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The embedding problem

The embedding problem and CM lifts

If pis an evil prime for K then we reach the following situation:

The embedding problem

There are two supersingular elliptic curves Ei, E; over F,, and an
embedding

OK o End(El) Hom(Eg,El)

Hom(El, E2) End(Ez)

such that the Rosati involution induces complex conjugation on Ok.

Conversely

If the embedding problem has a solution, p is an evil prime.
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The embedding problem

A challenge

Solve the embedding problem!

Remarks:

@ Without condition on the polarization the embedding problem
can be solved for infinitely many primes (the primes of
superspecial reduction). For example: if K is cyclic this is the
case when p = pip2 in K.

@ This is not a local problem (all principally polarized abelian
surfaces are locally the same).

@ By classification of principal polarizations (lIbukiyama,
Katsura, Oort) and class number formulas (Ibukiyama) the
chances of hitting a reducible principal polarization are ~ c- %.
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Ubiquity of evil primes

Theorem (G. -Lauter, IMRN 2006)

Let S be a finite set of rational primes. Let L be a real quadratic
field in which all primes of S are unramified and hL+ = 1. Then,
each prime of S is evil for every quartic primitive CM field K
satisfying the following conditions:

Q KT =1L;

@ ForpeS, forall Blplp (in K O LD Q) we have

o If p# 2 then f(*B/p) + f(p/p) is odd;
o If p =2 then 3m is a quadratic residue modulo p3, where
(m) = dk ., m totally positive.

© Norm g(m) > 0.




Proof of Theorem B

© Proof of Theorem B

@ Proof of Theorem B (existence of evil primes)



Proof of Theorem B
©000000

Proof of Theorem B (existence of evil primes)

Sketch of proof




Proof of Theorem B
©000000

Proof of Theorem B (existence of evil primes)

Sketch of proof

O Let M/ be the Hilbert modular space; €. (K) the moduli
space of principally polarized abelian varieties with CM by K.
We actually show, under the conditions of the theorem, that

the image of
CM(K)— ML — M @F,

contains every superspecial point.



Proof of Theorem B
©000000

Proof of Theorem B (existence of evil primes)

Sketch of proof

O Let M/ be the Hilbert modular space; €. (K) the moduli
space of principally polarized abelian varieties with CM by K.
We actually show, under the conditions of the theorem, that
the image of

CM(K)— ML — M @F,
contains every superspecial point.
@ We note that there is always a “degenerate” superspecial

point ojthe type (E1 X Ex, A1 X A2, O — End(E; x Ep)) on
M ®Fp.



Proof of Theorem B
©000000

Proof of Theorem B (existence of evil primes)

Sketch of proof

O Let M/ be the Hilbert modular space; €. (K) the moduli
space of principally polarized abelian varieties with CM by K.
We actually show, under the conditions of the theorem, that
the image of

CM(K)— ML — M @F,

contains every superspecial point.

@ We note that there is always a “degenerate” superspecial
point ojthe type (E1 X Ex, A1 X A2, O — End(E; x Ep)) on
M ® Fp.

@ We show that Ok — End(Ay) for all superspecial points x on
the Hilbert modular variety M; @ Fp,. By a lifting lemma that
suffices.
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Lifting

Consider abelian varieties A/R with RM by L satisfying Rapoport’s
condition: the tangent space is a locally free O; ® R-module of
rank 1. We assume p is unramified in L.

Lemma (Lifting of abelian varieties with endomorphisms)

@ (Rapoport) Such an abelian variety can always be lifted from
a perfect field k to a complete dvr with residue field k.

@ (G. -Lauter, C.-F. Yu, cf. work by Oort) Suppose that A also
has CM. Then it can be lifted with CM.
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@ Nicole's McGill Ph.D. thesis allows reduction of the
embedding problem to a problem about representability by an
O;-valued ternary quadratic form.

© Using results of Cogdell-Piatetski-Shapiro-Sarnak, we need
only verify representability locally everywhere.

@ Explicit calculations.
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Nicole's work

Example

Let E be a supersingular curve and L a totally real field of degree
g, h =1. Then E ®z O is a principally polarized abelian variety
with RM and End(E ® O;) = End(E) ® Oy.

This is an Eichler order of discriminant p@Q; in the quaternion
algebra B, | := Bp o ®q L.

