o to a J-polarized generalized Tate object

Tate(2, ), = (A7'D;' © Gy, /2(B)) < (52,\S0,0)-
78

See [Ra] or [Kal, §1.1]. Define

Z((A,%B,05)) = Z((¢") veos-

It can be interpreted as

Spec(Z((2,%8,05)) ) = S2,\So,.0.
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6.4 Unramified cusps. A J-polarized unramified cusp of level uy over Spec(R) is
a quadruple (2,9, ¢,j), where

a) A and B are fractional ideals such that AB~1 = 7J;
b) e:N~10p/Op"5N~171/271 is an Op-linear isomorphism;
¢) ARz R0 ®z R is an Of ®z R-linear isomorphism.

6.5 Remark. i) By 6.2, the equality AB~! = J identifies J with MTate(Qly%)o_B,
the group of Op-linear symmetric homomorphisms from Tate(2,B),, to its dual,

and the cone J1 with the cone M,

Tate(2,8).,, of polarizations. Thus, we obtain a

canonical polarization datum
Acan: (MTate(Ql,‘B)gB ) M;ate(?l,%)gﬁ) — (ja j+) .

ii) By 6.2, the isomorphism ¢ defines a canonical py-level structure on the abelian
scheme Tate(2,B),,.
iii) The isomorphism j defines a canonical isomorphism

2, R0, % (R®Og, ,
( Tate(%’%)”ﬁ/(5§5\505,0)>% B L%( % S’UB\S'gﬁ,())

In some situations one has a canonical choice of j. For example:
a) if R is a Q-algebra we get

jean' AR RS (AQQ) @ R-HSLOR = (0L ® Q) ® R;
V/ Y/ Q Q z Q
b) if 2 is an integral Or-ideal of norm invertible in R (e.g. A = Of), then the
natural inclusion 2l — Oy, induces a canonical isomorphism

jcan: A (24 RL)OL X R.
Z Z

c¢) if p"R =0 and p"™ divides N, then ¢ induces by duality an isomorphism
A/NA-0, /NO,
and, consequently, a canonical isomorphism

i A©R0; ®R.
Z Z

6.6 The g-expansion. Let Spec(R) be an affine scheme. Let f be an element of
M(R7 HN7X) i. e., a J-polarized Hilbert modular form over Spec(R) of weight x
and level p. Denote

f(Tate(2, B),z,j) := f(Tate(m,%),,ﬁ Wl Spec(R), Acans £, %)
pec

and call it the g-expansion of f at the unramified cusp (2, B, ¢,j).
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6.7 A variant. Let © be an integral Op-ideal prime to N. A J-polarized cusp of
level un x T'o(D) over an affine scheme Spec(R) is a quintuple (2, B, e, H,j), where
(A, B, &,]) satisfy (a)-(c) in 6.4 and

H — Tate(A,B),, ><( )Spec(R)
Spec(Z

denotes an Op-invariant closed subgroup scheme isomorphic étale locally to the
Oyp-constant group scheme (OL/D).

Let f be an element of M(R, un, Lo(D), X) i. e., a J-polarized Hilbert modular
form over Spec(R) of weight x and level puny x T'o(®) in the sense of 5.2. Denote

dt
f(Tate(Ql,‘B),s,H,j) = f(Tate(Ql,%)oﬁ X Spec(R), Acan, €, H, ?)

Spec(Z)

and call it the g-expansion of f at the cusp (A, B, e, H,j).

6.8 Theorem. Let (%,B,¢,j) be an unramified cusp over R. Then the element
f(Tate(2,B),¢,j) does not depend on the cone decomposition {o3}. Moreover, it
is of the form

f(Tate(Ql7 %)757j) = Z Cqu € Rﬂqy]]uei’l%+u{0}'
veAB+u{0}

Proof: [Ra, §4.6] and [Ra, Prop. 4.9].

6.9 Remark. It is proven in [Ch, Thm. 4.3 (X)] that R[[q”]]VU;Q‘;B+U{O}, the invari-

ants under the action of squared units U? of Oy, is the completed local ring of the
minimal compactification of M(Spec(R), ,uN) at the cusp (2, B, e, j).

6.10 Theorem. (g-expansion principle) Let R be a ring and let (A,B,¢,j) be an
unramified cusp defined over R. Let f be an element ofM(R, UN, X)-

i. If f(Tate(2,B),¢,j) =0, then f = 0;

ii. If (A,B,¢,j) is defined over a subring Ry of R and f(Tate(2,B),¢,j) belongs
to Ro[q"] eam+u{o}, then f belongs to M(Ro, fin, X)-

Proof: See [Ra, Thm. 6.7].

6.11 The comparison with the complex theory. Let
01,...,04: L — R

be the real embeddings of L. Let 2 and 9B be ideals of Oy, such that J = AB 1.
Fix an Op-linear isomorphism

e N0 /05Nt
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Define the group

FN(%EB(Q[DL)_l) ::{<Z Z) |a €1+ NOp,deOr,be (%Q(DL)_17

c € NBUDy, ad — bc = 1}.

It acts on the g-fold product of the Poincaré upper half plane $39 by

(‘CL Z)(zl,...7zg) = (%)_1 -

.....

The moduli space SJT(C, un) classifying J-polarized abelian varieties A over C with
real multiplication by O, and uy-level structure, in the sense of 3.2, is isomorphic,
as an analytic manifold, to

Iy (Ba@ADL) )\HY.
The abelian variety corresponding to 7 € $9 is
A :=C9/(Br+ (ADL) ).

The ppy-level structure on A is induced by €. The vector space M(C7 LN, X) of
J-polarized modular forms of level pxn and weight x = [[7_, Xo. can be viewed,
more classically, as the vector space of holomorphic functions

9 I c
T=(21,...,29) +— f(7),

on which the action of the modular group I'y (‘B @(QlDL)*l) is defined by the
automorphic factor

g

jX(,u, (zl,...,zg)) =[[(ei(0)zi +oi(d)™  with p= <Z Z) ;

i=1

c.f. [vdG] or [Go3]. Fix a modular form f. Assuming B = O, one deduces that f,
as a function, is invariant with respect to the translations on $)9

T—T+a, ac (ADL) L

In particular, it has g-expansion at the cusp (ioo, ey ioo)

f(g) =ap+ Z ayq” with ¢” := eXp?’TiTTL/Q(VT)7
vedt

where
Trr q(vr) == o1(V)z1 + ... +04(V)z,.

By 6.2 we have a natural Op-linear isomorphism

jean: AR C——-0 @ C.
Z Z

Note that under the exponentiation map z — exp?™T'z/Q(*) where we use the
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identification CY = (AD) ! @z C, we have
C/(Br+ (ADL) ™) = (C*)?/q(B),

with ¢(%8) equal to the image of B7. By the discussion in [Ra, §§6.13-6.15] it follows
that

f(g) = f(Tate(Ql’ %)787;1(33,11)'

7 The partial Hasse invariants.

In this section we define a canonical set of Hilbert modular forms that we call “par-
tial Hasse invariants”. The name comes from the fact that these modular forms
factor the Hasse invariant according to the Op-structure. The partial Hasse invari-
ants are defined in characteristic p and, in general, do not lift to characteristic zero.
Indeed, because the weight of a non-cusp form in characteristic zero must be par-
allel, none of the partial Hasse invariants hgq ; defined below lifts to characteristic
zero, unless p is maximally ramified in the totally real field L. In this case, there
is a unique partial Hasse invariant hsgs, which is a g-th root of the total Hasse in-
variant h (h is, up to a sign, the determinant of the Hasse-Witt matrix). In certain
cases, see §20, one can guarantee the existence of a lift of a power of hg; in general,
the existence of such a lift, in particular to an Eisenstein series, is closely related to
properties of special values of the p-adic zeta function of L and, hence, to Leopoldt’s
conjecture (cf. [Gol]).

The partial Hasse invariants, however, play a crucial role in the theory in several
ways: they provide canonical generators for the kernel of the g-expansion map; they
allow one to compactify the moduli scheme M (k, ppn ).

The results and the methods of this section appear already in [Go2] in the un-
ramified case. In that case, the divisors of the partial Hasse invariants yield an
interesting stratification of the moduli space 9t(k, un), [Gol] and [GoOo].

7.1 Notation. Let k be a perfect field of characteristic p. Assume that it contains
the residue fields ky = Op, /%P for all primes P of Or, over p. Let R be a local ring
with maximal ideal m and residue field R/m = k.

For each representative (J,J7) of the strict class group of L fixed in 2.1 choose an
element of J generating J ®z Z,, as O, ®z Z,-module. It provides each J-polarized
abelian scheme with real multiplication by Oy, over a Z,-scheme with a polarization
of degree prime to p.

7.2 Definition. Let n > m > 1 be positive integers. Let N be an integer such
that N > 4 and N is prime to p. Assume that R is an Og-algebra. Define

MM (R/m™, jipn ) —— M (R/m™, iy )

by
(A, L, )\, EpnN) ’—> (A, L, )\, €N) .

By 3.7, it is a Galois cover of smooth schemes over R/m™ with group

[, = Autg/mm (Hp" %@Dzl) = (OL/p”OL)*.
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We can evaluate x € X on T, as follows: T, = §(Z/p"Z)>~(Z/p"Z)* — (R/m™)*,
Let
m Kum m rd
M(R/m™, ) =2 DU(R/m™, i) °
be the quotient of the above cover by the group of elements of (OL/p”OL)* killed
by
{x: (OL/p”OL)* — (R/mm)*| X is a universal character }.

Let Gy, be the Galois group of ¢. By [DeRi, Thm. 4.5] it acts transitively on the
fibers of ¢.

7.3 Remark. If m =n =1, then G := G ;> Hm\p(OL/‘I?)*-

7.4 Definition. Let x € Xg/mm be a character in the sense of 2.2. Write

fpn = Z[t)/ (" —1).

Denote by

dt
— et X  Spec(Z/p"Z
t DLI @z tpn Spec(Z) P ( /p )

the canonical generator, as a free O, /p"Or-module of rank 1, of the submodule of

invariant differentials of Qllazl By Spec(Z) Spec(Z/p"Z).

Suppose that n > m. Let
m (AY, YAV el ) —— M(R/m™, e )

be the J-polarized universal abelian scheme with real multiplication by Op and
tpn n-level structure. We use the notation:

dt
WA =gy | — ) € Tt .
PN, < t ) AV /o (R/mm pyn )

can as o translation invariant differential in Q'

We can also view w .
AU/ (R/mm i )

See 7.5.

Define a (X) to be the unique J-polarized modular form of weight x and level fi,n N
over R/m™ satisfying the following. Let T be a R/m™-algebra. Let (A,t, \,e) be a
J-polarized Hilbert-Blumenthal abelian scheme over T' with p,n~n-level structure.
Let w be an O, ®z T-generator of H° (A, Q}MT). Then, there is a unique element ~y

of (OL Rz T)* such that
w=7 e« —).

t
Define
a(x) (A, L, /\,s,w) =x (7).

7.5 Some explanations. Decompose egn N = agn X e%. Since n > m, the embedding

U (b @ DE') X DR/ ) — AV
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defines an isomorphism on tangent spaces at the origin relative to 9t (R J™ ] pn N).
By duality, one gets a canonical isomorphism of the translation invariant differen-
tials relative to SJ?(R/ m™, fpn N). This defines a canonical Oy, ®z Om (

R/m™, pyn N)
generator of the translation invariant differentials of AY over SDT(R/ m™, fipn N):

dt
W = gpn — ) et .
PN, x ( n ) AU/DJ?(R/mm,upnN)

By 5.4, the pull-back ¢*(L,) of the invertible sheaf £, defined on MY (R/m™, 1) R,

t R/m™, p,npy) is obtained as th h-out of Q1! . Th -
093‘(( /m s Up N) 1S obtained as the push-out o AU/QJT(R/mm,upnN) e sec

tion w™ of Q! ) defines by push-out a section of *(L). Us-

AU/ (R/mm pun
ing the equivalence between sections of w*(ﬁx) and modular forms of weight
and level pymn over R/m™, we find that this section coincides with the modular
form a(x).

7.6 Proposition. We have

can __ 1
(06 & Oumamr ) 2" = ™ X o )
For any a €T, = (OL/p"OL)*, the induced action by pull-back

[O[}Z’]T*Q ——

1 1
AU/ (R/mm guyn ) AU/ (R/mm jupn )

sends

wcan a” 1 wcan.

Proof: The first claim follows from 7.5. Decompose €}y := €y X €. Since the
universal J-polarized abelian scheme AY over QJT(R/ m™ N) is the pull-back of
the universal J-polarized abelian scheme over EITK(R/ m™, N), the automorphism «
lifts to an automorphism of AV, which we denote by « and induces the automor-

phism [a] on QLU/im (R/mm i)’ By definition, a(ef.) = (e5» 0 1® o). Hence,

(egnol®a), (%) =, ((1®a) %)

7.7 Corollary. For any o € (OL/p"OL)*, the induced action by pull-back,

[o]: D (M (R/m™, ), 0" (£4) ) —— D(M(R/m™, ), 0" (£4) )
maps

a(x) F— x"'(@)a(x)-

7.8 Corollary. The section w®" descends to a section over SJI(R/ m™, fpn N)Kum
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of the relative differentials of the pull-back by ¢ of the universal J-polarized abelian
scheme over QJT(R/mm7 MN)~ We denote it w®" by abuse of notation.

The section a(x) of * (,CX) descends to a section, denoted a(X) by abuse of
notation, of ¢* (CX) over W(R/mm,ppr,LN)Kum. It is the push-out via x of w".
If o belongs to the Galois group G, of ¢, then

[a] (wca’“) = o~ lwen and [a] (a(x)) = X_l(a)a(x).

7.9 Proposition. 1. The section a(x) induces a trivialization of the invertible
sheaf ¢* (Ly)on M(R/m™, pupn n
2. For any universal characters x and x’ the section a(X) ®a(X’) of L, ®Ly is
sent by the isomorphism defined in 5.5 to the section a(X X/) of Lyy.

)Kum

3. For any universal character x the g-expansion of a(X) at any J-polarized cusp
(A,B,¢,jc) (see 6.5 and 6.6) of level pynn over R/m™ is 1.

Proof: (1) and (2) are clear. Let Tate(,B),, be a Tate object with g, n-level
structure €. The modular form a(x) takes the value 1 on the section ¢, (dt/t). The
latter coincides with the section of the translation invariant relative differential
defined by j. as in 6.5. This proves (3).

7.10 Remark. The Proposition justifies the introduction of the covering ¢ in 7.2.

7.11 First construction of the Hasse invariants: the geometric definition. Let R
be a k-algebra. Let (A, ¢, A, ¢) be a J-polarized Hilbert-Blumenthal abelian variety
over R satisfying the condition (R) defined in 3.5. Let w be an Op ®z R-basis
of HY(4, Q}MR). Using A, and the choices in 7.1, we get an isomorphism
HO (4,24 )0 (47, 25 )
Here AV is the dual abelian scheme. Via the canonical isomorphism
HO(AY, . ) =Homp (H! (4, 0.), B),
the element w determines a generator
YRS Hl(A7 OA)

as O, ®z R-module.

The absolute Frobenius on A induces a o-linear map O 4 — O 4 and consequently
a o-linear map

F:HY(A,04) — HY(4,0,).

Let ‘B be a prime of Oy, above p and let 1 <14 < fi. With the notation of 2.1, the
o-linearity of F implies that for each idempotent e ; € Op ®z R

F(em)i_1 : ’17) S (OL (§Z§>R)eq3’i 1.
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7.12 Definition. Define the modular form of weight X]gﬂ i—lX‘q}li over k

hap.i € M(k, X5 i1 Xor)

by the rule

F(“B,ifl : 77) = hap,i((A, L /\,w))egp,i N mod ‘B.

See 4.5 for the notation.
The modular forms {hc;;,i} .0 Are called the generalized or partial Hasse invari-

ants. If ¢ € Xy, is a weight of the form ) = H&B,i (X%’lei}i)am’i, with ap; € N,
define the modular form of weight 1)

ap,i
h¢ = th?; .
B,i

Define h := hymr-1 as the Hasse invariant.

7.13 Remark. It is easy to verify that all the conditions given in the definition 5.1
of modular forms of a given weight are satisfied.

7.14 Proposition. 1. The g-expansion of the partial Hasse invariant heq ; at any
J-polarized unramified cusp defined over F, is 1.

2. The modular form h coincides, up to a sign, with the determinant of the Hasse-
Witt matrix.

3. The subgroup of Xy spanned by the weights of the partial Hasse invariants coin-
cides with the subgroup X, (1) of the elements y € X, such that x((Or/pOr)*) = 1
in k.

Proof: Part (1) is proved via an explicit computation using Tate objects; c.f. [Gol,
Thm. 2.1(2)]. Part (2) is clear. We next prove part (3). The set of basic charac-
ters {xp,i: Plp, 1 <i < fp} forms a basis for the lattice Xj. The subgroup H

of X spanned by the weights {qug,i71xs¥3,1i s PBIp, 1 <i < fgp} of the partial Hasse

invariants is contained in Xj(1). We conclude by remarking that X /Xy(1) =
H‘Blp Homg, (k%, k*) has cardinality pr(pf‘ﬁ — 1), the same as Xy /H.

7.15 Examples. Assume that the prime p is inert in L. Let x1,..., x4 be the basic
characters of Gy ordered so that o o x; = x;4+1. Then we get precisely g partial
Hasse invariants hi, ..., h, of weights X’g’xfl, X’fxgl, . 7XZ_1X9_1- In this case

_I\Z _I\Z
(X§X11) X...x(ng)ingl) :Xk(l)%xkzx%xx)cg
Assume that p = P9 is totally ramified in L. Let ¥ be the unique basic character

of Gj. Then we get a unique partial Hasse invariant hgr-1 which is a g-th root of
the Hasse invariant and is of weight ¥?~!. We have

(TP )% = X4 (1) — X, = U2,
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7.16 Second construction of the Hasse invariants: the definition by descent theory.
From 7.8 we deduce the following result:

7.17 Corollary. The section a(x) of the sheaf ¢* (EX) on W(R/mm, upnN)K“m

descends to a section of L, on W(R/mm, ,uN)Ord if and only if

x(a) =1¢€ (R/m™)* for all o € (OL/p”OL)*-

7.18 Corollary. Let ‘B be a prime of O over p and let 1 < i < fy. The

section a(X%i_lxi}i) descends to a section of the invertible sheaf EXQ,/L-AX%Z

over mt(k,uN)ord. It coincides with the restriction of the partial Hasse invari-
ant hey ; defined in 7.12.

Proof: The two modular forms have the same weight and the same g-expansion at
any F,-rational cusp. Hence, they must be equal.

7.19 Definition. Let

Kum

Ry = r(m(R/m‘"nMpnN) N,

m(R/mm,;tpnN)Kum) '
Define the map
7 D M(R/mm,ﬂN,X) —>Rm,n

XEXY, m

by the formula

f=ehb— =Y ¢E£))

Let a € (O ®z W(k))* If f is a J-polarized modular form on M (R/m™, juy)
define

[a]f(A,L,)\7w) = f(A,L,)\,a_lw).
)Kum R

m

This provides a graded action of (OL Rz R)* on EBX&X%/
On the other hand the action of Gy, ,,, the Galois group of{))‘((R/mm, Hpr N

ED”((R/mm7 MN)Ord, and the canonical projection (OL Rz Z/p"Z)* — G, defined
in 7.2, induce an action of (OL Rz, R)* on Ry, n.

7.20 Proposition. The map r defined in 7.19 has the following properties:
1. it is (Or, ®z R) -equivariant;
2. let (Ql,EB,s,js) be a J-polarized unramified cusp over R/m™ of level ppny;

see 6.4—6.5. The following diagram is commutative

M<R/m7n7 KUN, X) L) Rm n

N |
R/m™ @7, Z((A,B,05)).

U
@XGXR/mm
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The notation is the following. The ring Z((Ql,%,ag)) is the base over which
Tate(2,B),, lives by 6.3, the vertical map is the unique one so that the pull-
back of the universal abelian scheme over SJT(R/mm, ,upn,N) is Tate(A, B),,
the diagonal map is the g-expansion map at the cusp (Q{, B, e,js) defined in 6.6.

Proof: Claim (1) follows from 7.8. Claim (2) follows from 6.6 and 7.9.

and

7.21 Corollary. The kernel of the g-expansion map is independent of the cusp.

7.22 Theorem. Assume that m = n = 1. In particular, R = k. Then
1) the kernel of r consists of the ideal T

T:=(hp;i—1:Plp, 1 <i< fp),

where the hg ;’s are the partial Hasse invariants defined in 7.12;

2) the map r is surjective. In particular, the ring Ry is canonically isomorphic to
the ring of J-polarized modular forms ®yex, M(R/ml, LN, X) modaulo the ideal
defined by the kernel of the g-expansion map.

Proof: We prove (1). The fact that the g-expansion map is zero on the ideal 7
follows from 7.14. Let

f:ZfX Exgng(kquv)()

X

be the sum of non-zero J-polarized modular forms f, of weight x such that r(f) = 0.
Thanks to part (3) of 7.14, multiplying the modular forms f,’s by suitable powers
of the partial Hasse invariants, we can assume that the set of weights {x} appearing
in the decomposition of f does not contain two distinct elements defining the same
character (Or/pOr)" — k*. Consider the function r(f) = S 0" (fx) /alx)- Tt is
the constant function 0 by assumption. By (2) of 7.20 the group (OL Rz k)* acts
on ¢* (fx)/a(x) via the character x. Hence, each ¢* (fx)/a(x) is zero i. e., f), = 0.
We conclude that f = 0.

Next, we prove claim (2). The Galois group G of M (k, 1, ) — M(k, py)
is isomorphic to H‘B\p k;’i and, hence, has order prime to p. For every

Kum ord

X € Xk/Xk(l) = Homgr((OL/pOL)*,k*),

let
RY,:={be€Riilg-b=x(9)b YgeG}.

By Kummer theory we get a direct decomposition

Ry = @ RY,
XEX /Xk (1) ’

into Ry g-modules of rank 1. If x € X and b € R} ;, then b-a(x) is a modular form

)Kum

of weight x on QJT(k, HpN . By 7.8 it descends to a J-polarized modular form

of weight y on ﬂ)T(k,uN)ord. Multiplying it by a suitable power h® of the Hasse
invariant, defined in 7.12, we may assume that b - a(x)h® extends to a modular

form f of weight x - Nm*®~") on mt(k,,uN)R. By construction, r(f) = b.
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7.23 Corollary. The ring (®X€Xk M(R/m, HMX))/I is a domain, finitely gen-
erated over R/m.

Proof: Use the Theorem and 3.3.

7.24 Exotic modular forms. We prove the existence of J-polarized modular forms
of weight x over artinian bases for non-universal x. A fortiori such modular forms
can not be lifted to characteristic 0. We first need the following

7.25 Lemma. Suppose that p is ramified. Let k be a finite field and let m > 0 be
an integer. There exist infinitely many characters x € Xw,, ., (x) such that
1) x is non-trivial and is not a universal character;

2) x((OL/p™10L)*) = 1 in W41 (k).

Proof: We use the notation and the results of 4.8. Let y € Ker(«) be a non-trivial
character of Gw,, (k). Let x:Gr — Gqr be the associated non-trivial homomor-
phism of group schemes. Denote by o the absolute Frobenius on k. Since k is a
finite field, there exists a positive integer s such that k is killed by ¢® — Id. Let
be G(Whyi(k)) (e.g. be G(Z/p™Z) = (Op/p™Z)*) and let b € Gi(k) be the
reduction of b modulo p. Then x(b) = 1 if and only if x(b) = 0. In particular, the
character y’ € Ker(a) associated to (¢° —Id)o¥ is non-trivial and kills b. Therefore,
X' satisfies the requirements of the lemma.

