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Elliptic curves with CM

K = Q(+/D) imaginary quadratic field

E an elliptic curve over a number field, Ok < End(E).

Constructing £ < find j(E)
< compute the Hilbert class polynomial:

Fp(x) = II (x =Jj(7))-
{7: C/(1 7) has CM by Oy}
S ()

The points j(7) € A1(Hk) (and, in fact, generate Hk over K).
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Properties of the Hilbert class polynomial

Q@ Fp(x) € Qlx].
This is the theory of complex multiplication; we are going over
a complete set of Galois conjugates.

Q@ Fp(x) € Z[x].

no denominators <> every singular moduli is an algebraic integer
< every CM elliptic curve has potentially
good reduction everywhere.
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Calculating the Hilbert class polynomial

Various methods:
1. Complex analytic (Atkin-Morain)

-for each ideal class in Ok, evaluate modular j-function on
complex lattice associated to the ideal

-in practice this is done by running through reduced, primitive,
binary quadratic forms of discriminant D

-evaluate with sufficiently high precision (roughly v/Dlog(D)? bits)

-form the minimal polynomial by multiplying the linear factors and
round the coefficients to integers

2. Chinese Remainder Theorem (Agashe-L-Venkatesan)
3. p-adic method (Couveignes-Henocq, Broker)
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Cryptographic Motivation

Elliptic Curve Cryptosystems

ECDLP (Elliptic Curve Discrete Logarithm Problem): Given two
points on E(F,), P and Q = mP, find m.

Best known algorithms are exponential in largest prime factor of
the group size.

p can be taken to be of size 22°°
need elliptic curve with large prime order, N=p+1—1t
Use theory of CM with K = Q(v/D), where D = t?> — 4p
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Background

Constructing genus 2 curves for cryptography

Discrete log problem on the Jacobian of a genus 2 hyperelliptic
curve over large prime fields F, can also be used in cryptography

Key exchange or digital signatures, here p of size 2128
need group of large prime order (some small cofactors OK)

No good point-counting algorithms in large characteristic, so we
need to construct curves with a known order using complex
multiplication techniques. Same idea as above: given a desired
number of points and zeta function for the Jacobian over Iy, this
determines a quartic CM field K.
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Genus 2 curves with CM

K = quartic primitive CM field.

K* = the reflex field (for some fixed CM type).

Definition

A curve C over a number field has CM by Ok if Ok embeds in the
endomorphism ring of Jac(C) (after base change). We let
xc € Az(Hk~+) be the moduli point of (Jac(C), ©).

lgusa proved that A>(C) ~ C3 and gave 3 generators hy, hy, hs,
the “absolute Igusa invariants”, for the function field.

Up to isomorphism, the curve can be reconstructed from its
invariants (Mestre's algorithm). It can fail to be defined over the
field of definition of the invariants.
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lgusa’s invariants

h=2-3x18x3%,

hy =273 339ux19 X3,

h3 =27 3y xi0 Xi2 + 27 - 3taxig Xia-
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Definition

The lgusa class polynomials

Fi(X) = H (X - hf(T))7 I = 17273'
{7:C2/(Ip 7) has CM by O }
Sp4(2)

O Fi(x) € Q[x], by the theory of complex multiplication.
Q Fi(x) € Z[x]??!.

No!
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Background

Calculating Igusa Class polynomials

Various methods:
1. Complex analytic (Spallek '92, van Wamelen '99 (over Q),
Weng '00, Cohn-L '01) (hx+ = 1)

-for each ideal class in O, evaluate Igusa’s modular functions on
period lattice associated to the ideal class and polarization

-evaluate with sufficiently high precision (how much?)

-form the minimal polynomial by multiplying the linear factors and
(hopefully) recognize rational cofficients using continued fractions
algorithm

2. Chinese Remainder Theorem (Eisentraeger-L)
3. p-adic method (Gaudry-Houtmann-Kohel-Ritzenthaler-Weng)
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Background

Example

K = Q[x]/(x* + 50x? + 93) non-normal quartic CM field.

hg =4
Generated by i1/25 + 21/133 over totally real subfield
KT = Q(v133).

dx = discriminant of K = 3-31-1332.