From now on assume p is unramified in L

The orders we get as endomorphism rings of superspecial abelian
varieties with RM are “superspecial orders”: Eichler orders of
discriminant pO;. This follows from the fact that all superspecial
abelian varieties with RM are locally isomorphic:
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O;-modules and as Galois modules, equivalently, there's a
prime-to-¢ L-isogeny A — A’, at least after passing to a finite field
extension.
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o If A, A’ are L-superspecial then for £ # p, Ty(A) = Ty(A') as
O;-modules and as Galois modules, equivalently, there's a
prime-to-¢ L-isogeny A — A’, at least after passing to a finite field
extension.

e The Dieudonné modules of A and A’ are isomorphic, at least
after finite base-change, equivalently, there's a prime-to-p isogeny
A— A

Remark: Using techniques similar to

-+, Katsura — Qort, Li — QOort, Harashita parameterized the
supersingular locus of M, ®FP and we so we know that all
L-superspecial points are also p-isogenous.
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Theorem (Nicole)

Let R be a superspecial order such that R = End(A), A a
superspecial abelian variety with RM ( “L-superspecial”). There is
a bijection

L-superspecial AV

CI(R) - . 1= AQ®rl.

We have, Homp, (A, A® 1) = 1.
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Back to the proof

o
@ Embedding problem for an L-superspecial abelian variety A ~~
problem about the relative discriminant of K/L being
represented by a certain O;-valued ternary quadratic form
(essentially, the norm form on trace zero elements of End(A)).
® End(A) is superspecial. All superspecial orders are locally
isomorphic = all those ternary forms belong to a single genus.
© By work of C-PS-S, a positive definite O;-valued ternary
quadratic form represent any sufficiently large element of Oy,
if there are no local obstructions. = Verify representability
locally everywhere (may choose our order).
@ Choose the order R® O, R = End(E), E a convenient
supersingular elliptic curve. The proof is now reduced to
explicit calculations.
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Is there anything special about the elliptic curves in the case of a
degenerate L-superspecial abelian variety?

The answer is No.
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About surjectivity of the superspecial locus

A related result

Superspecial locus: from Hilbert to Siegel

Is there anything special about the elliptic curves in the case of a
degenerate L-superspecial abelian variety?

The answer is No.

Theorem (G.-Lauter)

Let p be a prime and Ay 1 ® F,, the moduli space of principally
polarized abelian surfaces. Let L be a quadratic field of strict class
number one in which p is unramified.

There is a constant C(p) such that for d; > C(p) the forgetful
map M| @ F, — Az1 ® F, is surjective onto the superspecial
locus.

A\
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About surjectivity of the superspecial locus

About the proof.

@ This is again an embedding problem (with conditions on the
tangent space as an O -module).

@ For A a principally polarized superspecial abelian variety, one
constructs now a 5-dimensional lattice inside the lattice of
Rosati-symmetric endomorphisms.
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E a supersingular elliptic curve. The Rosati-symmetric elements in
End(E x E), relative to the product polarization, are

a ca,d € Z, b€ End(E) §,

bY d
and we choose a suitable sublattice in the trace zero elements of it.
We have

_det| P =a2imy,

bY —a

a positive definite quintic form.
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© One proceeds to prove all these lattices are everywhere locally
isomorphic and concludes that all quintic forms arising are in
the same genus.
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About surjectivity of the superspecial locus

© One proceeds to prove all these lattices are everywhere locally
isomorphic and concludes that all quintic forms arising are in
the same genus.

@ The representability of large enough integers holds if there are
no local obstructions. To prove that, we can reduce to the
particular example provided above.
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Bounding the powers of primes in the denominators

Powers of primes (in progress)

Theorem (G., 20077?)

If p" appears in the denominator of u(a,b) for some p<tHy~,
e(p/p) < p, then

e (1 2T,

log p
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@ We follow the same ideas as in the proof of Theorem A
(bounding the primes). We obtain a bound on the size of the
entries defining the embedding of Z[/d][\/7].
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maximal order End(E) of B, ), for which we have a
co-volume estimate.
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Bounding the powers of primes in the denominators

About the proof

@ We follow the same ideas as in the proof of Theorem A
(bounding the primes). We obtain a bound on the size of the
entries defining the embedding of Z[/d][\/7].

@ As before, if those elements do not lie in a quadratic
imaginary subfield, then they generate a sublattice [ of R (a
maximal order End(E) of B, ), for which we have a
co-volume estimate.

© We interpret the appearance of p” as meaning that the
principally polarized abelian variety with CM being isomorphic
to a product of two elliptic curves E; x E, over the ring
W /(p"), (W a suitable p-adic ring).
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© E = E (mod p) and so I C Endyy /pn(E1) C End(E). Thus,

The smaller the co-volume of T, the larger is Endyy /pn(E1) (i-e., the
smaller is its index in End(E)).