7.26 Construction. Let x be as in 7.25. We have constructed in 7.8 a section a(x)
of ¢* (EX). By the properties of x and using 7.8, it descends to a section of L,

over SJT(Wm+1(k),uN)0rd. Let h be the Hasse invariant defined on 9t(k, uy)®
in 7.14. We shall prove in 11.9 that there exists an integer ¢ such that h® lifts to
a modular form A over SJT(WmH(k), MN)R. It has the property that it vanishes
exactly on the complement of the ordinary locus. In particular, there exists an inte-

ger s such that a(x)h® extends to a global section of L, over M (W, 11 (k), ,uN)R,

where y1 = x - Nm**®~Y_ Note that y; is non-trivial and is not a universal char-
acter.

8 Reduceness of the partial Hasse invariants.

We prove in this section, using local deformation theory of displays, that the divi-
sor of a partial Hasse invariant is reduced. This is an analogue of Igusa’s theorem
that states that the zeroes of the supersingular polynomial are simple. This re-
sult is the basis for establishing a notion of filtration for Hilbert modular forms
of any (not necessarily parallel) weight, and for later computations regarding the
operators U, V and Ogp ;.

The following sections deal with the deformation theory of abelian varieties
with real multiplication satisfying Rapoport’s condition using Zink’s theory of dis-
plays [Zi] (many of the results we are using can be found in the introduction to this
paper). For the general case, and for extensive discussion of the relation between
this deformation theory and the crystalline theory, see [AG].

8.1 Deformation theory of abelian varieties with RM over the Rapoport locus. Let
(AO, Lo, )\0) be a J-polarized abelian variety with RM by Op, over a perfect field k
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of characteristic p satisfying condition (R) defined in 3.5. Let (Ao[p>], o) be the
associated p-divisible group with Op-action. Let

(P(Jv QO) FO,V()_l)

be the 3n-display in the sense of [Zi] associated to Ag[p>]. Note that Ay and the
choices in 7.1 induce a polarization on Ay, and hence on Ag[p], of degree prime
to p. Let

<_,_>02P0 X PO —_— W(k)

be the associated non-degenerate pairing of 3n-displays as defined in [Zi]. The action
of O, on Ap[p®] induces an action of Oy, on Py and Qg such that Fy and Vgl are
Oy -equivariant. Moreover,

<l’7/7 6>0 = <’7a l6>0

for all | € O, ®z W (k) and for all v and § in Py.
Note that the Op-action on Ag[p™] induces a decomposition over all primes P
of Oy, over p:

Aolp™] = [T AolB>].
Blp
Analogously the Op-action on (Po, Qo, Fo, Vo_l) and the Op-linearity of Fy and Val

induce a decomposition

(Po, Qo,Fo, Vo) = [ [(Or3 @ Po, O @ Qo,Fo, V).
Blp t r

For each prime P the display (OL,m ®o;, Po,O0r,p ®o0, Qo, FO,VO_I) is associated
to the p-divisible group Ag[PB].

8.2 Proposition. The O ®z W (k)-module Py is free of rank 2. There exist o
and (3 in Pg such that

Py = (0L %)W(k))oz@(OL %W(k))ﬂ

and
Qo = (0L @ W(k))pa &(0L @ W(k)) 5.

Moreover,

Ty = (OL§W(1§))@ and £ := (OLQZ§>W(k))ﬂ

are totally isotropic with respect to {_, _)o.

Proof: Noting that Po—>H crys (Ao/W(k)) and using [Ra, Lem. 1.3], we deduce
that Pg is a free O ®z W (k)-module of rank 2. The image Qo of Qo in Py :=
Py /pPy is isomorphic to H® (Ag7 ng/k). Via \g it is isomorphic to H° (AO, on/k).
In particular, since condition (R) holds, it is a free O ®z k module of rank 1.
Let 8 be an element of Qo generating Qg as Oy, ®z k-module. The quotient Py/Qq
is isomorphic to Homy, (HO(AO,Q}%/k), k) and, hence, it is a free Of ®z k-module
of rank 1. Let a € Py be an element generating Py/Qg as O ®z k-module. For
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all v € Py
(v, 7o = (7170 = = (17, 7)o-

We conclude that (Iv,v)o = 0 for all | € O ®z W(k) and all v € Py. Hence the
conclusion.

8.3 Notation. For each prime B of Oy, dividing p and each integer 1 <14 < fi, let
eg,i be the associated idempotent of Oy, ®z W (k) defined in 2.1 and let 73 € Oy,
be the generator of the ideal 3 O g chosen in 2.1. The elements

1 2 1
e;[n]Z = e i, e;[p]’i = Tpeq i, .- eEf;ﬁ] =Ty e

form a W (k)-basis of the module (OL Rz W(k)) -epi. Let @ € Py be as in 8.2.
Define a;[%]’i € Py by

am = eg[g]lafw]q; e iy

for every prime ‘B over p and for all 1 <14 < fy and 1 < j < eq. Denote by
ﬂ[]]
the element of £¢ such that
<a‘}31’ﬁq31> - 7 and <a5[§]s75[]]> =
if ags #* ag],i.
For every prime B dividing p, define a total ordering

1] lj2] if iy <ig;
Uiy < Yo { if i, = iy and j; < Jo.

Analogously for the ﬂj] ’s. The elements {a%] } form an ordered W (k)-basis

of the module Or 3 ®0, To. Analogously the elements { I6; ] 1} form an ordered
g
W (k)-basis of Op g ®0, £o. By construction

By = {al AL}

is a symplectic basis for (Or,gp ®0, Po, (-,-)0) as a W(k)-module.

Cyp Dy
be the matrix of Fy EBVa n (Or,p ®o, %) ® (O3 ®o, L£o) with respect to the
i ] ;, and ag[ny in W(k) by

Let

given basis. Define Cp

1 1 1 11 [
Cyg (oz;[ﬁ]’iﬂ) = cg43 i ﬁ[ L and Agp (a‘[ﬁ],z?l) = a([ﬁ]’i oz;[s]’i + .-
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8.4 Remark. For primes B, 2 of Op over p, we have by construction

< ggvﬂj],>0 1f2§t§653

(s  ma Bl o = (maal 1, 00 =
= D TR (v @BZ) v EpPy, ift =eq + 1.

Hence, for any 2 < j < eq, we have Wmﬁg]’i = Bg;” modulo p Py.

8.5 Lemma. Let B be a prime over p;

()

1. the 2 (fpeqp) x (fpegp) matrix

has rank g;

2. for any i,j as above we have
A [j] °r Wk [s] d C 4] °r Wk [s]
213(0‘33,1) € 56:91 (k) oy 19 an ‘ﬁ(am .)€ 3621 (k) B i1
Analogously,

. ey s s
By (f,) € ® W(k)ag),.,  and  Dy(Bg)) € & W) Gyl

3. the matrix Ag Is invertible if and only if Ao[PB>°] is ordinary.

Proof: The first assertion follows since the map Fo @V !'is an isomorphism. The
second assertion follows the o-linearity of Fy and of V !"and from the definition of
the elements a;[%] and /6’ .. Note that Ag[°] is ordinary if and only if the reduction
of Fg on (O /P) ®o, (PU/QO) = %o/P%o is an isomorphism. This proves the last

assertion.

8.6 Corollary. Let P be a prime over p. Then, either Ao[B°] is ordinary or it is
connected.

Proof: The 3n-display defined by Ag[PB>°] is (OL,sjp ®0, Po,0L.g ®0, Qo,Fo, Vo_l).
By 8.2, we have that Op g ®0, T is free of rank 1 over Op g ®z, W (k). Consider
the reduction Ay on Tp/PTo of the matrix Agp. By 8.5, Part (2), either Ag is in-
vertible or nilpotent. The p-divisible group Ay[P>°] is connected if and only if Ay[J]
is connected. This is equivalent to ask that A‘ﬁ is nilpotent. We conclude by 8.5,
Part (3).

8.7 Proposition. Let P be a prime over p. Assume that Ag[P°°] has p-rank
equal to 0 (equiv. is non-ordinary by 8.6). The universal equi-characteristic defor-
mation space of Ayg[P>], as a principally polarized p-divisible group, is Ry :=
kﬂta,bﬂlga,bgfpecp with the relations t,, = tpq. The universal display, denoted

by (P, Qp, Fyp, Vi), is given by

Ppr:=(0 P W(Rg), =(0 W (R
P <ngi o>w<5§>k) (Ryp), Qs <L$§Qo)w@(9k) (Ry)
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and

Cn=(0Orp® &) ® W(Ry), Tp:= (0w ®%F0] ® W(Rg).
P (L,&BOL 0>W(k) (Ryp), %g (L,moL 0)W(k) (Ryp)

The matrix of Fgp EBV‘? on Ty @ Ly with respect to Bp is

As:p + Tsngp Bs:p + quDgp
Cyp Dy ’

Wh‘e1."e Ty is the symmetric matrix of Teichmiiller lifts (w(ta7b))1§a,b§emfm' The
pairing

<— y - >‘ﬁa
defined extending O, o3 ®0, W (Ryp)-linearly the pairing (-, -)o, is a non-degenerate
pairing of displays such that £q and Ty are maximal isotropic submodules of Py.
Proof: Tt follows form the assumption on the p-rank of Ay[p>°] that (Pg, Qo, Fo, Vo ')
is a display. The theorem follows from [Zi, §2.2].

8.8 The universal equi-characteristic deformation space of (Ao, tp). By the Serre-
Tate theorem the universal equi-characteristic deformation space Spf (RL) of Agy
with the Op-action coincides with the universal equi-characteristic deformation
space Spf(RL) of Ag[p>°] with the Op-action. Hence,

Spf(R,) = H Spf(Ry..),
Blp

where for any prime B we define Spf(Ry,,) as the universal deformation space
of Ap[P>°] with Op-action.

Fix a prime P. If Ao[>] is non-ordinary, Spf(Rgy,) is the closed subscheme
of Spf(Ryp) defined by the condition that Fyz and V%l commute with the Op-action
on Py and Qg induced by the Op-structures of Py and Q. Since <Fq3 (), Vsil (y)> =
(x,y)? for all z in Py and all y in Qg, we deduce that Fy @Vil is a symplectic
isomorphism. Hence, Vil is Opr-linear if and only if Fg is. This is equivalent to
require that Fys restricted to T i. e., Ap + TpCy, is equivariant with respect to
the Op-structure on Tep.

8.9 Lemma. The conditions that the restriction of Fg to T is Op-equivariant
are linear in the t,’s and are equivalent to the conditions

1. Fyg (a;[;]@) € W(R)a%{w1 ®D... @W(R)a‘[;ﬂrl for all 1 <i < fg;
2. Fm(a;[ﬁi) = 7r§;1 F(a%{i) for all 1 <i < fg and all 1 < j < egp.
Proof: Clear.

8.10 Definition. For any prime ‘B and integers 1 < i < fpp and 1 < j < egqp let

witha= (i —1)ep+1andb= (i — L)eg+ 1+ (j — 1).
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8.11 Theorem. Let 3 be a prime over p. Assume that Ay[P>°] is non-ordinary.
Let Spf (qu) be the universal equi-characteristic deformation space of Ag[PB>°] as
p-divisible group with Op-action. Then, Ry, is a ( fgpey)-dimensional power series
ring

Ry, = K[t 1.

The associated universal display (Ps;p, Qm,Fm,V;) is given by

Py = (0 P W (Rgp..), =0 Wik,
P (ngi O)w% (Ryp,.),  Qp (ng@LQO) ® W(Ryp,.)

W(k)
and
Cni=(0rp ® L) ® W(Rp,), Tup:=(0133%) @ W(Rg,).
P (L,‘nOL o)w(k) (Ryp,.), Tp (L,moL o)w(k) (Ry,.)

The matrix of Fyp @V%l on Ty @ Ly with respect to Bp is
Agp + Tsqug ng + Tnggp
Cyp Dy ’
where Twy is the matrix determined by

€

Ty (a%],i) = w(t%i) 77%_1 O“[Jlli],i
1

=]

for all integers 1 <i < fp and 1 < j <egp.

Proof: By 8.8 and 8.9, the formal scheme Spf (Rgp,L) is the universal deformation
space of (OLm ®o0; Po, 01,3 ®0, Qo,Fo, Val) as display with Op-action. By [Zi],
it is also the universal deformation space of Ay[P>°] with the Op-action.

8.12 Corollary. The notation is as above. The formal scheme Spf(Rgy,,) is for-
mally smooth of dimension fyesy.

8.13 Example: the inert case. In this case p remains a prime ideal in Oy,. We omit
the subscripts 8 and [j] in the formulas above. The matrix A + TC mod p of 8.11
is

0 0 0 a1 +t1c1
Qs + t2C2 0 0 0

0 as +tscs ... 0 0

0 0 ceeGg ttgcy 0

8.14 Example: the totally ramified case. Suppose that there is only one prime
over p which is totally ramified. In this case we omit the subscripts P and i. We

write the coefficients a%{i, ng],i and the variables tg]’i as af), ¢[j) and t[;), respectively.
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The matrix A+ 7TC mod p of 8.11 is

ary + e 0 ... 0
apg) +tCn) + 1 c apn) +tucp e 0
B . B B 1_1 B . B N B
ag) + i—1 tg—it11C) Alg—1) + 2oy g€l -+ ap) + e

8.15 The Hasse-Witt matrix of the universal equi-characteristic deformation. Let
(A, L /\) be the universal equi-characteristic object over the universal deformation
space of (Ao, Lo, )\0). Let

(AF, P 2F) = (A,0,\)  x_ Spf(Ry,.);
Spf(R.)

the morphism Spf(Ry.,) — Spf(R.) = [1q, SPf(Ra,.) (see 8.8 for the last equality)
is defined to be the identity on the factor Spf(Rg,,) and the map Spf(Ry,) —
Spf(k) — Spf(Rq,) if Q # P. Let Ir,, be the kernel of the reduction map
W(ng7L) — Rgyp,. By [Me], we get a canonical identification of Hi gr (Am/RsnL)
with the Lie algebra of the universal vector extension of A¥[p>°]. By the definition
of Ry, and A% we have

Am[pw] >~ Am[moo] X H (Ao[ﬂoo] >k< Spf(Rq&J) .
Q#FP

Hence, for any prime Q over p different from 8 we get a canonical isomorphism
(0L/9Q) ®0, Hi.ar(A*/Ryp,.) = (Po/QP¢) @k Ryp,.. By 8.11 we have a canonical
identification
(OL/B) & Hyar (A% /Ry,) = Py/Ir, Py
L

The exact sequence

0 —— Hom (Hl (A‘n, OAsp), pr,L) — Hl,dR(Am/R‘B,L)

—— Hom (HO (4%, @4y ), Ry ) — 0,

tensored over Or, with O /P (resp. Or/Q for Q # PB), and the exact sequence
0 —— LEp/Iry Lp — Pyp/Iry Py — Tp/lry T —0
(resp.
0 —— (80/Q8) @Ry, — (Po/QPo) @Ry, — (T0/QT0) &Ry, — 0)

are identified. Using A¥ and the choices in 7.1, we obtain a polarization on A
of degree prime to p. This induces perfect pairings between HO (14‘33,(2114513 /R )

and H! (A‘B, OAsp), and between £/Ig, £ and T /Ip,, Ty (resp. (TO/QTO) ®r R,
and (Eo / QSO) ®k Rg,.), compatible with the identifications given above.
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Hence, we get canonical isomorphisms

HY (A%, Q! ~8 ® R
( A% /Ry, )" OW(k) P

and
H! (Am, OAYB);SO ® Rgva
W (k)

so that Frobenius on the left hand side, induced by Frobenius on O 4%, corresponds
to Frobenius on the right hand side.

By 8.3, the k-vector space %o/p%q (resp. £o/pLo) is endowed with k-generators
ag] (resp. Bg]l) defined as the reduction of ag]’i (resp. ﬁg},i). Their images induce
canonical Ry ,-generators

{77 }Q,LJCHl(AAE13 OA‘B)
(resp.

7] 0
{wé,i}g,i,j CH (Am’Q}qm/Rm,L))
We deduce the following

8.16 Lemma. Let P be a prime over p. Let {Q1,...,0Qq} be the set of primes
over p different from P. Assume that Ag[P] is not ordinary. The Hasse-Witt

matrix of (Asp JF /\‘43) with respect to the basis {77 }Q . is canonically identified
with the reduction of the matrix

AD1 0 0 0
0 - Ag, 0
0 cee 0 Aq_g + Tprcp

via the quotient map W(RL) — R,.

8.17 Corollary. Let B be a prime of O, over p. Assume that Ag[PB°] is not
ordinary. Let i be an integer satisfying 1 < i < fq. With the notation of 7.12, we
have

hap, i(A7 L )\,wa) = d%]l + 7;[11;11%3}1
The elements a%] and cc[p]

defined in 8.3. If a ’[1] =0, then 053] is invertible by 8.5.

, are the reduction mod p of the element a,[p] and C‘[n]l

8.18 Corollary. The zero locus Wy ; of the partial Hasse invariant hsy; is a
reduced, non-singular divisor. In particular, it is locally irreducible.

The divisor of the Hasse-invariant is equal to 3 g ; epxWyp,; and the Wy,; are
normal crossing divisors.

Note that this corollary, as all other results in this section, holds only over the
Rapoport locus; the closure of Wy ; can be singular and even locally reducible.

8.19 Theorem. Let f € M(k UN S X ) be a J-polarized modular form over k of
weight x. There is a unique J-polarized modular form g over k having the same
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g-expansion as f at some (hence, any) cusp and such that if ¢’ is a J-polarized
modular form over k with the same g-expansion of f, then there exist non-negative
integers by ; for each prime B of Oy, over p and each integer 1 <14 < fy such that

by,
g =g [hss
B

see 7.12 for the definition of the partial Hasse invariants heg ;.

Proof: Define g to be a J-polarized modular form satisfying
f=g]]ngli
B.i

where the ag; are chosen maximal non-negative so that g is a holomorphic mod-
ular form. The modular form ¢ is unique with this property by the two previous
corollaries. By 7.14, the modular form g has the same g-expansion of f. It satisfies
the requirement of the Theorem by 7.22.

8.20 Filtrations on modular forms. The notation is as above. Define the filtration
of f, denoted by
o(f),

to be the weight of the unique J-polarized modular form g with the properties
described in the Theorem. Since the weight of hg ; is Xp,p ixili, we have

x =®(f) H(X%,i—leii‘)a%i
PB,i

for suitable non-negative integers as ;.

9 A compactification of 9 (k, u,y) "

Fix a field k of characteristic p containing all the finite fields keq; see 7.1. Let
N > 4 be an integer prime to p. In this section we construct a compactification
of M (k, ppn )™, which is well suited for the study of the arithmetic of modular
forms. The compactification is normal and it is explicit, in the sense that it is
defined, up to codimension 2, as the scheme resulting from adjoining to M (k, un)
roots of explicitly given modular forms. The notation is as in 7.2.

9.1 Definition. Let ﬁ(k, ,uN) be the minimal compactification of E)JI(k, [LN)
constructed in [Ch, Thm. 4.3]. It is a projective normal scheme over k obtained by
adding finitely many cusps. Its singular locus consists precisely of the complement

of the Rapoport locus QJT(k, ,uN)R defined in 3.5.

Define L < o
¢:m(k7/1'pl\/'> — m(ka;u’N)

as the normal closure of ﬁ(k‘, ,uN) in ﬂﬁ(k, upN)Kum via the Galois cover ¢ with
group G = (11, defined in 7.2.

9.2 Lemma. The following properties hold:
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1. the morphism ¢ is finite;
2. the scheme ﬁ(kz, ,upN)Kum is projective, irreducible and normal;

3. the scheme ﬁ(k’, ,upN)Kum is endowed with an action of G and ¢ represents the

quotient map;
4. the branch locus of ¢ is a divisor contained in the complement of ﬁ(k, ,uN)ord.
We use the convention that the cusps are in the ordinary locus.

Proof: Since M(k, uy) is of finite type over k, it is excellent and, hence, univer-
sally japanese. By [EGA IVQ,_§7.8.3] we conclude that ¢ is finite. By [EGA II,
Cor. 6.1.11] we deduce that ¢ is projective and, by [EGA II, Prop. 5.5.5 (ii)],
that ﬁ(k,upN)Kum is projective. The quotient of ﬁ(k:,upN)Kum by G is finite
and birational over ﬁ(k,uN). We deduce that it coincides with ﬁ(k,m\/). This
concludes the proofs of claims (1)-(3). By purity of branch locus, see [SGA 2, X,
Thm. 3.4 (i)], the map ¢ is ramified along a divisor of QJI(k,MN). By construc-
tion the pre-image of M (k, ,uN)Ord in 9t (k, ,upN)Kum is M (k, ,upN)Kum. Hence, ¢
is étale over M (k, p N)Ord. Since the cusps are isolated points in the complement

of E)Ti(k, ,uN)Ord, the map ¢ is unramified also at the cusps. This proves part (4).

9.3 Local charts of ﬁ(k,upN)Kum. Fix a prime Q of Op over p and an integer
1<j<fa Let

_ R _

m(kf,,uN) (_)m(kauN)a
be the locus where condition (R) holds. The convention is that the cusps satisfy (R).
We are going to give an explicit description of ¢ in a neighborhood of the generic
point of the divisor Wgq ; defined by the partial Hasse invariant hg ;; see 8.18.

Define a scheme

oy Mk o) g Wk )Y W

(B,)#(Q.9)

over the complement in 9% (k, uN)R of the divisor -y ;1 2(q,;) Wi by adjoining a
fo—1 fp—2

p’® — 1-th root of the modular forms h%fﬂ hpmjﬂ -+ hy ; for any prime P of O,

over p and a fixed integer 1 < i < fq (we require ¢ = j if p = Q).

1)  The identity

Fp—1 fp—2 p fp—1 . fq—2 -1 fp_q
(hzqg,iﬂ hpep,¢+2 h‘ﬁl) (hpm,i+2 h%,i+3 "'h‘—B7i+1) = h%,i
for all 1 <4 < fyp implies that the construction is independent of ¢ for 8 # Q.

2)  For every prime P of Op, over p and any integer 1 < ¢ < fip we have the
following equality of modular forms on ED?(k, Hp N)Kum'

» RN % p —17°
a(XEB,iJrlX‘B,iJrQ) - 'a(X‘.B,ile‘B,i)

T ().

)pf‘n—l )pf‘J371

= a(X%,iX;LliJrl
* pfc’pil * p
= ¢ (he,i+1) ¢* (hep,it2)
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See 7.8 for the notation. In particular, we have a commutative diagram

m(kvﬂpN)Kum — ﬁ(kvﬂpN)g‘jij

¢l J/Eg,j
Mk, )™ —— Dk i)\ g0y Wi

By 7.2 the left hand side is a finite étale morphism, Galois under the group G. In
particular, its degree is equal to H‘Blp (pf"ﬂ - 1).

Kum,R

9.4 Proposition. The scheme ﬁ(k, HpN)Q i

has the following properties
1) it is irreducible and normal;

. R . . . . .
2) the morphism ¢g ; Is finite, its branch locus is (p/® — 2) Wy ; and the inverse
image of any irreducible component of Wgq ; is irreducible;
3) there is a commutative diagram

QJI(kvlijoN — ﬁ(kuﬂpN)g?;n’R — ﬁ(kalle

5| 75, |7
m(k7/J'N)OYd — ﬁ(k7MN)R\ Z(q;},l);é(gd) W‘p,l R ﬁ(kvulv)v

where the squares are cartesian and the horizontal arrows are open immersions.

)Kum )Kum

Proof: The finiteness in claim (2) clearly follows from the construction. We prove
claims (1)—(2), and claim (3) for the square on the left hand side. Then, the ex-
istence of the diagram and the rest of claim (3) are deduced from the definition

of M (k, ,upN)Kum and the finiteness in (2).

Let  be a closed point of Wy ; such that © & Wi ; for (B,4) # (Q, j). Let U, =
Spec(A) be an affine open neighborhood of z in ﬁ(k, MN)R\ E(m’i#(g}j) W i over
which every invertible sheaf £, ; is trivial. Choose an ordering Q = Py < --- < B
of the primes of Oy, over p. Define

fpy

B := A[Xl, .. ,XS:|/<Xffq3t71 _ (hmt,i+1)P

(h%ﬂ,)) 7

t=1,...,s

with the abuse of notation that, via the chosen trivialization, the elements hy ; are
now considered as elements of A. As remarked in 9.3 the definition does not depend
on the choice of 1 <7 < fg, for ¢ > 1. Then:

i) B is finite and flat over A of degree [[;_; (p/*: — 1);

ii) the group [];_, kj;, acts A-linearly on B through roots of unity.

