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Hilbert modular varieties of low
dimension

Fabrizio Andreatta and Eyal Z. Goren

Abstract. We study in detail properties of Hilbert modular varieties of low dimension
in positive characteristic p; in particular, the local and global properties of certain strat-
ifications. To carry out this investigation we develop some new tools in the theory of
displays, intersection theory on a singular surface and Hecke correspondences at p.
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1. Introduction

This paper studies Hilbert modular varieties of low dimension. Besides the inter-
esting geometric problems it raises, we also feel that such a detailed study is bound
to play a valuable role in future applications to number theory. For example, the
Hilbert modular varieties of dimension one are the modular curves that have been
studied extensively, and their geometric properties are intimately connected with
the theory of modular forms. We consider here mainly the case of dimension 2
and 3.

To carry out this study we had to develop further existing tools and these
results are of independent interest. One is intersection theory on a surface with
isolated normal singularities, developed in § 7; the other is methods to calculate
the universal display of a PEL problem. Regarding the latter, some of the details
will appear, under a much more general setting, in a future work [AG4].

Let L be a totally real field of degree g over Q, let O be its ring of integers,
let p be a rational prime and let 991 be the moduli space parameterizing abelian
varieties of dimension g, in characteristic p, endowed with an action of Op. Some
further conditions are imposed - see § 2. The properties of 9t that we study are
mostly defined using the Frobenius morphism on various objects that are O @ F,-
modules. For example, the Hodge bundle E and the cohomology group H'(A4, O ,4)
of an abelian variety A. Hence, the analysis is divided according to the prime
decomposition of p in Of,. In § 3 we recall the stratifications defined in [AG1, GO
and their main properties.

In § 4 we discuss the singularities of Hilbert modular varieties. We recall the
theory of local models, introduced by Deligne-Pappas [DP], de Jong [deJ] and
Rapoport-Zink [RZ], and illustrate the results for the Hilbert and Siegel moduli
varieties. The singularities in the Hilbert case are local complete intersections.
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Given a closed point = € 9M¥"8 we determine when is @th parafactorial. A
question of interest here is when the pair (901, 91"8) is parafactorial. This is
motivated by the question of whether certain automorphic line bundles, giving rise
to Hilbert modular forms, initially defined on the non-singular locus in 9, actually
extend to 9. We show that (907, 91%88) is not parafactorial in the presence of
ramification. See Theorem 4.4.3, and its corollaries, for applications as indicated.

Section 5 discusses the display of an abelian variety with real multiplication.
After some preparatory work, we provide two main theorems. The first, The-
orem 5.6.1, gives the universal display with real multiplication. It uses Theo-
rem 5.6.2 that provides a criterion for a display to be universal. Both theorems
can be generalized considerably, i.e., to the setting of PEL problems, (hopefully)
even with level involving p. Details will appear in [AG4]. The results are applied
in the sequel to study the local properties of the strata. See, for instance, § 8.3.1
and § 9.

In § 6 we provide some general results concerning our stratification in the
maximally ramified case. This continues our investigation in [AG1]. Some of
our results are the following. In § 6.1 we show that each stratum W, ,) of 9
is quasi—affine and we describe the foliation structure, as defined by Oort [Oo4],
on the Newton polygon stratification of 9. In § 6.2 we show that certain of the
strata Ty, i.e., where the a-number is greater or equal to a, are connected. In § 6.3
we show (a striking result) that the non-ordinary locus is irreducible for g > 3.

Section 7 develops intersection theory on a complete surface with isolated nor-
mal singularities, building on [RT1, RT2]. Our approach is very concrete and
suitable for the calculations we need to perform. This approach can be developed
further [Arc]. One of the applications we give is determining in Theorem 8.1.1,
for p inert, which automorphic line bundles (yielding Hilbert modular forms of,
usually, non-parallel weight) are ample.

Finally, in § 9 we study in some detail Hilbert modular threefolds in the max-
imally ramified case.

2. Definitions and notations

Let L be a totally real field of degree g over Q with ring of integers Op,. Let Dy, be
its different ideal and dy, its discriminant. Let p be a rational prime and p a prime
of Op, dividing p. We let F, denote the residue field Or/p. Let ai,...,a,+ be
ideals of L forming a complete set of representatives for the strict class group cl™ (L)
of L. By an abelian variety with RM we shall mean a triple (A — S, ¢, A) consisting
of an abelian scheme A of relative dimension g over a scheme S; an embedding
of rings ¢ : Op < Endg(A4); an isomorphism of Op-modules with a notion of
positivity A: a; — M4 := Homp, (A4, A")»™™ where A® is the dual abelian variety
(for some, necessarily unique, i). One imposes the condition A ®p, a; = A'. By a
un-level structure we mean an embedding of Op-S-group schemes py ®zOp — A.
Let IF be the composite of the fields I, for every p dividing p. The moduli problem
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of abelian varieties with RM over F-schemes and ppy-level structure is a rigid
moduli problem for N > 4. We let 9t be the moduli space of abelian varieties
with RM defined over schemes and level N > 4 (N prime to p); we let 91 be
the moduli space obtained by taking an additional level structure consisting of a
connected Op-group scheme of order p. We refer to [AG1, AG2, DP] for details.
Note that our M is slightly different from the one appearing in these references (in
that we assume the subgroup to be connected). See § 5.1.1 for the definition of a
p-divisible group with RM.

The following notation is used: F, denotes a field with ¢ elements; Z,Q, Z,,Q,
denote the integers, rationals, p-adic integers and p-adic numbers; W(k) denotes
the ring of infinite Witt vectors, with respect to a prime p, over a ring k, and W, (k)
the truncated Witt vectors (ag,...,a;—1). If C C k is any subset, we let W(C')
(resp. W, (C)) denote the vectors in W(k) (resp. W, (k)) all whose coordinates
belong to C. We denote by “w, Vw the Frobenius and Verschiebung maps on W(k),
cf. [Zin, pp. 127-8]. For a Dedekind ring R and a prime ideal p, we let f, =
dimp, (R/p). In the case of Op, we also let e, be the absolute ramification index
of p and we define g, = e, f3.

For a prime p|p of Oy, we let Or, , be the localization of Oy, at the multiplicative
set Op \ p, we let @L,p be the completion, L, its field of fractions, and @Efp be
the ring of integers of the maximal unramified sub-extension of L, over Q,.

Let k be a perfect field of characteristic p. A p-divisible group over k is called
ordinary if all its slopes are zero and one. An abelian variety over k is called
ordinary if its p-divisible group A(p) is; it is called supersingular if the slopes of
its Newton polygon are all equal 1/2, equivalently, if it is isogenous to a product
of supersingular elliptic curves [Ool, Thm. 4.2]; it is called superspecial if it is
isomorphic over k to a product of supersingular elliptic curves, equivalently, if F :
HY(A,04) — HY(A,04) is zero [002, Thm. 2]. We denote by € the category
of local artinian k-algebras (R, m) equipped with an identification R/m = k. We
denote the closure of a set Z in a topological space by Z¢.

Let 2, be the Siegel moduli space of principally polarized abelian varieties
of dimension ¢ in characteristic p, § 4.2.1 - often with a rigid prime-to-p level n
structure that is not explicitly specified; X" — 2, (or xunt — 90) will denote the
universal object with section e and E = e*Q;‘mi/mg (or E = e*Q;uni/sm) denotes
the Hodge bundle. It is a locally free sheaf of rank g. We let w = det E.

3. Stratification of Hilbert modular varieties

We shall be concerned primarily with the geometry of the moduli space 9t. The
moduli space D1 will provide us with a ‘Hecke correspondence’ at p that we shall
utilize to study certain strata in 9. Two particular cases will be considered in
detail: when p is unramified and when p is maximally ramified, i.e., decomposes
as (p) =p9 in Of.
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3.1. p unramified.

In this case Op ® F, = @©,,F, is a sum of fields. Let A/k be a RM abelian va-
riety over a perfect field £k O F,,. It is known that HY(A,0,) is a free Op @z k
module of rank 1. The kernel of Frobenius F : HY(A,04) — HY(A,O04) is a
k-subspace of dimension a = a(A). Let us assume that for every p|p an embed-
ding F, — k is given, thus a decomposition F, ® k = ©;),k. The action of F,
on every Op-eigenspace of H'(A,O,) is either trivial or is given by z acting as
multiplication by 2P for some 1 < i < fp- The structure of the O, ® k-module
Ker(F : HY(A,04) — H'(A,O,)) is therefore uniquely determined by a vector
(T0)pp = (Tp)p|p(A) of sets, with 7, C {1,..., fp}. There is a natural partial order,
induced from inclusion of sets in each component, on the set of possible vectors
(7o )p1p-

Given any vector (7y)p|p, Where each 7, C {1,..., f,}, we can define a closed
subset D(Tp)p‘p of M by the property that for each geometric point x € D(Tp)p|p we
have (7 )p(p(Az) = (7p)pjp- This is a regular subvariety of codimension »_, |7y |.
For further properties see [Gol, GOJ.

Consider sets S of the form (7,),), with all 7, = (), except for a single p for
which 7, is a singleton. For each such set S one can define a Hilbert modular
form hg whose divisor is Dg. Each stratum Dz, 18 the transversal intersection
of the divisors Dg for S as above satisfying S < (7)pp,. Furthermore, with
respect to a suitable cusp, the kernel of the g-expansion map is given by the ideal
(hs —1:S a set as above). See [Go2, Thm. 2].

Example 3.1.1. For g = 1 (so L = Q) the vector (1y)pp(A) has a single com-
ponent and there are only two possibilities. Either (1p),,(A) = (0), which cor-
responds to A being an ordinary elliptic curve, or (1y)pp(A) = ({1}), which cor-
responds to A being supersingular. The locus D gy is the whole moduli space (of
codimension 0), and the locus D{1yy is the supersingular locus (of codimension 1).

Example 3.1.2. For g =2 (L is a real quadratic field) we have two cases:

e pisinert in L. In this case the possibilities for (1p),1,(A) are the vectors of
sets (0), ({1}), ({2}), ({1,2}). The case (0) corresponds to ordinary abelian
surfaces, the cases ({1}), ({2}) to supersingular, but not superspecial abelian
surfaces, and the case ({1,2}) to superspecial abelian surfaces. The vari-
ety Dg) is the whole moduli space, the varieties D1 = D({1}), D2 = D(yay)
are (usually reducible) divisors, and D1,2y) = D1« Do is the finite set of
superspecial points. We also know that each D; is a disjoint union of non-
singular rational curves and that D1 and Ds intersect transversely. See
Figure 3.1. See [BG] for details.

e pissplitin L. In this case the possibilities for (1p)p(,(A) are (0,0), (0,{1}),
({1},0), and ({1},{1}). The case (B,0) corresponds to ordinary abelian
surfaces, the cases (0,{1}) and ({1},0) to non-ordinary (but not supersin-
gular) abelian surfaces (they are in fact simple abelian surfaces), and the
case ({1},{1}) to superspecial abelian surfaces.
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supersingular

Figure 3.1: Hilbert modular surface - inert case.

In this case, the divisors D1 = D 1}y, D2 = D(1y,9) are also each a
disjoint union of non-singular curves but, in contrast with the situation of
inert prime, we have no real information on these curves: they are not the
reduction of Shimura curves, we do not know their genera. We do know,
however, that D1 and D4 intersect transversely and that Dy.Dy = D({1}7{1})
is precisely the set of superspecial points, and in § 8.2 we provide an argument
that suggests that the components of the D; have usually genus 2.

3.2. p maximally ramified.

Let k O F, be a field. In this case Or ® k = k[T]/(T9), where T may be chosen
to be an Eisenstein element of the discrete valuation ring O ® Z,. It is known
that Hip(A/k) is a free k[T]/(T9)-module of rank 2 [Rap, Lem. 1.3]. We have a
sequence of k[T]/(T9) modules

0 — H°(A, Q) ),) — Hig(A/k) — H'(A,04) — 0.
Welet i = i(A),j = j(A) be the elementary divisors of H°(A, Qk/k), normalized so

that j <i. Note that j = g—1i. Thus, there is a k[T'|/(T9)-basis , 3 to Hiz (A/k)
such that

HO(A, Q) = (THa & (T7).

An easy calculation shows that a(A) > 25 and we let n := n(A) = a(A) — j(A).
Then j <n < g—j.
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We let J = {(j,n) € Z*>: 0 < j <n < g—j}. Forevery (j,n) € J one proves
[AG1, §5] that there is a locally closed subvariety W, ) of 9, whose geometric
points parameterize the abelian varieties A with RM such that (j(A),n(A)) =
(4,m). We know [AG1, Thm. 10.1] that W; ,y is pure dimensional, non-singular
of dimension g — (j+n), that the Newton polygon is constant on W, ..y, consisting
of two slopes (n/g, (g — n)/g) with equal multiplicities (unless n > g/2 and then
the Newton polygon has one slope equal to 1/2), and that the collection {W(; ) :
(j,m) € J} is a stratification of 9. The description of the order defined by “being
in the closure” is complicated to write, but is easy to describe pictorially. We
provide the graphs for ¢ = 1,2,3,4 and 8 in Diagram A. The convention is that
if a point a is above a point b in the graph, and a is connected to b by a strictly
decreasing path, then the strata corresponding to a is in the closure of the strata
corresponding to b.

Diagram A:

(0,1) (1,1) (0,2) (1,2) (0,3) (2,2) (1,3) (0, 4)

\ ~ | N N

(0, 0) (0, 1) (1, 1) (0,2) (1,2) 0,3)
\ ~ | |
(0, 0) (0, 1) (1,1) (0,2)

\ ~ |

(0,0) 0, 1)

\

(0,0)
g=8
(4,4) (3,5) (2,6) (1, 7) (0,8)

N

(3,4) (2,5) (1,6) (0,7)

N N N
(3,3) (2,4) (1,5) (0, 6)
NN
(2,3) (1,4) (0, 5)
[N ™~
(2,2) (1,3) (0,4)
NN
(1,2) (0,3)
NG
(1,1) (0,2)
|
(0, 1)

(0,0)

We know that W(C1 ) = Ugjn),j>1W(jn) is the singular locus of 9, and, in a
sense, j is a measure for severity of the singularities. More precisely, put S; :=
W(C]»J) = U(s,t),stW(s,t)7 then, by [DP, §4]

Sji1 =S58, (3.1)

J
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We provide a diagram for the case g = 2; See Figure 3.2. The lower part of the

Figure 3.2: Hilbert modular surface - ramified case.

diagram depicts the modular surface 9t with a description of the local structure
around a point of type (1,1). The completion of the local ring is a cone, and the
supersingular locus, equal to W(COJ), has p + 1 branches at such a point.

One of the main tools used in [AGI] is the correspondence defined by the
moduli space M and its two projections 71,7 to M. In fact, over W(CM) the

morphisms 7; are P'-bundles. In 3.2 we provide a picture for g = 2; in this case
1, w2 M — M are blow—ups at the points of type (1, 1) and the p+ 1-branches of
the locus T/V(C0 1) get separated; cf. Proposition 8.3.1. We can trace the invariants of

the image mom; *(2) of a point = of type (j,n) under this correspondence. Again,
the formal description is cumbersome and we content ourselves with providing
Diagram B, referring the reader to [AG1] for more details. The convention is that
the invariants along mom; ' () of a point 2 of type (j,n) are the pairs (5,n’),
connected to, and in distance one from the pair (j,n) (whether above or below; a
loop is considered distance 1).
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Diagram B:
g=1 g=2 g=3
C(o, 1) C(l. 1) — (0,2) C(l, 2) — (0,3) C(z.z) — (1,3) — (0,4)
~ ~ ~ ~

C(o,o) (0, 1) C(1,1) (0,2) (1,2) (0,3)
~ ~ ~
C(o.o) (0, 1) -\_/(1, 1) (0,2)
/‘\ \
k/(OYO) (0,1)
Con
g=8

C(4‘4) — (3.5) — (2,6) — (1,7) — (0.8)
N ~N ™~
)

~
(3,4) (2,5 (1,6) (0,7)
~N ~N ™~
C(a,s) (2.4)  (1,5)  (0,6)
N ~N ~
(2,3) (1,4) (0,5)
N N
C(z,z) (1,3) (0,4
N ~
(1,2)  (0,3)
~
C(m) (0,2)
™~

1)

(0,
(oo

4. Background on the singularities of Hilbert
modular varieties

4.1. Cusps.

Let X" — 901 be the universal abelian scheme with RM and let e : 9 — X" be
the identity section. The Hodge bundle E is a locally free sheaf of rank g over I
defined by e*Q;E.mi /- Let w = det E; it is an ample invertible sheaf on 9. This
follows from the ampleness of w on g, cf. [FC, V.2 Thm. 2.3] and from the
finiteness of the morphism 9t — A,. The Satake compactification M of M is
defined as Proj(@2°_o['(90,w™)); it is a projective normal variety and 915\ M is a
finite set of points, called cusps. Though w extends to the Satake compactification,
we do not know if the Hodge bundle itself extends.