© We arrive at the following problem:

Endomorphisms under deformations

Let (R,m) be a local artinian ring with residue field F, and let E
be a supersingular elliptic curve. Bound (from below)

[End(E) : End(£y)],

as E; ranges over all deformations of E to R.
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Bounding the powers of primes in the denominators
© E£=F£; (mod p) and so I C Endyy/pr(E1) € End(E). Thus,

The smaller the co-volume of T, the larger is Endyy /pn(E1) (i-e., the
smaller is its index in End(E)).

© We arrive at the following problem:

Endomorphisms under deformations

Let (R,m) be a local artinian ring with residue field F, and let E
be a supersingular elliptic curve. Bound (from below)

[End(E) : End(£y)],

as E; ranges over all deformations of E to R.

@ We use crystalline deformation theory to show that if the
length of R is n then

[End(E) : End(E;)] > p*(—Y),

@ This is optimal. Gross has shown that this is achieved for CM
lifts of E.
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E/C an elliptic curve with CM by Ok.

Theorem (Gross-Zagier)

Norm,_,K/@(j(E))l/3 = H ne(n’).
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(¢ is a certain “character”.)
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Gross-Zagier

Factorization of singular moduli

E/C an elliptic curve with CM by Ok.

Theorem (Gross-Zagier)

Norm,_,K/@(j(E))l/3 = H ne(n’).

x24+4nn'=—3dk

(¢ is a certain “character”.)

This is a theorem about (ZE has CM by OKj(E)) . D, where D =0,

. PR 1
considered as divisors on Ay /7 — P7.

Bruinier-Yang's philosophy: There is such a theorem because
J(11) — j(72) on the symmetric space A; x A; associated with
SL:(Q @ Q), is a Borcherds' lift.
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Hilbert modular surfaces

Bruinier-Yang (Invent. Math. 2006) study the case of the group
SLy(L), L a quadratic real field. The function f now has a
“modular divisor’ and one takes the average of f on a zero cycle
CM(K) corresponding to surfaces with CM by Ok, K™ = L. Their
result suggests a conjecture:
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Hilbert modular surfaces

Bruinier-Yang (Invent. Math. 2006) study the case of the group
SLy(L), L a quadratic real field. The function f now has a
“modular divisor’ and one takes the average of f on a zero cycle
CM(K) corresponding to surfaces with CM by Ok, K™ = L. Their
result suggests a conjecture:

Conjecture (Bruinier-Yang)
Let T,, be the Hirzebruch-Zagier divisor on M. Then

Wic-
CM(K) . Ty = f > > B(0),
t= "+g;\/a€d;*1/ﬁ tot. neg. ¢

where the notation is as follows:



Further results
o] Tele

Bruinier-Yang

o L=Q(,/p), p=1 (mod 4) a prime. N(dx, ) =q=1
mod 4) a prime.



Further results
o] Tele

Bruinier-Yang

o L=Q(,/p), p=1 (mod 4) a prime. N(dx, ) =q=1
(mod 4) a prime.

@ K* is the reflex field and L* its totally real subfield.



Further results
o] Tele

Bruinier-Yang

o L=Q(,/p), p=1 (mod 4) a prime. N(dx, ) =q=1
(mod 4) a prime.

@ K* is the reflex field and L* its totally real subfield.
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Bruinier-Yang

o L=Q(y/p), p=1 (mod 4) a prime. N(dx, )=qg=1
(mod 4) a prime.

@ K* is the reflex field and L* its totally real subfield.

°

0 [ splits in K*

B:(1) =
(ordi(t) + 1)p(tdk /1) - log(Normy« (1)) else,

where p(a) = #{A C Ok : Norm(A) = a}.

This is of interest to us because:

(A) = 2Hy, =) TdL 2.

x>0
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The conjecture of Bruinier and Yang produces a bound for the size
of an evil prime p. They consider very special fields that have
discriminant p2g and the bound of the evil primes is pg/4.
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Bruinier-Yang

The conjecture of Bruinier and Yang produces a bound for the size
of an evil prime p. They consider very special fields that have
discriminant p2g and the bound of the evil primes is pg/4.

Our bound is roughly of the form p?q.

Therefore, we expect that a better understanding of the
embedding problem will lead to better bounds (including on powers
of the primes in the denominators).
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Questions?
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