Note that ¢! (U, \Wa,;) — U, \Wa,; is endowed with an action of G1,1 = [];_; ki,
as remarked in 9.3. By 7.8 the morphism ¢! (U, \W4q,;) — Spec(B) defined in (2)
of 9.3 is equivariant with respect to the action of Hle ki‘b. Hence, the map

7! (U\Wa ;) — Spec (B[hg}])

is an isomorphism. In particular, we conclude that B is a domain. Define

. (hn,z'))-

fa

By = A[Xl]/(X{’fD‘_l — (hain)
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We know it is a domain. Let

pfa—2

Y= Y Y,X{  withYj € Frac(A)
d=0

be an element in the fraction field of By which is a zero of a monic polyno-
mial g(X) € A[X]. For every prime Q of A, the equation

fa_1 fa

X7 — (hais1)" o (haa)

in the local ring A is either Eisenstein, if hg ; € @, or separable otherwise. Hence,
Yy € Ag for every d. Since A is normal, we conclude that Yy € A for every d. In par-
ticular, By is normal. Moreover, the extension A C Bj is ramified only along hg ; =
0 with ramification index p/2 —1. The extension B; C B is étale. Hence, B is normal
and A C B is ramified only along hq ; = 0 with ramification index pla — 1. Let Q
be a prime ideal of A corresponding to an irreducible component of Wy ;. By 8.17
the hg; are local parameters in A. Thus, the extension Big/(X1) = Aq/(ha,:) C

f t— f t
Bq/(X1) = AQ/(hn,i)[XQ’vaS}/(Xf P (i) (hmt,i))t:
is a domain.

2,...,8

s

9.5 Corollary. The scheme Ugdﬁ(k, ,upN)gu;n’R is endowed with an action of G
Kum,R

7R R
so that the map ¢  is the quotient map. The open subscheme Ug,jﬂﬁ(k:, ”Y’N)Q p

Ofﬁ(k‘, ,upN)Kum has codimension 2.

Proof: The first claim is clear. The second follows from 3.6.

9.6 Corollary. The branch locus of ¢ is exactly the complement of the ordinary
locus in iUI(k, ,uN). For each prime Q and each 1 < i < fq, the ramification index

of Wai in D (k, ppn )™ s pfo — 1.
Furthermore, let BY be the local ring of an irreducible component C of Wgq ;.

_p-1
The scheme qu (C) is irreducible; let B be its local ring. The extension B® C B
is Galois with Galois group [ kg and factors as B° C B C B where B C B
is étale and Galois with Galois group pr 20 kp (corresponding to the equations

!

{xp Pt (hf‘p“i+1)pfmt -+ (hg, i) }i=2,....s) and B C B is purely ramified with
!

Galois group k§ (corresponding to the equation XV 2ot (hQ’rLLF])pr < (hay))

Proof: It follows from 9.4.

9.7 Remark. The locus SJT(k,HN)R is the locus where the modular forms of
level upy are defined; see 5.1 and 5.4. This is why we need an explicit description of
the map ¢ over such locus, at least up to codimension 2, as given in the Proposition.
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10 Congruences mod p" and Serre’s p-adic modular forms.

There is already a notion of p-adic Hilbert modular forms in the literature [Ka4,
§1.9], [Hi,&4]. Although this notion is important and useful, the authors of this
paper are not aware of a reference that explains how it stands vis-a-vis a more
direct approach. Recall that the theory of p-adic modular forms began when Serre
introduced the notion of a p-adic modular form of a given level as a g-expansion
which is a p-adic uniform limit of g-expansions of classical modular forms of that
same level.

In this setting, Katz’s approach of defining p-adic modular forms as certain reg-
ular functions on a formal scheme obtained from schemes of the sort BJT(Z,,, fpn N)
merged nicely with Serre’s approach. See [Ka2, Prop. Al.6].

In the Hilbert modular case the development did not follow the same lines. It
seems that the interest was initially in p-adic interpolation of special values of L-
functions [DeRi|, [Kad4]. Later efforts were mainly devoted to understanding the
phenomenon of analytic families of Hilbert modular forms and the connection to
completed Hecke algebras; the ensuing theory is now known as Hida’s theory.

The authors of this paper are interested in following Serre’s original approach.
Congruences between modular forms imply congruences between their weights that
suggest defining a p-adic modular form as a g-expansion that is a p-adic uniform
limit of classical modular forms. Such a limit has a well defined weight in the
completion X of X with respect to a system of subgroups depending on p.

We prove that a p-adic modular form of weight x € X defined in this fashion is
(almost always) the same thing as a p-adic modular form in Katz’s approach, which
is an eigenfunction of character x. We remark that p-adic modular forms a la Katz
are certain regular functions on the formal scheme

Jim (T 90(Won (k). ) )

(see definition 11.4), and thus correspond to ordinary p-adic modular forms in the
case g = 1, i. e., to p-adic modular forms of growth condition 1.

One virtue of this isomorphism is that the extension of certain derivation opera-
tors Og ; (see 12.38) to p-adic modular forms is easily proven. This yields an ample
supply of examples of p-adic modular forms. The results of this section follow the
presentation in Serre, [Se].

10.1 Notation. In this section we fix a complete discrete valuation ring R with
fraction field F' of characteristic 0 and residue field & of characteristic p. Let m = (7)
be the maximal ideal of R. Suppose that R is an Og-algebra where K is a normal
closure of L.

10.2 Definition. Let f € M(F, ,MN,X) be a J-polarized modular form over F
with N not necessarily prime to p. Let (2,%B,¢,j) be a J-polarized cusp. Consider
the g-expansion f(Tate(2,B),¢,j) = ao + > e+ @ d” of f at the given cusp.
Define

val(f) := sup{n € Z|a, € m"Vv} = inf{valr(a,)}.
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10.3 Proposition. The notation is as in 10.2. We have, val(f) > —oo. Moreover,
7 ) f e M(R, un, x)

i. e., is a J-polarized modular form over R.

Proof: To prove that val(f) > —oo note that, with the notation of 6.3, we have

f(Tate(2,B),e,]) € Fg Z((A,B,05)).

In particular, the valuation of the coefficients of the g-expansion of f is bounded
from below. Since the g-expansion of 7~¥2() f at the given cusp has integral coef-
ficients, we conclude by 6.10 that 7—v2(/) f is defined over R.

10.4 Lemma. The number val(f) is independent of the chosen cusp.

Proof: By 10.3 we may assume that val(f) > 0 at any cusp. By the g-expansion
principle explained in 6.10 we have that f (Tate(Ql, B), 5,j) /7™ has coefficients in R
if and only if f/#™ is in M(R, ;LN,X).

10.5 Proposition. Let N > 4 be an integer prime to p. Let f; € M(R, WA, xi),
i = 1,2, be a J-polarized modular form of weight x; and level uy. Suppose that
their g-expansions at a J-polarized unramified cusp (,B,¢,j) in the sense of 6.6
satisfy

f (Tate(%l7 %),E,j) Z0 mod m,

and
f1(Tate(A,B),¢,j) = fo(Tate(A,B),e,j) mod m™.

Then
X1 = x2 mod Xg(n).

See 4.11 for the notation Xg(n).

Proof: Let f; be the image of f; in M(R/m",uN,Xi) for + = 1,2. Consider the
forgetful morphism

VI (R/m™, ppn y) —— M(R/m™, py).
It is a Galois cover with group
Auto, (ﬂpn ®DL) = (OL/pnOL)*.

Let ~ -
rlzr(fl) and rgzr(fQ)

be the associated regular functions on W(R/m", Hpn N) defined in 7.19. The hy-

pothesis guarantees that r; = r5. Therefore, if b € (OL/p”OL)* is an element of
the Galois group, then

x1(b)r1 = [b] r1 = [b] 72 = x2(b)r2.

Hence, (1 — Xlxgl(b))rl = 0. This implies the claim.
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10.6 Corollary. Let f; € M(F7 /iNaXi) for i = 1,2 be two J-polarized modular
forms. Assume their g-expansions at a J-polarized unramified cusp satisfy

f1 (Tate(%l,%),z—:,j) =/ (Tate(%l,%)@,j) mod m".

Then
X1 = x2 mod Xg (n — min{val(fl),val(fg)}).

Proof: By 10.3 we may assume that f; and fy are defined over R. Let m; := val( fi)
for ¢ = 1,2. Without loss of generality we may assume that m; < mo. Let F; :=
a1 f, for i = 1,2. By assumption F; € M(R, ﬂmxi) and F; # 0 modulo m and
F1 = F5 modulo m™~™1. We conclude using 10.5.

10.7 Corollary. Let f € M(F, MN,X) be a J-polarized modular form. Consider
its g-expansion f(Tate(2,B),c,j) = ao + Y., avq” at a J-polarized unramified
cusp. Let

n(x) :=min{n € N|x ¢ Xz(n)}.
Then

val(ag) > —n(x) + val(f — ao).

Proof: By 10.3 we may assume that f is defined over R. Consider ag as a modular
form of weight 1 (the trivial character). By corollary 10.6, we have x = 1 modulo
XR(val(f — ao) — Val(f)). Hence, val,(ag) > Val(f) > —n(x) + Val(f — ao) as
wanted.

10.8 Definition. (Serre modular forms) Suppose that R is w-adically complete.
A TJ-polarized p-adic Hilbert modular form a la Serre over F of level iy (N prime
to p) is the equivalence class of a Cauchy sequence {f; € M(F, '“N’Xi)}ieN of
classical modular forms. ‘Cauchy’ means Cauchy with respect to val i. e., that for
any n € N there exists m € N such that

val(f; — f;) >n foralli,j > m.

Two Cauchy sequences {f;}ien and {g;}jen such that val(f; —g;) — oo for i — oo
are called equivalent. The next lemma shows that this is a well defined concept.

10.9 Lemma. Let (2y,%1,e1,j1) be a J-polarized unramified cusp. Let {f;};
be a Cauchy sequence of J-polarized Hilbert modular forms with respect to the
valuation valy associated to (A1,B1,e1,j1). If (s, B, e2,]j2) is another unramified
J-polarized cusp with associated valuation vals, then {f;}; is Cauchy also with
respect to vals.

Proof: One reduces to the following assertion. Let g; € M(R, MN,XZ-), 1=1,2, be
modular forms such that val; (g1 — g2) > n then vala(g1 — g2) > n.

Kum

Viewing ¢; as a modular form on DJT(R/(W”),upnN) we find that g1 — ¢
belongs to the kernel of the g-expansion relative to the cusp (21,%1,e1,j1) if and
only if val; (g1 — g2) > n. The conclusion follows from Corollary 7.21.

10.10 Definition. (Weight and q-expansions of p-adic modular forms) Let
f = {fl € M(F7MN7XZ)}16N
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be a J-polarized p-adic Hilbert modular form a la Serre over R of level py. Define
the weight x € Xg of f as N
x = lim y; € Xp.

Fix a J-polarized unramified cusp (Ql, B e, j) over F'. Define the g-expansion of f
at the given cusp by

f(Tate(Ql,%),s,j) := lim fi(Tate(Ql,%),e,j).
Finally, define

val(f) := sup{n € Z|a, € m"Vv} = inf{valr(a,)}.

10.11 Proposition. The notation is as in the Definition.

1) The weight and the g-expansion at the J-polarized cusp (Ql,iB,a,j) of a J-
polarized p-adic modular form f a la Serre are well defined i. e., the limits
exist and do not depend on the choice of Cauchy sequence of classical modular
forms f; defining it;

2) the map

{p-adic Hilbert modular forms of wt x} —— {g-expansions at (%A, B,¢,j)},

associating to a p-adic Serre modular form f its g-expansion f (Tate(%l, B), 5,j) ,
is injective;

3) the assertions in 10.3-10.7 hold if one replaces J-polarized Hilbert modular forms
of level un with J-polarized p-adic Hilbert modular forms a la Serre of level py
and XR with XR.

Proof: Assertions (1) and (2) follow from the results above. The last assertion follows
as in [Se, §1].

10.12 Remark. See 11.13 for examples of how Hilbert modular forms of level 1 pn
and trivial nebentypus at p define J-polarized p-adic Hilbert modular forms. See 18.8
for examples of p-adic, but not classical, J-polarized Hilbert modular forms aris-
ing from Eisenstein series. Other examples are given in 12.27 by applying suitable
p-adic theta operators to classical Hilbert modular forms.

10.13 Definition. We say that a J-polarized p-adic modular form { f;}; of level un
over F' is a cusp form if the constant coefficient of its q-expansion at any cusp is 0.
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11 Katz’s p-adic Hilbert modular forms.

The notation is as in 10.1.

11.1 Definition. Let m > 1, n > 0 and N > 4 be integers. Let p be a prime not
dividing N. Consider the affine schemes

M (m, n) = M(R/m™, pipn ).

For n = 0 we use the convention Mt(m,0) = M(R/m™, uy)°™. For m' < m we
have a closed immersion
M(m',n) — M(m,n).

For n’ > n we have a Galois covering
M(m,n') —— M(m, n)
with Galois group
'(n',n) = (OL/p"lOL)*/(OL/p”OL)*,
where the group (OL/pO Op)* is understood as the trivial group. Define
T i=T(n,0) = Auto, (1, ® D;Y) = (Or/p™ O1)".
Define 9t(co, c0) as the formal scheme

Mi(oo0,00) = lim MW(m,00) = lim (lim SDT(m,n)).

m—00 m—0o0 \oO—"N

The group
_ . _ . n * _ *
['= lim I'y = lim (O /p" OL) = (Z,@OL)
acts as Galois automorphisms on 9t(m, o) for every m with quotient t(m,0).
Let n > m. Let
M (m, n) K" —— 992 (m, 0)

be the Kummer part of the cover Mt(m,n) — Mt(m, 0); see 7.2. Its Galois group is
G = T (n,0)/ (N Ker(x));
the intersection is taken over all the universal characters x restricted to

X: (OL/p”OL)* — (R/mm)*.

11.2 Lemma. For every n > m the natural map 9t(m,n)X"™ — 9t(m, m)Kum
is an isomorphism.
Proof: The space Mt(m, n) is the quotient of M(m, co) by the group 1+p™(Z, ® Or,)
while 9¥(m,n)K"™ is the quotient of 9¥(m,n) by the subgroup T = NKer(y)
of I';,, the intersection being over all universal characters viewed as homomorphisms
X: (OL/p"OL)" — (R/m™)".

Define T" as NKer(x), where the intersection is taken over all universal (equiva-
lently, basic) characters viewed as homomorphisms (Z, ® Or)* — (R/m™)*; T"
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is a subgroup of I'. Any basic character can be extended to a ring homomor-
phism Z,® 0O — R/m™ and thus is trivial on p"(Z,®0) (n > m). It fol-
lows that 7”/(1 + p™(Z, ® Or)) = T and, therefore, Mt(m,n)*™™ is the quotient
of Mi(m, 00) by TV which is independent of n.

11.3 Weights and characters of I'. Let x € Xi be a character. We may apply x
to I' by forming the composition

= (Zy@0r)" — (R©OL)" = §(R) X R*.

Suppose that x € Xg(n) (see 4.11), then x(I') = 1 modulo m™. It follows that every
element of xy € Xg defines a well defined homomorphism

r X R*.

11.4 Definition. (Katz modular forms; c.f. [Kad, §1.9]) Let x be a character in
Xg. A J-polarized Katz modular form of weight x and level j defined over R is a
regular function f on Mi(oo,00) such that for every o € I' we have

o (f) = x(a) f,
where a* (f) := f o . Denote the R-module of such functions by
M(R, pv, x)P~ 4.

The F-module of J-polarized Katz modular forms of weight x and level uy over F
is defined as . .
M(F, )P~ o= P M(R, iy, )74

11.5 Remark. The notion of J-polarized Katz p-adic Hilbert modular forms com-
mutes with base change. More precisely, let R — R’ be an extension of O g-algebras,
which are discrete valuation rings of unequal characteristic p and 0. Let F' and F !
be the associated fraction fields. If x € Xz C Xg/, then

MR’ v, )P0 = MR, v, )P0 0

and . _
M(F/,NN»X)p_adlc ~ 1\/[(};\7 ﬂij)p—adlc ®F,.
F

This follows from the fact that the formation of the fine moduli spaces 2t(m,n)
commutes with base change.

11.6 Definition. (g-expansions of Katz modular forms) Define a J-polarized un-
ramified cusp of M (oo, 00) to be equivalently

a) an unramified cusp (2, %,EpooN,jE) over R with [y y-level structure;

b) a compatible system of unramified cusps (2, B, spnN,js) over R/m™.
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Note that we write j. in place of jc . (resp. je,.). We refer to 6.5 for the latter
notation. Given such a cusp, one has a g-expansion map

%M(F, s )P —— Flg"Toes)+ufo}

which is injective; see [Kad, Thm. 1.10.15]. With the notation of 6.3, it is defined
by evaluating a J-polarized Katz modular form f defined over R via

Spec (Z((Ql, B,04)) @ R) —— M(00, 00).

We say that a J-polarized Katz modular form is a cusp form if the constant coeffi-
cient of its g-expansion at every cusp is 0.

11.7 Recall. If the inequality m < n holds and x € Xpg there is a canonically
defined modular form

a(x) € M(R/m™, fipnn, X);
see 7.4. Let (2, B, 5pooN,j5) be a J-polarized unramified cusp of M(m, n); see 6.4.
Then
i) the modular form a(y) descends to a modular form on M (R/m™, fipn
See 7.8;
ii) the modular form a(y) transforms under I',, (equivalently under G,, ,,) according
to the character y~!. See 7.7;

)Kum

iii) a(x) has g-expansion 1 at the cusp (2, %,spmN,jE);

iv) for m’ <m < n and n’ > n > m the modular forms a(y) defined on M(m,n),
on M(m',n) and on M(m,n’) (resp. on M (m,n)Ku™ on M(m/, n)K™™ and
on M(m,n')Kum) agree.

11.8 The comparison between Serre and Katz modular forms. Let g = {g;}; be a
J-polarized Serre p-adic modular form of weight x, level uy and defined over R as
in 10.8. We may assume w.l.o.g. that

Ini1l = Gn mod m".
Let x, be the weight of g, so that x = lim,, x,, by 10.10. For every n € N define
Jn = gn/a(Xn)

as a regular function on Mi(n,n) and, hence, on M(n,o0). The g-expansion at a
cusp of M(n,n) of f, is the g-expansion of g,. It follows that f,+1 = f,, mod m”
and, thus, {f,}, defines a J-polarized Katz p-adic modular form f of weight x and
level un over R. Furthermore, the g-expansion of f at a cusp of (oo, 00) coincides
with that of g. Thus, we obtain a map

{3-pol. Serre p-adic HMF over F'} —— {J-pol. Katz p-adic HMF over F},

which preserves weights. We also conclude that for any J-polarized unramified cusp
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(A, B, epon, je) of M(00,00) the following diagram is commutative

{Serre p-adic HMF over F'} /- {Katz p-adic HMF over F'}
g-exp "\ / q-exp
Fla"]ve@m)+uioy-

We deduce from 11.6, and the fact that r preserves weights, that the g-expansion

map is injective also on the graded ring of J-polarized Serre p-adic Hilbert modular
forms.

11.9 Lemma. Let N > 4 be an integer.

1) For a suitable integer ng > 0 the modular form h™ (the ng-th power of the
Hasse invariant defined in 7.12) admits a lift to a modular form h over Z, of
weight Nm®~ D7 We may choose h so that the leading coefficient of its g-
expansion at a given cusp is 1.

2) For any J-polarized modular form f € M(R/m”,uN,NmS) there exists a J-
polarized modular form g,, € M(R, uN,NmS/) such that

2.a) g, mod m™ and f have the same g-expansion at one (any) cusp;

2.b) Nm°® = Nm® mod Xgr(n).

3) For any character x € Xpg, any n € N and any J-polarized cusp form f €
M(R/m”,u]v,x) there exists a J-polarized modular form g, € M(R7 /”'N7X/)
such that

3.a) g, mod m™ and f have the same g-expansion at one (any) cusp;
3.b) x = x’ mod Xg(n).

Proof: We fix some notation. Let
J: ﬁ(R’ MN)UB - ﬁ(Ra ILLN)

be the morphism from a smooth toroidal compactification to the minimal compact-
ification of M (R, un). See [Ra, §5] and [Ch, §4]. Let

m A — MR, un)

be the universal J-polarized abelian scheme with real multiplication by Or. By [Ra,
§5.4], the abelian scheme A extends to a semiabelian scheme over (R, pn)oss
such that the sheaf W*Q}Vm(R N extends to a locally free Oﬁ( -module 2

o RHUN)GB
on M(R, un)o,- The line bundle

NI, (Q}\/W(R;#N)) = LNm

is the determinant of the Hodge bundle; see 5.4 for the notation. It extends to a
line bundle A9, (€2) on (R, ity )o,. By [Ch, Thm. 4.3 (IX)] the latter descends
to an ample line bundle on M(R, ), which we denote in the same way. This
implies that there exists an integer ng > 0 such that Ly,nep-1) 1S very ample.
Note that h is a section of Lnm over M(k, p N)R which has codimension at least
two 2 in Mi(k, un). By [Ch, Thm. 4.3 (V)], the scheme 9(k, uy) is normal. In
particular, h extends to a section over M(k, ). Hence, ™ lifts to a modular
form R of Lygpmow-1) over MR, py).
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Fix a J-polarized unramified cusp (2, B, ¢,].) of M (R, un). The g-expansion prin-
ciple implies that the g-expansion of & is congruent to that of hA™ modulo m.

By 7.14, letting
a+ Y. ag
ve(AB)+

be the g-expansion of i at the given cusp, we have that ag =1 mod m and a, € m
for all v # 0. In particular, ag is a unit. Replacing / by ao_lh we may assume i to
have a leading Fourier coefficient equal to one at the given cusp. This proves (1).
The proof of (2) is analogous: one replaces f by f/ := f&A" for n > 0, argues that f’
extends to the minimal compactification and lifts to R provided n is suitably chosen.

Define . .
6% TR, i), —— DR, i)

as & restricted to the complement of the divisor of & in 9M(R, un). Let x € Xg.

Since Q}\/M(R,uw) extends on M(R, 1N)5, as an invertible Of ®z Oﬁ(R,uN)gﬁ'
module, proceeding as in 5.4 we see that the invertible sheaf £, on (R, un)
extends to an invertible sheaf E_X on M(R, MN)gﬁ. Since §° is proper, §9 (ZX) is
a coherent sheaf. By construction its restriction to MY (R, uy) coincides with L, .

Since A is very ample, (R, v )° is affine. In particular, for any n € N the map
I (R, un)°,8%(Ly)) —— T (TE(R/m", ), 62 (L))

is surjective. Note that

M(R/m", pn,x) =T (DJT(R/m"7uN),£X . X(R) Spec(R/m")) :
pec
In particular, if f € M(R/m”,uN,X) is a cusp form, we can extend f by 0 to a
global section f’ of 62(Ly) over ﬁ(R/m",uN)o. There exists a global section g’
of 62(Ly) over M(R, uN)o lifting f’. Hence, there exists r > 0 such that g := ¢’h"
extends to a section of £, over M(R, puy) and NmP~D"" = 1 mod Xp(n). Since

M(R, un, x) =T (9(R, un), Ly),

this proves (3).

11.10 Lemma. Let N be an integer. Let Uy (N) denote the elements of O} con-
gruent to 1 modulo N. Let x € Xp such that we have X(Ul (N)) = 1. Then x is a
power of Nm.