The set MF = M\ M58 is the largest open set S over which the Hodge bundle
is a locally free O ® Og-module. One has M = M if and only if p is unramified
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[DP, Thm. 2.2]. Let k be a big enough finite field so that O, ® k is a direct sum
of local artinian rings with residue field k. Let <O, ® k be an ideal and let [E
be the sub-sheaf of E corresponding to I, defined over 9P ® k. In general IE does
not extend as a locally free sheaf to the cusps. We illustrate the obstruction below
for g = 2 and p split.

Example 4.1.1. 1. If p=p1---pg is a product of split primes, then the Hodge
bundle is a direct sum E = Ky, & --- ® Ey, of line bundles over M. Since
we shall refer to that case later, we introduce the simpler notation E =
Li®---@Lg.

Assume, to fix ideas, that g = 2. If L1, say, extended to the cusp as an
invertible sheaf, then so would ]L’f_1 ®@ w®=D" for every n. Recall that we
have two Hilbert modular form hy, hs in this situation (the divisor of hy
being D(11y,0), of ha being D (1y)). The Hilbert modular form hy(hihg)™ is
a section ofo&@w(p_l)” and is not a cusp form. Since the compactification
of M is normal and the cusps are of codimension 2, hy(h1hs)™ will extend to
a section of the extension of ]L’l’_l @ wP=D7 to the compactification. Usual
base-change arguments, using the vanishing of Hl(i)ﬁS,L’l’_l @ w®=1") for
large enough n, show that the mod p Hilbert modular form hq(hihg)™ will lift
to a Hilbert modular form in characteristic 0, which is not a cusp form and
has non-parallel weight ((p — 1)(n + 1), (p — 1)n). This is a contradiction,
see [Fre, I, Rmk. 4.8].

2. Ifp is an inert prime in Or, then O ®F,s = ®Y_ Fpe, and the Hodge bundle
is again a direct sum of line bundles E =1L, ®--- © Ly over M.

3. If p = p9 is mazimally ramified, we get a quotient line bundle L of E defined
over M. We remark that in this case the complement of MT is of codi-
mension 2 in M [DP] and it is not a priori clear whether or not L can be
extended to a line bundle on M. We shall discuss this problem in § 4.4.

4.2. Local models.

Many of the results we stated above require a detailed understanding of the local
(infinitesimal) structure of the moduli space 9. Such information may be obtained
by the technique of local models. The theory of local models constructs for a
moduli space B of abelian varieties another scheme B¢, typically a flag variety,
such that for every geometric point & € B, there exists a geometric point y € B'°°
and an isomorphism of completed local rings

O%ﬁz = O%loc7y.

Below, we shall use the following notation for Grassmann varieties. Let k be
an algebraically closed field, B be a k-algebra, and let a < b be positive inte-
gers. Assume that a ring homomorphism B — M, (k) is given. Assume also
that a bilinear alternating pairing ( , ) on k® is given. We shall use Grass(a, b)
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(resp. Grass({ , ),a,b); resp. Grass(B,( , ),a,b)) to denote the Grassmannian
of a-dimensional subspaces of k” (resp. isotropic; resp. isotropic and B-invariant).
Often implicit in the notation Grass(B,( , ),a,b) is a connection between the
pairing and the action of B, e.g., the elements of B are self-adjoint with respect
to the pairing.

4.2.1. The idea of local models. Let 2, be the moduli space of principally
polarized abelian varieties of dimension ¢ in characteristic p. We shall assume
that on 24, or 9M, there is a given rigid prime to p level structure, which we
omit from the notation. Given a point z € M, or = € Ay, one can trivialize the
locally free sheaf Hiy in a Zariski open neighborhood U of z. Then, the locally
free, locally direct summand of rank g given by the Hodge bundle E, provides
a morphism U — Grass({ , ),g,2g) (resp. Grass(Or,{ , ),9,2g)), where the
Grassmannian is of isotropic g-dimensional (and Op-invariant) subspaces of a 2g-
dimensional space with a perfect alternating pairing. The idea of local models is to
show that this is an isomorphism on the level of completed local rings. There is a
shortcoming to this result in that the morphism is not canonical and therefore it is
not a priori clear how to define the strata coming from the moduli space on the local
model (even in an infinitesimal neighborhood of a point). The crystalline theory
makes this morphism somewhat more canonical. But, in fact, the proof that this
is an isomorphism on the completed local rings often requires an auxiliary scheme
and a dimension count.

Let f: A — S be an abelian scheme and let D*(A) be the associated Grothendieck-
Messing crystal, defined on the nilpotent crystalline site of S [Gro, §V.4]. This
crystal is defined by

]D)* (A) = Rl fcrys,*(OAcrys)‘

The value of this crystal on S is the de Rham sheaf D*(A4)s = R! f. (€2%/5), hence

it provides us with a locally free direct summand of rank g, E4 C D*(A)g, which
is f.Q4,g. The crucial theorem here is due to Grothendieck [Gro, p. 116].

Theorem 4.2.1. Let S — S’ be a nilpotent thickening with a divided powers struc-
ture. The filtered Dieudonné functor gives an equivalence of categories between

1. the category of abelian schemes over S’, and

2. the category of pairs (A, E), where A is an abelian scheme over S and E C
D*(A)g is a locally free direct summand which lifts E4 C D*(A)s. Mor-
phisms are homomorphisms [ : Ay — As such that the induced morphism
f*:D*(A2)sr — D*(Ay)s satisfies f*(Eq) C Eq.

Let S be the spectrum of an algebraically closed field k. Let S C S’ be a PD
thickening such that S’ is a local artinian k-algebra. Let A’ — S’ be the trivial
deformation of A over S’ for which D*(A)s: = Hiz(A/S) ®; Og. Then, given

~

any other deformation A” of A to S’, the canonical isomorphism HJg(A”/S") =
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Hlz(A/k) ®, Og: provides us with a submodule Exr C Hlg (A) ®5 Og lifting
E4 C Hlz(A). Thus we get a morphism from the functor of deformations over
the nilpotent crystalline site of S to the functor Grass(g, Hig (A/k)).

Let T to be the spectrum of (59317% and let f : X" — T be the universal
object. Trivialize R' f, (Q}um/T) = @g;{x with respect to a basis horizontal for the
Gauss—Manin connection. Considering the submodule Exuni/T C le*(Qseuni/T)’
we obtain a morphism 7" — Grass(Or ® k, ( , ), g,2g). Similar constructions can
be made with endomorphism and polarization structures. Using this map and the
crystalline theory, one obtains [DP, Thm. 3.3], [deJ] the following theorem (recall
the tacit assumption of rigid level structure):

Theorem 4.2.2. 1. In the Siegel case, there is an isomorphism
Ong,r = OG,y,

where G is the Grassmannian variety Grass({ , ), g,2g) that parameterizes g-
dimensional isotropic subspaces of HjR(A/k;) and y is the point correspond-
ing to the Hodge filtration H°(A,Q} ) C Hyg(A/k).

2. In the Hilbert case, there is an isomorphism
Om,x = OG,yv

where G is the Grassmannian variety Grass(Op ®k, (, , ), 9,2g) that param-
eterizes g-dimensional isotropic Op-invariant subspaces of Hip(A/k) and y
is the point corresponding to the Hodge filtration H°(A, Qi) C Hig (A/k).

Remark 4.2.3. The theorem holds, for a suitably formulated Grassmannian prob-
lem, without the restriction to characteristic p. See [DP, del]

4.3. Examples.

We only consider deformations in characteristic p.

4.3.1. The Siegel case. Let V be a 2g-dimensional vector space, let I' C V be
a g-dimensional subspace of V and choose a complementary subspace W C V
such that V=T @ W. Then an affine chart of Grass(g,V) about I' is given by
Hom(T', W). Given t € Hom(I', W) we associate to it its graph.

Suppose that V has a symplectic pairing and I' is isotropic. Choose a ba-
sis ay,...,a4 to I' and complete it to a standard symplectic basis by by, ..., b,.
Take W to be the span of by, ...,b;. We may identify ¢ with a g x g matrix (¢; ;)
such that aj; — aj + Zz ti,jbi-

The graph of ¢ is isotropic if and only if for each j, k we have

(aj + Zti,jbi) A (ag + Zti,kbi) =0. (4.1)
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Since (aj + >, tijbi) A (ar + >, tixbi) =t — trj, Equation (4.1) is equivalent
to (t;,;) being a symmetric matrix. This is of course in accord with 2, (with a rigid
level structure prime to p) being a non-singular variety of dimension g(g + 1)/2.

4.3.2. The Hilbert case. We again consider two cases.

e The inert case. In this case we have a decomposition Oy, @k = ®Y_ k. We
denote the projection of O, on the i-th component by ;. One may assume
that Frob o o; = 0;41. We then have

Hgp (A/k) = &, D(i),

where each D(7) is a two dimensional k-vector space with a perfect alternat-
ing pairing, on which Oy, acts via ¢;. There is a compatible decomposition

H°(A,Qa/k) = @7 H(i),

where each H (i) is a one dimensional k-vector space on which Oy, acts via o;.
The Grassmannian is therefore isomorphic to

Grass(1,2)9 = (P}.)Y.

Note that the completed local ring of every point x on 991 is isomorphic to
the completed power series ring k[t1,. .., t,], where t; is canonical up to an
element of k[t;]*.

e The maximally ramified case. In this case
Hg(A/k) = K[T]/(T?) & K[T]/(T9).

The Grassmannian Grass(Op ® k,( , ),g,2¢g) is that of parameterizing
isotropic g-dimensional subspaces that are Op-invariant. One can show [DP]
that one can replace the k-valued pairing, for which the action of Oy, is self-
adjoint, by a k[T]/(T9)-valued pairing, which is k[T"]/(T?)-linear.

Given A/k we can find a basis a, 3 of HJlg(A/k) such that
H(A,Quy1) = (THa e (T7)83, alp=1,

where j = j(A), i =g — j, i > j. This determines 7, j uniquely. We choose
the complementary subspace to be

1—1 j—1
Prkaw JEBTSkﬁ.
s=0 s=0

The deformations f of HY(A,Q4/;) in Hig(A/k) that are Op-linear are
determined as follows. Under f,

i—1 j—1 i—1 j—1
Tl — Tia+ZCLSTSOA+Z bT56, T — Tj6+chT5a+stTsﬂ.
s=0

s=0 s=0 s=0
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We write that in shorthand notation as
Tioa — Tl + aa + bg, T8 +— T3 + ca+ df,
with

LaTs, b=l bTe,

S

=S be T, d=YI"ld, T

S

a=3

17—
c
To have an isotropic subspace we must require

(T + ac + bB) A (T3 + ca + df) = 0.
This is equivalent to
ad — be + aT? +dT* = 0.

It then follows that the O ® k-span of T« + aa + b3, T3 + co + df3 is a

g-dimensional isotropic Op-invariant subspace.

Example 4.3.1. j = 0 (non-singular points). In this case i = g. We get

immediately b = d = 0 and hence also a = 0. It follows that ¢ = EZ;& csT?

is unobstructed and we conclude that the completed local Ting is isomorphic
to

k[[CO, sy Cg—l]]-

Example 4.3.2. g=2,i=7j=1. In this case we find the equation
apdy — boco + aoT + doT = 0.

We get the relations ag = —dy and agdy — bgcg = 0. This gives that the
completed local ring is isomorphic to

kﬂao, bo, Co]]/(ag —+ boCO).

Example 4.3.3. g=3, j=1,i=2. We have

a=ag+aT, b=by
c=co+ 1T, d = dy.

with the equation
(aodo - boCo) + (ao + a1dy — boCl)T + (a1 + do)T2 =0.

This yields dy = —ay,a0 = a2 + bocy and that the completed local ring R is
isomorphic to

k[ay, bo, co, c1]/ (a3 + arboer + boco),
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which is 3-dimensional with a tangent cone at the origin defined by bocy = 0.
The singular locus of Spec(R) is given by by = co = 0 (which implies a; = 0)
and is hence one dimensional, isomorphic to Spec(k[co]).

4.4. Singular points.

Using the local models one can show [DP, Thm. 2.2] that 9 is singular if and only
if p is ramified in O and that the singular locus is of codimension 2. However,
the singularities are local complete intersections, hence Cohen-Macaulay and so
normal, by Serre’s criterion. We remark that, in particular, the completed local
rings are domains, i.e., the moduli space is locally (formally) irreducible.

In local commutative algebra a property which is subtle and of interest is
the property of parafactoriality. The definition is motivated by its relation to
factoriality and representability of the local Picard functor of invertible sheaves.
For this we refer the interested reader to the references below and to [Lipl]. A
noetherian local ring (R, m) is called parafactorial if it is of depth at least 2 and
if Pic(R — {m}) = 0. A global definition follows:

Definition 4.4.1. Let (X, Z) be a pair consisting of a ringed space X and a closed
subset Z. Let U = X \ Z. One says that (X, Z) is parafactorial if, for every open
set V of X, the restriction functor M — Myny, from the category of invert-
ible Oy -modules to the category of invertible Oyny -modules, is an equivalence of
categories.

We refer the reader to [EGA 1V, §21.13], [SGA 2, Exp. XI] for details. In partic-
ular, [EGA 1V, §21.13.8] gives the equivalence of the definitions for local rings.

Lemma 4.4.2. Let k be a field. Let R be the ring

kﬂa07 BREE) a/ng?bOa Cos - - cg727d07x17 s 737]\]]]/
(apdo — boco, ag—2 +do, {aido +a;—1 —boc; : 1 <i<g—2}). (4.2)

The closed set Spec(R)*"8 is defined by the ideal (ag,bo,co,dy) of R. The pair
(Spec(R), Spec(R)*"8) is not parafactorial.

Proof. First, one proves that R is isomorphic to the ring

k[[bo,()o,...,Cg_g,do,xl,...,l‘]v]]/

(boCo — dobgcy + dngCQ — d8b003 + ...+ (—l)g_gdg_zbocg,Q =+ (_1)g—2dg)7
(4.3)

cf. proof of Lemma 6.3.4. Then, a direct application of the Jacobi criterion gives
that Spec(R)s"® is defined by the ideal (aqg, by, co,do)-

Let Ugp (resp. U.q) denote the open set where either ag or by (resp. ¢o or do)
are not zero. Note that U := U, U U.q = Spec(R) — Spec(R)*"&. We consider
the closed subscheme given on U, U U.q by (bo,dp). Note that by Equation (4.2),
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this closed subscheme is an irreducible reduced Weil divisor Dg on Uy, U Uy,
automatically locally principal. Now, consider the closed subscheme D of Spec(R)
defined by the same ideal (bg, dy). There is unique extension of Dy as a Weil divisor
to Spec(R) which is just D (because Spec(R)* has codimension 2). If the pair
(Spec(R), Spec(R)®"#) is parafactorial then the invertible sheaf Oy (Dy) extends
to an invertible sheaf # over Spec(R). By [Har, Prop. 11.6.15] &% = O(D’),
where D’ is locally principal and, without loss of generality, D'|y = Dy and
so D' = D. Thus, it remains to prove that D is not locally principal. We follow
the argument of [Har, I 6.5.2].

Assume that D is locally principal. Let mg be the maximal ideal of R. Then D
is given by a unique equation in mp/m%. But mp/m% is just the k-vector space
with basis bg, cg, .. .,cq—2,do,Z1,...,2N. On the other hand, clearly D is given in
mp/m% by by, dp. Contradiction. O

Theorem 4.4.3. Assume that p ramifies in Or. Then the pair (I, M5N8) is not
parafactorial. In fact, there is an invertible subsheaf I of the Hodge bundle that
does not extend to any open set strictly containing IME = M — osine,

If p is mazimally ramified, then L = p9~—'E, and L extends to an invertible
sheaf over M.

Proof. Assume that (p) = pi*---p% in O and that e; > 1. Let k be an alge-

braically closed field of characteristic p. Write O ®k = @)_ 169f(p£/p) kn[T)/(T°),
with k,, = k for all m.
Consider a k-rational point = on 901 with the property that H°(A,,Qa, /) =

Dy_q @fn(iﬂ/p) Ut,m with Uy, = kp [T]/(T%), except for Uy 1, which is taken to be
the k., [T]/(T¢) module given by (T') & (T“*~1). The closure of the collection of
such points is a closed subscheme Z of 9. Cf. 3.2, 4.3.2.