The reflex field of K* is the quartic CM field
K* = Q[x]/(x* + 100x? + 2128), and it also has class number 4.
The first class polynomial F1(X) for K is:
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Fi(X) = X8+
(1041267141265383834470066376076324878559188075160214718620644562742786358262348341096508075804599
143069984453775203998983695947548003972598545053191345272768552036609241793048128034064336773857271456189
235238106861354975708604204456451607420800338475387838838309714721792X " —
12149397793963178112627821022620892
454041360876715982060534720404044257082143228769765890371877613550148069022173829332284216644453851614867
862164256534420708158695767059274091097881350068418895995755094309523338752891494037004890278425847646609
3820032461236811798235188207728X° +
73830049971416349806076414527300316633378897475063812302053799419506624
025181291650644500004328073627871723735075940004547048656629953356806002820065544685222040038527101719182
228810843085652278430157480274353178328131232461394942202304118799984678165493660233876346474234943100785
4432X5 4
13572072584610002627351064006562440800687789906069625620054572275815407089920054024847221405346617
813033488215466863279124472637120093418761601592922580617308491393442941861085564849319483070242601046739
458602462351542470926873770897062713438002865784651432248872830418650819961887941339751750032079816448X* -
206454190718990940623190600502151851328225238343378663248998164000999305191153252017456917850095417424128
506590031016700137973248260621281773084875898394357119793828291631304120656311020850985628912213917076211
6733170257389221578842790790536175427848548886553551634053100728321789568362872897268981614772224X3 —
129312493
747976924906177881802262435865551074346287329843958651503637214676357479636200951385561241903266198669006
427455426068739910736420217363449377936326450665425266752665530067550405245288534475530855740645647860436
09008810426655744434090152803879394309712176142971045663487522627933115830853005635881434146324611072X> —
175163105404286285404558242388178232401134785649487110037435573206470551113657779250601408409250528822541
265595839919081218671703702189931407432520268004641208854959298642809557864657052618947314472582198458807
212634641598067191086354918513670673156585122589147882831179207454063130542189031059432661117609570221939
+1604398176398171065083954530143587467864124228892266410893720503328183568724268331605647208243792414122
082080043620061424734744552092794280167983185212334500045230077070579478907220448256281603461621068539088
643767276329272079816236520630731464650463257928120642007307844547440138054843431963522663145075380919908
365137199566422016)/
16549715179319233558563819433380761888575722585072935139257013386884308496619078534362406415399
306047242194306397749106464543581843481642281644852035405212418624858388533601383273721266843393240563528
76608802759845571321009052022204371789683841
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Background

The denominator factors as:

748 .1172. 1924 . 2312 . 9912 . 8312 . gg12 . 16712,

F>, F3 have the same primes in their denominators.

The polynomials were computed using PARI with 1000 digits of
precision in about 8 hours each on an Intel Pentium 4, 2.2GHZ,
512MB memory.

Conjecture (L. '03). Primes in the denominators are bounded by
the discriminant dx and divide dyx — x2, for some integer x < /dk.
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Background

The main problems

@ Find an explicit set of rational primes S such that
Fi(x) € Z[S7Y][x].

@ Find an optimal explicit set of primes S; such that h;(7) is
S,-integral.

© Factor hi(7).
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Geometric explanation

After base-change, may assume C has a stable model & over Oy,
M D Hgx.

The denominator of each h; is a power of

a=22 [ el

10 even char.[é]

(A Siegel modular form of level 1 and weight 10 on Sp,(Z)\92).
Key point

Hence, valy(hi(7)) < 0 = & mod p is two supersingular elliptic
curves crossing transversely at their origin.
We call then p =pNZ an evil prime for K.
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a,b € Z totally negative. If p is an evil prime then

p < d®Tr(r)?.
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Geometric explanation

Bound on evil primes

Theorem (G.-Lauter, Annales Inst. Fourier 2007)

Write K = Q(ﬂ)(\ﬂ) d > 0 a O-free integer, r = a + b\/d,
a,b € Z totally negative. If p is an evil prime then

p < d®Tr(r)?.

The superspecial primes decompose in K in a certain way (Goren
'96) and so for example in the Galois cyclic case, pOx = PB1Po.

Thus there are an infinite number of superspecial primes, so the
key point is the product polarization.
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Motivation

Class invariants

Explicit construction of units in extension of number fields is
motivated by Stark's conjectures and explicit class field theory.

Construction (DeShalit-G., Annales Inst. Fourier 1997):
(a,b) € CI(K) x CL(K) ~ u(®; a,b) € Hg~.

This is done by evaluating A on period matrices associated to
Ok, a,b,ab. These invariants have very nice properties. (“Behave
like units”, “nice” Galois action ...)

Key point

If u(®P; a,b) is not a unit at p then p is an evil prime.
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A lemma about quaternion algebras

Elements of small norm commute

Let R C B, o be a maximal order and x1,x> € R elements so that

Norm(x,-) < g then x1xo = xpx1.

If not, then we get a full lattice spanned by 1, x1, x2, x1x2. Proceed
by evaluating its volume. O
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Recall

We want to prove

Write K = Q(ﬂ)(\ﬂ) d a O-free integer, r = a+ bv/d,a,b € Z
totally negative. If p is an evil prime then

p < d®Tr(r).
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already know /r°.
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Sketch of proof

@ Show that we get an embedding Ok — End(E; x Ep) with

Vd— (2 P), acZbec Hom(E, E),a* + bb’ = d.

a

Find conditions on the image (} ) of \/r as well, using that
Rosati, (5 ) — (Xv z] ) takes \/r to —y/r and that we

y\/ W\/
2
already know +/r”.

@ Assume for simplicity that £y = E;. Then one proceeds to
show that the conditions imply that all the entries
a,b,x,y,z,w are bounded in norm by a bound that depends
on the field K only.

Example: Norm(a), Norm(b) < d.
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Proof of Theorem A (bound on evil primes)

Sketch of proof (cont'd)

@ Conclude that if p is large enough, all these entries belong to
a quadratic imaginary subfield K; of B, .

e Conclude K — M,(Kj) and so K1 — K, which contradicts
primitivity of K.

@ In the general case, E; # Ej, get back to the case of £; = E;
by a suitable isogeny at the expense of introducing
denominators that can be effectively bounded.
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