Proof: The character x belongs to X by 4.2. Let us write the complex embeddings
of L as 01,...,04. Then we may write x@ C = o7* ...JZ". Replacing x by x?
if necessary, we may assume that the ai,...,ay are even. By multiplying x by a
suitable power of Nm? we may assume a; > 0 for all 1 <i < g and w.l.o.g. a; = 0.
By Dirichlet’s units theorem there exists a unit v € O7 such that o1(u) > 1
and 0 < o;(u) < 1fori=2,...,¢.Since U;(N) is of finite index in O}, there exists
a power u™ of u such that ™ € Uy (N). But then 1 = x(u") = []{_, ¢ (u™)) < 1.

We have equality if and only if a; = 0 for 2 < i < g i. e., x is a multiple of Nm.
11.11 Theorem. The notions of a J-polarized p-adic Hilbert modular form over F'
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in the sense of Serre and in the sense of Katz are the same i. e., the map r is an
isomorphism, in the following cases:

i. cusp forms;
ii. forms of weight x € X;
iii. forms of weight Nm?* with z € Z,,.

Moreover, a modular form of non-parallel weight x € X i. e., whose weight is not
of the form Nm?® for a suitable integer s, is a cusp form.

Proof: The injectivity of r follows from the injectivity of the g-expansion map on
Serre p-adic modular forms proven in 10.11. The fact that r preserves the notion
of cusp form in the sense of Katz and of Serre follows from 11.8. We are left with
the proof of the surjectivity of r. By 10.3 it suffices to prove it for modular forms
defined over R.

Let {fn € Om(n,00)}n be a sequence giving a Katz modular form of weight

x € X. For every n, the regular function f,, on Mi(n,c0) is of weight x, := x
mod m”, a character of I'. In particular, f, is invariant under H := NyKer(v),
where the intersection is taken over all characters ¢: ' — (R/m™)*. Let M(n, c0) —
Mi(n, 00) K™ = M (n, n)K¥™ be the Galois cover with group H. Note that

Xn ~
fn € Oim(n,n)K“m = EXn

the isomorphism being as O, ®z Ogy(n,0)-modules. It follows from 7.8 that the mod-
ular form ¢/, := a(Xyn) fn on M(n, n)¥"™ descends to a modular form on Mi(n,0) of
weight x, mod. Xg(n) and with the same g-expansion at any cusp as that of f,,. By
multiplying it by a high enough power of the modular form #, constructed in 11.9
as a lifting to Z,, of a power of the Hasse invariant, we may assume that g/, extends
to a modular form defined over M(R/m", un).

Assume first that f is a cusp form. Then so is each f,, and g/,. It follows from 11.9
that we may find a modular form g,, over R such that

gn = gh mod m”.

Hence, the sequence of modular forms g, of weight v,, = x,, mod Xg(n) of modular
forms over R converges to a Serre p-adic modular form with the same g-expansion
as that of f. It follows from 11.8 that f is the image of the Serre p-adic modular
form {gy }». This proves (i).
Suppose that f is not a cusp form, but has weight y € X. The g-expansion of g/,
lies in the ring
(R/m™")la"T} 57

veot”’

where the action of U (N) (the units of Of, congruent to 1 mod N) is given by the
“factor of automorphy”
2
qV —s X(G)qe l).

Looking at the coefficient ¢°, this implies that y(¢) = 1 mod m" for all n and
all € € U1(N) and, therefore, that x induces the trivial character x:U;(N) — R*.
We conclude from 11.10 that x is of the form Nm" for a suitable r € Z.

In particular, to prove (i) and (iii) we may assume that y,, = Nm*™ mod Xz (n)
for a suitable integer s(n). There exists a positive integer ¢, depending on gJ,, such
that the modular form g/,h" extends to a modular form on MY(R/m", uy). By 11.9,
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we may take ¢ such that g/, A" can be lifted to a modular form g,, of parallel weight,
defined over R and whose g-expansion mod m™ is the g-expansion of g/,. The se-
quence {g,}n defines a Serre p-adic modular form whose associated Katz p-adic
modular form is f by construction.

11.12 Remark. It is interesting to note that although there is no natural mor-
phism 9t(n, n)¥"™ — M(n + 1,n + 1)K9 the proof above reveals that to give a
Katz modular form of level uy and weight x is equivalent to giving a compatible
sequence of regular functions {f,}, in O;()%L(n,n)}(“m' The compatibility condition is

that f,+1 = f, mod m™ viewed as regular functions on 9t(n, o).

11.13 Modular forms of level T'o(p™) as p-adic modular forms. Let M(R, ppnn, X)*
be the R-module of J-polarized modular forms of level j» v, character x and trivial
nebentypus at p i. e., invariant under I';, = Aut (DZ1 Rz, up) Define an F-linear
map

p—adic

TFZM(F, ,U/p”'N7X)1 E— M(F7 MN7X)

as follows. For any m € N, consider the Galois morphism with group I',,
’l/): m(R/mmv MP”N) - m(R/mm7 ,U/N)

Let f € M(R, pipnn, x)*. For any m € N the reduction g, of f defines a modular
form on M(R/m™, uynn) of weight x invariant under the action of T',,. Hence, gy,
descends to a modular form of weight x on 9t(m,0) = M(R/m™, ux )" (we freely
use the interpretation of modular forms of given weight as sections of line bundles;
see 5.4). In particular, for any s > m we obtain a regular function

Im
a(x)

€ T (M(m, 5), Omi(m,s)) ;

see 11.7 for the notation. This defines a J-polarized p-adic Hilbert modular form g
a la Katz of weight y. Define

= (f) =g

If f is a J-polarized modular form of weight x and level p,~ defined over F, as
argued in 10.3, there exists an integer ¢ > 0 such that 7¢ f is defined over R. Define

TF (f) =rlrp (Tl'tf).

We now explain the connection to J-polarized modular forms of level py x I'o(p™).
The notation is as in 5.2. The morphism

m(Fvﬂp"N) — m(Fa,quv]-—‘O(pn))

is finite, étale and Galois with group Aut (DZ1 ®z /,Lpn). In particular, we obtain
the isomorphism

— n ~ — 1
M(Fv U, F()(p )7 X) _>M(Fa Hpr N, X) .
Hence, we get F-linear maps
p—adic

M(F7MN7FO(pn%X)L)M(Fa/ip"NaX)l i) M(FMU’N7X)
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By construction we obtain the following important property

(/) (Tate(2, B), pe v, . ) = f(Tate(2, B), pen. e )

see 6.6 and 11.6 for the notation.

12 The operators Oy ;.

This section is devoted to the construction of certain derivation operators on p-adic
Hilbert modular forms and on Hilbert modular forms in characteristic p. For p un-
ramified, these operators were defined by Katz [Ka4, §2.5]. However, our construc-
tion is independent; more importantly, in characteristic p the operators defined by
Katz are defined only on the ordinary locus, while our operators are defined on the
whole moduli space.

Let R be a discrete valuation ring of unequal characteristic p-0 and with maximal
ideal m. Our method is first to define these operators as derivation operators on
functions on QJ?(R/m",,upnN) and then to use the map r of 7.19, which relates
modular forms on M (R/m", ) to functions on M (R/m™, pymy), to transport
the operators to modular forms on EDT(R/m", ,uN)Ord.

In characteristic p, we succeed in defining theta operators on modular forms de-
fined on QJT(R Jm, N). After establishing the existence of these operators and some
basic properties we examine how the divisor of a modular form changes under such
a derivation operator. This is applied to study how the filtration of a g-expansion
changes under these derivation operators.

This section is technically demanding, yet forms the core of §§12-17. To orient the
reader we explain its structure.

Sections 12.1-12.6 recall the definition of the Kodaira-Spencer isomorphism in the
setting of the schemes 9t(m, n) (n > m). The main use we make of this isomorphism
is to construct a canonical basis for the holomorphic 1-forms on 9t(m, n) from the
modular forms a(xg ;) of 7.4.

Sections 12.7-12.11 are devoted to constructing machinery to be used in the fol-
lowing definition of the theta operators. The complications arise from ramification.
One of our goals is to have a certain operator A — constructed out of theta operators
— on modular forms, such that A(f) is in the image of the operator V. The opera-
tor V is essentially raising to a p-power (see Section 13). Hence, we need A(f) to
have g-expansion of the form ) cot ap,@PY. On the other hand, our theta operator
associated to a character y yields a g-expansion of the form Eueoz x(V)a,q” in
which “too many” coefficients are zero; we find that in the case of ramification the
theta operators need an extra modification for which §§ 12.7-12.9 provide technical
background.

Sections 12.12-12.15 provide the definition of the theta operators in the mod p
and p-adic settings. In essence, the theta operators are coming from the opera-
tion f — df and the canonical trivialization of the holomorphic one forms on the
schemes PMt(m,n). The propagation of this definition to modular forms of level uy
is carried out later.

Sections 12.16-12.27 are devoted to the calculation of the effect of the theta oper-
ators on g-expansions and various corollaries.
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Sections 12.28-12.37 are devoted to examining how the poles of a rational function
on M(m,n)¥"™  whose poles are supported on the complement of the ordinary lo-
cus, change under a theta operator. For this we use the local charts of 9t(m, n)kwm
constructed in 9.3. This is used to get well defined theta operators on modular
forms and later to determining how the filtration of a modular form changes under
a theta operator.

Sections 12.38-12.42 apply the previous results to define and derive the proper-
ties of theta operators on modular forms. We remark that on the level of Galois
representations, an application of a theta operator corresponds to a twist by a
Hecke character. The change of filtration under a theta operator is examined in
Section 15; that corresponds to the question of the minimal weight from which a
Galois representation arises, up to a twist.

12.1 Notation. Let R be a complete discrete valuation ring with maximal ideal m,
residue field k of characteristic p and fraction field F of characteristic 0. Suppose
that R is an Og-algebra where K is a normal closure of L.
12.2 Definition. Let n > n’ > m > 1 be integers. Let

Mi(m,n) := M(R/m™, ppnn), Mi(m,n') == M(R/m™, 1,0 ).

Let
¢:9M(m,n) —— M(m,n’)

be the natural forgetful morphism; it is a Galois cover. We also write
Mt(m, 0) := M(R/m™, uy ).
Let
d: O (m,n) = ot (mm) /(R /mm) d': Oty = Qam(om.nr) /(R /)

be the derivation from the structure sheaf to the sheaf of differentials of 9t(m,n)
(resp. of Mt(m,n’)) over R/m™. Denote by

m A — M(m,n), 7't AN —— D (m,n')

the universal J-polarized abelian schemes. Let

WA/D(m,n) = Tx (Qi&/ﬂﬁ(m,n)) ) WA’ /M (m,n) T 7T>I,< (Qi&’/ﬂﬁ(m,n’)) .

12.3 Remark. Letting AV — 9%(m,0) be the universal abelian scheme, we have
canonical isomorphisms

ASAY ) M(m,n),  WA/mi(mn) =P (WA /2 (m,0))-
We deduce that Ogﬁ(m,n), Qzlm(m,n)/(R/m"n) and Q}Vim(m,n) are canonically endowed
with an action of T',, (see 7.2 for the notation). Note that d is I',-equivariant. It
follows from 3.6 that wa /o (m,n) is a locally free Ogy(p, n) ®z Or-module of rank 1

and hence it is endowed with an action of ((R/m™)®z OL)*. Let x be a universal
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character. Let £, the line bundle associated to wa /mi(m,n) and the character x as
in 5.4. Then L, is endowed with two actions of (OL/p"OL)*:

a. the first is induced by the Galois action of I';, on Q}Vm(mm);

b. the second is induced via the natural map

(Or/p"Or)" — ((R/mm)éé)OL)*

by the action of ((R/m™)®z OL)*. The latter is identified with the automor-
phism group of Q}\/ﬂﬁ(m,n) as Ogy(m,n) ®z Op-module.

By 7.8 the effect of o € T',, on the section a(y) is x*(a)a(x) via the first action,
and x(a)a(x) via the second action.

12.4 Notation. Fix an element | € 3T generating Z, ®z J as Z, ®z Or-module as
in 7.1. For any J-polarized abelian scheme with real multiplication by Of over a
Z,-scheme S such a choice induces a prime to p and Op-linear polarization.

12.5 Remark. The sequence of differentials
0 —— 7 (D) /(Rymm)) — LA/ (R/mm) — Vajmmny —— 0 (12.5.1)

is exact. The exactness on the right and in the middle is obvious; see [EGA
IV4, Cor. 16.4.19]. The exactness on the left follows from the smoothness of A
over M(m,n); see [EGA TV4, Prop. 17.2.3]. The sheaves appearing in the sequence
above are locally free Ox-modules. The functor from the category of sheaves on A,
invariant under translation on A, to the category of sheaves on 9t(m, n) (defined by
pulling back along the identity section of 7) is an equivalence of categories. Hence,
there is a canonical isomorphism of Oa-modules

* 1 ~ 1
i (Qm(m,n)/(ﬁ/mm))—’sz(m,n)/(zz/mm)O ®  Oa.

M (m,n)
Applying the functor 7, to the sequence (12.5.1), we obtain an exact sequence of
O93t(m,n)-modules
0 — Qi my sy — T (Db pmmy)
— WA /M (m,n) —R'T, (W* (Qilm(m,n)/(R/mm)))'

We have canonical isomorphisms

R'm, (W*(Qil)ﬁ(m,n)/(R/m’")))L)Qéﬁ(m,n)/(R/m”")O ® R'm(0a)

M (m,n)
~ 1
i) (/) € HOMOm ) (WY /9 (m,n)» Ot (min))

where AV is the dual abelian scheme of A. Call the object on the right hand side N.
By 12.4 we get a prime-to-p and Op-linear polarization A — AV. This induces an
isomorphism

WA/ (m.n) (®) 3 WA /D (m,n) = WA/M(m,n) (®) 3 WAV /9t (m,n)
M(m,n) @ O, M (m,n) ® OF,
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and hence a morphism

®2
wA/OQLJK(m,n) E— NO ® WA/M(mmn) — Qén(m,n)/(R/mm)-
M (m,n) ® O,

Here ®20L means tensor product as Ogy(m,n) ® Or-modules. A similar remark holds
for A’ in place of A and M(m,n’) in place of MWi(m, n).

12.6 Proposition. The maps described above induce canonical isomorphisms,
called Kodaira-Spencer isomorphisms,

.0l 5
KS": Q9)‘((m,n’)/(R/mm) wA//gft(m,n’)

and
2

.Ol O
KS: Qo )/ (R/mm) = Wa/mt(m.m)-

In particular, Qzlm( )/(R/mm) (resp. Qslm(m,n)/(R/mm)) is endowed with the struc-

ture of a free Om(my,’n/) ®z Or-module (resp. of Ogy(m n) @z Or-module) of rank 1.
Moreover, the following diagram is commutative:

KS ®b,
T Wasmm(m,n)

1
o0t (m,m) /(R fmm)
2 lz
. ¢" (KS') ®%
¢ (Qzlm(m,n/)/(R/mm)) - wA’/gJT(m,n’)'
In particular, the map KS is I',-equivariantly.
Proof: The fact that KS and KS’ are isomorphisms is well known. See [Ka4, §1.0.21].

The rest is clear.

12.7 Recall. The notation is as in 7.4. Define

2

®
wcan ® wcan c I“(m(m, ’fl), WA/Og)lji(myn))

(resp. K871 (wca“ ® wca“) S F(ﬂﬁ(m, n)7 Qil)ﬁ(m,n)/(R/mm)))
the canonical generators of wf;jg?n(m n) (resp. Qil)JI(m,n)/(R/mm)) as Ogy(m,n) ®z OL-
module.

For each prime B of Oy, dividing p let 7z € Of, be a generator of the ideal ‘P O, ¢
as in 2.1. Let p := m N Og. For each integer 1 <i < fip, let

O'qgﬂ‘lR(?OL —R and ep,i € R%OL

be as in 2.1. Recall that R is assumed to be an m-adically complete O k-algebra.
For every j € N we denote by

/) o]
the image of (R/m™)®z P in (R/m™)®z O.
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12.8 Lemma. Let m > 1. Let 8 be a prime of Oy over p and let 0 < j <
eqy — 1. There exists a maximal non-negative integer 1 < t%] (m) < m satisfying the

following. For each 1 < i < fy there exists a unique morphism
4]

5'3[1)‘3]72': |:(R/mm)(§q31:| N (R/m %(m))

of (R/m™) ®z Or-modules such that the diagram
m (1 ®7r?_¥3) m .
(R/m™) @z 0L [(R/m™) @z P]
mp’il 4 6‘?3],1‘
R/mt[ﬂ? (m)

commutes. Moreover, the sequence {tg (m)}menN is non-decreasing and

lim t[j]

Proof: Fix 0 < j < ep — 1. The morphism 5;[;3] ;» whose existence is claimed in the

lemma exists if and only if Ker(-(1® 7r213)) C Ker(og,;). Consider first the case m =
1. Then R/m' = k. Moreover, a € Ker(-(1® 7)) if and only if a = (1 ®7r;m7j) b
for some b € k ®z Oy, Since ey —j > 0, it follows that o ;(a) = 0. This proves that
t%](l) =1 ar.ld that tf%](m) > t%](l) = 1 for any m. Clearly tf[g(m +1) > t,[g(m).
Since -(1 ®7r213): R®z O — R®z Oy, is injective and R is m-adically complete, it
is clear that

oO—1Mm

lim Ker(~(1®77sjp)|(R/mm)®z oL) =0.

Hence, lim,, t%] (m) = oo as claimed.

12.9 Example. As far as the theory of Hilbert modular forms modulo p is con-
cerned, only the case m = 1 is relevant. The general case is used to construct theta
operators in the p-adic setting.

If(n; =1, then t%](l) = 1 and for every v € (R/m)® O, we have &;[g’i(mkv) =
ox,i\V).

12.10 Definition. Let ‘B be a prime of Oy, over p and let 1 <14 < fg. Define

2

op,ii W oL —— L 2
> A/M(m,n) X,

to be the unique morphism of Ogy (, n)-modules such that:

1) op,i(W™ @w®") = G(X?:p,i)- See 7.8 for the definition of a(xyp,:);
2

®
2) for any o € Oy, and any local section w of wAfgLn( ) we have

m,n
opi(a-w) =opi(a)oyp(w).
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Let 0 <j < ep — 1 be an integer. Let tg[g (m) be as in 12.8. Let
i)
ﬁX?E,i — SJT(tq3 (m),n)

be the line bundle defined in 5.4. Define
Pl j
O {‘”A/mm,n) S qy} Ly

as the unique morphism of O, ®z Ogy (m,n)-modules such that the following diagram
commutes

®O (1 ®7T533) ®o 3
WA M (m.m) [WA/QLn(m ny @or, P
”“””’l /s
szmyi

Its existence is guaranteed by 12.8.

[1]

12.11 Lemma. The morphisms ¢ O , satisfy the following properties

1) they are compatible for different m and n I e., if n’ > n and m’ > m are integers

such that n’ > m' and n > m, then
2

. ®0o ; .
l.a) the morphism crgB ;» defined on [wA/m(m, ) 0L Ptz }, restricts mod m™ to

the morphism a[’] , defined on |:wA79LJ?(m,n/) ®o,, ‘Bj} ;

2

1.b) the morphism 0,[;3] ;» defined on {""f/zm(m ) @01 Ptz } coincides with the pull-

. 2 .
back of the morphism &%], ; defined on [wi););n(m’n) ®o, mi] .

2) Let T, be the Galois group of M(m,n) — M(m,0). For any a € T, we have
o (ay,) =6 ..

Proof: By the definition of 055’3]1, it suffices to prove the lemma for j = 0 i. e.,

2
for oy ;. Both "”A/z))t(m ny and Ly 2, are defined over M(m,0) and are compatible

for different m’s. In particular, they are endowed with a canonical action of I',
proving that statement (2) makes sense. By 5.4 the line bundle Ex%fp ~over Mt(m,0)

2
is defined by push-out of wf/oﬂgj(m 0) by the map og; of 12.8. By 7.8 this defines
[]

the map Gg; ; over M¥(m,0). The conclusions follow.

12.12 Definition. For each prime ‘P of Oy, dividing p and each integer 1 < i < fp,
define the (R/m™)-derivation

@‘:ﬂ,izoﬂﬂ(m,n) E— O?J?(m,n)

by the formula

e op(KS(d)) - al)
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See 12.10 for the definition of o ;. For 0 < j < ey —1 define the subsheaf of Ogy (, n)

Oitn y(U) := { f € T (U, Oap(an.))| (df ) = 0mod P'} .
Define the (R/m™)-derivation

@[J] O‘:ﬂ il o)

M (m,n) M (m),n)

(both considered as sheaves of rings on 9t(m,n)) by the formula

F— a3 (K8 (@) - a(xh)

-1

See 12.10 for the definition of 5%],2. and 12.8 for the definition of t%] (m). Note that

B.0]
Og]{(m’n) - O?JJ?(HL,n)

and @;[g]ﬂ. coincides with Og ;.

12.13 Remark. The function ©g ;(f) is thus obtained by taking df, viewing it as
2

a section of the O, ® Ogy(m,n)-module Wffsﬁt(m ) projecting it to the X§3 , COmMpo-
nent to get a section of £ X 4 , and then dividing by the non-vanishing section OL()O33 i)
to obtain a regular function on 9t(m,n).

Note that, for example, if m = 1,j > 0 and [ € O?;t(’y]n n) then Oy ;(f) = 0,
while 6‘43,2'( f) (morally obtained from Oy ;(f) by dividing by 7r243) is typically not
zero. A similar phenomenon would happen with modular forms. This motivates the

introduction of the operators @%Z

12.14 Proposition. Let f be a regular function on 9t(m,n). Suppose that f is an
eigenfunction for the action of T, of weight 1:T',, — (R/m™)* i. e., a* (f) = w(a)f.

Then, @gi(f), whenever defined, is an eigenfunction for I'), of weight v - XQ‘IM

Proof: For any a € T';, denote by a* the induced action on functions, differentials,
etc. Using 12.6 and 7.8, we obtain:

zb(a)KS(df) = KS(w(a)df) =KS (d(w(a)f))
= K8 (d(a 1)) = KS (a* ()
— o (KS(df)) .

H , to the first and last terms of these inequalities and using 12.11, we

Applying Oy
have )
W()al) KS(df) = 5, (w(a)KS(df))
= a[ﬂ (o* (5(a)))
i
= o (53, (KS(d))
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Since by 7.8 we have that

o (a0x.0) = xgs(@) - alxq),

the conclusion follows.

12.15 Theta operators on Katz p-adic modular forms. The notation is as in 11.4.
For every prime ideal % of Op over p and any 1 < i < fp one can define the
R-linear operator

p—adic

Opi: M(R, i, x)P 1 —— M(R, v, XX5.)

as follows. Let {f,,}. be a compatible sequence of functions as in 11.12 defining a J-
polarized (Katz) p-adic Hilbert modular form f of weight x. Let x,, = x mod Xg(n)
be the weight of f,. Define

e‘ﬁ,i(fn) € F(m(nv n)a Om(n,n))

as in 12.12. By the compatibility of the Kodaira-Spencer morphisms proven in 12.6,
by 11.7 and 12.11, it follows that {Og ;(fn)}n is a compatible sequence defining a
p-adic modular form Oy ;(f) of weight x - X%&i'

For any 0 <j <ep —1let

M(R, un, x)P 2P0 .= Jim lim T (M(m n), ox Ul

00—Mm n—00 M (m, n))

An element of this space can be described as a compatible sequence of functions

{fntn, fn € T(Mt(n,n), Oi&’] n)), each f, is a y-eigenfunction for T'y; cf. 11.12.

One defines the R-linear operator
O M(R, iy, x)P B0 —— M(R, v, xx )7~ % 0]

as follows. With the notation of 12.8, we have a compatible sequence

Since t;[g (n) — oo this defines a p-adic modular form of weight XXZ‘JM'

12.16 The behavior of @g ; on g-expansions. Fix a prime P of O over p and

integers 1 < ¢ < fpp and 0 < j < e — 1. To compute the effect of 9‘;]3]1' on g-
expansions we need to use some definitions and properties of Tate objects; see 6.3.
Fix a cusp (2[, B, €,J) as in 6.4. Fix a rational polyhedral cone decomposition {og}s
of the dual cone to M;{ C Mg, where M := 2% as in 6.3. Then

R((%,,05)) = R Z((2,%,05))
is a formally smooth R-algebra of dimension g, which can be interpreted as
spec(R((24,B,03)) ) = ($2,\50..0) < R.
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Moreover,

A

the span is taken as a R((Ql, B, a@)-module. We conclude that

12.17 Lemma. There is a canonical isomorphism

Q;((%,%,ag))/l% = R((A,B,05)) 2 M.