The completed local ring S of x is by the theory of local models isomorphic to

@; 1®f,§p[1/p)Rg,m, with R ., a power series ring over k, except for Ry i, which is

isomorphic to the ring R in Equation (4.2) with ¢ = e; and N = 0. That is, the

ring S is itself of the form given in Equation (4.2) with Z = Spec(S)®"e.
Suppose that (91, 915"8) is parafactorial. Recall that over 9% = 9 — onsine

the relative cotangent space of the universal abelian scheme is a locally free

[@r_l éBf (m/ P) kn [T/ (T )} ®k Ogpr module. Consider the invertible sheaf L

defined on M~ by the ideal Dp—1 @f(p[/p) 1y with Iy ., equal to 0, except for [ 1,
which is equal to T =1k [T ]/(Tel)

Since the pair (907, 91%188) is parafactorial, it follows that the invertible sheaf I
can be extended from U := Spec(S) — Z to Spec(S).

The de Rham sheaf corresponds under the theory of local models to a free O ®y,
S module with generators «, 3, and L is then the submodule generated over U
by T laga + T b3 and T Lo + T ~1dy 5.

Let Ugp (resp. U.q) denote the open set where either ag or by (resp. ¢o or do)
are not zero. We have a trivialization of L over U, (T taga + T 1hoS is
a basis) and over U, (T lcgar + T 71dp3 is a basis). Note that on S we
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have the relation agdy = bgcg. The transition function between the trivializations
is do/b() = Co/ao.

Let D be the divisor on Spec(S) defined by the ideal (bg,dp). The divisor D
is defined on Uy, by by and on U.q by dy and so has the same transition function
as L. Parafactoriality implies that D must be locally principal, cf. the proof of
Lemma 4.4.2. But we have shown in that proof that this is not the case.

To show that L cannot be extended outside MM we argue as follows: Let K
be a closed set that contains every point = as constructed above (where we allow
a different choice of ¢,m as long as e, > 1). Such points are dense in M8 as
follows from [DP, §4]. Therefore, K D 98, Hence, if U is an open set strictly
containing M’ then U contains such a point 2. But we have shown that L cannot
be extended as an invertible sheaf over the completed local ring of x.

Assume now that p is maximally ramified. The first claim was already proven.
To prove the second claim, consider the Lie algebra of the subgroup defining the
moduli problem 9t. It provides us with a locally free quotient sheaf H of the
Hodge bundle E over 91. We claim that when we restrict H to 9 = 9t then H
is isomorphic to L. This follows from the fact that over 9% the Hodge bundle E
has a canonical filtration E D pE D --- D p9~'E D 0, with successive graded pieces
being isomorphic under multiplication by T'. O

Corollary 4.4.4. Assume that p is maximally ramified in O. The section of the
morphism M — M, A — (A, TI9 ' Ker(F4)), defined on M, does not extend to
any open set strictly containing I,

Proposition 4.4.5. Let x be a (scheme theoretic) point of M of codimension at
least 4. Then the local ring of x is parafactorial. If p is unramified in Op, the
local ring of x is parafactorial for any x.

Proof. Let x be a (scheme theoretic) point of 9. By [SGA 2, Exp. XI, Cor. 3.7],
to show that the local ring Osy , is parafactorial it is enough to show that @mx is
parafactorial. If x is of codimension at least 4, the ring @m@ is of dimension > 4
and is a complete intersection by the theory of local models (see [DP, Prop. 4.4]).
It follows from [SGA 2, Exp. XI, Thm. 3.13] that it is parafactorial.

It is known that a regular noetherian local ring of dimension at least 2 is
parafactorial - a result due to Auslander-Buchsbaum - cf. [SGA 2, Thm. 3.13],
[EGA TV, §21.13.9 (ii)]. O

The parafactoriality of the completed local rings of closed points on 91 is com-
pletely covered by the results above except for the situation ¢ = 3 and (p) =
p?q. In this case, the completed local ring of any non-singular point is of the
form k[z,y, 2]/(2* + xy)@k[t]. Such a ring is parafactorial [Bou, ITI, Prop. 1.2].
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5. The display of an abelian variety with RM

We wish to study the local deformation theory of abelian varieties with RM in
characteristic p > 0. In this paper we only study equi-characteristic deformations.
Our main tools are the theory of local models and the theory displays, both avail-
able in the arithmetic setting as well. One thus hopes that the methods below will
extend to the arithmetic setting.

Let z € 9 be a k-valued point, where k is an algebraically closed field of
characteristic p. The theory of local models allows us to determine the ring Ogy 5,
and even the behavior of the strata S;, but falls short of describing the behavior
of the strata W(; ,,).

As we shall explain, the local deformation theory factors according to the prime
ideals dividing p in O and that allows us, essentially, to assume that the p-
divisible group A, (p) is either ordinary, or local-local. The first case is studied
very effectively using Serre-Tate coordinates but is of no interest to us in this
paper. In order to study the second case, we make use of the theory of displays as
reformulated and developed by Zink [Zin].

Our main idea, which is similar to [Zin, §2.2], is the following. Suppose, for
simplicity, that the abelian variety A, has a local-local p-divisible group. Then,
the display associated to the abelian scheme A — Spec(Ogn ), whose fiber over
the closed point is A,, is universal with respect to the problem of deformations
over local artinian k-algebras (R, m) with R/m = k of the polarized Op-display
associated to A,. Indeed, the universality is one of Zink’s main results.

On the other hand, the theory of local models provides us with a concrete
model R for Ogp ., which is the completion of the local ring of a point on a
suitable Grassmann variety. We view the universal display &' as lying over R.
We explicitly construct a display & over R that we want to show is universal.
By the universal property, & is obtained from " by base change coming from
a unique map p: R — R. At least over R/m%, the Hodge filtrations defined
by 2" and £ produce two maps (that are unique) 1;,%9: R — R, coming from
the interpretation of R as a completed local ring of a point on a Grassmannian, and
the crystalline nature of displays. One gets a commutative diagram ¢ o 1)1 = 1s.
We then argue that, in fact, 17 and w5 are isomorphisms, hence so is . The
universality of & ensues.

We next discuss the connection to a well known result that gives the universal
display for the Siegel case [O03, pp. 412-414],[Zin, Eqn. (86)]. Let (X, \)/k be a
principally polarized abelian variety over an algebraically closed field k of charac-
teristic p > 0 and choose a symplectic basis for the display of X to yield a matrix
(4 B), as explained in [Zin, pp. 128-9]. Let R :=k[t;; 14,5 =1,--- ,g]/(tij — t;s)
be the completed local ring provided by the theory of local models (cf. § 4.3.1). It
is identified, non-canonically, with the completed local ring of the k-rational point
of 2, corresponding to (X, \) (the usual choice of auxiliary rigid level structure
prime to p is required for that). Let T}; be the Teichmiiller lift of ¢;; and let T be
the square g x g matrix (7). The universal display for the universal infinitesimal
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equi-characteristic deformation of (X, A) is then given by

. I (5.1)

(A +TC B+T D)

Note, for example, that A + T'C' is the “universal Hasse-Witt matrix” and thus
the non-ordinary locus is infinitesimally defined by the equation det(A+7TC) =0
(mod p). This determinant can be interpreted as the Hasse invariant - a Siegel
modular form of weight p — 1 that vanishes exactly along the non-ordinary locus.

Equation (5.1) is a red herring of a sort. In that expression the Hodge filtration
“seems constant”; namely, in the specified basis ey, ..., eaq, With respect to which
the display is given, the kernel of Frobenius modulo p is the span of eg11,. .., ea4.
As such, its behavior is exactly the opposite of the behavior expected from the
crystalline theory and the theory of local models.

However, consider the automorphism of the underlying module of the display

provided by ({ 1) and write (A-s—gc pB;ng) =(}7) (égg). One checks that

with respect to a suitable basis (see below) the Frobenius operator is given by
(A pB> (1 T") _ <A AT ¢ pB> 52
C pD)\0O I C CT°+pD)" '
The kernel of the Frobenius operator modulo p is now spanned by the columns
of the matrix (’IT), which indeed has the “desired maximal variation” dictated
by the local model. The point is, the basis in which Equation (5.1) is given is
not horizontal with respect to the Gauss-Manin connection, whereas the basis in
which Equation (5.2) is written is, at least over R/m%. As will become apparent
from the discussion below (§ 5.6), this is enough to conclude that this display is a
universal display.

We make all this more precise. Consider the composition ¢ o7 of two operators,
¢ being a o-linear map and 7 being a linear automorphism. Here the operators are
operating on the underlying module of the display of the special fibre, extended
trivially to a display over R. We take ¢ to be the Frobenius operator and 7 the
automorphism expressed in a basis B by (! 7). Let [¢ o 7] be the expression of

¢ o7 as a matrix with respect to the basis B. Then [¢po7]|g = (é g;Zing) ) Let C

be the basis 771(B). Then [¢ o 7]c = [7]5]¢]s = <A+CTC PB;‘gPD

Furthermore, let Iy be the augmentation ideal of W(R), Ir =" W(R). Let K
be the kernel of ¢ (mod Ig) so 771(K) is the kernel of ¢ o 7 (mod Ig). Let [K]s
be the set of coordinate vectors expressing K in the basis B (mod Ig). Then we
have [r71(K)]¢ = [K]g, but of course [t ' K] = () ) [K]s.

According to Zink’s theory (see [Zin, Thm. 44] and §5.1.3 below) the display &
over k determined by (é B) gives a crystal D, over the nilpotent crystalline site
of Spec(k). To conclude our discussion, it remains to show that there is a display

Z over R, whose Frobenius operator is given by (5.2), such that the isomorphism
from & (mod m%) to Zy@W(R/m%), dictated by the crystalline theory, is simply
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the identity. In essence, that follows from the fact that the operator ((1J T; ) is the
identity when reduced modulo Ir and then modulo m%.

5.1. Recall.

In this section we review the theory of displays, developed in [Zin], discussing a
variant where a real multiplication is considered. Having in mind applications to
local models, we recall the connection between displays and crystals as developed
in [Zin].

5.1.1. The deformation theory of abelian varieties is equivalent, by Serre-Tate,
to the deformation theory of their p-divisible groups. One wishes to isolate the
type of p-divisible groups on which Oy, acts as endomorphisms that arise in this
fashion from RM abelian varieties. To illustrate the problem, note that if p splits
in Of, then Oy, acts as endomorphisms of any one dimensional p-divisible group,
but does not act on any elliptic curve. To rule out such possibilities we make the
following definition:

Definition 5.1.1. Let B be a finitely generated Z,-algebra. Let k be a field of
characteristic p. Let G be a p-divisible over k on which B acts as endomorphisms.
We say that G has RM by B if the Dieudonné module of G @y k& is a free
B @z, W(k2'8)-module of rank 2. We say that G has RM by Oy if it has RM by
Or ®z Zy in the sense just defined.

Let R be a local Noetherian ring with residue field k as above. A p-divisible
group G over R is said to have RM by B if B acts as endomorphisms of G and
G ®k has RM by B in the sense defined above. Ibid. for RM by Of.

A polarized p-divisible group with RM over a ring R as above, is a pair (G, \)
where G is a p-divisible group over R with RM by B and ) : G — G? is a B-linear
symmetric isomorphism.

5.1.2. Let R be an F,—algebra. Let W(R) be the Witt vectors over R and let I
be the kernel of the ring homomorphism W(R) — R given by projection on the
first coordinate.

A polarized display & over R with real multiplication by Op, a RM display
for short, is a quintuple (P, Q,F,v—1 <,7,>) consisting of:

1. a projective O, ®z W(R)-module P of rank 2;

2. a finitely generated O ®7 W(R)-submodule @ of P such that IpP C Q C P
and P/Q is a direct summand of the R-module P/IrP;

3. additive maps F: P — P and V~': Q — P, which are linear with respect
to O, and o-linear with respect to W(R), and satisfy V! (Ywy) = wF(y)
for any w € W(R) and any y € P. One imposes a further nilpotence condi-
tion [Zin, Def. 2J;
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4. an O ® W(R)-bilinear map (_,_): P x P — D;' ® W(R) satisfying the
identity V(V~1(x),V=1(y)) = (z,y) for every z and y in Q.

Define
Dy := P/IRP, Hyp :=Q/IrP.

The filtration Hgp C D4 is called the Hodge filtration of 2.
Replacing Op, with its completion O, and Dy with its completion at p, one
gets the notion of a polarized display with Or,—action.

The main example of a display is the Dieudonné module. Let k be a perfect
field of characteristic p and let G be a connected polarized p-divisible group with
RM by Op, over k. Then the Dieudonné module of G, say P, equipped with its
Frobenius and Verschiebung morphisms and Op-bilinear pairing, gives the RM
display (P, VP, F,V~=1 (_,)).

A variant of [Zin, Thm. 9] is the following:

Theorem 5.1.2. Let R be an excellent local ring or a ring such that R/pR is
an algebra of finite type over a field k. Assume that p = 0 in R. Then there
is a natural equivalence of categories between the category of polarized connected
p-divisible groups over R with RM by Op, (resp. Or, ) and the category of displays
over R with RM by Or, (resp. Or, ).

5.1.3. The following is a consequence of [Zin, Thm. 44]. Let S — R be a
surjective homomorphism of rings such that p is nilpotent in S and its kernel a
is equipped with divided powers. Let & := (P, Q,F VL (, ,>) be an RM display
(or a polarized display with O, —action) over R. Let &2; = (PZ—, Q;, F;, V[l, (-, ,>1),
i = 1,2, be RM displays (or polarized displays with Or -action) over S reducing
to Z. Let @1 be the inverse image of @ via P; — P. Then, Vfl extends uniquely
to Q\l The theorem states that there is a unique isomorphism,

a: Py = (Pl,@hFthl) — Py = (P27@27F27V2_1),

reducing to the identity on & and commuting with the Op-action (or Or,-action).
Hence, the sheaf P(Spec(R) C Spec(S)) := Pi on the crystalline site (of pd-
thickenings with kernel a nilpotent ideal) of Spec(R) defines a crystal. Analo-
gously, D, and D, are canonically isomorphic. Hence, the sheaf D (Spec(R) C
Spec(S)) := D, on the crystalline site of Spec(R) defines a crystal called the
covariant Dieudonné crystal.

Let A be an abelian variety over R with RM, let G be its p-divisible group and
let & be the associated display. The crystal D g is canonically isomorphic to the
crystal D*(A?). See [Zin, Thm. 6] and [MM, II (1.5)].

5.2. Factorizing according to primes.

5.2.1. The local deformation theory and displays.
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Lemma 5.2.1. Let k be an algebraically closed field of positive characteristic p.
Let © € M be a k-valued point. Then,

1. the RM p-divisible group A, (p) factors canonically as the product of the Oy, -
polarized p-divisible groups, denoted A, (p);

2. for each p, the O, -polarized p-divisible group A.(p) is either ordinary or
local-local. Its Dieudonné module is a free O, ®z W(k)-module of rank 2;

3. the functor of deformations of Az(p) on € as an Or-polarized p-divisible
group 1is naturally equivalent to the direct product, over p dividing p, of the
functors of deformations of Ax(p) on & as an Op,-polarized p-divisible

group.

One considers RM displays as in §5.1 and polarized displays with Or, action.
It is easy to see that the first category is naturally isomorphic to the direct product
of the categories of polarized displays with Or, action, where p runs over primes
factor of pOyp .

Under the equivalence of categories stated in Theorem 5.1.2 between deforma-
tions of connected p-divisible groups and displays, the decomposition according to
primes is respected.

5.2.2. The associated local model. Let Dy be the Op-module O, k® O, Rk,
let {, ): Do x Dy — /\QOLDO = Or ® k be the wedge product, and let Hy C Dy
be an isotropic Oy ® k-submodule of Dy having dimension g over k. Let R be the
complete local ring pro-representing the moduli problem of associating to a local
artinian k-algebra (S, mg) an O ® S-submodule H of D := Dy ®y, S, such that H
is free as a S-module, is a direct summand of D, is totally isotropic with respect
to the pairing ( , ), and reduces to Hy modulo mg. The ring R is isomorphic
to the completion of the local ring of the point corresponding to (Hy, Dp) in the
appropriate Grassmann variety Grass(Op ® k, (, ), 9,29).

The Grassmann variety Grass(Op ® k, (, ), g,2g) is canonically isomorphic to
the product, over p|p, of the Grassmann varieties Grass(Or,p, ® k, (, )p, ps 20p)-
In particular, writing Dy = @,Do(p), Hy = SpHo(p), using the decomposi-
tion O ® k = @,,0L, ® k, and noting that the pairing decomposes accord-
ingly, we find that R = @MPR(]J), where R(p) is the completed local ring of the
point (Ho(p), Do(p)) on the Grassmann variety Grass(Or , @k, {, )y, gp,29y) and
the completed tensor product is taken over k.