In particular, the module of relative differentials Q; ( ( is endowed with

AB.05))/R
the structure of free R((Ql, B, 05)) ®z Or-module of rank 1.

12.18 Remark. By 6.2 the translation invariant relative differentials

wTate(Q(,%)aB /R((m7%705))

of the universal object Tate(%, B)s, over R((Ql, B, 05)) are canonically isomor-
phic to R((Ql, B, 0,3)) ®z A as R((Q[, B, Uﬁ)) ®z Or-module. The Oy -structure is of
course given by the real multiplication by O, on Tate(2,B),, over R((Ql, B, 05)).
In 12.4 we have fixed an element | € J = Homgp, (B,2) inducing an Op-linear
isomorphism Z, ®z B-—"-Z, @z A. We get an Op-linear isomorphism

T2y %(ﬂ%)ézl, %@ 22,

12.19 Proposition. The Kodaira-Spencer map is defined on R((QL B, 05)), The
Oy -linear isomorphism T makes the following diagram commutative

1 KS ®%,
R((2.3.05))/R Tate(,%),,/R((2.8.05))

g L

R((2,B,08)) @z M —E7—  R((A,B,05)) @7 A%0s,

Proof: Tt follows from [Ka4, §1.1.18-§1.1.20].

12.20 Remark. The isomorphisms KS and 7 depend on the choice of the ele-
ment | € JT in 12.4. Different choices of I change the isomorphisms by multiplica-
tion by a unit of R®z Or. In [Ka4, §1.0.21] one finds an expression for KS which
is independent of such choice.

12.21 Corollary. The notation is as in 12.12. Let f € I‘(ﬂﬁ(mm),Om(myn))
be a regular function on M(m,n). Fix a J-polarized unramified cusp (Ql, %,st)
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of Mt(m,n). Suppose that f is equal to ZueM+u{0} a,q” in R/mm((ﬁ,%,ag)).
For any v € B M define

j [3]
W) =68, (. (r(v))) mod m"= ™),

where 5‘[;3],1: [R Rz Spi] — R is the R®z Oy -linear homomorphism defined in 12.8.
Then
1. f el (M(m,n), Ogi’g]nm)) in the sense of 12.12 if and only if v € 3% M for all v
such that a, # 0;
[](m)

2. if f is in T(9M(m,n), Ogy)) ), the value of O (f) in R/m" " ((%,B,0))

1S
ol .(H = W (aq.

Proof: Since the condition f € I’(Qﬁ(mm),O;’;?jn n)) is a closed condition, it is
enough to check it at the cusp (2, B, ¢, j.). Note that

d<a0—|— T ayqu> -y a,,q”d(q:)

veM+ veM+ q
= E a,q” @v,
veM+

where the last element is in R((?Zl,‘B,ag)) ®z M. By 12.19 we have that f be-

longs to F(Sm(m,n),OgE’jn n)) if and only if > )+ a,¢” ®v is in the image of

R((Ql, B, og)) Rz P M in R((i’l, B, 05)) ®z M. This proves (I).
®%,

Tate(,%),,/R((2.8.05
of 1 via the composite homomorphism called, say, J

By 6.5 the element w®" @ w®" in w )) is the inverse image

2
®o,

“Tate(,3),, /R ((2,%.05))

— R((2,B,05)) @2%0. 225 R((2,%B,05)) 0L
Z

By the definition of 6%1 in 12.12 this implies that @gvi(f)(Tate(Ql,%)ﬁ,jE) =

o (J(KS(df)) - wm @wen) = 54, (J(KS(df))) (the first 537, is defined on dif-

ferentials as in 12.12, the second 5;[;3]71. is defined on [R((Ql, B, Ug)) ®z ‘]3’]) Since

the g-expansion of the modular form a(Xq;m') at any unramified cusp is 1, we have

that the g-expansion of @f[gl( f) at the given cusp is

Ol (/) (Tate(2,B),2,j.) = 53, (J(Ks(d<“0+ 2 a”qy)))>

veM+

= > a3 (i)

veM+

as claimed.

12.22 Corollary. The operators @gl commute for different primes 3 and differ-
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ent 1 <i< fyp.

12.23 Corollary. The notation is as in 12.15 and in 12.21. Let f be a J-polarized
p-adic Hilbert modular form over R of level uy and weight x; see 11.4. Suppose
that f has g-expansion at the J-polarized p-adic cusp (Q[,%,apocN,jE) equal to
ao + Y, car+ avq”; see 11.6 for the notation. Here M = A%B. Then

1. f € M(R, pn, x)P—24%B0] if and only if a, = 0 for all v ¢ B M;
2. if f € M(R, uy, x)P~24i¥F0l | the g-expansion of 6[’]’i(f) at the same cusp is

o .(f)(Tate(, B),<,j.) Zx[’] V)ayg”.

Proof: 1t follows from the definition of (9%]7 ; given in 12.15 and the previous corollary.

12.24 Corollary. The p-adic theta operators @;[g ; commute for different primes I3
and different 1 <14 < fg.

12.25 The comparison with the complex theory. We use the notation of 6.11. Given
a class in the strict class group of L, we may choose a representative J which is
fractional ideal prime to p. Take B = Oy and 2 = J. Under the above assumption
there is a canonical identification jean: A ®z Z,——O0f Q7 Z, and, hence, canonical
isomorphisms €,n: p~ "0 /O —>p~"A/A for every n € N. This defines a canonical
J-polarized unramified cusp (A, B, epoon,je) With jo = jcan; see 6.5 and 11.6.

Let f be a J-polarized Hilbert modular forms in M(Q, iy, x). Choose embed-
dings Q C C and Q C Qp and view f as complex or p-adic Hilbert modular form.
Assume that the g-expansion of f at the cusp (ico,...,i00) is ag + Y, co+ @vq".
Then, f € M(Q, un, x)¥ 0! if and only if a,, = 0 for all v ¢ (P'A)+ and

@gl(f)(Tate(Ql B), epn,jc) = Z Xg;;,i(uﬁq}j)al,q”;
veA+

where g is the chosen uniformizer of Of, at p.

12.26 Katz’s p-adic theta operators. In [Ka4, §2.6] one finds a definition of p-
adic theta operators on p-adic Hilbert modular forms & la Katz (see 11.4) if p is
unramified in L. In this case it follows from [Ka4, Cor. 2.6.25] and 12.23 that Katz’s
theta operators coincide on g-expansions with the p-adic theta operators defined
above.

12.27 Other examples of p-adic modular forms. One way to produce examples of
p-adic modular forms (see 11.4) is by applying the p-adic theta operators to classical
Hilbert modular forms. In general, the image of a classical modular form, i. e., an
element of M (F, un,x) (see 5.1), under a theta operator is not a classical modular
form. To illustrate that we consider the case of ¢ = 2 and the J-polarized classical
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Eisenstein series Eo over Q of weight 2. Recall from 18.3 that its g-expansion at a
J-polarized unramified Q-rational cusp (2, B, jcan) is

Nmk_l(Ql)<2_9CL(1—k)+ > ( > Nm(uc-l)k—l)q”).

vE(AB)+ vECCAB

Let p be a split prime and let x, x” be the basic characters over p. Then ©, E5 is a
p-adic modular form, whose g-expansion is

N @) (2G04 Y (X Nme )00 )

vE(ABV)+ vECCAB

which is not a classical modular form. To see that we remark that there exists a
pull-back map from classical modular forms for our quadratic field to modular forms
on Q, taking a modular form of level 1 (say) and weight x{* ... ng to a modular
form on SLy(Z) of weight a1 + ...+ ag. See § 17. The pull-back of E; is a multiple
of the Eisenstein series E? on SLy(Z), where to avoid confusion, we write EkQ for
Eisenstein series of weight k for the field Q.

If ©,E, is classical of some weight and level, so is its Galois conjugate O,/ E»
over L. Hence, the sum ©, Fy + ©,,F, is in the graded ring of classical modular
forms. It follows from 17.8 that the pull-back of ©,F,; + ©,sF> is proportional
to G)EflQ and is a p-adic cusp form on SL2(Q) of weight 6 and integral g-expansion.
But then, reducing modulo p, we would have a mod p cusp form of weight 4+p—+1,
hence divisible, as a holomorphic modular form, by A. Take p = 2,3 or 5 to obtain
a contradiction.

From now on we work in characteristic p. The goal of the rest of this section is
to define theta operators on Hilbert modular forms in characteristic p. See the
introduction of the section for a more detailed discussion.

12.28 The poles of O ; in characteristic p. We use the notation of 11.1 and define
M =ML, DK™ ;= 9M(1,0).
Then ¢: Mt — M’ is a Galois cover with group
G H (OL/(’B)*.
Bl (p)

By 9.1 and 9.3 we can complete ¢ to a finite morphism of quasi-projective normal
schemes:

Mo M e Dk, )

L | I

M 9Jt(lﬁul\/')R — m(k7uN)

Note that 9t* has codimension at least 2 in ﬁ(k,upN_)K“m and the map ¢ is
ramified along the complement of the ordinary locus of Mt(k, uy).

Let m: A" — 9M(k, pn) be the universal abelian scheme. Proceeding as in 12.6

64



one obtains an isomorphism

I 1 ~ ®2O
KS™ Qo (1 0 k™ War o (ka0

which we use to define an isomorphism

Lo AW 1 ~ —k ®?) . ®?)
KS 1= 6" (KS'): 6" (Qnpnrn/n) 6 (@ omcin ) = 95 iy mne’

extending to 9T* the previously defined KS on 9t.

12.29 Definition. For every prime ‘B over p and any integer 1 <7 < fg, define
the Weil divisor of 9t*:

—1
Wip,; := support of the effective divisor ¢ (hgp;).

12.30 Remark. By construction Wy ; is reduced. Moreover,

(87 () =6 () = 0 = YW
See 9.6.

If f is a regular function of M1 lying in I’ (EDT, Ogt’m), we are interested in computing
the poles of @;%]Z(f) on Mi*. This is achieved as follows:

12.31 Some notation. Let 8 and Q be prime ideals of O, over pandlet 1 <i < fy
and 1 < j < fq. Define

(Qamsa) s = €. - Qamy
and if f € Ogy define
dfyp,i==ep,-df € (Qéﬁ/k)&p,i'
See 12.7 for the definition of the idempotent eg ;. Let § be a local uniformizer of

an irreducible component of the divisor Wgq ;. Let vs be the discrete valuation on
the meromorphic functions on 9t defined by §. Let us write

f=

u
on’

where u is a function such that vs(u) = 0. Then

(du) ; nu(ds) ;
(Q‘}m/k)mJB(df)m’i: St (12.31.1)

12.32 The poles of dd for a specific choice of 0. The modular forms hg ; are all
well defined functions on MT* via the trivialization of the line bundles L., , by
means of the sections a(xsp,i;) (note that this trivialization exists only over 2%, but
that suffices for viewing the hy ;’s as functions). We remark that the value of the
function hsgp ; on a geometric point [(A, ¢, A, epn)] of 9N is the value of the modular
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form hg; on [(A, 1, A en,ep,(dt/t))]. By 9.3-9.4 we may choose § = §(, j) such
that

Ry ¥ SHURTE T SUY P
Since k is of characteristic p, we conclude that

(pfo — 1)67™~2d5 — (hgfj; ---h%,j,l)dhm,j~ (12.32.1)

12.33 Proposition. We have dhqg ; € (Qéﬁ/k)ﬂ .
g

Proof: The statement is equivalent to say that the (B, 4)-projection of dhg ; is zero
for (B,i) # (Q,7). Therefore, it suffices to prove the Proposition after reducing
modulo the maximal ideal of every geometric point of 9%.

Fix a geometric point [(Ao, o, Ao, (€0)pn)]. Let k[[t%],i]]%,i,j be the completion
of M at [(Ao, to, Ao, (€0) )] as in 8.11. Let m, be its maximal ideal and let

R, == k[t Jp.i.; /m?.

By abuse of notation, m, denotes the maximal ideal of R,.
With the notation of 8.15, it follows from 8.17 that in m,/m?

dha,; = g ;dtl) (12.33.1)

for an invertible element Eg ; of k. The Proposition follows from the following:

12.34 Lemma. For every geometric point [(Ag, to, Ao, (€0)n)] of M(k, un )R one
has
1 1 eq—1 3,11
kdth) @ kradty) @ .. @ kre T atl) = (Q}W’f)m .

Proof: The proof relies on understanding the connection between two deforma-
tion theories of abelian varieties: one based on Grothendieck and Mumford’s in-
finitesimal theory, the other based on the theory of displays. Consider the display
(Po, Qo, Fo, Vy 1) over k introduced in 8.1-8.3. The following results follow from [Zi].

a) Let (P17 Q1,Fyq, Vfl) and (PQ, Q2, Fo, V;l) be two displays over an artinian

k-algebra D deforming (PO, Qo, FO,Vgl). For i =1,2 let (i::)Z be the inverse image
of Q; via P — Py. Then there exists a unique isomorphism

ap, p,: (P1, Qu, Fi, Vi) =5 (Py, Qo, Fi, V3!

inducing the identity on (Po, Qo,Fo, Vg 1). In particular, the functor associating to
a nilpotent pd-thickening & C D the D-module Dp,(D) := P := P/IpP, where
(P,Q,F,V~1) is a display over D deforming (PO,QO,FO,Vo_l), defines a crystal
over k.

b) Let D 4,[p] be the crystal over k associated to the formal group Ag[p>] by
Grothendieck and Messing [Me]. The morphism Dp, — D 4,[,~], which associates
to a nilpotent pd-thickening & C D and a display (P,Q,F,V~!) over D deform-
ing (Po, Qo, Fo, Val) the Lie algebra of the universal extension over D of the formal
group associated to P, defines an isomorphism of crystals; see [Zi, Thm. 6].
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Let D be an artinian k-algebra with nilpotent divided powers structure and a
section s. Let (Pcan, Qcan, Fean, V;fn) be the trivial deformation of (PO, Qo, Fo, Val)
to D defined by pulling-back via s. Let Defp, (D) be the category of deformations
of the display (Po,QmFo,Val) to a display over D. Let Defgcp (D) be the
category of liftings of the Hodge filtration Qg C Py in Pcay,.

¢) The functor
Defp, (D) —— Defgep,.. (D)v

associating to (P,Q,F,Vfl) € Defp, (D) the flag a;clamP(Q) C Pean, defines an
equivalence of categories.

d) Let R := k[tapli<ap<y with the relations ¢, pte py = 0. Let T (resp. T)
be the matrix of Teichmuller lifts (w(ta’b»lga,bgg (resp. the matrix (ta’b)lga,bgg)'

The flag Qean + T Tecan C Pean comes from the display P := Peay and Q 1= Qcan via

the map
_ (1dg T\,
QPean,P *= ( 0 Idg> )

the matrix is given on Pcay = Tean ® Lcan With respect to B. In particular, the
matrix of F @ V~! with respect to the same basis is given by

A+TC B+TD
C D '

Imposing the condition that (P7 Q,F, V_l) is polarized is equivalent to restrict to
the quotient of R defined by the relations ¢, = tp4. The ring R, is the maxi-
mal k-algebra over which the Op-action extends, see 8.11, and m, = (). De-
fine (P, Q,F, Vfl) to be the associated display over R,.

Let A — Spec(R,) be the abelian scheme with real multiplication by Oy, associ-
ated to the display (P7 Q,F, V_l). The isomorphism ap_, p induces an Op-linear
isomorphism

Hl,dR(AO/k) >’: Spec(RL) = pcanL’P = Hl,dR(A/RL)- (12.34.1)
By b) it is compatible with the isomorphism

@AO [p>] (/4;) >k§ SpeC(RL)L)DAO[poo] (RL)

By the comparison theorem between the crystals D 4[] and Rlﬁcrys,* (O AO,CryS),
we get that the isomorphism (12.34.1) identifies Hy qr(Ao/k) with the horizontal
sections of the Gauss-Manin connection on H; qr(A/R,).

Via the identifications of 8.15, we get that the Op-linear map deduced from (12.34.1)
Hom (H! (4, 0a,), k) = Qo —— m, - (P/Q) = Hom (R’ (49, 2%, /1), m,)
is defined by the matrix 7. By [Ka4, §1.0.11-§1.0.21] the induced k-linear map
HY (Ao, Q}on/k) g’i H® (Ao, Qio/k)i’mb = Q}%L/k
coincides with the Kodaira-Spencer map. In particular, for any prime Q, any 1 <
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Jj < faand any 1 <! <eq — 1, we compute that
(1] (7] (1l
(i) @@l ) F— a(dd,)

by considering the corresponding matrix coefficient of T'. This implies that dtg, ;=

wbtg{j for 1 <1 < en — 1. This proves the lemma.

We are now ready to calculate the poles of (dd)g ; in the following sense: we con-
sider (dd)sp,; as a meromorphic section of the vector bundle & (Qslm(k,MN)R/k)m,i'
As such it has a well defined divisor on 2t* (which is different from the divisor
of (dd)yp,; considered as a meromorphic differential on 9It*), if s is a meromorphic
section and z is a point of height 1 with uniformizer ¢ then the valuation of s at x
is the maximal n such that s/t™ is a regular section.

By 8.17 and 12.34 the differentials {dhg ;, madhq j,. .. ,wéﬁfldhgd} are local
generators of (Q,}m(k#N}R/k)Q,j at Wa ; as Ogyn(p, ) r-module. Gathering the re-
sults of 12.31 and 12.32 and using the Proposition, we conclude that for the par-
ticular choice of 6 = §(8, j) made in 12.32

o5 ((d0)g, ) = { > phe " Eéﬁii . Eg.jy;

Furthermore, vs (ng (dé)}Q j) =2—plaforevery 0 <l <eq—1.

12.35 Proposition. With the notation of 12.31, we have

> (/) (.1) # (2,9);

vs((df)p.i) § = vs(f) — (p™ —2) if (B,i) = (Q,7) and plvs(f);

=ws(f) = (p™ —1) if (B,i) = (Q.j) and p fvs(f).
) /)

If f is an eigenfunction for the group G, (B,1) = (9, 7) and plvs(f), then
vs ((df)p.i) > vs(f)-

Proof: It remains to calculate the contribution of vs((du)g ;). Let B (resp. B) be
the local ring of M(k, un) (resp. of M*) at the component of Wy ; corresponding
to d. By 9.6 the extension B® C B factors as B® C B°® C B where B° C B is

étale and B = B®[5]. Write u = > 5 _, e 2 upd" with u, € B, Then, (du)qp; =
> <5h(duh)gp,i + huy 6"~ 1(d5)gp,l) Note that 5h(duh)q3 i lies in B @ get QBm/k =

E*Q}So/k and, in particular, it has no poles. Hence, vs((du)gq,;) > inf{0, vs(dd)q.i}.

Assume that f is an eigenfunction with respect to a character y. Let I C G
be the Galois group of B/B°. Then, I acts via roots of unity on §: identifying
I = kg we have [a]d = ™14 for every v € I. Then, Y, upx(a)d"™" = x(a)f =
[alf =Y, unla]dh= = 37, upa™ """, Hence, for all 0 < h < p/® — 2 we have
up (" —x(a)) = 0. Taking « to be a primitive element, one concludes that there
exists only one h such that a"~" — x(a) = 0. In particular, for every h’ # h one
has up: = 0. Since vs(u) = 0 by assumption, h = 0 and u € B°*. Reasoning as before,
one gets the conclusion. Note that it also follows that y is the character a — a™
on I.
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12.36 Lemma. Let f be a regular function on 9% such that f € T'(IM, O;{m)
forj > 0. Let f =u/d"™, as above. Then, p|n and u € T'(9N, O%’[’]).

Proof: By definition (df)q ; € WE(Q;J‘M)QJ-. Since (dd)q,; ¢ Wzl(ﬂén/k)ﬂyj ifj > 0,
it follows from (12.31.1) that p|n and v € F(W,Ogt’m).

12.37 Proposition. The notation is as in 12.12. Fix primes 8 and Q over p and
integers 1 < i < fpand 1 < j < fq. Let 0 < j < ep — 1. Let f be a regular
function on 9N such that f € T'(IN, O;’;{[’]). Let C' be an irreducible component of
the divisor Wq ; defined in 12.29. Let vc be the corresponding valuation. Then

> vo(f) , if P # Q;
5] Zvc(f)—Zp BT if B =90 and i # j;
ve (O8N S ualh) 2 (o —2) T = 0,1 = 5 aned ploc():

=ve(f)—2-(p/* —1) fP=9,i=jandp fvc(f);
wherer = j—iifj > i andr = fp+j—1if j <i. As before, if f is an eigenfunction
for the group G, (B,1) = (Q,j) and plvc(f), then

ve (63:(1)) 2 vo () -2

Proof: By 12.12, the identity

o8 = (K () -3

holds on 9T. We first explain how to extend it to 9t*.

The map Er%i defined in 12.10 over M (k, un )¢ extends to an O @z k-linear
surjective map

500 . [, %or o o

Poi* [Yar/mepn® § X

over m?(k, MN)R. Hence we obtain an Of, ®z k-linear map

~[i]
1 : KS’ ®% ; Tp,i
ootk guyi ke & ‘/B’} [“A'/gm,mn $ g’pl} Ly,

Pulling-back, we get a map

—k

1 3 —k
¢ [sz(k,mw ] ‘33’] — 0 (Ly, )
We also have a natural inclusion of sheaves of Ogyr-modules
0 5 (Qéﬁ(kww)r‘/k) Qéﬁl‘/k'

The cokernel defines the branch locus of ¢; see 9.6. Recall that our goal is to
compute the poles of 66[:21( f) where df is to be interpreted as a meromorphic
section of ¢ (Qslm(k.#N)R/k)' Now G)gi(f) = &%]J (KS (df)) .a(X?n’i)il makes sense
over MT*.
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By general principles, if 7: £ — L5 is a surjective map of locally free sheaves
with a locally free kernel over a normal scheme and if s is a meromorphic section
of £y, then the divisor of s is less or equal to the divisor of 7(s). In particular,
the poles of &g[l]y]’i (KS(df)) are at worst the poles of (df)sq,;. This suffices except in
the case P = Q, i = j and p fvc(f), but in this case we can do better. By 12.36
this can happen only for j = 0 and the poles along C of (df)y,; are the poles
of (d&)y,; /6" see 12.31.1. The fact that vcég[g{i((dé)sp,i/dnﬂ) =ve(f)—(pf* 1)
follows from (12.32.1), (12.33.1) and 12.34.

The modular form a(X?p,f) defined in 7.8 extends by 9.3 to a section of 5* (,L'Xg13 i)
over IM*, which we denote in the same way. It is non-vanishing on 2% and locaily
on M*\MN it satisfies

f‘ﬁ—l fp—1

fop—2
— KP
_h‘IS

a(X‘ﬁ,i)p i+l hz‘i?,wrz e hei.

Hence, vo (a(x3; ;) is equal to 0if B # Q, it is equal to 2p/* 7 if P = Q and i # 7,
and it is equal to 2, if P8 = Q and i = j. We conclude using the previous Proposition.

12.38 Definition. (The operator 6);[;3]71. on modular forms). Let P be a prime
over p, let 1 <4 < fp and let 0 < j < ep — 1. Define the subspace of J-polarized
modular forms of weight ¢

M(k, v, ) ¥ 0= {1 € Mk o, 0) () € (o, 05) b,

where r(f) is the regular function on 9t defined in 7.19 and T (901, OF:)) is defined
in 12.12. For f € M(k,uN,w)m’m define

O () == O, (r(9) - a(v) - a(xGai) - i
We have )
O er(M Ly 1)

12.39 Theorem. The notation is as in 12.38.
1. The section @g7i(f) over (1, 1)K descends to a section of the line bundle

ord

£¢X§3,7~,_1X‘n«i over SJT(k7uN) ;

2. the section @gl(f) extends to a section of wagﬁ’iil over M(k, un)t.

XPB,i
Hence, we obtain a k-derivation:

68 M (k. )™ — & M (ki 0 119.)

Proof: Part (1) follows from the description of the action of the Galois group G on
functions and on modular forms given in 7.8. Part (2) follows from 12.37.

12.40 Corollary. The notation is as in 12.38 and in 12.16. Let f € M(l{:7 UN, w) be
a J-polarized modular form of level N and weight 1. Suppose that the g-expansion
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of f at a J-polarized unramified cusp (Ql, B e, jg) is
f(Tate(2,B),¢,j.) Za,,q

Then
1. fe M(k,uN,w)m’[’] if and only if a, = 0 for all v ¢ P M;

2. if f € M(k,,uN,w)f‘p’[j], the g-expansion of @gl(f) at the same cusp is

ol ,(f)(Tate(, B), ,j.) me —

See 12.21 for the definition of 9233]@

Proof: It follows from the definition of O ; given in 12.38 and 12.21.

12.41 Corollary. The theta operators @Egl commute for different primes B3 and
different 1 <1 < fip.

12.42 Comparison with Katz’s definition. Katz’s definition of theta operators ex-
tends to Hilbert modular form in characteristic p; see [Ka4, §2.6]. Note however that
our operators Og ; in characteristic p and Katz’s theta operators change the weights
in a different way; compare 12.38 with [Kad, Cor. 2.6.25]. Indeed, our theta oper-
ators in characteristic p are Katz’s operators multiplied by suitable partial Hasse
invariants in order to ensure that they send holomorphic modular forms to holo-
morphic modular forms. Instead, Katz is interested only in modular forms defined
over the ordinary locus where the holomorphicity is not an issue.

13 The operator V.
In this section we suppose that k C Fp.

13.1 The definition. Let g € M(k:, LN w) be a J-polarized modular form over k
of level pn and of weight 1. Let R be a k-algebra. Let

A= (4,4)Ne),  weH (R Q)

be a J-polarized abelian scheme over R with Op-action and py-level structure, as
defined in 3.2, and a generator w of H (R, QA/R) as a free O, ®z R-module. Define

V(g) (A,w) — g(A(p),w(p))7

where the superscript (p) stands for the base change by the absolute Frobenius on R.

13.2 Definition. The notation is as in 2.2. Let Fabs: ng — Spp be the absolute
Frobenius morphism on Gr,. Let szs .= Fabs X Spec(F,) Spec(k) be the base change
of F2bs to Spec(k). Define the following endomorphism of the group of characters X,
by

<X1 G — Gm7k) — (X(P) =0 szs).
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It preserves the universal characters defined in 4.1.

13.3 Remark. Suppose that k& = Fp. Then the group of characters Xy of G
is endowed with a Gal(k/F,)-action. In particular, the absolute Frobenius ¢ €
Gal(k/F,) defines an action on Xj. Explicitly:

ot x—o toyxoo.
Such action preserves the universal characters since

0" (Xp.i) = Xop.i-1-
Indeed, if a® 1 € Of, ®z F,, then

(e oxqioo)(a®l) = (07 oxgp,i)(a®1) = xq,i—1(a).

W = (7 00)"

For any x € X}, we have

13.4 Examples. For p inert, X}, is freely generated by {xi,...,xy} and Xgp) =

Xy, where Xgp ) = x4 If p is totally ramified, then Xy is freely generated by one

character ¥ and W) = pP,

13.5 Proposition. Let g € M(k, un, ), then V(g) € M(k, pun, @),
Proof: We need to verify properties (I)-(III) of 5.1. The first two clearly hold. For
(II) consider any A and any w as in 13.1 and any v € §(R) = (O ®z R)*. Then,
with the notation ) := Fibs('y), we have
V(g) (A y lw) - g(A(p)7( )) uj(p))
— w(,y(p)) (A(p )
=) (V(9)(4.9)).

We want to compute the effect of V' on g-expansions. To do this we introduce an
auxiliary operator.

13.6 Definition. Let o be the absolute Frobenius on k. Consider the induced
self-equivalence on the category of schemes over k given by

Sp— §° ::Skx k.

Let g be a J-polarized modular form of weight 1) and level py over k. Define the
rule 0*(g) by

7 @(Aw) = (s(am07) .

where A and w are as in 13.1.
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13.7 Remark. Let A be defined over a k-algebra R. We have defined two different
objects AP — Spec(R) and A7 — Spec(R?). Letting o be the Frobenius on R,
they are defined by the following cartesian diagrams

T 1T

Spec(R) -2 Spec(R), Spec(k) -2+ Spec(k).

13.8 Lemma. The rule o*(g) defines a J-polarized modular form of weight o* (1))
as defined in 13.3. Moreover, if the g-expansion of g at a J-polarized F ,-rational
unramified cusp (Ql7 B, E,J)

(Tate (2, 9B), Zauq )

then the g-expansion of ¢*(g) at the same cusp is

o*(g)(Tate(2, B), Za q.

Proof: To prove that 0*(g) defines a modular form, one has to check that (I)-
(ITII) of 5.1 hold. Properties (I) and (II) are clearly satisfied. We verify that (III)
holds as well. For any J-polarized Hilbert-Blumenthal abelian scheme A over R
with py-level structure and for any generator w of the relative differentials and for
any y € (OL Rz R)*, we have:

a*(g) (Aﬂy_lw) = (Q(AU, (,Yo)_lwg)>0_l

= (v07)" (s(a7e)”
= (@) ) (" 9 (4aw).

For the assertion on g-expansions note that

0" (g)(Tate(2,B),<,) = (g(Tate(2,%)°,%, (%))

= (g(Tate@,®)..j))"

since Tate objects are defined over F,.

13.9 Proposition. The notation is as in 13.1. Fix a J-polarized unramified F -
rational cusp (Ql, B, E,j). Suppose that g has g-expansion

g(Tate(2A, B), Zayq ,

then the g-expansion of V(g) at the same cusp is

V(g)(Tate(2,B), Zau qr.
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Proof: We use the notations of 6.3. Let k((ﬂ,%705)) = Z((Ql,%,aﬁ)) ®z k. We
can factor the absolute Frobenius F2PS on k((%l, B, Ug)) as follows:
v a v 3 v
kle']  — k'] —  kl¢’]
Zu a’VqV = Zl/ agqv
>bug” = 3, bt

Note that £ is a homomorphism of k-algebras. In particular,

V(g9)(Tate(2A, B),,j) = g(Tate(2, B)®) @) (J)(p))

= g (((Tate(2,®), 0)5, (())°)
= f( (Tate(Ql B)7 ")) (by 5.1(11))
=¢oo ( ( )(Tate(Ql %),E,J)) (by 13.6)

=too (Z ag” q"> (by 13.8)
= Z ay qpy.

13.10 Katz’s V operator. In [Kad, §1.11.21] one finds a more general notion of
Frobenius operator on Katz’s J-polarized p-adic Hilbert modular forms in the sense
of 11.4

V. M(R, LN X)p—adic . M(R7 LN, X)p—adic7

where R is as in 10.1. It is defined as follows.
For n,m € N let
(AU, LYY, s}{fpn) — M(m, n)

be the universal J-polarized abelian scheme with real multiplication by Op and
pnpn-level structure. Define for n > 1

mAY — (AY) == AY/(D;' @ pp).
Z

Then, (AY)’ inherits a canonical Or-action (:V)" and a canonical jin X f1,n—1-level
structure (¢5,»)"- By [Ka4, Lem. 1.11.6] it inherits a canonical polarization data \'.

For m = 1 we have that

((AU)Iv R (6%1)”) )

Il

U U
(ADYP (R ) P) im(l>’<nil)9n(17n).

Futhermore, for any n > 1 there exists a unique morphism of schemes over R/m™
F:M(m,n) — M(m,n—1)
such that

Uy, (, Uy Uy/ U U U 8]
((AVY, VY OO Ry )) = (A0 R ) o mt(am, ),
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With the notation of 11.1, let a € T';;. By construction the diagram

(03

M (m,n) — Mt(m, n)
Fn an
M(m,n—1) ——  M(m,n—1)
is commutative. This gives a well defined I'-equivariant morphism
V: Ot (m,00) — Omt(m,00)> fr— foF,
where F' :=lim F},. Moreover, the following diagram commutes

v
OEIH(erl,oo) - O?J’I(m+17oo)

Lo

Om(m,oo) — Om(m,oo)
Let f = {fm}n be a J-polarized p-adic Hilbert modular form of level uy and
weight x over R, with f,, € T'(:Mt(m, 00), Og(m,0)) transforming via x under the
action of T'. It follows that the sequence {V(fm)}men defines a p-adic modular
form V(f) of the same weight x, V(f) € M(R, un, x)P 24,
Fix a J-polarized unramified cusp (2, B, ep~n,j:). By [Kad, §1.11.23] the oper-
ator V' changes the g-expansions at this cusp according to the rule

> ag’ > aug™.
v v

13.11 Remark. Let f be a Serre p-adic modular form over F of level py; see 10.8.

Then, @gﬂ-( f) and V(f) are Serre p-adic modular forms over F'if f is either a cusp
form, or of weight x € X, or of weight Nm* with z € Z,. This follows from 11.11.

13.12 Lemma. Let f € M(k, un,x). We have

r(V(£) =V(r(f),

where the V' on the left hand side is the one defined in 13.1, while the one defined
on the right hand side is Katz’s V' operator on regular functions on 9t(1, c0) and

T:%M(k‘, UN, ¢) E— F(m(lv 1)’ Ofm(l’l))

is the map Y gy — >_,, gy /a(t) defined in 7.19.

Proof: By 7.9 the g-expansion of the a(¢))’s can be assumed to be 1. The lemma
follows by comparing the effect on g-expansions of Katz’s V' operator and our V'
operator; see 13.9.

13.13 Remark. If f € M(k,un, x), then V(f) € M(k, un,x?)). Note that
x®x~! € Xj(1) in the notation of 4.11. In particular, r(V(f)) and V (r(f)) have
the same weight as functions on 2t(1,1). This justifies our approach to the opera-
tor V; it allows to control how the weight changes (see 13.5).
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13.14 Remark. Recall that 9t(k, uy) is defined over F,,. Let F2P* be the absolute
Frobenius morphism on 9t(F,, pun) and let szs be its base-change to k. Using the
moduli property of 9t(k, un), one sees that if g is a modular form of level uy and
weight 1L over k i. e., g € T(9(k, un), Ok, puy) ) then V(g) = F2%*(g).

Analogously, let F2P* be the absolute Frobenius morphism on 9U(F,, 1,n) and
let F2b* be its base-change to k. It follows from 13.10 that Fibs’*:Ogm(m) —
Oon(1,1) extends the operator V:Ogp(1,0) — Osn(1,1)- Note that this is in agree-
ment with 13.12.

14 The operator U.

We use previously introduced notation
M= ML, 1), 9 = M(1,0).

Then ¢: 99t — MV’ is a Galois cover with group

G= [] (Ou/B)"
Bl(p)

14.1 Definition. Let ‘P be a prime of Oy, over p. Let 0 < j < ez —1 be an integer.
Define an operator

A(B,3):T (1, 0501 — 1 (01, 05,0+1)

(see 12.12 for the notation, extended by the same formula for j+1 = esq3) as follows.
Choose ¢ =[]y ng}l € X(1), in the notation of 4.11, with as,; > 0. Let

fe
A(‘.B,]) =1d — H(Gg,i)a‘n‘i-

i=1

14.2 Lemma. The operator A(‘B,j) is well defined.
1. It has the following effect on g-expansions. If f = ag + Zye(mjm%)+ a,q” at the
J-polarized unramified cusp (Ql, %,EPN,J'E), then

AP H = D). g

vE(PIHAB)+

at this cusp;

2. let x: G — k* be a character and let f be an eigenfunction for G with character x.
Then A(B,7)(f) is also an eigenfunction for G with character x.

Proof: Choose ¢ as in 14.1. We calculate the effect of A(%,j) on g-expansions
using that the operators Oy ;, for different i’s, commute by 12.41. Suppose f €

(o, O;‘g{[j]) i. e., by 12.21, that a, = 0 if v ¢ PAB. It follows from 12.21 that

the g-expansion of
I

(a-TT(©4)™" )

i=1
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at the given cusp is

fp

Z(l - (H(Xg,i)““‘””)(l/))auq” = Z a,q”.

v i=1 ve(Pit1AB)+
The last equality holds since

H(X([JJS] ()™ = {0 if v € PHAB,

1 otherwise.

In particular, by 12.21,
A(Bi)(f) el (9;)17 Og%[i+l]>

and the definition of A(‘B,j) does not depend on the choice of 1. Part (2) follows
from 12.14.

14.3 Definition. Define an operator
A:T (9, Ogn) —— T'(9T, Osn)

by
A omp(A(‘B,em C1)o-o A(P, 0)).

14.4 Proposition. The operator A is well defined.

1. It has the following effect on g-expansions. If f = > a,q" at the J-polarized
unramified cusp (2,B,epN, jc), then

A(f) = Z apl/qu/

at this cusp;
2. let x: G — k* be a character and let f be an eigenfunction for G with character x.
Then A(f) is also an eigenfunction for G with character x.

Proof: This follows from 14.2.

14.5 Proposition. Let f be a regular function on 9Jt. There exists a unique
regular function a on 9T such that

Via) = A(f).

Moreover, if f is an eigenfunction for G with character x, then a is also an eigen-
function for G with character x.

Proof: Let K be the function field of 9. We have a commutative diagram:

K -, Qe

| l

E((%,B,05)) -5 Q;((m,%m))/k.
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The left vertical arrow is injective being a morphism of fields. By [Ra, Thm. 5.1] the

schemes S2 ,» defined in 6.3, for a suitable choice of the cone decomposition {7} s

appear as formal completions of boundary components of smooth toroidal compact-
ifications of 9T. In particular,

iy — @, k((2.3.05)) /k

is injective. It now follows from 14.4 that
Qs 2 d(A(f)) = 0.

We conclude that
A(f) € F(ﬁﬁ, Ogm) N KPk;

see [La, Ch. X, Prop. 7.4]. Since 9t is normal and affine
T(9M, Ogn) N Kk := T'(M, Oan ) k.

We conclude by 13.14.

14.6 Definition. Let f be a regular function on 9%. Define U(f) to be the
unique regular function on 9t such that

v(U(f)) = Al).

Its existence and uniqueness is guaranteed by 14.5.

14.7 Theorem. Let M(k‘,uN,X)Ord be the space of J-polarized modular forms
over k of weight x defined on M (k, ). There exists a (unique) k-linear operator

ord

UM (k, v, x) ™ —— M (k, v, X)

with the following effect on gq-expansions. Let f € M(k‘ N, X )Ord. Suppose that its
g-expansion at a J-polarized unramified cusp (Ql B, epN, JE) is

f(Tate(A,B), e, je) Zauq

Then the g-expansion of U(f) at the same cusp is
U(f)(Tate(2,B), 5. ic) Zapuq

i

Moreover, if x = [y ; X%“‘f@;
integers 1 < ¢ < fg, then

feM(kpun,x) = U(f) e M(k,un,X)-

and ap; > (ep — 1)p+eqp + 1 for all primes B and all

Proof: Let U be the operator on functions on 9% defined in 14.6. Let
U(f) = U(r(f))alx),
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where 7(f) is the regular function on 9% associated to f as in 7.19 and a(x) is the
modular form on 9 defined in 7.8. In particular, U(f) is a modular form on .
By 7.8 it descends to a modular form on the ordinary locus 9t = Mt(k, pn)°
of Mi(k, un). It has weight x. By 14.4, 14.6 and 13.9, we conclude that the effect
on g-expansions is as claimed in the theorem.

By comparing weights and g-expansions we conclude the following equality of
modular forms

ep—1 fyp fe )
v o) =he - (TT TT (TT#55 - TIOY)" ) | (1), aary
P =0 =1 i=1

where x* = ng i w%‘”i'i, hg,s are the partial Hasse invariants and h,~ and h are
defined as in 7.12.

Assume that f € M(k, un, x) with x = [y ; X%’fi’i and agp; > (ep—1)p+ep+1
for all primes P and all integers 1 < < fo. Consider the equality of meromorphic
modular forms:

I ep—1 fy fo —
TI(TTrs ) -vw) = (T1 IT (TT#%0 - TIeY)" ) | ().
B oi=1 P j=0 i=1 i=1

The poles of U(f) are supported on the complement of Dt(k, pn )™ in M (K, ),
which is the union of the distinct reduced divisors Wy ; defined by hg ;. It follows
from 13.14 that V increases the poles by p. On the other hand the order of vanishing
of [y (qu3 he“’3 (p+1)=asy, 1) along any Wy ; is at most p — 1. Hence, if U(f) is not
holomorphic, so is the left hand side. But, the modular form on the right hand side
of the equality has no poles by 12.39.

14.8 Remark. The argument above, as well as the case ¢ = 1 and weight 1
cf. [Gr, §4], suggests that in general one needs to require a condition such as ag ; >
(ep —L)p+egp +1 for all P and ¢ to guarantee that U takes holomorphic modular
forms to holomorphic modular forms.

15 Applications to filtrations of modular forms.

Let f € M(k,uN,X) be a J-polarized modular form. Let ®(f) = Hmzxa,n"pzl
with ag ; € Z be its filtration as defined in 8.20.

15.1 A summary. Let (Ql, B, e,j) be an unramified cusp in the sense of 6.4. Suppose
that the g-expansion of f at the given cusp is

f(Tate(,B),2.§) =ao+ Y ava” € Klo"lueo)om)+-
veAB+

In the following table we summarize the effect of various operators on the weight x
and the g-expansion of f; the lower part of the table should be understood on the
level of g-expansions only.
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Operator Weight g-expansion
[hap ] (f) XX i1 X ao + 3, avq”
ol () XX i1 X i >, X (v)aug”
V(f) X ao + 3 avg®”
U(f) X ao + -, apud”
A(&p,])(f) X mod Xk(l) ao + Zue(mi+1g%)+ a,q”
A(f) x mod X (1) ap+ Y apg?”

See 12.38 and 12.40 for the operator @ 13.1, 13.5 and 13.9 for the opera-
tor V', 14.7 for the operator U. Finally, [hq_g Z] means multiplication by the partial
Hasse invariant hg ; introduced in 7.12.

15.2 Proposition. Let (Q[, %,e,j) be a J-polarized unramified cusp of level uy .

Let M(k7 un) be the subring ofk((%l, B, 5,j)) generated by the g-expansions at this
cusp of modular forms of level py and any weight. Consider the linear operator
O :=1Id — A on M(k, un); see 14.1 for the notation. The operator © takes x-
eigenfunctions to x-eigenfunctions and has the following effect on g-expansions:

ap + Zyem%+ ayq” — Zygpm%+ avg”.
The following sequence of k-vector spaces is exact:

0 — M(k, jun) =Mk, pv) —— Mk, ) —>M(k, i) — 0.

Proof: By the table above one sees that U 0 © = 0 and that © o V= 0. One also
concludes also that V' is injective and U o V' = Id. In particular, U is surjective. By
definition (see 14.6), we have VoU = A = Id — ©. We conclude that if f € Ker (@),
then f = (Id — ©)(f) = V(U(f)). Hence, f € Im(V). Finally, if f € Ker(U),
then f =3 o om+ avq”. Hence, f=0O(f) i e, f € Im(©).

15.3 Caveat. For ¢ = 1, the operator © defined above is 677!, where 0 is the
classical theta operator as in [Gr, §4].

15.4 Definition. Let g be a rational function on 9%. For every prime B over p
and any 1 <i < fi, define

v,i(9) := min {vc(g)| C an irreducible component of W ;}.

15.5 Definition. For any prime P above p and any 1 <1 < fg, let

w‘n’ X‘Bz 1X‘I31

be the weight of the partial Hasse invariant hy ; defined in 7.12. Define two positive
cones in Xj @z Q by

Xy = {H Py’ capi € Qo) Xl = {H Xyi api € Qso),
i
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(XZ is the cone generated by XEK, defined in 4.1, under the reduction map). Finally,
we define a partial ordering <j on Xy by requiring that if x, ¢ are in Xy,

X<kt = ¢YxeXfl.

15.6 Lemma. The elements {11};;3’1-},432, form a basis of X, ®z Q. Moreover,

XPexi  and  Xe(1) = {[] v lap. € Z}.
B,i

See 4.11 for the definition of Xp(1).

Proof: For any prime ‘B the basic characters { quﬂ‘}i defined in 4.1 are expressed
in terms of {wm,i}i by the positive rational fgz X fyp-matrix

1 p p? ... plEl

1 plr=t 1 p pir?
plr —1 : :
P p? P ... 1

This proves the inclusion. The other statement is Part (3) of 7.14.

15.7 Lemma. For any positive integer k one has, ®(f*) = ®(f)*.

Proof: We assume that f has weight ®(f). We certainly have ®(f*) < ®(f)*.
Suppose that the inequality is strict. Then, for some ¢ and 4, we have that f¥,
therefore f, vanishes on every component of Wy ;. Hence, f/hg ; is also holomor-
phic. This implies that ®(f) is strictly less than the weight of f. Contradiction.

15.8 Question. Over the complex numbers, a non-zero Hilbert modular form has
weight in XI)K. In characteristic p this is no longer true as the example of the partial
Hasse invariant shows. Note though that the filtration of a partial Hasse invariant
is the trivial character 1 that lies in X,JL We therefore ask: is there an example of

a modular form whose filtration is not in XL? s mot in XZ?

15.9 Proposition. Let f be a J-polarized modular form of level uy over k. The
filtration of f and the poles of r(f) determine each other by the following relation.

It (f) =TIy, Xasp?{i; then

fp—1

op(r() = —opala(x) = = D apisp® (15.9.1)

s=0

Proof: Without loss of generality we may assume that the weight of f is equal to its
filtration ®(f). In particular, f does not vanish identically along any Wy ;. Else,
by 8.18 the modular form f/hg ; is holomorphic of weight strictly smaller than ®(f).
Since for any irreducible component C of Wi ; we have that vg ; (a(x)) = ve (a(x))
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and for some such component v¢o (f) =0, it follows that vy ; (r(f)) = —vgp, (a(X)).
By 9.3,

fp
vpi(a(x) =Y ap jop.i(alxp.;))
=

fp—1

= Z a’iﬁ,i-&-sps .
s=0

15.10 Proposition. Let P be a prime over p, 1 < i < fp and 0 <j < ep — 1.

Let @,%]Z be the operator introduced in 12.38. Suppose that f € M(k,uN,X)m’[j].
Then

® (6‘%,1@)) <k ‘I)(f)Xpm,i—le,i’
with equality in the direction Xg:?p,i—1X‘43,i if and only if p fasy ;.
Proof: We may assume that x = ®(f). The filtration @(@gz(f)) of @gl(f) is less
or equal to its weight ®(f)x§ ;_Xp,i- By definition
O.(f) = 081, (r())a()a(xG i) b

see 12.38.
The filtration of @%]l(f) in the X%’i_lxi}i—direction is smaller than its weight if
and only if for every component C' of Wy ; we have

vo (O8,:(r(£))) = ve(alx)) - velaldd,) = vola(x) — 2 (15.10.1)

Since the weight of f is assumed to be equal to its filtration, there is a component C'
of Wi ; along which f does not vanish. For any such, we have by 15.9

fp—1
ve(r(f) = —ve(a) = — 3 agpirep™
s=0

In particular, p\vsp,i(r(f)) if and only if plagp ;. By 12.37, we then get

j > wve(a(x)) — 2 if plag i;
ve (953]2(74(]0))) { = vg (a(x)) -2 (pf‘f13 — 1) if p ;iup’i.

Thus, (15.10.1) holds if and only if play ;.