5.3. The setting in which the theorems are proved.

Using the decomposition above, one sees that the construction of the universal
RM display (for deformations of a given RM display over k) may be considered
“one prime at a time”, and therefore, for notational convenience, one may as-
sume that pOp = p°. The results in this section will be formulated under this
assumption, from which the more general assertions follow immediately.
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We set the following notation: pOr, = p°, f = [Or/p : F,]. Let o1,...,0¢
denote the embeddings of @Efp — W(k), ordered such that ¥(:) o oy = 0i41.
Note that Or ® W(k) = @{ZIB(Z‘), where the decomposition is induced by the
isomorphism W(F,;) ®z, W(k) = ®{=1W(k), a®@A— (...,0i(a)A,...). We also
have Oy, ® k = @/_, B(i) with the obvious notation. Note that B(i) = k[T]/(T*),
where T is the reduction of an Eisenstein element for the extension O e/ @Efp.

For any k-algebra S denote by ¥~ and V- the maps on Op ® W(S) given by
Flow)— Lo Fwand V({ @ w) — L@ Vw for all £ € O, and w € W(S).

5.4. Further decomposition of the local model.

Forr=1,...,f let

Dy(r) := B(r) @ B(r)

and denote by (, ): Do(r) x Do(r) — B(r) the wedge product. Let Ho(r) C Do(r)
be an isotropic B(r)-submodule of Dy(r) having dimension e over k. There exist
a basis {a(r), B(r)} of Dy(r), as a B(r)-module, such that {a(r),3(r)) = 1 and

Ho(r) = (T")a(r) & (1) 5(r)

for uniquely determined integers e > i(r) > j(r) > 0 satisfying i(r) + j(r) =
e. Let R(r) be the complete local ring pro-representing the moduli problem of
associating to an object (S, mg) of € a B(r) ® S-submodule H(r) of D(r) :=
Dy(r) ®p S such that H(r) is free as a S-module, is a direct summand of D(r), is
totally isotropic with respect to the pairing ( , ), and reduces to Hy(r) modulo mg.
Then,

R(T‘) = k[[a(r)(h ) a(r)i(r)_l, b(?")(), ey b(r)j(r)—l,
C(r)()? LR C(r)i(r)—l, d("')o, ey d(r)j('r')—l]]/
(a(r)d(r) — b(r)e(r) + a(r)T?") + d(r)T"™),

where a(r) := a(r)o+...+a(r)imy—1 T, b(r) = b(r)o+...+b(r) -1 T,
e(r) i==c(r)o+ ...+ c(r)im1 T~ and d(r) == d(r)o + ...+ d(r) jo)_ T L.
The universal flag H(r) C D(r) over R(r) is defined by the B(r)-span of T*(" a/(r)+
a(r)a(r) +b(r)B(r) and T B(r) +c(r)a(r) +d(r)B(r). Note that the Grassmann
variety Grass(Or ® k,(, ),9,2g) decomposes as the product of the Grassmann

varieties Grass(B(r), (, ), e,2e). Hence,

R = @leR(r).
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5.5. The display over the special fiber and its trivial
extension.

Let &, := (PO, Qo, Fo, ‘/}fl,( , >0) be a RM display over k with an O, ® k-linear
isomorphism of the Hodge filtration H 5, C D4, with Hy C Dy, compatible with
the pairings on Py and Dy. Choose a decomposition Py = &, (B(r)a(r)®B(r)5(r))
as O, ® W(k)-module so that Py/pPy = Dy, Qo/pPy = Hp and {(«(r), 5(r))o = 1.
Note that Fy = ®Fy(r), a direct sum of -linear maps, and

Fo(r) [B(r)a(r) @ B(r)8(r)] C [B(r+ Da(r+1) @ B(r+ 1)8(r +1)] .
The matrix of Fy(r) with respect to the bases {«a(r), 8(r)} and {a(r+1),8(r+1)}

is of the form
T'Wgya(r) T Mg, 2(7”))
F = . ’ . 5.3
O(T) (Tg (r)g2 1( ) Tz(r)92 2(7.) ( )

To state the main theorem of this section we need some more notation. Let a(r)s,
b(r)y, é(r)s and d(r); be the Teichmiiller lifts in W(R(r)) of a(r)s, b(r)e, c(r)s
and d(r); for 1 < r < f, 0<s<i( )—land 0 <t < j(r)— 1 Deﬁnea(r) =
Zocp AT, b0) = T b0, efr) o= Tl eI and d(r) =
S =1 d(r)sT*; these are elements of B(r) @wk) W(R(r)). Let

n(r) := a(r)d(r) — b(r)e(r) + a(r)T9") + d(r)T').

Lemma 5.5.1. Let M(r) be the mazimal ideal of R(r). Then, the element F'n(r)
lies in T°B(r) @y W(M(r)). Let

wp = 14+T7¢Fn(r).
Then u, is a unit in B(r) Qi) W(R(r)).

Proof. Note that T°B(r) @y W(M(r)) is equal to pB(r) @y W(M(r)). Since
multiplication by p coincides with the composition of Verschiebung and Frobenius,
we conclude that pW (M (r)) consists of the Witt vectors (ag, a1, . ..) with ag = 0
and a; € ' M(r). The assertion concerning ¥'n(r) follows. Note that u(r) lies
in 1+ B(r) ®w) W(M(r)). It is a unit by Lemma 5.5.2. O

Lemma 5.5.2. Let S be a k-algebra. Let v € B(r) Q) W(S). Assume that the
image U of v via the composition B(r) Qw) W(S) — B(r) @wr) S — S is a unit.
Then, v is a unit.

Proof. Let Norm on B(r) @) W(S) (resp. B(r)Q@w)S) be the norm as a W(S)-
module (resp. a S-module). Then, v (resp. ¥) is is a unit if and only if Norm(v)
(resp. Norm(7)) is a unit. Hence, we may assume Op, = Z. Let u be an element
of W(S) such that wv = 1 — ¢ with i = 0 in W;(S) = S. Note that i" = 0
in W,,(S). Since W(S) = lim W, (S), we get that the element z = ) " exists

in W(S). Hence, v(uz) = 1. O
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Let
F(r): B(r) @wa) W(R) & B(r) @ww) W(R(r))
— B(r +1) @w) W(R) ® B(r + 1) @w) W(R)

be the F-linear operator whose matrix with respect to the bases {a(r),3(r)}

and {a(r+1),8(r+1)} is:

F(r) :==u(r)”
(TJ(T)gl a(r) + (d:(T))gl 1= "0 g1z T gra(r) = (&(r) g + " (a(r) g1 2>
190 ga 1 (r) + F(d(r)gza = F(b(r)gz2 T gaz(r) = F(2(r))g2a + 7 (a(r))ge.2

5.6. The main results on displays.

Theorem 5.6.1. Let P := Py®wp) W(R) and let (, ) be the base change of {, )o
via W(k) — W(R). Let Q be the inverse image of H via the projection P —
D. Let F: P — P be the T-linear map whose matriz form with respect to the
decomposition P = @, B(r) @wx) W(R)a(r) © B(r) @wam) W(R)B(r) is

0o 0 .. 0 F(g)
F(1) 0 ... 0 0
0 0 .. Fg-1) 0

with F(r) given in Equation (5.4). Then, there exists a unique ¥'-linear homo-
morphism V=1 : Q — P so that & := (P,Q,F, V=i, )) is a RM display.
Moreover,

1. its base change via R/m = k coincides with Py as RM display;

2. (R, 2) is the universal pro-representing object and the universal RM display
for the moduli problem of deforming Py to objects of € as a RM display;

3. the projection P — D identifies Hp» C Do with H C D compatibly with the
pairings on P and D.

Proof. Let 1 be the map PR7zQ — P®zQ defined as diag [1/1(1) (S )] where
the map 1 (r) is defined with respect to the basis {a(r), 5(r)} by the matrix

L4+ a(r)T=H)  e(r)y T
b(r)T =) 1+d(r)T=i ) -
Note that F is the composition Fyo1~! of the F'-linear base change of Fy to P =
Py ®@wry W(R) with the inverse of 1.
One proves that, indeed, F is well defined. One defines V1 := % on PR Q

and one proves that V=1 restricted to Q is well defined, it is compatible with ( , )
and V~1(Q) spans P. By definition V! is compatible with F. See [AG4] for
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details. Claims (1) and (3) follow immediately from the construction. Claim (2)
follows from the following theorem. O

Theorem 5.6.2. Let &2 = (P,Q,F, V=i, )) be a RM display over R and
let 7: Do — D be an isomorphism as O, ® R-modules, compatible with pairings,
such that T(Hg:) = H and 7 is a horizontal map mod m%. Here, we consider
the connection on Dgp @g R/m? induced by the fact that D is a crystal and
we consider on D @ R/m? the connection having Dy C D as horizontal sections.
Then, (R, &) is the universal pro-representing object and the universal RM display
for the moduli problem of deforming the special fiber Py of & to local artinian k-
algebras as RM display.

Proof. Let 22" .= (P“ni, QUi pruni (yuni)y=1 ¢ >““i) be the universal RM dis-
play deforming the special fiber &2;. By the theory of local models [DP, Thm.
3.3] and the equivalence of categories between deformations of displays and of
formal p-divisible groups [Zin, Thm. 9] it exists over R.

Let ¢: Spec(R) — Spec(R) be the unique homomorphism such that & =
o* (ﬂuni). Since R pro-represents a Grassmannian moduli problem, we get unique
maps 1;: Spec(R/m?) — Spec(R/m?), such that ¢] (H C D) = (H gun C D guni)
and ¥}(D) = D gun is horizontal, and 1, such that 3 (H C D) = (Hp C D)
and ¢35 (D) = D is horizontal. Moreover, 11 o ¢ = 15 - all the maps appearing
being canonical. By [DP, Lem. 3.5] the map ¢, is an isomorphism. Hence, ¢ is
an isomorphism on tangent spaces.

Let Gr(R) be the graded ring @,m"/m"*! associated to R. The induced
map Gr(¢#): Gr(R) — Gr(R) is then surjective on each graded piece and, hence,
by dimension considerations it is injective. Since Gr(¢*) is an isomorphism, we
conclude that ¢ is an isomorphism as well [AtM, Lem. 10.23]. Hence, ¢ is an
isomorphism as claimed. ad

Corollary 5.6.3. Let p be mazimally ramified. Let x € 9 be a geometric point
of type (j,n).

1. The deformations to Sy, where j' < j, are parameterized by the closed sub-
scheme defined by the ideal (a;,b;,c;,d; 10 <1 < j —1).

2. The deformations to W/ 1y, where j° < j, are parameterized by the closed
subscheme of deformations to Sj intersected with the closed subscheme (with
the reduced structure) given by the relations T+ |F2.
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6. Some general results concerning strata in the
maximally ramified case

6.1. Foliations of Newton polygon strata.

In this section we complete the analysis, started in [AG1], of the strata {W; ,)}.
For their definition see §3.2. We prove that each stratum W, ) is quasi-affine.
We proceed as follows. First, by an explicit normalization of the display over the
completed local ring of a point of type (4, j), we prove that for every m the p™-
torsion of the universal RM abelian scheme over W(; ;) can be trivialized over a
finite cover of W(; ;) (depending on m). Using the “Raynaud trick”, we conclude
that W; ;) is quasi-affine. We deduce the quasi-affineness of W(; .y by showing
that it is the image of W(,, . if n > § (resp. Wiy_,, »y if n < §) via iterated Hecke
correspondences at p. We also describe the analogue of the foliations of the Newton
polygon strata introduced by [Oo4] in the Siegel case. Recall that the stratifica-
tion {W(; )} refines the Newton polygon stratification; [AG1, Thm. 10.1]. Since
the universal RM p-divisible group over W(; ;y is geometrically constant, W, ;y is
the central leaf at any of its points; cf. Definition 6.1.1. The foliation on the loci
W(;ny is then described using the Hecke correspondence linking W(; ) and W,
if n > g (resp. Wig_pn ) if n < 9).

Definition 6.1.1. ([Oo4, §2]) Let & be a RM display over a perfect field k of
positive characteristic p. Let T be a noetherian scheme over k. Let A — T be a
RM abelian scheme. Define

Co (A — T)

as the subset of T' consisting of the geometric pointst € T for which there exists an
isomorphism of RM displays between & Q) W (k(t)) and the display associated
to A,.

If & is the RM display associated to a geometric point x € T, we write Ca_
instead of €z and we call it the central leaf at x.

Note that the Newton polygon and the type, in the sense of [O03], of the
geometric points of ¥ are those of &7 and hence constant. By [Oo4, Thm. 2.2]
the set € is a closed subset of the locally closed subscheme of T' consisting of the
points having the same Newton polygon as &.

Definition 6.1.2. Let k be a perfect field of characteristic p and let S be a k-
algebra. Let s = t(s)g + r(s) with t(s) € N and 0 < r(s) < g — 1. Consider the
exact sequence of W(S)-modules

0—3S S Wt(s)-i—l(s) - Wt(s)(S) — 0.

The map ¢ is the t(s)-th power of Verschiebung r v> (0,...,0,r). It identifies S
with the W(S)-module whose additive structure is that of S and multiplication
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of r€ S by a=(ag,a1...) € W(S) is given by a-r:= agtr. The sequence

0—0p®z 8 1&¢ Or ®z Wt(s)+1(S) — 01 ®z Wt(s)(S) —0

is an exact sequence of Op ® W(S)-modules. Since S is of characteristic p, we
have that Op ®z S = F,[T]/(T9) ®r, S.

Consider the O, @z W(S)-submodule of Op ®z S defined by I, :=T"S®--- B
T971S. Let

Z.(5) = (OL &z Wt(s)+1(5))/(1 X @(Ir(s)))-
By construction we have an exact sequence of O, @z W(S)-modules
0— 8 — Z,41(5) — Z,(5) — 0,

where S is a W(S)-module as above and Or, acts on S via the quotient Or /(T).
We note that

Op @ W(S) =1lim Z,(S).

S

Note that T is equal to p up to a unit in O ®z Z,. Thus, multiplication by T9
on O @z W(S) is, up to a unit, multiplication by p. The latter coincides with the
composite of Verschiebung and Frobenius on W(S). In particular, if S is reduced
for every positive integer i the kernel of multiplication by T on Zs,;(S) coincides
with the kernel of Zs1:(S) — Z5(95).

Remark 6.1.3. Let A be an abelian variety with RM by Or, over a perfect field of
characteristic p, p totally ramified in L. It is proven in [AG1, Prop. 4.10] that one
can choose an O @ W(k) basis a, B for the Dieudonné module (or “display the
display”) of A such that, if A is not superspecial, Frobenius is given with respect

to this basis by a matriz
Tm CgTi
(1 ary, -

with cz € (O @W(k))*. Furthermore, it follows from [AG1, Prop. 7.2] that W(; ;)
is regqular of dimension g — 2j and that for any geometric point x of W(; j;, the
completed local ring 6W(j.j),m is isomorphic to k[fj, ..., fi—1]. Moreover, the iso-
morphism can be chosen so that Frobenius on the universal display over this ring
is of the form

((1 +w(fj) +w(fje)T + - A+ w(fi)T7 )T c3Ti) ,

T ; (6.2)

where w(fy) denotes the Teichmiiller lift of f.

Remark 6.1.4. Let j > g/2 be an integer. If A is superspecial then, in fact, one
can choose the basis for the Dieudonné module of A so that the matriz of Frobenius
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18

(ﬁj 7(;) . 6.3)

The locus W(; 4—jy is zero dimensional. Since Frobenius of the Dieudonné mod-
ule of each of its points has the canonical form described by the matrix in Equa-
tion (6.3), it follows that for every m € N the Op-group scheme A[p™ ]| xom W(; 4_j)
s constant.

Proposition 6.1.5. Let R be an Fy,-algebra. Let (P, Q,F, V_l) be an O -display
over R such that
Fla)=dT?a+Tp, F(B) = ¢sT'a, (6.4)

where d and cs are invertible elements of O @ W(R) and we require i > j > 0.
Then, there ezist ring extensions R =Ry C --- C Ry C Rsy1 C -+, and elements
As and Bs in Z4(R,), such that defining the elements of P ®o, gw(r) Zs(Rs)

o = Asa + Byf3, Bs = (dAg —Ag + 3503Ti7j)a + (AZ — Bs)ﬂ, (6.5)
the following properties hold:

1. We have
Flos) =T as+T76,,  F(8s) =T a; (6.6)

2. the elements ag and By generate P @0, gw(r) Zs(Rs) as a Zs(Rs)-module;

3. Asy1 and Bgy1 map to Ag and By respectively, viewing As and Bs as lying
in Z5(Rsy1) via the inclusion Z5(Rs) C Z5(Rst1);

4. Rsy1 is a finite free Rs—module;

5. for every s € N the extension R C Ry satisfies the following universal prop-
erty. Let S be a reduced R-algebra. Let qsq; and Bgsi; be O @ W(S)-
generators of P ®o,ew(r) Zs+i(S) satisfying (6.6). Then, there exists
a unique R-algebra homomorphism fs: Ry — S such that fs(as) = Qs

and fs(Bs) = Bsvi in P @0, awr) Zs(S).

Proof. First of all, we reformulate property (5) in a way which is more convenient
for the proof. As remarked above, since S is reduced, the kernel of multiplication
by T in Z4,,;(S) coincides with the kernel of the reduction map Z,.;(S) — Z4(S).
In particular, it factors via Z,(S) and Z4(S) embeds in Z54;(.S) via multiplication
by T%. Thus, property (5) is equivalent to the existence of a unique R-algebra
homomorphism f,: Ry — S such that T f,(as) = T?as4; and TP f(Bs) = T’ﬁsH
in P®o, @w(r) Zs+i(5). This is the actual identity we verify below.

Put formally
as = Asa + B, Bs = Gsa+ Hy . (67)
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Then F(as) = AZF(a)+ BIF(3) = dAST a + AST? 3 + Bl csT . Since T as +
T3, = AsT?a + BT 3 + T7 3, the first equality of (6.6) gives that A, T7a +
BT/3+TiB, = dAIT a+ AITI 3+ B csTia. Hence, T8, = G, Tia+ H,T'3 =
(dAZ — Ag + BSesT ) T9a + (AJ — B,)T93, and therefore,

TG, =T7(dA7 — Ay + BlesT'7),  T7H, =T’ (A7 — By). (6.8)

The second equality of (6.6) now gives

AT'a+B, T3 =Tia, (by (
= F(8,) (by (
= GIF(a)+ HIF(B) (by (
= (dGg + s HIT ) TV + GITI 3 (by (

= (d[d” AS" — AT + BT 3T 7]

+[AT 3T — BIesTH9]) TVl
+(d7AT" — A7 + B egT9)TI3 (by (6.8))

This is equivalent to the following two equations:

79 . (d" A% — A7+ BT gT — BSTi‘j) =0, (6.9)

T (Ag%S — Blcs— Ay + st) = 0. (6.10)

For Ay, Bs,Gs and H, Equation (6.6) holds if and only if Equations (6.8), (6.9)
and (6.10) hold. Put also

d° A7 — A% 4+ BT §T1 — B,T"7 =0, (6.11)
A cs — B%¢s — Ay +d B, = 0. (6.12)

We construct rings Rs and elements Ag and B of Z5(Rs), such that if we choose
Gy =dA — A+ BT, H, = A% — B,

then properties (1)—(5) of the proposition hold and, moreover, also Equations (6.11)
and (6.12) hold.

We proceed by induction on s. Start with s = 1. Let c3, d, be the reduction
of ¢ and din R = Z;(R). Let

Ry = R[Avu] /(dAY =1, 0" = des?).

Putting a1 and (3 as in the proposition, with A; the given element of Ry and By :=
d~'A; + u, one checks that Equations (6.11) and (6.12) hold in Z,(R;) = R;.



Hilbert modular varieties of low dimension 31

Furthermore, property (2) is equivalent to requiring that the element

o (450

B AY_B ) = A1 (A — By) — B1(dA} — Ay) = AY(Ay — dBy)

is invertible. This holds since A; and dB; — A; = wu are invertible.

Let S be an R-algebra as in property (5) with s = 1. In particular, Equa-
tions (6.9) and (6.10) have solutions Ay ; and Bi4; in Z144(S) = O /(T @4
S. Note that, using Equation (6.9), Equation (6.10) becomes Ti(—g3(§1+i -
d_lAl_H)p +d(Bl+i *d_lAl-&-i)) = 0. Since &Hi and ﬂl-‘ri generate P ®(9L®W(R)
Z144(S), a similar argument using Equation (6.8) gives that Ti~g€+i(g1+i—d§1+i)
is T* times a unit. Thus, we can define f;: Ry — S as the R-algebra homomor-
phism satisfying T?A1,; = T?fi(A;) and T'By; = T'd *Ay; + T"f1(u). This
concludes the base step of the induction.

Assume that the induction hypothesis holds for a given s € N. Let A/, and B/
be elements in Z41(Rs) reducing to As and B; respectively in Z4(R;). Let R
be the polynomial ring R, [)\,M]. Let As := (0,...,0,\) and ps := (0,...,0,pu)
in Ker(Z.41(R,) — Z,(R,)). Let Agpq := A, + A\; and Byyq := B, + ps. Then,
Equation (6.11) becomes

"N NP 4 P, =0, (6.13)

where P, is the element of R/, defined by P, = d° A’®" — A% 4 (B;"2 §—BL)T"+
(17" c§ — ps)TP3. Since T kills Ker(Z,11(R,) — Z4(R.)), we have P, =
doA° — A7 4 (B;"2 ¢§ — BL)T""9. For the same reason P is independent of the
choice of B.. Finally, Equation (6.12) becomes

wPes —dp+ Qs =0, (6.14)

where @, is the element of R/, defined by Qs = (B})Pcs — dB., — Agilcg + Asia.
Equations (6.13), (6.14) define an ideal J; in R.. Let

RS+1 = RIS/JS

The ring Rs41 is an extension of R, finite and free as R -module. Define a1
and (sy1 as in the statement of the proposition. By construction Equation (6.6)
holds and Asy; and Bsiq reduce to Ay and B in Z4(Rs11). Property (2) is
equivalent to the invertibility of

det (As+1 dAg+1 - 135+1 + Bg+1c3Ti_j> )
BS+1 As+1 - BS+1

Since such element is invertible in Z1 (Rs41), we deduce from 5.5.2 that it is indeed
invertible.

Let S be an R-algebra as in property (5) with s+1. Using the induction hypoth-
esis on IR, we know that there exist a unique map of R-algebras f,: Ry — S such
that fs(as)NZ Gsy14i and fo(Bs) = Boq144 in P ®0LeW(R) Z4(9). Let Qsyi4i =
Asi14i0+ Bsi14:0. Equations (6.9) and (6.10) hold for Agy14; and Bsyi14,. Thus,
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there exists a unique map of R-algebras f.11: Rs+1 — S whose restriction to Ry
is f, and such that T%(f,41(Aes1)) = T'Agp14i and T%(fo1 (Bayr)) = T Bogi4i.
By the reformulation of property (5) given at the beginning of the proof one con-
cludes that Rsy1, asq1 and Bs41 satisfy property (5). O

Until the end of this subsection we assume that the base field k& over which the
moduli space 90 lives is algebraically closed.

Corollary 6.1.6. Let A — W(; ;) be the universal RM abelian scheme. Let y €
W(;,5) be k—valued point. For every m € N there exists a scheme W[m] finite and

dominant over W(; ;) such that A[p™] xw,, , W(”) = Ay [p"] Xk W(J i)

Proof. The case j = 0, corresponding to the ordinary case, is easy and is left
for the reader. The case i = j = g/2, occurring only for g even, is covered by
Remark 6.1.4, where we define W([;nj) = W) We now assume i > j > 0.

For every n € N, the functor, associating to a scheme T" over W(; ;) the group
of isomorphisms Isom (A[p”] Xw., Ts Ay[p"] X T) as group schemes over T' en-
dowed with an Oy -action, is represented by a scheme Isom(p™), affine and of finite
type over W; iy (see [Oo4, Lem. 2.4]). Let W([m]) be the scheme theoretic image
of Isom(p™*2) — Isom(p™). It follows from Proposition 6.1.5 that for every ge-
ometric point = of W(; ;) one can trivialize Frobenius on the Dieudonné module
of A,[p™*2]. Hence, one can trivialize the Dieudonné module of A,[p™]. We con-
clude that the reduced fiber of W([ ]) over x is non-empty. Using Dieudonné theory
and properties (4) and (5) of Proposition 6.1.5 for R =S = k and s = g(m+2), w
deduce that the reduced fibers of W([m]) — W, ;) are of finite cardinality. Thus,
W([;tl]]) is quasi-finite over W, ;.

We now apply the valuative criterion of properness to prove that the morphism
W([;tlj]) — W,y is proper. Let &, be the RM display associated to A,. Let R be a
complete dvr which is also a k-algebra. Let K be its fraction field. Suppose we are
given a map ¢: Spec(R) — W, ;) and a K-valued point of W([;Z]) over it. It follows
from Remark 6.1.3 that the Frobenius of the RM display & associated to the
formal p—divisible group ¢ over Spec(R) defined by ¢, admits a O, @ W(R)-basis «
and f such that Frobenius is of the form given in Equation (6.4). Using Dieudonné
theory and our assumption, the base change of & to an algebraic closure K alg
of K admits a O, ® W(K?8)-basis @ and 3 such that Frobenius satisfies F/(a) =
Tia+Tif3 and F(B) = T'@ modulo p™+. We deduce from properties (4) and (5)
of Proposition 6.1.5, applied to K*& and s = g(m + 2), that the change of basis
from {«, 8} to {a, B} can be realized, at least over Zy(;,41)(R’), for some integral
extension R C K& of R. Thus, we conclude that 2 ®o,gw (r) Zgm(R') is
equal to &, ®OL®W(k) om(R') and so 9[p™] @r R’ = A,[p™] ®, R'. Note that
this R’ point of W factors through K, hence through R. Thus, the morphism

W([j j]) — W(;,;) is proper and quasi-finite, hence finite [EGA IV, Thm. 8.2.1]. O
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Corollary 6.1.7. The RM p-divisible group associated to the universal abelian
scheme over W(; ;) is geometrically constant. In particular, the central leaf €a_
at any point x of W; ;) coincides with W(; ;.

Proof. Let x be a geometric point of W(; ;). Let G, be the p-divisible group
defined by z. The case i = j = g/2, occurring only for g even, is covered by
Remark 6.1.4. The case 7 = 0 is the case of ordinary abelian varieties, where
the result is well known. Assume now ¢ > j > 0. Apply Proposition 6.1.5 to
the Op-display over R = k(z) associated to G,. The k(x)-algebras R, are finite
as k(z)-modules. Therefore, since k(z) is an algebraically closed field, there exist

compatible sections Rs — k(x). Note that Op ®z W(k‘(x)) = lim Z, (k‘(x))
Hence, o := lim «, and 8 := lim (3, are well defined and form an O, ®ZW(1€(1‘))—

basis of the Dieudonné module of G, such that F(a) = T?a+T173 and F(3) = T .
Since F oV = p, we deduce that also Verschiebung V' has a canonical form with
respect to the basis {«, 8} independent of x. Since the category of connected p-
divisible groups and the category of displays are equivalent over perfect fields, we
conclude. O

Corollary 6.1.8. Let 0 < j < g/2. The scheme W(; ;) is quasi-affine.

Proof. If j = g/2, then dim(W; ;) = 0 and W, ;) consists of superspecial points.
The corollary is trivial in this case. Suppose j < g/2. By Corollary 6.1.6 there

exists a finite covering W([Jl,}j)

RM abelian scheme can be trivialized. It follows from Raynaud’s trick that the

pull-back of the Hodge bundle to W([]Uj) is torsion [O03, §4]. Since the Hodge

bundle is ample on 91, it follows that W([Jl.]j) is quasi-affine, hence so is W; ;). O

of W; ;) over which the p-torsion of the universal

Let a), be the group scheme over k defined as the kernel of Frobenius on the
additive group G, . We make Oy, act on it via its quotient O /T = F,,.

Proposition 6.1.9. Let 0 < m < j < g/2. Let j' be either j or g — j. There
ezists a smooth connected affine scheme Uy, over k, of dimension m, and a finite
surjective map

.l
Um: W(j7j/) X Up — W(jfm,j’)7
such that:
o for every u € Uy, (k) the image of W([;n},) x {u} is contained in the central

leaf through any point of ¥, (W([;"],) X {u}),

e for every s € W([;nj]/)(k) the image of {s} x U, is the image of A, via iterated
oy,-Hecke correspondences.

Proof. Let s € W(; ;). Define the schemes U,, for 0 < n < j by induction on n

as follows. Let Uy := Spec(k). Suppose that U, has been defined and it is
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a smooth, connected affine scheme of dimension n and that every v € U, de-
fines an iterated a,-quotient A, — A, of invariants (j —n,j’). Let U,4+1 be the
scheme over U,, whose fiber over any geometric point u € U, is the subscheme
of Homp, (o, A,[p]) of those maps for which the quotient A,/«, has invari-
ants (j — (n +1),5). By [AGL, Prop. 6.6, Prop. 8.7] the morphism U1 — U,
is an affine bundle and the fiber over u is a non—empty open subscheme of P,lc(u).
It follows that U, is a smooth, connected affine scheme of dimension n + 1.
Fix m. Define the map
Y W x4 Uy — 9

as follows. By Corollary 6.1.6 or Remark 6.1.4 we have a canonical isomor-
] Xom W([ﬁ,) >~ A p™ x W([;Z],). View U, as classifying suit-
able subgroup schemes of A[p™|. Then, v, is the unique map such that the
pull-back of the universal RM abelian scheme via 1, coincides with the quotient

phism 7,,,: Alp

of A xgn (W([;Z],) X U ) by the inverse image via 7, of the tautological subgroup
scheme of A4[p™] xy U, defined by U,,. Note that such a quotient is a RM abelian
scheme by [AG1, Cor. 3.2]; in particular, the definition of t),, makes sense. By
construction, the image of v, lies in W;_, ).

To conclude it suffices to prove that 1, is finite and surjective. We proceed
by induction on m. By Corollary 6.1.7, since v is the identity, the proposition is
true for m = 0. Suppose that 1,,_1 is finite and surjective. Consider the diagram

T2

m 4 _ _
W Xk U =715 (Wi ) N (Wmmen i) —= Wiimmai)

! :

m— w'mf
W([j,j')u Xt U1 1 Wij=m+1,41)>

where - is the product of the natural maps ; : ([]T,”},) — W([;nj
and ¢ is the unique morphism making the diagram commute and satisfying mo0d =

j)l]a 2 Um - Umfl

Ym. By construction of U,,, for every point s = (s1,$2) € W(%T)l] X Um—1 and

any point ¢ in the finite scheme ~; *(s1) the map {t} x5 75 '(s2) — 7 (¥ (s)) is
an isomorphism. Hence, § is quasi—finite, proper (by the valuative criterion) and
surjective.

By [AG1, Lem. 8.6], m (7r2_1(W(j_m7j/))) has invariants (5 — m + 1, ;') and,
if j—m >0, also (j —m — 1,5’). Since the maps m; and 7o are proper by [AG1,
Lem. 8.4] and the intersection with 7 * (W(j—m+1,jry) of the fiber of w5 over a
point of W(;_,, ;) is non-empty and finite by [AG1, Prop. 6.6], we conclude that
the composite 1, = 72 0§ is quasi—finite, proper and surjective as claimed. a

Corollary 6.1.10. For every (j,n) the scheme W; ) is quasi-affine.

Proof. By Corollary 6.1.8 the claim holds holds for the loci W, ,). The lo-
cus W; o) is zero dimensional and, hence, quasi affine. By Proposition 6.1.9
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the locus W(; ;) is the image via a finite map of a quasi-affine scheme. Hence, the
conclusion. ad

6.2. Connectedness of Ty, T; and Ts.

Definition 6.2.1. Let 0 < a < g be an integer. Let T, be the closed subscheme
of M defined by

T, := {[4] € M(k)[a(4) > a} .

Remark 6.2.2. By [AG1, Lem. 4.12] we have T, = Il(; ,yW(; n) where the union
is taken over all pairs of integers (j,n) such that 0 < j < § andj <n < g—j
and a < j+n. It also follows from op. cit. that T, has dimension g — a.

Theorem 6.2.3. Assume that g > 1. The intersection of Ty with any irreducible
component of M is connected. The same holds for Ty if g > 2.

Proof. Suppose g > 1. Then, Ty is the complement of the ordinary locus in 91.
Hence, it is the zero locus of the Hasse invariant h. Since h is a section of the
determinant of the Hodge bundle over 9, and the Hodge bundle is ample, it
follows that Ty is connected (cf. [Har, Cor. II1.7.9]).

Assume now that g > 2. Let € be the set of connected components of the
intersection of Ty with an irreducible component of 9. Let 71, mo: 9 — M
be as in § 2.2. The Hecke correspondence 7wy o 7y 1 preserves properties such
as being closed, or being irreducible, or being connected, for closed subschemes
not intersecting the non-singular (j = 0) locus of M, see [AG1, Prop. 8.7]. For
every (j,n), it sends an irreducible component of W(; ) surjectively to the union of
irreducible components of loci W, ,,»y with (j",n") in a given set A(j, n) depending
only on (j,n) [AG1, Prop. 8.10]. Moreover, for every (j',n’) € A(j,n) we have j'+
n’ > j+n — 1. The Hecke correspondence has the additional property of sending
each component of 9 into a single component of .