To conclude the proof it suffices to prove that (15.10.1) holds for every irreducible
component C' of Wy ; along which f vanishes. For any such, recalling that we are
taking valuations in 9Jt*, one has

ve(r(f)) = —vela(x)) + ('™ —1).
As above we compute that
ve (041, (r(1))) = ve(r(F) — 2= (0 — 1) = —ve(alx) ~2
as claimed.
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15.11 Remark. Since (9[’] ) (9;[;3] ;41 one can not hope to strengthen 15.10
i. e., that equality holds if p )(aqg i

15.12 Proposition. See 13.1 and 13.5 for the definition of the operator V and
its effect on weights. We have @(V(f)) = Q)(f)(p).

Proof: By definition V is induced by Frobenius on 9t(k, uy). In particular, it
increases the poles or the zeroes of f by p. Hence, if some partial Hasse invariant
divides V'(f), it must divide f itself.

15.13 Proposition. Let f be a J-polarized Hilbert modular form of level jn and
filtration ®(f) =[]y, X%ml’ such that U(f) is also holomorphic e. g., ag; > 2 for
every 3 and every i. Then,

2
o(U(1)" <k ()N,
with strict inequality if p is ramified or asgs ; Z 1 modulo p for some P and .

Proof: By (14.7.1), we have

ep—1 fp

WY (U HHh%l H H (Zl—[hpﬂ H Hl)p_l)(f)-

i=1

By 15.12 V(U(f)) has filtration @(U(f))(p). For each j € N, each prime P and
each g € M(k‘,,uN, x) we have

fe fop fp

o | (TT#57 - TIOY) ) (9) | <suw ¢(g>,¢>(H((@§§,z)p 1)(9))

i=1 i=1 i=1
By 15.10 we have

Iy

o(TIeF)" () < (o pr’l-

i=1
This proves the first part the Proposition. By 15.10 we have strict inequality if there

exist P, i, 0 < j < ep(p — 1) such that ap; +j = 0 mod p i. e., either p is ramified
or ap,; # 1 mod p.

15.14 Definition. We say that f is an ordinary form if there exists A € k™ such
that U(f) = Af.

Note that in the definition of an ordinary form f, we do not require f to be an
eigenform for the Hecke operators.

15.15 Corollary. The notation is as in 15.13. If agz; > eq(p + 1) for some B
and i, then ®(U(f)) <x ®(f).

In particular, if f is an ordinary form and x = H%i X(gf{i is its filtration,
then asp; < ep(p + 1) for every P and 1.
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Proof: By hypothesis, ®(f)®)~1 = [y w;ﬁ’ >k g w%“f’i(pﬂ) = Nmp2_1;
see 15.5 for the notation ¢y ;. Therefore, ®(f)®) >, ®(f) Nm? ' Using 15.13 we

get that ®(f)®) >, @(U(f))(p). Since the operation x — x® induces a bijection
on the positive cone X we conclude that ®(U(f)) <p ®(f).

15.16 Remark. The assumption aq; > eqp(p + 1) for all 9 and 4, implies that
®(U(f)) <k ®(f) with respect to any g ;.

15.17 Remark. For every prime p and 1 < ¢ < fip we can ensure, by multiplying
by suitable positive powers of partial Hasse invariants, that 2 < ap ; < ep(p+1)
except possibly for j = i. In order to get a result of the type aq j € [t,..., eq(p+1)]
for every B, j (for some t, preferably t = 0 or 1), as in the g = 1 case, one needs a
positivity result for filtrations of Hilbert modular forms mod p; cf. 15.8.

16 Theta cycles and parallel filtration (inert case).

In this section we deal with two further phenomena concerning modular forms,
under the assumption that p is inert in L. The first is the case of modular forms
of parallel weight. Those are of particular interest from the point of view of Galois
representations and it makes sense to discuss a “parallel theory” for them. In fact,
due to the ampleness of the Hodge bundle, we are able to improve on our results
for modular forms of non-parallel weight; cf. 15.17.

The second topic we take is the theory of theta cycles, for not necessarily parallel
weight. So far, we are only able to present some preliminary results that indicate
that the behavior of theta cycles is much more complicated than in the elliptic case.
The subject definitely deserves further study and the authors hope to discuss it in
greater depth on a future occasion.

Throughout this section we assume that p is inert in O i. e., that P := pOy, is a
prime ideal of Op. For i =1,..., g we write x; for the basic weight xsq i, h; for the
partial Hasse invariant hg ; defined in 7.12 and 9; = Xf—1X;1 for its weight.

16.1 Definition. A J-polarized Hilbert modular form over k and of level py is
said to be of parallel weight if its weight is a power of Nm.
As an example, note that the total Hasse invariant h := [], h; is a modular form

of parallel weight NmP ™.

16.2 The operators 8, V and U. If f is a modular form of parallel weight, de-
fine V(f) as in 13.1, U(f) as in 14.7 and

0(f) == (B10---00y) (f).

By 12.39, 13.5 and 14.7, the operators 6, V and U preserve the space of mod-
ular forms of parallel weight. Furthermore, 6 and V send holomorphic modular
forms to holomorphic modular forms and U sends holomorphic modular forms of
weight Nm€ to holomorphic modular forms of the same weight if ¢ > 2.
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Let f € M(k,uN,ch). Let (Ql,%,s,j) be an unramified cusp in the sense
of 6.4 and let

f(Tate(Q[a%)aEaj) =ao+ Z avqy € k[[qy]]ue{o}u(m%)+~
veAB+

The following table summarizes the effects of the above operators on g-expansions
and weights.

Operator Power of Nm g-expansion
(1] () c+p—1 ao+ 32, avq”
0(f) c+p+1 > Nm(v)a,q”
V(f) prc ao + 3 avg®”
U(f) c ao + Ey apvq”

Here, Nm := [L; xi(v) and [R](f) := h - f. Furthermore, we have the classical
identity between modular forms (deduced from (14.7.1))

WL VU(f) = he- (WP = 0P71)(f)) (16.2.1)

(VU =1d — 671 on g-expansions).

16.3 Remark. Given two modular forms f and f’ of parallel weights x and x/,
we have Y <j X’ in the sense of 15.5 if and only if x’x~! = Nm® with a € N.

16.4 Lemma. Let f € M(k,ﬂN,ch). If f#0, then ¢ > 0.

Proof: Denote by m: A — 9t(k, un) the universal abelian scheme over M(k, uy ).
Then, M(k, UN, ch) is the space of global sections of the ¢ power of the deter-
minant of the Hodge bundle W*Q}A/m(mm. Since det ’/T*Q}A/m(k,“N is ample, the
conclusion follows.

16.5 Definition. Let f € M(k7 UN, ch) be a J-polarized Hilbert modular form
over k, of level uy and of parallel weight c. Define the parallel filtration of f,
denoted by ®!(f), to be the minimal parallel weight for which there exists a J-
polarized modular form over k, of level jy, having the same g-expansion as f at
some (hence, any) cusp.

16.6 Proposition. The notation is as in 16.5. There is a unique J-polarized mod-
ular form tl over k of level juy, of weight ®!I(f) and with the same g-expansion as f.
If t is a J-polarized modular form over k of level i, of parallel weight and with the
same g-expansion of f, then there exist non-negative integer b such that t = t!l h®.

Proof: The existence of ¢!l follows from the definition of ®/l(f). By the g-expansion
principle, two modular forms of the same weight and g-expansion at a cusp are
equal. This proves the uniqueness of ¢I. By 7.14 and 7.22, two modular forms of
parallel weight having the same g-expansion at some cusp differ by a power of the
total Hasse invariant.
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16.7 Proposition. Let f € M(k,uN,ch). Let ®(f) = x§*...xy° be the filtra-
tion of f as in 8.20. Let

g—1

p—1

pg_lzai_,_sps, r:=max{ry,...,rg}.
s=0

T =

Then, we have

i 9
O(f) =i g, @l(f) = Nm'.
Let tll (respectively, t) be a modular form of weight ®!/(f) (resp. ®(f)) and with
the same g-expansion as f, then

r—r;

th=t-T[n .
i

In particular, r;, = r if and only if t! does not vanish on the zero locus W;. of Pig -

Proof: The formula for ®(f) follows by applying the matrix transforming the basis

of X;; ® Q given by the basic characters {x1,...,xq} into the basis {¢1,...,9,};

see 15.6. Write ®ll(f) = Nm". By definition of filtration we may write ¢t = ¢-]], kY
= b .

with b; € N. Comparing weights, we have [[, ¥/~ =T, ¢ip’1+ . Since tl does not

vanish identically on the zero locus of h, there exists 1 < ¢y < g such that b;, = 0.

Then,

p—1%¢
w = T’Lo = g _ 1 Zalo+sp
p s=0

For every i, w = r; + (p — 1)b; > r;. This implies that w = r = r;,. Furthermore,

(p — 1)b; = 7 — r;, which gives tl =t - IL hl”Tl Thus, t!l vanishes along W; if and
only if r > r;.

16.8 Corollary. For any a € N we have &l (f*) = ®ll(f).
16.9 Corollary. We have ®(V(f)) = @ll(f)P.

16.10 Proposition. Let f € M(k},,uN,NmC). We have,
®l (0(f)) < @/ (f)Nm?*,
Furthermore, if p|®!(f), then ®I1((f)) <z ®!(f)Nm? '

Proof: The first statement is clear. In the notation of 16.7, write ®(f) = [], z/Ji”Tll.
Let {io,...,is} be the set of indices for which r;; = r. Then, p|r implies that pla;.
r;+p+1 i
By 15.10, we have that ®(6(f)) <j [[;%; " TI;¥;" Write (0(f)) = [T, ¢,
Then, r, < r;+p+1 for every 1 <i < g and 7‘;], <ry+p+lforj=0,...,s Hence,
max{r{|i=1,...,9} <r+p+ 1. The second statement now follows from 16.7.

16.11 Remark. Contrary to the elliptic case, it seems that in general the assump-
tion p f®II(f) does not imply that ®!(4(f)) = @/ (f)Nm?P**,
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16.12 Proposition. Let f be a J-polarized Hilbert modular form of level py , par-
allel weight and parallel filtration ®!l(f) = Nm". Assume that U(f) is holomorphic
e. g, r > 2. Then,

ol (U(h)" < @ (F)Nm?" ",

with strict inequality if pl|r.

Proof: By (16.2.1) we have h?* VU (f) = he((hPT1—6P~1)(f)). Since @I(VU(f)) =
ol (U(f))? by 16.9, we conclude using 16.10.

16.13 Proposition. Let f be a form of parallel weight. If ®I(f) > Nm?**, then
oll(U(f)) <w @I().

Moreover, if f is an ordinary form of parallel weight, there exists an ordinary
form f’ of weight Nm" , with the same q-expansion as f, such that 2 <r' <p+1.

Proof: Let Nm” = ®l(f). Since r > p + 1, we have by 16.12
ol (f)? = Nm?" >, Nm"Nm?” ! = &/l (f)Nm? ! >, ol (U(f))?,

and the first assertion follows.

To prove the second claim, note that 0 < &l (f) < p+1 by the first statement
and 16.4. If <I>”(f) = 0,1 and ¢!l is as in 16.6, then f’ := tlh has the required
properties.

We next discuss, following [Jo], theta cycles and until the end of this section we
work with modular forms whose weight is not necessarily parallel. From the point of
view of understanding the filtrations of g-expansions obtained by “twists”, i.e., by
applications of the theta operators O, ..., 0y, it is enough to consider only powers
of a single theta operator, say O1.

16.14 ©;-cycles. Let f be a J-polarized Hilbert m(g)dular form of level uy and
weight x over k. Then, U(f) = 0 if and only if ©F 71(f) and f have the same
g-expansion. In that case, we say that f belongs to its ©1-cycle. In particular,

(0 71(f)) = (/).

16.15 Definition. Let f be a J-polarized Hilbert modular in Ker(U) of weight x.
We call the set {®(01(f))|A=0,...p9 — 2} the O1-cycle belonging to f.

For 0 < A < pY9 — 2, we say that A is a low point of the ©:-cycle of f
if ®(O4(f)) <k ®(O471(f))xEx1 in the ¢y = ngl_l direction i. e., ®(04(f)) <
(O ().

Assume that ®(f) = x and, without loss of generality, that 0 is a low point of
the ©1-cycle of f. Label by 0 = Ag < A; < ... < Ay the low points of the ©1-cycle
of f. For every 1 =0,...,s put

ci = Aip1 — Ay,
where by c¢s we mean p9 — 1 — A,. Let b; be the positive integer defined by

SO - X = 2O () -y [Ty
J#1
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with Q5 € N.

16.16 Proposition. The following hold:

a) >0 gci=p?—1and 0 <¢; <p for every i;
b) Zf:o b =p9+1;

c) ¢; +b; =0 mod p.

Proof: The length of the ©;-cycle is p? — 1. Hence, Y .;_,¢; = p? — 1. By 15.10,
for every modular form g of filtration ], x;* the filtration of ©1(g) is strictly less
in the 1y direction than ®(g)x¥x1 if and only if pla;. Thus, if g = Oi(f) after

iterating ©1 at most p times another low point must appear. Claim a) follows.
pI+1

Using the matrix in 15.6, one finds that xbx1 = 1”9—’1 3 -+ -9y, Therefore,
up to multiplication by (rational) powers of g, ...,1,, we have ®(O4i(f)) =

pIt1_p _ _ pI+1
QO T " and O(OI(f)) = ®(OI7L(f)w;" " for j # A;. Since f be-
longs to its ©1-cycle, @(Gfgfl(f)) = ®(f) and we conclude that (pJ — 1)521 —
>, bi. Claim b) follows.

Let ® = ®(041(f)) = II; X?j. Using 15.10 and the assumption that A; is
a low point, we have pla;. In the notation above, ®(09(f)) = ®x**' modulo
the subgroup H := (x},x2,...,Xy). Modulo H the filtration of @’14'”1_1(]‘) =
Q% 1O (f)) is dxL T xS, Since A,y is a low point, we have that a; + (b; +
1)+ (¢; — 1) = 0 mod p. Claim c¢) follows.

16.17 Remark. The Proposition shows that there are at least ’;j __11

in the ©;-cycle of f. Also, note that the weight wt(©F ~!(f)) of O 71(f) is
equal to wt(f)(x_{l’Xl)pg_l, while @(@’fg_l(f)) = ®(f) = wt(f). Using the iden-

-1
tity (XI;Xl)pg_l = ngﬂ 5”9 ~-~w§p, we conclude that there must be drops in
the 1o, ..., 1, directions along the O©;-cycle of f (the accumulated drop in the ¥,

low points

g—i+1
direction being 1/1?’7 ! for 1 < i < g). The position of these drops along the
©1-cycle seems mysterious at present. Thus, contrary to the elliptic case studied
in [Jo], the combinatorics of the ©1-cycle seems to be quite complicated.

17 Functorialities.

Let L1 C Lo be an extension of totally real number fields. Let J; C L; be fixed
fractional ideals such that J2 = 31 ®o,, Dr,/r,- We add subscripts 1 or 2 to the
usual notations for the degrees over Q, the primes, the ramification indices, the
degrees of the residue fields, the associated moduli spaces and spaces of modular
forms.

17.1 Definition. Let N be an integer and let S be a scheme. We define a morphism
Timl(S,MN> — ’m2(S,NN),

where 9%, (S, [LN) is the moduli space with respect to J;-polarization. Consider
an abelian scheme (Al,Ll,)\l,El) over a S-scheme T, with real multiplication tq
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by Op,, polarization type A;: (MAl,MXl)—>(317TJl+) and pn-level structure e1;
see 3.2. Then
T (A1, 01, M1, 61) = (A2, 12, Ao, €2),
where
o -1
Ay = Ay O(%l DLz/Ll — T
is an abelian scheme over T' with real multiplication

Ly =11 ®id: Op, — Endy (A 2 D;..,) = Endr(4s)
Ly

and pn-level structure

— i . -1 -1 -1 _
E9 1= 51®ld.,u,]\](§)]:)L1 O(%l DLz/Ll — A O(XL)1 DLQ/LI = As.

Note that

(A2)” := Ext} (A2, Gonr) < Exti(A1,Gpr) @ Op,~5AY @ Oy,
Or, Or,

where V denotes the dual abelian scheme. Hence, we get the polarization type
Ag i= A\ ®id: (Ma,, M} )—>(J32,77)

with Jo := T3 ®OL1 DL2/L1'

17.2 The extension of Y to the cusps. Let ¢ = 1 or 2. Let (Qli, ‘BZ—) be two fractional
ideals of L; such that ;B L' — 7,. Fix a rational polyhedral cone decomposition
{05} of the dual cone to (%;%B;)§ C (A;%B;)r which is invariant under the action
of the totally positive units of O, and such that, modulo this action, the number
of polyhedra is finite. Let

S; = (Q(Z%Z)v (%) Gm’z.
We have constructed in 6.3 Tate objects
Tate(Qli, %i)oi ) = (Q[z_lD];l (%) Gm751(\0_ ﬁ/g(%ﬂ) SAX (S{}aiﬁ\si7g,m70).
. A

This is an abelian scheme with real multiplication by Oy, over the open subscheme
8P s \Sioi 6,0 of S, . The latter is defined as the spectrum of the ring obtained

1,04,8
completing the affine scheme S; ,, , along the closed subscheme S; 5, ; 0 = Sy, 4 \:S;

with reduced structure.

By 6.2 we have that

T(Tate(2:,B1),, )=

(Qll_lDZ21 % Gm’sfﬁl,,e /g(%lDZ;/Ll)) S/\X (S{\"Tlﬂ\sl’ol’ﬂ’o)'

1,01,
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Assume that Ay = 2,01, and By = ‘Bngi/Ll. The trace map defines an Op,-
linear, surjective homomorphism 1® Try,, / L, ™A2Boy — AiB; and, hence, a closed
immersion S; «—— 2. Choose cone decompositions {o; g} for i = 1,2 as above
such that {01 5} s is induced by {025} via 1®Trp, /1, for each index 3. We get
an induced a closed immersion pg: Sy, = <~ S5, such that p;' (92,0, ,0) =
51701,570 and

T(Tate(%[l,‘Bl)Ulﬁ) = Tate(ng,‘Bg) x S

o2, »01,8°

17.3 The canonical homomorphism on weights. There is a canonical injective ho-
momorphism of Z-group schemes §; —— G5 defined on R-valued points by the
inclusion (Or, ®z R)* «— (Or, ®z R)*. This induces for any scheme T a map of
characters defined over T

U:Xr(G2) — X7(51).

It follows from 7.4 that it sends basic (resp. universal) characters to basic (resp. uni-
versal) characters.

17.4 The effect of T on modular forms. Let f € M, (S, N X) be a modular form
over S of level un and weight x. Define

T*(f) € My (S, un, T(x))

by requiring that for any affine S-scheme Spec(R), any abelian scheme A; with RM
by Op, and level py and any generator w of H (4, 9}41/1%) as R®z Op,-module

T*(f)(AlaLh)\lagl,w) = f <A1 O® DL:/L13L27)\2a€27w®1> .
L

See 17.1 for the notation. Note that

Ql -1 L’Ql & OL
A1 ®oL1 DLz/L1 /R A/ R Or, ’

and, hence, w ® 1 is a generator of Qz 1 . One checks that the definition
* ®OL1 DLz/Ll/R

is well posed.

17.5 Lemma. (The effect of T on g-expansions) Let f € Mz (S, un,x) and let
(Ql,%,e,j) be a J1-polarized unramified cusp of It (S, HN)~ Suppose that the ¢-
expansion of f at the cusp (2 OLQ,%DZ;/LI,SJ), in the sense of 6.6, is

f(Tate(2O0r,, BD;}; ),2,j) = ao + > avg”.

ve@BD )t
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Then the g-expansion of Y*(f) at the cusp (Q(, ‘B,j,a) is

ap + Z ( Z au>q5'

se(AB)*t v|Trp, 1, (v)=0

Proof: We calculate from the definitions

() (Tate(2,B), ) := 1 (/) Tate(@, B),, ., )

dt
B -1
= f(Tate(Ql, B)o, 0%1 DL2/L1757 7 ® 1)
) dt
= f(Tate(Q[OLz, %DLzl/Ll )0'2,[3 X 5170'1,5765 ?)

52,0‘2,5;)‘)5

dt
= pg <f (Tate(QlOLQ y %DZ:/Ll)’ g, —))

t
= Pp (ao + Z auqy)

ve(ABD, )t

=ap + Z Z a, q‘s.

se@AB)+t \v[Trp,/r, (v)=0

17.6 Compatibilities of U and V operators. For i = 1, 2 let U; and V; be the U
and V' operators on the space of modular forms ®,cx, (g,) M (k;,,uN,X) in char-
acteristic p introduced in 14.7 and 13.1. From the behavior of these operators on
weights and g-expansions described in 14.7, in 13.5 and 13.9, we conclude that

Ui oT"=T"oU, and VioT " =T"o V5.

17.7 Proposition. (Compatibilities of © operators) Let B1 be a prime of Oy,
over p and let 1 < i < fq,. We have the following identity of differential operators
on the algebra @©, M, (k:, UN, X)-'

Op, ;0T =T"0 Z e /91 O,
Pa|P1,jli

Here Z‘le% j|i means summing over all primes By of Op, over P; and all 1 <
J < fs, such that the embedding &y, ;: Or, /P2 — k induces the embedding &, ;
on Or, /PB1. As customary, ey, 3, denotes the ramification index of B relative

to ‘Bl'

Proof: To prove this identity it is enough to show that both sides change the weight
and the g-expansion of a modular form f € M (k:, UN, X) in the same way.

For weights we argue as follows: the operator YT*o (Z‘le%,j\i e, /Py 9‘132,3‘) is equal
0 D s, 19,51 €82/%1 L © O, ;. Therefore, it is enough to calculate the weight of
the modular form (Y*0Og, ;)(f). By 12.38, the modular form O, ;(f) has weight
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X" Xip, j_1°XPa,j- By 17.4, we conclude that T (Op,.;(f)) has weight ¥(x) DCIIRE
Xp1,i>» which is equal to the weight of (©g, ; o T*)(f).

We compute the effect on g-expansions. Let (QL, B, ¢,j) be a Ji-polarized unramified
cusp of Mty (k, N). Denote the g-expansion of f at the J-polarized unramified cusp
(%OLZ’%DZS/Ll’E’D by ao + >, a,q”. By 17.5 and 12.40 the effect of ©g, ; on
the g-expansion of YT*(f) at the cusp (QJ., %,E,j) is

6‘131,1' (T*(f» (Tate(mv %)7 €,j> =ao+ Z 5(‘131,2’(6) ( Z au) q6

se(AB)t v|Trp,  , (¥)=0
o )
=ao + Z < Z P2 /P X‘I;'ij(y)au) q
5, Tr(v)=6 “P2|P1,jli

=T*< ) emz/%@mz,j(f))-
RLPIRSWIL

17.8 Corollary. Let T* be the homomorphism from Hilbert modular forms over k
of level uyn w.r.t. O, to elliptic modular forms over k. Then,

QoXT*=TT"0o Z egp@gp)i 5
Blp,1<i<fp

where 0 is the classical theta operator of Serre and Swinnerton-Dyer.

18 Integrality and congruences for values of zeta functions.

In this section we apply the results of Section 10 to derive congruences between
values of Dedekind zeta functions and bounds on the denominators of these values.
In fact, the method is applicable for a wide range of L-functions; [DeRi].

18.1 Definition. Let
=> Nm(I)™*  (Re(s) > 1)
I
be the Dedekind (-function associated to L.

18.2 Theorem. The function (1,(s) can be continued to a meromorphic function
on C, holomorphic for s # 1. Moreover, (;,(1 — k) is in Q for every integer k > 1.

Proof: See [Si].

18.3 Theorem. Let k > 2 be an even integer. There exists a J-polarized modular
form

E € M(C, uy, Nm* ™)

such that the g-expansion of Ej at a J-polarized unramified cusp (2, B,jcan), as
in 6.4 and 6.11, is

Nm*~ ()(2 Gl-k+ Y ( 3> Nm(e! ) >

vE(AB)+ vECCAB
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Proof: See [vdG, Chap. I, §6] or [DeRi, Thm. 6.1].