Fix a component C' € ¥. By Remark 6.2.2, the irreducible components of C
consist of irreducible components of strata W(Cj’n) with j +n > 2. We conclude

that locus mo (7r1_ 1(C’)) is closed and connected, it lies in T; and its irreducible
components consist of union of irreducible components of loci W(cj’n) for suitable
pairs (j,n) with j +n > 1.

Suppose that |€| > 1. Since ma(r; '(T2)) = Ti, the irreducibility of T; in
each component of 9t implies that there exist distinct connected components Cy
and Cy such FE := my (7r1_ 1(01)) N g (7r1_ 1(02)) is non-empty. If two irreducible
components of the loci W(;,) and W(;/ , intersect, then (j,n) = (j',n’) and
they must coincide, because W, ,,) is smooth [AG1, Cor. 7.4]. Hence, E is closed
and consists of irreducible components of loci of type W, ) for suitable (j,7)
with j +n > 1. By Corollary 6.1.10 the loci W(; ,) do not contain any complete
curve. We conclude that E contains a point [A] of type (j,n) with j +n > 3
and j > 1. Note that [A"] is of type (j,n) by [AG1, Lem. 8.5] and (7 ' (AY))
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lies in Ty. Hence, its image 7o (ﬁl_l(Av))v via the map [A] — [AY] lies in Ts.
Since j # 0 the image .# consists of a Moret-Bailly family. In particular, it is
connected. We show that .# connects C7 to Cs in Ts.

For i = 1, 2 let [A;] be a point of C; and let H; C A; be an Op-invariant
subgroup scheme of rank p such that A & A,/H;. Then, the moduli point cor-
responding to AY/HY = A/ lie in mo(m'(4Y)). Hence, [A,] and [4,] lie in

the connected subscheme g (7r1_ 1(AV))V of Ty. This contradicts the assumption
that C7 and Cy were distinct. a

Remark 6.2.4. The argument in the proof of Theorem 6.2.3 shows that if a is
odd and T, is connected, then T,y1 is connected. This is used in the proof in the
claim that mo(m7 (Tat1)) = Ta; a claim which is false for a even, cf. Diagram B
in § 3.2. It is an interesting question to know whether the loci T, are connected
for all a < g —1 or not. An affirmative answer would have strong consequences
(perhaps too strong).

6.3. Irreducibility results.

The singularity strata S; were defined in § 3.2.

Lemma 6.3.1. Let g/2 > s > j > 0 be integers. Let © € S;. The completed
local ring Os, » of Sj at x is a complete intersection, reqular in codimension 2.

In particular, Os; . is a normal domain.

Proof. One deduces as in [DP, §4.3], cf. § 4.3.2, that the completed local ring
of W ) at @ has the presentation kfa, b, ¢,d]/(ad — bc + aT* + dT97*) with a :=
a]-Tj + ...+ ag,s,ng_s_l, b = bjTj + . b T ¢ = chj + ...+
Cgos1 7975V and d := d;T7 + ...+ dy_ T*~". Hence, Og, , is defined by g — 2j
equations in 2g — 45 variables. By [DP, §4.2] the dimension of @gﬁx is g — 2j.
Hence, (’A)Sj@ is a complete intersection and, in particular, Cohen-Macaulay. By
loc. cit. @Sj,w is smooth in codimension 2. Using Serre’s criterion for normality

we deduce that @Sj,gg is a normal domain. O

Corollary 6.3.2. For every j, the irreducible components of W&. ;) are disjoint.

Proof. Recall that S; = W(Cj,j). The Lemma implies that for every x € W(Cj’j) the

ring Osj,x is a domain. In particular, Osj,x is a domain. Hence, there exists only

one irreducible component of W(CJ ) containing x. a

Proposition 6.3.3. Let g > 2. Every irreducible component of 9 contains ex-
actly one irreducible component of the non-ordinary locus T, = W(CO 1) The same
holds for the locus VV(C1 1)
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Proof. By Theorem 6.2.3, every irreducible component of 9t contains exactly one
connected component of W(Co,l)' Let z € VV"EL1 . The completed local ring of 90
at x is Cohen-Macaulay of dim g. Hence, the completed local ring of W(Co,1) at =
is Cohen-Macaulay of dim g — 1 by [Eis, Prop. 18.13].

Let C' be a connected component of W ;. Let {T;} be the set of irreducible
components of C. Assume its cardinality is > 1. Let Z be the union of all the
intersections T; NT; for ¢ # j. Then, C\Z is disconnected. Hence, by Hartshorne’s
connectedness theorem, see [Eis, Thm. 18.12], there must exist indices i and j
and an irreducible component 1" of T; N T} of codimension 1 in C and, hence, of
dimension g — 2. Since the locus U, W(q ;) is smooth, T consists of points with
singularity index > 0. Since the types (j,n) define a stratification and W, ) is
pure dimensional of dimension < g — 2 for j > 0 and n > 1, T consists of a full
irreducible component of the locus VVCL1 . Hence, it contains a full component
of the locus W(CLQ). By Lemma 6.3.4 below, the nilradical of the completed local
ring 6W{b,1>vz at a closed point x of type (1,2) is a prime ideal. This implies that
the prime ideals defined by 7; and T} in the local ring of the locus WCO_’1 at a
closed point of W 2y NT; N'T} are equal. Hence, T; = T};. Contradiction. This
proves the first part of the proposition.

Since my (7T1_1(W(CO,1))) = W 1), the second claim follows. O

Lemma 6.3.4. Let g > 2. Let x be a closed point of W1 3). Let ® = W(Co’l) be
the non-ordinary locus of M. Then, the nilradical of the completed local ring 5@,1
of ® at x is a prime ideal.

Proof. By § 4.3.2 the completed local ring @gm,m of M at z is isomorphic to the
quotient of the ring kfao, ..., ag—2,bo,co,...,cq—2,do] by the relations ad — bc +
aT 4 dT9~! =0, viz.,

(lod() — boCo = O7
a;dg + a;_1 — boc; =0, 1<i1<g—2,

Gg—2 + do =0.

Eliminating the variables a;, using these equations, we get

(5931@ = E[bo, co, - - -, Cg—2,do]/
(boco — doboct + daboca — dibocs + ... + (—1)972d) bocy—o + (—1)972dF).
The equations of the non-ordinary locus can be deduced as in § 9.1.1 and coincide
with equations (Eql)—(Eq4) given there with ag := bo(cl —docy + d3cg + ... —
(=1)972d§ %cy_) — (—1)972dJ". If dy = 0, then a power of by and ¢y is zero. The
reduced ring coincides with the completion of W(CLI) at . If bp = 0 in @@7w[da 1],

then ap = 0 and ¢g = 0. It follows that dy = 0 (contradiction). Let h :=
c1 —docg + d3es + ... — (=1)972d8 ¢, o, Then, ag = hby — (—1)972d5™". Asin
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§9.1.1 the lemma is reduced to proving that there exists a unique minimal prime
ideal associated to the ideal I in k[bo, co, ..., cg—2,do] [bg*,dy '] defined by
o OET hbodh — (—1)972d5T9 ! =0

o boco — hbody + (—1)972df = 0.
Consider the ideal .J in the ring k[bo, co, - - -, cg—2, do][bg *, dg '] defined by

o b+ c0d§‘1 = 0 (obtained dividing by by the sum of the first equation and
the second equation multiplied by df~");

o b(ch—dhhP) 4+ (—=1)P9d5? = 0 (obtained by raising to the p-th power the
second equation).

Then, the minimal primes associated to I and to J in k[b, co, . . ., ¢g—2, do] [bgl, dal]

are the same. We can write the second equation as ¢o(co —doh)? = (—1)P9db9 P!,

Let f(X) = XP*1 — hPX — (=1)9d89"? = 0. Define the rings
RO = kﬂcl...,cg,g,do]], R1 = Ro[X]/(f(X)), R2 = Rl[bo]/(bg-l-ng)

Since Ry is (do X, c1, ..., cg—2,do, by)-adically complete and separated, the homo-
morphism of kfecy, ..., cq—2, do]-algebras from k[bo, co, - . ., cg—2, do]][bo_l7 dgl]/J to
Rylby L dy 1} given by cg — doX and by — by is well defined and it is an isomor-
phism. It therefore suffices to prove that the nilradical of Ry is prime.

Let P be a prime ideal of R; containing 0. Then,

e cither X is not a p-th power in Frac(R;/P) and then, since Ry is a flat R;—
algebra, it follows that PRy is a prime ideal of Ro; In particular, if P is
minimal in R; then PR5 is minimal in Rs.

e or X is a p-th power in Frac(R;/P) and then Xdjj = t* for some ¢ €
Frac(R;/P). In this case let P, be a minimal prime ideal of Ry containing P.
By the going down theorem we must have P, N Ry = P. Hence, P, defines a
prime ideal in (R2/P)®pg, Frac(R;/P) = Frac(R1/P)[bo]/(bo+t)P. Hence, Ps
must be the kernel of Ry — Ry/P — Frac(R;/P) the latter map being by —
—t. Hence, P» is unique.

In any case the map Spec(Ry) — Spec(R;) defines a one to one correspondence
between the irreducible components of Spec(Rz) and those of Spec(R;). Therefore,
it suffices to prove that the nilradical of R; is prime. We show that in fact R; is
a domain.

Assume that the polynomial XP*! —cf X — (_1)pgd€(g_2) factors as the product
of the monic polynomials f1(X) = X" +...+ a1 X +ap and fo(X)=X"24+...+
B1X + B over k[ci,do]. Then, we have agfy = —(—1)p9d€(972). Without loss of
generality we may assume that g = updf]* for some integer p(g —2) > m > 0 and
some 1y € Ry not divisible by dp. Since f(X) = XPT! — /X = (X —¢1)PX in the
polynomial ring over Ry/(do,c2,...,cq—2) = k[c1] (which is factorial), we must
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have By = £cf + vodoy for some integer n > 0 and vy € Ry. In particular, 5y =0
mod (dp, ¢1). Since apfy = uodf (£ +vodp), then Fugcldy’ = —(—1)p9dg(g_2) -
uovodBnH. Since up and c¢; are not divisible by dp, we must have m = p(g — 2).
Hence, Boug = —(—1)P9 i. e., By is a unit (contradiction). This implies that the
polynomial f(X) is irreducible over Ry. Since Ry is local and regular, it is also
factorial and, in particular, normal. It follows from [Eis, Cor. 4.12] that R; is an
integral domain. a

The following lemma shows that the situation is different if we start with a closed
point x of Wy 1.

Lemma 6.3.5. Let x be a closed point of D = W(COJ) of type (1,1). The completed
local ring Op 5 of © at x has exactly two minimal associated prime ideals. Each

of them has height 1 in @mm

Proof. As in the proof of Lemma 6.3.4 the completed local ring @m@ of M at =
is isomorphic to
k[[bo, COy e -y Cg_g, doﬂ/
(boCo — doboc1 + dngCQ — dgb063 +...+ (—l)g_Qd‘g_Qbng_Q + (—1)9_2dg).
The equations of the non-ordinary locus can be deduced as in § 9.2 and coincide

with equations (Eql)—(Eq4) given there. The reduced subscheme defined by dy = 0
coincides with the W(C1 1 locus. Inverting dg, we get that the non-ordinary locus

in k[bo, o, - - -, cg—2,do][dy '] is defined by the ideal I:
° boCo — dobocl + dgbocg - dgbocg + ...+ (—1)9_2d872b00972 + (—1)ng = 0;
o b +dl —ckdl P =0.

Let h := ¢; — doca + d3cz + ... — (71)g72dg*369_2. Consider the ideal J in the
ring k[bo, co, ..., Cq—2, do]][dal] defined by

o —bf+df—cody =0;

o B(ch— dgh) + (1 ~0.
Then, the minimal primes associated to I and to J in k[by, co, - - - ,cg,g,do]][dal]
are the same.

We can write the second equation as (co — do)(co — doh)? = (—1)
Let f(X) = XPH1 — XP — hPX 4+ h? — (—=1)9d°9"? = 0. Define the rings
RO = k[[Cl...,Cg,Q,do]], R1 = ]:f()[)(]/(f(_)())7 R2 = Rl[bo]/(bg—dg+ng)
Since Ry is (doX,c1,...,cg—2,do, by)-adically complete and separated, the map
of kfec1, ..., cq—2,do]-algebras from k[bo, co, . . ., cg—2, do]][dgl]/J to Ry [dal] given

by cg +— dpX and by +— by is well defined. It is easily checked that it is an isomor-
phism. As in the proof of Lemma 6.3.4 one concludes that the map Spec(Rs) —

pgdgg—P-‘rl )
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Spec(R;) defines a one to one correspondence between the irreducible components
of Spec(Rz) and those of Spec(Ry). It thus suffices to prove that Ry has 2 minimal
prime ideals.

By Hensel’s lemma, f(X) admits a unique root 2 € Ry which is congruent
to 1 modulo the maximal ideal of Ry. Write f(X) = (X — z)g(X) with ¢(X)
prime to X — z. Let R := Ro[X]/(¢(X)). We claim that R is a domain.
Since kfci ..., cg—2,do] is local and regular, it is also factorial and, in particular,
normal. Therefore, by [Eis, Cor. 4.12], R is a domain if and only if the polyno-
mial ¢(X) is irreducible. It suffices to check the irreducibility of the reduction s(X)
of ¢(X) modulo (c1,...,cq—2).

Let V be a normal, local, noetherian extension of k[dp] such that s(X) admits
atoot z € V. Let y be the image of z in V. Since (X —y)s(X) = XPT1 — XP —
(fl)gdg(g_m with y a unit, the element z is not a unit and z = 1+(71)9dg(g_2)z’p.
Hence, z = (2/)P where 2’ satisfies (2/)P+! — (/)P — (=1)9d%Y™® = 0. Applying
inductively the same trick we find that there exists a positive integer r prime to p
and an element w in the maximal ideal of V such that wP*! —wP — (—1)9d} = 0.
Hence, pvaly (w) = valy (wPTt — wP) = rvaly (dy). Hence, valy (dp) is a multiple
of p. Hence, the degree of k[dy] C V is > p and it must then be equal to p, proving
that s(X) is irreducible as claimed. It follows that

R12R0XR

is the product of two integral domains of dimension g — 1 which are flat Ry—
algebras. Since minimal associated primes behave nicely under localization [Eis,
Thm. 3.10(d)], the zero ideal in Ra[dy'] = k[bo, co, - .-, cg—2,do][dy ']/ J is con-
tained in exactly two minimal prime ideals, each of codimension 1. O

7. Intersection theory on a singular surface

We survey here intersection theory on complete surfaces with isolated normal
singularities. The main references for this theory are [Arc, RT1, RT2]; see also
[Mum, II (b)].

By a singular surface we mean in this section an irreducible projective normal
algebraic surface over an algebraically closed field.

In [Mum, RT1, RT2] the fundamentals of intersection theory on singular sur-
faces are presented only over the complex numbers. The reason for that is that
resolution of singularities for surfaces in characteristic p was not known at those
times. In fact, even the situation over the complex numbers was not yet a com-
mon knowledge as one gathers from the assumptions made in [RT1, §1] and the
addendum [RT?2]. Since then a very strong result about resolution of singularities
in arbitrary characteristic was obtained by Lipman [Lip2], building on the works
of Zariski and Abhyankar [Lip2, Introd.]. Indeed, [Lip2, I §2] proves that resolu-
tion of singularities for surfaces can be achieved in arbitrary characteristic by a
succession of normalizations and blow-ups. In particular, the results of [Lip2] (see
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also §26 of loc. cit.) show that the set-up [RT1, §1] can be achieved in arbitrary
characteristic. The thesis of Archibald [Arc| contains a thorough discussion and
development of intersection theory on singular surfaces (of not necessarily locally
principal divisors) and comparison with other available intersection theories such
as, for example, Snapper-Kleiman’s [Kle].

7.1. Definition of the intersection number.

Given a singular surface V', one can find a resolution of singularities,
TV —V,

such that V* is non-singular, 7 is an isomorphism over the set V° := V \ Vsine,
7~ 1(Veing) ;= T (the “fundamental manifold”) is of pure dimension 1, each irre-
ducible component of it is non-singular, every two irreducible components have at
most simple intersections, no three components have a common point. In fact, V*
can be obtained by a succession of blow-ups and normalizations. Moreover, any
two such resolutions are dominated by a third one. Cf. [RT2, §1]

Let C C V be an irreducible curve. Define C , the strict transform, as the closure
in V* of 771(C' NV®). One says that C; =g Cs on V, and calls this relation
algebraic_equivalence with division, if for some m > 0 and some 7 : V* — V,
m(Cy, — Cy) is algebraically equivalent to a divisor supported on Y. This notion
is independent of V* and defines an equivalence relation. Given a resolution of
singularities 7 : V* — V as above, let

His---5 Hs

be the irreducible components of Y. Let

d = (Wi ky)ij=1,...50

be the intersection matrix. It is an invertible, symmetric, negative definite matrix
with no negative elements except on the diagonal. It follows that

k=-d'

is a symmetric, positive definite matrix with no negative elements.

Let C,D be two curves on V. One can find V* as above such that in addi-
tion: C', D have no common point on T, neither passes through a point of p; « y1;
and they intersect each p; simply. The contribution to the intersection multiplicity
coming from V8 is then

Zkij[é.m][ﬁ.w]:(...,é.ui,...)kt(...,ﬁ.m,...).

It will be convenient to denote the vector (.. .,C~’ « li,...) by CT. The total
intersection number is

C.D=C.D+CYk'D"Y (7.1)
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One can prove [RT1] that this defines a symmetric bilinear pairing on divisor

classes modulo =g.

7.2. Pull-back and intersection.

Let pq,...,us be the irreducible components of Y. We want to define for an
irreducible curve C' in V a divisor C* in V*, such that

c* = éJrZ’)’i,LLi, (7.2)
i=1
and such that
C*op; =0, Vj. (7.3)

Since C* . p; = C. B+ > Yittiptj, we see that we need to solve the equa-
tion d *(71,...,7s) = — *CT. This has a unique solution given by

vty o) = H(O), ..., 7s(C)) =k tCT. (7.4)

The definition of C* extends by linearity to any divisor.

Proposition 7.2.1. The following identities hold.

1. Let C be a divisor on 'V, then C* . puj =0 forall j =1,...,s.

2. Let C, D be divisors on V, then C* . D* =C . D.

3. Let C be a divisor on V and D a divisor on V*, then C* . D = C .7, D.

Proof. The first part follows from the definition and the calculation above. For
part (2), on the one hand, we have

C.D=C.D+C " k'D",
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and on the other hand
cr.pr = (5 . Z%—(C)m) . (5 . Z%—(D)m>
— (Z %(C)m) .D* 4+ C*. <Z %-(D)m) +C.D
- (Z%(C)uz) : Z%—(D)uz)
D~ (Z vz'(C)m> : (Z %(D)ui>

.D— Z Yi(O) v (D) i « i

Il
Q)

I
O}

=C.D—(m(C),-++,7(C) d*(n(D), -+ ,7(D))
=C.D—(CTk)d(k'D")
=C.D+CT kDY,

For part (3), we calculate that

C*.D=C".(m.D)" = C*.(D — (m.D)")
=C".(m.D)"
=C.m.D.

7.3. Adjunction.

Let K[V*] be the canonical divisor of V* and let
K = n.K[V*].

We note that K is the unique extension of the canonical divisor on V° and hence
is independent of the choice of V*. We call it the canonical divisor of V. One
may ask if K satisfies the adjunction formula. The answer is NO as we show by a
simple example:

Suppose that T = p is irreducible and u? = —n. This happens for example
in the case of the blow-up at the origin of the cone over the curve z™ + y™ = 2".
Then p. (p+ K[V*]) = 2g(p) — 2 and therefore p« K[V*] = 2g() —2 +n. Let C

be a nonsingular curve passing simply through the point 7(u) then C* = C' + % -
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We find that
C.(C+K)=C*.(C*+K[V*)])
~ 1 ~ 1
= (c+ u) . (C+ u+K[V*])
n n
~ 1~ 1
=C?4+ Z 4+ C.K[V*|+ —p.K[V*]
n n

- 1
=24 C K[V +

ﬁ(u2+u.K[V*]+n+1)

()24 20
—2g(C) — 2 + ani_l

Since the term (2¢g(u) +n — 1)/n is not zero in general, we see that adjunction
does not hold in the same way.

Proposition 7.3.1. Define a vector k¥ as

KT ==k (29(m) —2— 13, 29(ps) — 2 — i)
e k(K [V, s K[V))

= —k'K[V*".
Then
K[V =K+ rip, (7.5)
and
C.(C+K)=29(C)—2+CTk*(CT + K[V*]). (7.6)

Proof. Write K[V*] = K* + >, kij;, where the x; need to be calculated. We
have

29(pi) =2 =y = K[V*]« s

J
= anuj . M.
J

We conclude that *(2g(p1) —2 — i3, ..., 29(ps) — 2 — pi2) = d *(k1, .., Ks).
Write C* = C' + 3. vi(C)p; and use

C.(C+K)=C*".(C*"+K*)=C.(C*+K").
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We get,

C.(C+K)= <C+Z% i + K[V sz>
:CQ""_Z'}/Z' C ,Uz"'c K Z/{zc » i

=C*+CTk'CT +C. K[V ]—CY%T
=2g(C) -2+ CT k'CT — Y 1T
=2g(C) -2+ CT kY CT + K[V*]Y).
0

Remark 7.3.2. Observe that if C' passes through none of the singular points then
adjunction holds in the usual sense.

8. Hilbert modular surfaces

Let L be a real quadratic field. We let 9t = M (un) be the moduli space with pun
level structure, where N >4, (N,p) = 1.

8.1. The inert case.

8.1.1. Calculation of some intersection numbers. Assume p > 2 in this
section. To conform with the notation in § 7 we let V' be the Satake compacti-
fication of M, V* be a smooth toroidal compactification of V., 7 : V¥ — V be
the projection, V° be the complement in 91 of the singular locus of V. We also
let D; = W({i41})- Let C(N) be the degree of 9 over the coarse moduli space of
abelian surfaces with RM and no level structure.

Let n = 1(.(—1)C(N). We know [BG] that each D; is a disjoint union of
non-singular rational curves, that D; and Ds intersect transversely, the set of
intersection points is the set of superspecial points, and that

Dy . Dy =n(p* +1). (8.1)
Let h be the total Hasse invariant [Gol, Thm. 2.1]. Tt is a section of LY~ ' @ LA™,
Over V° the Kodaira-Spencer isomorphism gives that det QV k= L? ® IL3, thus

2 2
K~ = (h) = = (Dy + Do) (8.2)

hence this also holds over V (since V is normal and V — V° is of codimension 2).
Note also that over V° we have LYL, +11 > Oyo(D;), as follows from the prop-
erties of the partial Hasse invariants [Gol]. Since D; is closed in V° we con-

clude that L? i i +11 extends to V and therefore we may define unique classes ¢; €
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CH(V) ® Q so that
Cl(LfL;-lﬂ =pl; —lit1, i=1,2.

Now,

Dl'K :ZCEch'K
=-—2n— ZCGDl C? (adjunction, each C = IP’l)

=—2n—D? (D, is a disjoint union of
its components).

On the other hand,

D,.K = p_%Dl « (D1 + D2) (Equation (8.2))

= p%lD% + %n(ﬁ +1) (Equation (8.1)).

This yields
D} =—2py,  Dj=—2pn.
Solving for ¢1, {5, one finds

=0, 2=0, lily=n1. (8.3)

8.1.2. On ampleness. The sections of the line bundle L{'L5? are Hilbert mod-
ular forms of weight (a1, a2). This motivates our interest in its ampleness.

Theorem 8.1.1. The class a141 + asly is ample if and only if pa; > as > %al.

Proof. We prove the claim by using the Nakai-Moishezon criterion [Kle, IT1.1, Thm.
1], cf. [Har, App. A, Thm. 5.1]. Though, strictly speaking, this criterion uses
Snapper-Kleinman’s intersection theory, we can use the Reeve-Tyrrell intersection
theory, since the theories agrees when both are defined [Arc, Thm. 2.5.15]. We
first make some preliminary calculations.

Let C be a component of D;. We have C? = —2—C. K by adjunction. On the
other hand, C . K = p%lC . (D1 + Ds) = p%l(CQ + p? 4+ 1), where we have used
that Dy is a disjoint union of its components, one of which is C, and that C'. D5 is
the set of superspecial points on C, which has cardinality p?> +1 [BG, Thm. 6.1].
Therefore, C? = —2 — z%(C’2 + p% + 1), which gives

C? = —2p. (8.4)

We conclude that C'. D; = C? = —2p and C'. Dy = p? + 1. Using that D; =
ply — lo, Dy = ply — {1, we solve for £1, ¢y and get

0.612—1, C-KQ = D. (85)

We conclude that if C'. (a1€1 + agfs) > 0 then pas > a;. By symmetry, if C' is a
component of Dy such that C'. (a1¢1 + azl2) > 0 then pa; > as.
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Applying the Nakai-Moishezon criterion to the class aif; 4+ asfs, we conclude
that if a1£, + a2ls is ample then pa; > as > *a;. We now claim that the converse
also holds. It is enough to prove that for every irreducible curve C' we have
C . (a1f; + azls) > 0. If C is contained in Dy U Dy then this follows from our
calculations above. Else, write a1f1 + asfs = by D1 + by D5. One checks that by, by
are both positive. Since C' is generically ordinary, it intersect the non-ordinary
locus D1 U D5 by the “Raynaud trick” [Oo03, §4], hence has positive intersection
with b1D1 + bQDQ. O

8.2. The split case.

To conform with the notation of § 7, we let V' be the Satake compactification of 91,
the moduli space with py-level structure, V* be a smooth toroidal compactifica-
tion of M, 7 : V* — V be the projection and V° be the complement in 91 of the
singular locus of V.

One knows that the non-ordinary locus consists of two divisors D1 = W1y ¢)
and Dy = Wp (1y) that intersect transversely; the intersection being the set of
superspecial points. We also know that each D; is a disjoint union of non-singular
curves. See [BG, Thm. 6.1]. However, we have very little information on the
components of the D;. They are not Moret-Bailly families and one can show that
they are not Shimura curves. Here by a “Shimura curve” we mean the following.
Let B/Q be a quaternion algebra split at infinity. Fix a maximal order Op of B
and a positive involution * of B fixing Og. There is a moduli space for special
polarized abelian surfaces with multiplication by Op (such that * is the Rosati
involution) [Dri, §4 Dfn. and Prop. 4.4]. It is easy to see that every abelian
surface A with multiplication by Op over a field k is either simple or isogenous to
E? where FE is an elliptic curve. In particular, if char(k) = p > 0 then A is either
ordinary or supersingular.

Assume now that Op C Op and that * preserves Oy, then we get a forgetful
morphism to the Hilbert moduli space 9. We call the images of such curves, and
their images under Hecke correspondences, Shimura curves.

In the following, we obtain some information on the field of definition and genus
of the components of the divisors Dy, Ds.

8.2.1. Fields of definition We examine the field of definition of the superspe-
cial points and the non-ordinary locus, under some restriction on N and p. The
following lemma holds for any totally real field L of degree g > 1 and for any
prime p.

Lemma 8.2.1. Let N > 3 be an integer such that N|(p — 1) or N|(p+1). Every
superspecial point on the moduli space M of RM abelian varieties with py-level
structure can be defined over F 2.
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Proof. We use Honda-Tate theory for which [Wat] is a good reference. Consider
the Weil numbers p over IF2. There exist elliptic curves Ey over Fp» with that
Weil number. The endomorphism ring of E. after tensoring with Q is “the”
quaternion algebra B, o, over Q ramified at p and co. However, one easily sees
that if f € Endg (E4) and mf € Endg , (E4), for some non-zero integer m, then
f € Endg , (Ey). It follows that Endr , (E) is a maximal order in By, o.

The Frobenius endomorphism 7 := Fry2 : £ — E is equal to £p. It follows
that E4[N] C E4(Fp2) iff N|(7—1) in End(£+). But 7 = £p as an endomorphism
and we conclude that E4[N] C E4(F,2) iff N|(£p — 1) as integers.

Note that End(EY) = My(End(E4)) is defined over F 2. It follows that any Oy,
structure on E is defined over F,2. Note also that EY has an obvious polarization
defined over F,> induced from the canonical identification of E with its dual, and
hence (using that polarization to identify the polarizations with the symmetric
positive elements of End(EY)) every polarization of End(EY) is defined over F.

To conclude the proof, we notice that by a theorem of P. Deligne [Shi, Thm.
3.5] every superspecial abelian variety of dimension g > 1 is isomorphic over E,
to EY9 and, under our assumptions, pn = Z/NZ as group schemes over F 2. a

Corollary 8.2.2. Every component of D; is defined over F .

Proof. Tt is enough to show that if C' is a component of D; then o(C) = C
if o € Gal(sz /Fp2).

We first note that D; is defined over IF,. Let x € C' be a superspecial point
(such exists, because D; \ Wy 1y is quasi-affine by applying [Oo3, Thm. 6.5], but
see also below). It is a IF)2 rational point of V' and hence o(C) is also a component
of D; passing through z. However, there is a unique such component passing
through xz. We conclude that o(C) = C. O

8.2.2. Calculation of intersection numbers We shall make the following as-
sumption regarding continuity of intersection numbers (cf. Equation (8.3), Remark
8.3.3).

Assumption: 2 =0, =0, ity = 1.

It follows that

D? =0, D2 =0, Dy.Dy = (p—1)%n. (8.6)
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Therefore,

0= D?

:ZCZ

ceD,

= > (29(C)-2-C.K)
ceD,

=Y (29(C)-2)-D1.K (8.7)
ceD,

= > (29(C) = 2) = (p— lr . 2(61 + £2)
CeD,

= > (29(C)—2)—2(p—1)n.
ceD;
That is,
(p—1m=Y_ (9(C)—1). (88)
ceD,

This already shows that on average the genus of components of C' should be greater
than 1.

We can do slightly better. Assume that N > 3 and either N|(p—1) or N|(p+1).
Let {C1,...,Cp} be the irreducible components of D;. Let r; be the number of

superspecial points on C;. Let g; be the genus of C;, and G = Ele g;- Then R :=
Zle ri = (p — 1)y and, together with Equation (8.8), we get,

¢
R=(p-1))Y (g:—1)=(p-1)(G-10). (8.9)

i=1
We have the estimate r; > 0 (because D; \ W(y 1) is quasi-affine), but since r; =
deg <]L§_1|Ci) (existence of partial Hasse invariants and simplicity of their zeros

[Gol, Thm. 2.1]) we actually have r; > p — 1. Summing over the components, we
get

R> (p—1)L. (8.10)
We obtain the following;:

Proposition 8.2.3. Assume that N > 3 and N|(p — 1) or N|(p + 1). Then the
average genus g of the non-ordinary locus satisfies the inequality g = G/ > 2.

Proposition 8.2.4. The line bundle LT*1L3? is ample if and only if both ny and ne
are positive.

The proof is along the same lines as the proof of Theorem 8.1.1.
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8.3. The ramified case.

Again, to conform with the notation of § 7, we let V' be the Satake compactifi-
cation of 9, the moduli space with un-level structure, V* be a smooth toroidal
compactification of M (sic!), 7 : V* — V the projection. Let V° =V \ V&, For
every S C Wy 1y, let pg =77 1(S).

8.3.1. The local structure of the moduli space. First we compute the local
deformation theory at a point of 9. It follows from Example 4.3.1 that the moduli
space is regular at points of type (0,n), 0 < n < 2. By loc. cit., at a point of
type (0,2), the universal deformation ring is k[co,c1]. Recall Remark 6.1.4. We
may take m = oo and ¢3 =1 as in (6.3) so that the universal Frobenius is

2
r_ <O UT i > '
1 —c§f —c§T
A deformation has type (0, 1) if and only if it is not ordinary. This is equivalent
to TF? =0 (mod T?). Equivalently,

0 OU 0 0 2 =0 modT.
1 _CO ]. —Cg

This gives the condition ¢y = 0. We conclude that in the local deformation space
the condition for deforming into W(q 1) is given by c¢p = 0 and it defines a smooth
formal curve.

By Example 4.3.2; at a point of type (1,1) the universal deformation ring R is
defined by

k[[ao, bo, co, do]]/(ao + do, apdo — boco) = k[[ao, bo, Co]]/(ag + boCO)~

Hence, Spec(R) is a cone. By (6.3) we may take m = oo and ¢ = 1 so that the
universal Frobenius is given by

_ —b3 T+ ag
F_<T—a8 —c§ )

In order to have deformation of (0,1) we must have TF? =0 (mod 7?), which is

equivalent to
e (705 ag\ (-0 e\ _,
T \—a? —cg _qo® _t) T
0 0 @ €

This gives the system of equations modulo p:
Wt —abth =0, aphl + coa =0, boal + apcdh =0, —aiT + & =0.