18.4 Definition. Let ® be an ideal of Op, dividing p and prime to N. See 3.4 for
the notion of T'y(p)-level structures. Let

70:MM(C, pun, Lo(p)) ———M(C, un)

be the map associating to a Hilbert-Blumenthal abelian scheme A over a scheme S
with Op-action, uy-level structure and T'y(p)-level structure H — A the Hilbert-
Blumenthal abelian scheme A/H[®] over S with induced Op-action and py-level
structure.

18.5 Remark. Here we are forced to work with several polarization modules.
Indeed, if the abelian scheme A in 18.4 is J-polarized, the quotient A/H[D] is
D J-polarized.

18.6 Theorem. The notation is as in 18.4. Consider the ®J-polarized Eisenstein
series

Ej, € M(C, uy, Nm"™1).
Let

D

9B

He <&) (1) — Tate(Or,37")

be the subgroup defined in 6.2. The g-expansion of w3 (Ek) at the J-polarized cusp
(O[n j_la & ijcan) is

Nm(D)+ (2—9<L(1 B+ Y ( 3 Nm(VQ_l)k_l)q”)
ve(J-19)+ veeCc®I-!
See 6.7 for the notation.

Proof: The g-expansion of 7% (E;.c) is defined by

dt
7o (Ex) (Tate(OL, T ey %@ R,e, H, ?>7

the notation is as in 6.4 and in 6.7. This is equal to
~—1 dt
Ek<7T@(Tate(OL,J )05®R757H77))-
Z

As explained in 6.3, the abelian scheme Tate(OL,TJ*l)Uﬂ
ing the semiabelian scheme DEI ®z Gm,s% /g(j_l) to the open Sy, \S5,,0. Using

is defined by restrict-

the dictionary of 6.1 we get that mp (Tate(OLJ*l)gﬁ

striction to S,,\5,,0 of 33_1D21 Rz Gm7Saﬁ/Q(j)~ Observe that 371D c 371,
where the inclusion is as Op-modules of rank 1 with a notion of positivity. Any
rational polyhedron {os}g in the given rational polyhedral cone decomposition

of the dual cone to (3’1);

cone to (3_133); - (3_1©)R. Hence 7o (Tate(OL,J_l)Uﬁ) is the pullback of

) coincides with the re-

C (3’1)R induces a rational polyhedron of the dual
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Tate(D, TFI)UB via the morphism induced by completing along the boundaries the
affine torus embeddings associated to oz to the isogeny of the tori

(07) ©GuzC(37'9) 9 Gz

Since the differential dt/t descends to Tate(®,J~!) and corresponds to the differ-
ential dt/t on Tate(D,J ') we conclude.

18.7 Corollary. There exists a J-polarized modular form EL of weight Nm" !

and level puy x To(p) i. e., EL € M(C,,uN,I‘o(p),Nmk_l), whose g-expansion at
the cusp (OLa 3_155’ (OL/p)ajcan) is

[10 - Nm@s ) oGa-n) |+ 3 (Z Nm’<ue—1>’“‘1)qv,

Blp ve(3-1)+ \eci—1

where
Nm/(ve~1) = { Nm(v€~!) if Nm(v€~1) is prime to p
0 otherwise.

Proof: Let Z be the set of primes of L over p. If I is a subset of Z, define ®; :=

[Isper B Define
EL = Z(fl)mﬂ%l(Ek).
1cCz

Fix v € (J71)*. Let I be a subset of Z. It follows from 18.6 that the coefficient
of ¢” in the g-expansion at the given cusp of 7% (Ej)is 0, if v & (37'D;)*, and is

Nm* (D) Z Nm(ve 1| = Z Nm (V(@@I_l)fl)k_l

vECCT 1D veECCTI— 1D

= Z Nm (VQU_l)ki1

WCI~-LveWDy

otherwise. Fix 20 C 3! such that v € 20. Let I be the maximal subset of Z such
that ©7|(¥20~1). The contribution of Nm(v20~ 1) to the coefficient of ¢” in the
g-expansion of E,Jr€ is

( > <—1>I'> Nm(v25~).
rci

Since Z:I,C[(fl)”l| is0if I #0 and is 1 if I = (), we conclude.

18.8 p-adic Eisenstein series. Let p be a prime not dividing N. Let k1 < ks < ... <

kn < ... be a sequence of even integers > 2 converging p-adically to k € Z,. Let
(O L, 7L, j) be a J-polarized unramified cusp defined over Z,). It follows from 18.3

that for every v € (3)+ the coefficient ay, ., of ¢ in the g-expansion of Ej,; at the

given cusp is
Ay = ( Z Nm(uQﬁl)k"1> €Q.

ve€Cci—1t
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It follows from the g-expansion principle, see 6.10, that
By, € M(Q, v, Nm™ ).

For i — oo we have

lim ay,, = ( Z Nm’(uC_l)k_l)

veeci—1t

and the convergence is uniform in k;. See 18.7 for the definition of Nm’. It follows
from 10.7 that the sequence

ar,0=2"9C(1 - k) €Q,
is bounded. As in [Se, Cor. 2, §1.5], one concludes that it converges p-adically.
Define
G(1— k) = lm Co(1— k) € Q.

One may interpret this formula as the value of the p-adic zeta function (; associated
to L at 1 — k; see [Se, Thm. 3, §1.6, Thm. 20, §5.3]. We also get that

Ej = 7(:2(129_ k) + Z (Z Nm/(VQ_l)k_l)qV

veedJt veCT

is a p-adic modular form a la Serre; see 10.8.

18.9 EL as a p-adic Eisenstein series. Let k be an even, positive integer. By 11.13

the J-polarized modular form EL defines a J-polarized p-adic modular form a la
Katz, and hence a la Serre by 11.11, of level i over Q,. It has the property that
its g-expansion at a J-polarized cusp (2, B, ep=n,J<), in the sense of 10.10, is the ¢-
expansion of EL at the J-polarized cusp (U, B,en, H, ). The latter is given in 18.7.
In particular, it has the same coefficients for v # 0 as the g-expansion of the Serre
J-polarized p-adic Hilbert modular form Ej of level uy at the cusp (U,*B,¢,j.).
It follows from 10.11, more precisely from the generalization of 10.7 to the case of
p-adic modular forms of level uy, that EZ has the same q-expansion as E}. Hence,

GA—k) =[]0 =Nm@P)* ") -1k  forke2Z, k>2
Blp
Compare with [Se, Rmk. 1, §1.6].
18.10 Notation. Let 9 be a prime dividing p in Op,. Let By be the maximal abelian

subextension over Q,, of the completion Ly of L at % and let Ay be its ring of
integers. Let €/(B/p) be the ramification index of By over Q,. Note that ¢'(B/p)

divides eq. Write ¢/ (B/p) = €/ (B/p)* - €/ (B/p)™, where €’'(P/p)* is the prime to p
part of €'(/p). Local class field theory gives that

H(P) := Nmp,, q,(Ay)

is equal to Nmyp,, /q, (O}:m). Moreover, for p # 2,
H(P) = H1(B) H2(B),
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where Hy () C pp—1 is the unique subgroup of p,_1 of index ¢’ (P /p)* and Hy(P) C
1+ pZ, is equal to 1 + pe'(P/p)¥Z,, is the unique subgroup of 1 + pZ, of in-
dex €' (B/p)¥. For p = 2, H(P) is the unique subgroup of index e'(P/p) of Z5 =
{:l:l} X Zg.
Let
¢, = min{e’(B/p)" + Plp}, ey = min{e'(P/p)" : PIp}-

For p = 2 we use

We find that for p # 2,

H:=Nm((0,®Z,)") = [[ Hy(®) x [ [ H2(B) = H1 x Hs,
Blp Blp

where H; is the unique subgroup of index e;, of pip—1 and Hy is the unique subgroup
of ey of 1+ pZy,.
For p = 2, we find that

H:=Nm((OL®Z,)") = HH(‘B)
Blp

is a subgroup of index eq of Z3.

18.11 Calculation of exponents. Let n > 1 be an integer. We compute the exponent
of the abelian group

H :=TImage(H) via the map Z,— (Zp/p"Zp)*.
If x € R, we use the notation

[2] :=min{n € Z|z <n}.
p—1 [p"}
el ev |’

9l(n)
il
€2
where € = 0, 1 depending on the case and

o {1 En<2,
(A P if n > 3;

If p # 2, the exponent is equal to

If p = 2, the exponent is equal to

(note that 2'™) is the exponent of (ZQ/Q”ZQ)*).

18.12 Theorem. Let k > 1 be an even integer. Suppose that 279¢;,(1 — k) is not
p-integral and let n = —val,, (Q*QCL(l - k)) Then,
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i ifp+#2,

_ n—1
k=0 mod ptl.[pw—‘;
p p

i ifp =2,

I(n)
k=0 mod [2 —‘ .
€2

Proof: Consider the modular form f; := p"Ey. It is a modular form of weight Nm”
over Z, and the reduction modulo p™ of its g-expansion is equivalent to 27 9p"™(r (1—
k). Let fo be the modular form 279p™(.(1 — k) over Z, of weight 0. By 10.5
we conclude that Nm* e Xz/pnz(n) i. e., that for any b € (O ®zZ,)* we

have Nm®(b) = 1 modulo p”. It follows that the exponent of H (see 18.11) di-
vides k and the theorem follows.

18.13 Theorem. Let k, k' > 2 be even integers such that k = k' modulo (p—1)p™
for some non-negative integer m. Then

i. ifk# 0 mod (p —1)/e;, (and hence p # 2), then

val, (Iﬂl—Nm@n“U)ﬁgiﬁﬂ_(Ikl_Nm@®M4OCd1—W)

29
Blp Blp
>m+1;
ii. if k=0 mod (p—1)/e;, and p # 2, then

val, (Ha - Nm(sp)k—l)> # _ (H(l _ Nm(m)k’—l)) (1 —F)

29
Plp Blp

> m — val,(kk') — 1 — 2val, (e} );

iii. if p=2, then

valy (H(l -~ Nm(m)’f—l)) # _ (H(l _ Nm(;p)k’—l)) LI —K)

29
Blp Blp
>m — 2 — vala(kk') — 2valy(es).
Proof: Let

l:= max{—valp(2_g§L(1 —k)),—val,(279¢,(1 - k’)),O}
and let

B=p' <294L(1 k) [0 = Nm(®)* ) —279¢ (1 - #) [T(1 - Nm(ap)k'l)>,
Blp Blp

Let ¢ :=1if p # 2 and let ¢ := 2 if p = 2. Note that if = is an integer prime to p,

then

! .
zF — 2 =0 mod pmt.
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It follows that
f= pZE,TC - peEL, —06=0 mod pmTiHe.

Using 18.9, we interpret f as a p-adic modular form a la Katz. It reduces to func-
tion 0 on M(Z/p™ . iy pm+ite), invariant under T'yypipe. (Here N is any auxil-
iary integer > 4 and prime to p). It follows that for all o € Ty, i1 = (O /p™ i)
we have

o f—f= (Nmk(a) — 1)p€E;€ - (Nmkl (o) — 1)p€E;c/ =0 mod pmtite,

Consider this equation modulo p™*%. Using that for a € I',,, 4 ;1¢ we have Nm* (o) =
Nm" () modulo p™*?, we find

o f—f= (Nmk(a) — 1) (pZE); prE};,> =0 mod p™T,
and from here that
(Nmk(a) -1)=0 mod p™ T,

Let ¢ be the p-adic valuation of 3. Then Nm*(a) — 1 = 0 modulo [p™*i~t].
Let n:=m+ i — t. In the notation of 18.10 and 18.11, H = Nm((O, ® Z,)*) and
we have:
1) If p # 2, then H = Hy x Hs where Hq, H» are as in loc. cit.

l.a) If £ £ 0 mod pil, then we must have ¢t > m + 4. In this case also ¢ = 0

€

by 18.12. Part (i)p follows.
1.b) If & = 0 mod 252, then 18.10 implies that k& = 0 mod P’Z;l—‘. Therefore,

t
eT—’

n—1—valy(e)) < val,(k) and we get that t > m+i—1— VaIZ(e;’,") —val, (k).
The same holds for &' and we conclude that

val,(p~*B) > m+i—1—valy(e}) — £ — min{val,(k), val, (k) }.

However, by 18.12, ¢ < max{val,(k),val,(k')} + val,(e}}) + 1. Put together
this yields
val,(p~*B) = m — 1 — 2val, (el ) — val, (kk').
This proves Part (ii). -
2) If p=2, H is a subgroup of index ey of Z3. By 18.11 its image H in (Z’Q‘/Q"ZQ)*
is killed by PS;L)W, but not by any smaller power of 2. Thus, valy(k) > [(n) —

vala(eg) = I(m + 2 — t) — vala(e2). Recall that ¢ > 0 and m > 1. Thus, t >
m — valy(eg) — valy(k). Therefore,

valy (278) > m — valy(e2) — ¢ — min{valy(k), valo (k') }.
Using 18.12, we find that [(¢) — vals(e2) < vals(k) and therefore,
¢ < 2+ max{valy(k), vala (k') } + vala(e2).

Part (iii) follows from the last two displayed formulas.

18.14 Remark. For p = 2, one can improve the results given the precise structure
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of the completions of L at primes above 2 e. g., when 2 is inert; c.f. [Go2].

19 Numerical examples.

19.1 Example 1. Consider the field L = Q(v/3). It is a real quadratic field of
discriminant 12, equal to the totally real subfield of the cyclotomic field obtained
by adjoining to Q the roots of unity of order 12. The following table provides some
information on the decomposition of rational primes in L.

p decomposition e;ame e;}v“d
2 ramified 1 2
3 ramified 2 1
5,7,17,19,29, 31 inert 1 1
11,13,23,37 split 1 1

The results of the Section 11 imply that the only odd primes at which ¢z (1 —k)~*
can have positive p-adic valuation n are the primes p such that (p — 1)|k, and
then n — 1 is at most the power of p dividing k. For the prime p = 2, we find that
if n is the valuation at 2 of 29¢z(1 — k)~! | then valy(k) > [(n) — 1. In this case,
the € in 18.11 is 1 since —1 is not a norm from Q[v/3]. Hence, the bound may be
improved to vala(k) > [(n). For example, taking k = 18 the prediction is that the
only odd primes at which ¢z (—17)~! may have positive valuation n are 3,7 and 19
and that valuation can be at most 3,1 and 1, respectively. At 2 the valuation can
be at most 1. Indeed:

Cr(—17) =514802473837215246476827 /7182
=271.373.771.11-.1971 . 43867 - 1066866320794499171.

Another interesting value is the denominator of {7, (—35), which is
denominator (¢r,(—35)) = 2%-3%.5.7-13-19 - 37.

We consider the congruences involving 272¢r,(1—2) and 272¢;,(1—26). Congruences
are predicted for the primes 2,3,5,7,13. The prediction is

valp {(1—2°71272¢ (1 —-2) — (1 -2*071)27%(, (1 -26)} >3—-2—-2—-2=—3.
Using ¢r(—1) =1/6 and
(1(—25) = 59603426243912408678663547473670548011 /6

one verifies the congruence since the valuation is —1.
For the prime 3 the prediction is

valy {(1—3)272¢p(—1) — (1 —3%%)27%¢,(-25)} >1-0-1-2-0=0.
This indeed holds, since the valuation is 0. For the prime 7, we expect
valy {(1 —49)27%¢, (1) — (1 — 49%)272¢(-25)} >0+ 1 =1,
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which holds, since the valuation is 1. For the prime 13 the predicted congruence is
valiz {(1—13)%272¢, (—1) — (1 — 13%%)%272¢,(-25)} > 0+ 1 =1.

This is verified, since the valuation is 1.

19.2 Example 2. Consider the cyclic cubic totally real field L of discriminant 49,

equal to the totally real subfield of the cyclotomic field of roots of unity of order 7.

The following table provides some information on the decomposition of rational
primes in L.

D decomposition epme eyl
7 ramified 3 1
2,3,5,11,17, 19, 23,31, 37 inert 1 1
13,29 split 1 1

The results of Section 11 imply that if p is odd, not equal to 7, then the only
odd primes at which (z(1 — k)~! can have positive p-adic valuation n are the
primes p such that (p — 1)|k and then n — 1 is at most the power of p dividing k.
If p =7, then ¢z (1 — k)~! can indeed have positive 7-adic valuation n (k is even)
and then n—1 is at most the power of 7 dividing k. For the prime p = 2, letting n :=
valp (23¢r (1—k)~1), we find that valy(k) > [(n). This implies that valy(denom.(z, (1—
k)) < vala(k) — 1. For example, taking k = 10 the prediction is that the only odd
primes at which ¢z (—9)~! may have positive valuation n are 3,7 and 11, and that
valuation can be at most 1 in each case. At 2, the valuation cannot be positive.
Indeed:

CL(—9) = —1141452324871/231 = -3~ . 771 . 117" . 1141452324871.

We consider congruence for 7 for 273(r(1 — 2) and 273z (1 — 14). The expected
congruence is

valy { (1= 7PC0)273¢, (1 - 2) = (1= P06 D)3, (1 - 14) } > -1 -1 = 2
It holds because the denominators of both values,
Cr(—1)=—-1/21,{5(—13) = —5589087133015782866737/147
are not divisible by 72. For 2 the expected congruence is
valy {(1 —8)27¢(—1) — (1 —8'%)273((~13)} >2—-2-2-2-0=—2.

This is visibly true, because both zeta values have odd numerator. For p = 13, the
expected congruence is

valig {(1—13)*272¢, (1) — (1 — 13%)273¢,(-13)} >0+ 1 =1.

This holds, since the valuation is 1.

19.3 Example 3. Take the non-Galois totally real cubic field L = Q[z]/(2*—9z2—6).
It has discriminant 22 - 3°. The prime 2 decomposes as P29, and therefore es = 1.
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The prime 3 decomposes as P>, the field L3 is cubic non-Galois and, therefore,
e = e} = 1. We conclude that if an odd prime divides the denominator of ¢z, (1—k)
with valuation n, then & = 0 modulo (p— 1)p"~!. Analogously, if n is the valuation
at 2 of 23¢(1 — k)1, then valy(k) > [(n). For example, if k = 6, we find

Cr(=5) = —2-372.5%.771.184669 - 512249.

The prime 7 decomposes as a product of two prime ideals in L and e} = e¥ = 1.
The expected congruence for 273(; (1 — 2) and 273(z (1 — 14) is

(1—=7)(1—7)273¢(-1) = (1 - T%)(1 - 7°273¢(~13) (mod 7).
Using that ¢z (—1) = —70/3 and
(r(—13) = —433461315504312280903563360244187028747610/3

are both divisible by 7, the congruence follows trivially. For the values 273¢z (1 —4)
and 273¢; (1 — 16) we again predict

valy {(1 = 7)1 = 7%)273¢,(=3) — (1 = 7)(1 = 7%9)273¢(—15)} > 1.
The zeta values are ((—3) = 2556221/15 and
¢r(—15) = 83822500848624173596590790551322515127580563498549957 /1020,

which are both 7-adic units. The congruence holds, though, since the valuation is 1.
For the prime 2, we predict that

valy {(1—2%)(1 —4%)273¢,(=3) — (1 - 2'°)(1 — 4'%)¢,(~15)} > 2 -2 — 6 = —6.
This holds, since the valuation is —5. Again for the prime 2 we predict

valg {(1—2)2273¢, (1) — (1 - 2'7)2273¢(-17)} >4 -2 -2 -2-0=0.
Using

CL(—17) = — (3647421225841578953319613809666454838832065018732125543
06326430) - 3591"

one verifies that the valuation is 1. In particular, the congruence holds.
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20 Comments regarding values of zeta functions.

We make a few remarks on values of zeta functions. We have no real theorem to
offer here, but rather we would like to point out some facts concerning Bernoulli
numbers that are interesting in the context of this manuscript. The connection to
zeta functions rests on the identity

Boy,
S22k E>

2k -
To begin with, consider the question of which normalized Eisenstein series Eoj, for
the modular group SLs(Z) are congruent to one modulo p. Here p is a fixed odd
prime. Since the Eisenstein series has the form

(1 —2k) =

2 = N
1+ m ; oak—1(n)q",

the question is for which k does p divide the denominator of ((1 — 2k)? (As an
aside we mention that this means that there is an element of order p is the 4k — 1
stable homotopy groups of the spheres. Cf. [MiSt, App. B]; note that B,, in their
notation is our Bs,, ). The Kummer congruences imply that this is the case iff 2k = 0
(mod p — 1) and then

val,(¢(1 — 2k)) = —1 — val, (2k);

see [Se, §1.1]. Assume, for argument’s sake, that & is prime. Then p—1 is either 1, 2,
k or 2k. Apart from p = 2, 3, assuming k > 3, we are left only with the possibility
that p =2k + 1, i. e, that k is a Germain prime! There are infinitely many primes
that are not Germain primes (take k to be a prime congruent to 1 mod 6), hence
the order of the denominator of {(1 — 2k) does not grow to infinity with k. In fact,
one can prove that if all the prime factors of k are congruent to 1 modulo 6 then
the denominator of ((1 — 2k) is equal to 12 ([MiSt, App. B, Pb. B-1]).

Let p=1 (mod 4) and let K = Q(\/p). Let x = (5) be the corresponding

Dirichlet character. Let w be the Teichmiiller character, then xy = w®~1/2, We note
also that the discriminant of L is p and is equal to the conductor f, of x.

20.1 Proposition. Let p be a prime congruent to 1 modulo 4 and let K := Q(,/p).
Assume Vandiver’s conjecture ([Wa, p. 159]). Then for any integer r > 1 we have

val,(Ck (1 —r(p—1))) = =1 — val,(r).

Hence, in this case, the Hasse invariant in characteristic p lifts to the Eisenstein
series Ex p—1.

Proof: We have the identity
(k(l=r(p—1)) =l =r(p—1)) - LI = r(p— 1), x).

Therefore, the claim would follow if we prove that val,(L(1 —r(p —1),x)) = 0.
Using [Wa, Thms 4.2, 5.11] we get that for any n > 1

Ly(1—n,x) =1 —xw "(p)p" ") - L(1 = n,xw™™).

102



Applying this formula in our situation we get

val, (L(1 —r(p —1),x)) = valp(Ly(1 —r(p — 1), x))-

By [Wa, Cor. 5.13], for any integers m,n we have L,(m,x) = Lp(n,x) mod. p
and both numbers are p-integral. It is thus enough to prove for a single integer m
that L,(m, x) is a p-adic unit. Using the results cited above we find

val,(L,(1 = (p—1)/2,%)) = val,(L(1 — (p — 1)/2, xwP~Y/2))
= valp(¢(1 = (p—1)/2))
= valp(B(p-1)/2).

The assertion val,(B(,—1)/2) = 0 is known as the Ankeny-Artin-Chowla conjec-
ture and was verified for p < 10" by A. J. van der Poorten, H. te Riele and
H. Williams in [vdP]. This conjecture is a consequence of Vandiver’s conjecture.
See [Wa, Thm. 5.34].

20.2 Proposition. Let p be a prime congruent to 1 modulo 4 and let K = Q(./p).
For every odd integer r > 1

val,(Cx (L —r(p—1)/2)) = —1 — val,(r).

Hence the partial Hasse invariant defined in 7.12 admits a lift to char. 0, the Eisen-
stein series Ex (p,_1)/2-

Proof: We have
k(1 =r(p—1)/2) =l =r(p—1)/2) - L(L = r(p — 1)/2, x).

Note that 7(p — 1)/2 # 0 mod p — 1 and therefore
val,(Ck (1—7(p—1)/2)) = —1—val,(r) < val,(L(1—-r(p—1)/2,x)) = —1—val,(r).
However,
Ly(1=r(p—1)/2,1) = (1 - " @2 () @2 (1 = 1(p — 1)/2,7012)
=L —=rlp-1)/2,x),

and therefore,

valp(L(1 = r(p —1)/2,x)) = valy(Ly(1 = r(p = 1)/2,1)).
Using [Wa, Ex. 5.11], we write
Pt 1

Ly(s,1) = " 8_1+a0+a1(sf1)+a2(571)2+...,

where a; € Z,, for every i. In particular, val,(L,(1 —r(p—1)/2,1)) = —1 —val,(r).
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