If by = 0 it follows that ag and ¢y = 0 are nilpotent. The associated reduced
scheme is the point we started with. Inverting by, the second equation can be
eliminated using by (aobh + coabh) = agb? ™ —a3al = ao(ngrl —ag+1). If ag = 0, the
associated reduced scheme is the point we started with. Inverting ay we deduce

from ag(boafy + aocly) = bo(ag+1 — cﬁ“) and from the other relations that byal, +
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apch = 0. Hence, on the complement of the point we are reduced to the equations
a2 +bocg =0, W —abtt =0, -+ & =0. (8.11)

We conclude that the non-ordinary locus consists of p + 1 branches given by by =
Cag and co = (" lag for ¢ a p + 1-st root of unity.

Finally, we compute the structure of 71 : 91 — 91. The morphism 7; is proper
[AG1, Lem. 8.4]. Outside Wl_l(W(Ll)) it is one-to-one [AGI1, Prop. 6.5] and so
is an isomorphism. Since M\W(; 1) is smooth, we conclude that wfl(DJI\W(M))
is smooth. Let s € W1 1). Let R := k[ao, bo, co]/(ag + boco) be the completed
local ring of 9 at s. Let A — Spec(R) be the universal abelian scheme over R.
Using the theory of local models §4.3.2, we can find a R ®j k[T]/(T?)-basis «, 3
of H}y(A/R) such that the relative cotangent space H°(A,Q4/r) in Hiz(A/R)
is generated as R ®z k[T]/(T?)-module by (T + ag)a + bp3 and coax + (T — ag) 3.
The scheme M x g7 Spec(R) can be interpreted as representing the Grassmannian
of R®y k[T]/(T?) rank 1 submodules of H(A,Q4/g), free as R-modules and killed
by T. Any such module is generated by an element T X« + TZ 3 which is zero
in Hip(A/R)/H(A,Q4/R). Hence,

N Xgp Spec(R) = Proj R[X, Z]/(aoX + coZ, —bo X + aoZ), (8.12)

Proposition 8.3.1. The following hold:

1. the singular points of M are the cusps and the points contained in Wy 1);
2. the variety N is smooth over k;
3. m: M — M is the blow-up along Wiy 1);

4. for every s € Wy 1y, the scheme s is a non-singular rational curve with self
intersection —2.

Proof. The first assertion is a summary of part of the discussion above. Next, it
follows from (8.12) that M is a smooth variety.

Let V° be the blow-up of M at Wy 1y. Since W(y ;) is reduced, we also get that
the inverse image of W/, 1 is a disjoint union of curves and, hence, is a divisor. By

the universal property of blow-up we get a birational map p: 9 — Ve compatible
with the projections onto 9. It is an isomorphism over M\ W, ;). The completed
local ring of M at a point of W4 1y is isomorphic to R = k[ao, bo, co]/(ad + boco).
Since the blow-up is defined in terms of Proj of the ideal defining W, 1) and W(y 1)
is reduced, the fibre product Vo x o Spec(R) coincides with the blow-up of Spec(R)
at its closed point. In particular, the inverse image of the closed point of R
in V° xon Spec(R) is isomorphic to P}, and has self intersection —2. Using (8.12)
one easily checks that the base change of p to the product of the completed local
rings at the points of W, 1) is an isomorphism. Hence, p is an isomorphism. O
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8.3.2. Calculation of some intersection numbers. Assume that p > 2 in
this section. Let D be the reduced divisor that is equal to the non-ordinary locus
of V. Let h be the total Hasse invariant, h € T'(V°,det EP~1); it admits a square
root Vh € T(V°,det EP~1/2) _ see [AG2]. We have (vVh) = D. Tt follows from
the Kodaira-Spencer isomorphism that (initially on V°, but then on V)

4
K~ —D. 1
= (5.13)

We know [BG, Thm. 5.3] that the number of components of D isn = £(.(—1)C(N),
where C(N) is the degree of the level structure, and that the number of points

of W11y is also . We also note that Proposition 8.3.1 implies that the variety V*

is suitable for calculating the intersections of divisors support on D. The following

calculations are done using the results and notations of § 7. On the one hand,

D2 — (D*)Q
) 2
~ +
= (Z C+ p72 MW(1,1)>
ceD
i (p+1)?
= (Z C> + (p+ 1) (Z C) '/’LW(l,l) + 4 /'L%V(l,l)
ceD ceD
= =~ p+1)2
= > C++1) ), ZC-uu+( 4) > o
ceD UGW(1,1) ceD U'EW(l,l)
~ p+1)?
=S @ P
CeD
~ 1)2
CeD

On the other hand,

YeenC? = cep(—2—C.K[V*])  (adjunction on V*)
=Y cepn(—2— C.K") (Prop. 7.3.1 4+ Prop. 8.3.1)
=-20—> cepC* K* (Prop. 7.2.1)
=-20—> cepC. K (Prop. 7.2.1)
=-21—> cenC pf—lD (Equation (8.13))
= -2 — 243D
We conclude that D? = —2n — p4jD2 + Wn, which gives:
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Proposition 8.3.2. The self intersection of D is given by

N2
(p 21) 0.

D? =

Remark 8.3.3. Note that if we could argue by ‘continuity of intersection num-
2 2
bers’, we could write D = %(51 +03), whence D? = @51 o @n.

9. Hilbert modular threefolds

Let L be a totally real cubic field. In this section we study the local structure of
the moduli variety 9. Given the results for ¢ = 2 and the unramified case, we
may restrict our attention to the case when p = p? is maximally ramified. Assume
that henceforth.

We recall from § 3.2 the strata and their hierarchy in terms of “being in the
closure” as encoded in the following diagram

(1,2) (0,3)
N

9=3 (171) <072)

AN

(0,1)
\
(0,0)

To begin with, it follows from Example 4.3.1 that the locus W(Cj ) for j =0
and n=0,...,3,or for j =1 and n = 1, 2 (performing a similar computation), is
formally smooth at points of type (j,n’) with n’ > n. Thus, we are interested in
the structure of the strata W ;) at a point of type (1,1) and (1,2), and W ,, at

a point of type (1,2).

9.1. Points of type (1,2).

In this case j = 1, ¢ = 2, and, since the point is superspecial, we may assume m =
oo and ¢ = 1 in Equation (6.3). The universal deformation space is of the form
(cf. Example 4.3.3):

k[ag, a1, bo, co,c1,do]/(aodo — boco, ag + ardy — bocy, a1 + do)
= k[ao, bo, co, ¢1,do]/(aodo — boco, ao — dg — bocr).
The results of §5.6 imply that the universal “mod p” Frobenius is given over this
ring by

(b5 T?+af—d3T
F= (T +d§ —c§—-gT ) (9-1)
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9.1.1. The non-ordinary locus W(CO 1 By Corollary 5.6.3, the condition that
the deformation is non-ordinary is equivalent to the condition

7{),0 aog 7sz “.l=0 (mod T).
g —cg g —cg

This gives the following system of equations:

(Eql) W agdh =0
(Eq2) boag, + agch =0
(Eq3) dobfy + codf) =0
(BEq4) doal) + 5 =0
(Egb) aogdg — bocg =0
(Eqg6) ag — d3 —bocy = 0.

We note that if any of the variables ag, by, cg, or dy is zero then so is a power of
all the others. In this case, the associated reduced subscheme defines a smooth 1-
dimensional deformation which coincides with the 7 = 1 locus, generically having
invariants (1,1). Else, to find the components of the non-ordinary locus, we may
invert ag, bo, co, and dp. Using (Eq5) one checks that

bo - (Eq4) = do - (Eq2), bo-(Eq3) =do - (Eql), 0f-(Eq2) = ag- (Eql).

Thus, we may consider only the three equations (Eql), (Eq5), (Eq6). Substituting
using ag = bocy + d3 we reduce to the equations

b‘g+1 + boCldg + d10)+2 =0, bocidy+ dg —bpcg =0

in the ring k[bo, co, ¢1, do] [bg b, g Ly e Y, dg t]. Multiply the second equation by df !
and subtract from the first equation to reduce to the equations

bg + Codg_l =0, dg — boco + bgerdg = 0.

In order to compute the components of the non—ordinary locus through the given
point, one proceeds as in the proof of 6.3.4 and computes the minimal prime
ideals of E[by, co, cl,do]][bo_l, co_l, et dal] associated to the ideal defined by the
equations

W+ codd ™t =0, dPT 4T — oldh = 0.

As in loc. cit., one concludes that those prime ideals are in one to one corre-
spondence with the minimal prime ideals associated to the ideal (0) in the ring
Ry = k[{ch do][co] /(BT — cocPdb + d2PT™) not containing do. Since the polyno-
mial c’0’+ —|—d§p 1 in the variable ¢ is irreducible over k[dg], one concludes that Ry
is a domain.
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We conclude that the non-ordinary locus is locally irreducible at points of type (1, 2).
One can also calculate that the tangent space at a point of type (1,2) to the
deformation space into non-ordinary abelian varieties (given by (Eql)-(Eq6)) is
three dimensional and conclude that every point of type (1,2) is a singular point

of W(CO,I)'

9.1.2. The locus W(Co 2y We next consider the problem of deforming a point of

type (1,2) into the (0,2) locus. The condition that the a-number is at least 2 is
equivalent to the condition TF? = 0 (mod T?), where F is given by

r_ —b§  T*+af—diT
T +dg —c§—-5T J°

This is equivalent to the following matrix being congruent to 0 modulo T2:

—bg  af —dST 3" ag —dg'T
T+dy —cg—cT)\T+dy" —§ —§T)
This provides the following equations:

apdg — bopcg =0
ao—dg—bocl =0

W agdh =0

ag — dg“ =0

dobfy + codf) =0
bh+co+ady=0

boal + apch =0

bodf — apc + doch =0

Eq9) doab + CgH =0

Eq10) ab —di - erdh + coc? = 0.
We now substitute using (Eq4) ag = di'™
the variables by, cg, ¢1, and dy:

and obtain the following equations in
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(Eql) drt? —boco =0

(Eq2) dbt — d2 — boey = 0

(Eq3) b+ Pt =0

(Eqb) dobh) + codh =0

(Eq6) b+ co + crdf =0

(Eq7) bodl P 4+ dl ek = 0

(Ea8) bodfy — di el + docf = 0
(Eq9) d82+p+1 + & =0

(Eq10) AP — @ 4 e+ coc = 0,

We distinguish two cases:

Case 1: dy =0.
This implies that a power of by and of ¢ is zero. The associated reduced subscheme
is the smooth curve given by ¢y, which is the (1,1) curve already noticed above.

Case 2: we invert dg.

We now multiply each equation by a suitable power of dy so that to substitute
expressions of the form c¢odf) by —bhdy (using (Eq5)). We remark that the elimi-
nation of ¢y was justified by (Eq6). We arrive at the following system of equations
in by, ¢1, and dgy:

(Eql’) P et =0

(Eq2) dvT — d2 — by, =0

(Eq6’) Wbt —bh 4 e dZP T =0

(Eq7) bod2 Pt bl =0

(Eq8") —bod? Th 4 dE B+ W =0

(Eq9’) d%ﬁ"-&-p _ bgz-i-p -0

(Eq10") 43P ey — al TR = 0,

Note that (Eql’) implies that by # 0 and implies (Eq7’) and (Eq9’). We may
therefore consider only the system
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(a1 B =0

(Eq2’) dbt — d2 — boey = 0

(Eq6”) Whdh ™t — )+ cdiP T =0

(Eq8") —bodZ TN dEE W =0

(Eq10") 42— e — al TR = .,

We now show that (Eql’) and (Eq2’) imply (Eq6’) and (Eq8’), (Eql0’). Indeed,
multiplying (Eq6’) by by we get

bo(Eq6') = &P + (—=d2 + db TP~ — ot = 0.
Multiplying (Eq8’) by b, we get
Vy(Eas’) = d ' !+ (—d3 + T PdE 4 (—d )P = 0.
Finally,
(Bal0’) = dg?" —df ' — (=dgP ™)1 (= + df ™) — df " (—d + df Ty = 0.

Hence, we are left with the system of equations

(Eql’) Pt ottt =0
(Eq2’) dbt — dZ — boey = 0.

Recall that these equations are taken in a ring where dy is invertible, viz. in the
ving k[bo, c1,do][dy']. If T is the ideal generated by the equations (Eql’), (Eq2’)
then the ring k[bo, c1,do][dy ']/I is equal to the ring

klbo, er, do] by, dy ']/ (dg" ™ + b5 T = df — boca).

Hence, we can eliminate ¢;, putting ¢; = d2(d%' — 1)by! (note that &' =
—do(db~" —1)P*1] justifying the substitution) and conclude that the (0,2)-locus
is given locally at a point (1,2) by the irreducible equation

in the ring k[bo, do] and hence is irreducible there.

9.2. Points of type (1,1).

In this case j = n =1 and ¢ = 1. Hence, we may assume that ¢ = 1 in (6.3). The
universal deformation space of [4;] is defined by the ring

R := k[ao, a1, bo, co, c1,do] /(aodo — boco, ardo + ao — boci, a1 + do).
The matrix M of Frobenius F of the universal display is defined by

T—b+d5 T2+a —c°
T+ dj m—_
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with a := ag+a17T and ¢ := cg+c¢;T. The deformations in the non-ordinary locus,
i. e., inside W(C0 1), are defined by the condition that 72 F? = 0 modulo T. This is
equivalent to require that M - M = 0 mod T, i. e., to the vanishing of
2 2 2 2
(Hgh ) (e
do —C dj —cf

which is equal to

2

2 2 2 2 2 2 2 2 2 2 2 2
p°+p__ 3P gp P gD p°+p P Jp P P p“ P p° gp 4 1P P p° gp PP p“+p
(bn —bgdy —by do+dy agdy —cpdy  —ag bytap dotbgeg —cg dg—agey +c )
2 2 2 2 2 .
P gD p“+p__ pgp p“gp__ p° P, P +P
—by dy+dy —codp ag do—cqy dg+cg

Hence, we get the following seven equations in the variables aq, a1, by, co, 1
and dp:

(Eql) WPl — bl + dl P aldl — Bl =0
(Eq2) WA+ TP — B =0

(Eq3) —ab )+ ab b+ 0hch — b db—alh +cb P =0
(Eq4) A R e

(Egb) agdy — bocg =0

(Eq6) ardo 4 ag — boey = 0

(Eq7) a1 +do=0.

Case 1: Assume dy = 0. Then, a power of by is 0 from (Eql), a power of ¢ is 0
from (Eq4), ap = 0 from (Eq6) and a; = 0 from (Eq7). The only free variable
left is ¢;. Hence, the reduced subscheme defined by dy = 0 is 1-dimensional
and coincides with universal deformation space inside the locus VV(CM)7 as already
known.

Case 2: Let us invert dg = 0. Then
o dj(Eql) = (~b) + db)(Eq2) + df (Eq5)”;
o & (Bq2) = —di (Eqd) + d2(Eq5)” ;
o &7 tP(Eq3 — Eqd) = —b2dP(Eq5)” — d& & (Eq5)” + L (Bq2).

Hence, using a1 = —do, agp = d3 + boc1, (Egd) and d,*(Eq2), the system of
equations (Eql)—-(Eq7) becomes equivalent to the system of equations

° dg + bocidy — bocy = 0;
o —bh+dh—codyt =0;

in k[bo, co, c1, do][dy ']
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(0,2) locus ‘close-up’ on a (1,2) point

S
i N

Figure 9.1: Hilbert modular threefold - maximally ramified case.

It follows from 6.3.5 that the nilradical of the ideal defined by these equations
has exactly two minimal prime ideals. Hence, the locus WCO 1) is not analytically
irreducible at the points of W, 1). Studying the tangent space it is easily seen
that W(CM) is singular in W(Co,1)'

9.3. Summary.

We now come to some conclusions concerning the global structure of moduli
space MM for L cubic totally real field and p maximally ramified in L.

Let B be any component of 9. By Proposition 6.3.3 the non-ordinary locus is
irreducible. The locus W(CM) = W(1,1) UW(y 9y is irreducible and non-singular, by
loc. cit. and (3.1). The locus W(CO,Q) = W(0,2) UW(1,2) UW(q 3) is a union of Moret-
Bailly families, each component is singular only at the unique point (cf. [AG1,
Prop. 6.6]) of W4 5) lying on it. The components of the locus W(CO’Q) are disjoint,
because intersection points can only be of type (1,2), and by § 9.1.2 the locus is
locally irreducible there. One can prove that the W 1) locus, and the W§ 1) locus
are irreducible in each component of the moduh space in a different way. In fact,
a similar use of the correspondences m 7, ', mam; 1, shows that one is irreducible
if an only if the other is. We know by Theorem 6.2.3 that Ty = W(C1 Y W(CO 2) is
connected, we know that each component of W(o 2) meets W(1 1 ata unique point,
and we know that the locus 51 = Wy, 1) UW (1,9 is non—smgular The implies that
there is a unique component of W(; 1) in every component of 9.
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