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Geometry of Hilbert Modular Varieties over Totally
Ramified Primes

F. Andreatta and E. Z. Goren

1 Introduction

Let L be a totally real field with ring of integers O . Let N > 4 be an integer and let Mi(un)
be the fine moduli scheme over Z of polarized abelian varieties with real multiplication
(RM) and pn -level structure, satisfying the Deligne-Pappas condition. For every scheme
S, we let M(S, un) = M(un) xz S be the moduli scheme over S; see Definition 2.1.

Many aspects of the geometry of the modular varieties 2(F,,, un) are obtained
via local deformation theory that factorizes according to the decomposition of p in Or.
The unramified case was considered in [9] (see also [8]). Given that, one may restrict one’s
attention to the case p = p¢ in Or. We discuss here only the case e = g, that is, p is totally
ramified in L.

The ramified case was first treated by Deligne and Pappas in [6] (the case g = 2
was considered in [2]). We recall some of their results under the assumption that p is
totally ramified. Let A/k be a polarized abelian variety with RM, defined over a field k of
characteristic p. Fix an isomorphism O; ®zk = k[T]/(T9). One knows that H) (A) is a free
k[T]/(T9)-module of rank 2. The elementary divisors theorem furnishes us with k[T]/(T9)-

generators o and B for Hl (A) such that
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The index j = j(A) gives a stratification §; of the moduli space 9(F,,, un); the jth stratum
parameterizes abelian varieties A with j(A) > j. We call this stratification the singularity
stratification, and we call j(A) the singularity index of A.

Using comparison of local moduli with a suitable Grassmannian variety, Deligne
and Pappas gave local equations for a point in the stratum §; inside the stratum §;. for
anyj’ <j,implying,in particular, that 8; is the singularlocus of M (F,,, un ). Theirresults
imply that the §;-stratum, if nonempty, has dimension g — 2j. They did not prove that the
8j-strata are nonempty.

To have a better understanding of the moduli space 9%(F,,, un), one would like
to refine the singularity stratification. After recent works by Oort [17] and others [9, 12,
19, 20], one idea that comes to mind is to stratify the moduli space according to the iso-
morphism type of the p-torsion as a polarized group scheme with Oy -action. This ap-
proach is successful in the unramified case; see [8, 9]. When p is ramified, it turns out
that this approach is not already desirable for g = 2: let k be an algebraically closed field
of characteristic p and let L be a real quadratic field in which p ramifies. There are infin-
itely many nonisomorphic polarized group schemes with O -action arising as p-torsion
of polarized abelian surfaces with RM by O (which would yield infinitely many different
“strata”). This is proven in the appendix.

Still, one would like to refine the singularity stratification and study its relation
to the Newton stratification and to arithmetic. To this end, we introduce another invari-
ant. Given a polarized abelian variety A with RM, defined over a field k of characteristic

p, we define its slopen = n(A) by
J(A) +n(A) = a(A), (1.2)

where a(A) is the a-number of the abelian variety (for us, a(A) is equal to the nullity of

the Hasse-Witt matrix of A). One proves that
j<n<Ai (1.3)

We prove that there exists a locally closed subset of M(FF,, un ), denoted by 25 ), that
parameterizes abelian varieties with singularity index j and slope n. We prove that 20; )

is a nonempty set and is a nonsingular variety of dimension
dim (Ws,m)) =9 — (G +n). (1.4)

The proof that 2U; ) is nonempty uses a construction of Moret-Bailly families

and the study of the variation of (j,n) along these families, while the nonsingularity and
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the dimension of 20 ,,) follow from studying the local deformation theory via displays.
The reason for calling n the slope is the following. Let (3,4 denote the Newton polygon
with the two slopes r/g and (g — v)/g, each of multiplicity g, and if g is odd, let 3, de-
note the Newton polygon with unique slope 1/2 of multiplicity 2g. In our case, where p is
totally ramified, the polygons Bo,1/4,...,B1,2 are precisely the Newton polygons that
appear on M(F,, un ). We also define

?\(n)_min{;,;}. (1.5)

Then, the Newton polygon on 2J; ) is constant, equal to 5. The proof of this result
is based on the classification of the Dieudonné modules over the ring O; ®z W(k)[F, V].
The fact that the Newton polygon is constant on each 2J; ,,) allows us to confirm certain
general conjectures concerning the Newton stratification on moduli spaces of abelian
varieties for the moduli spaces we consider here. Such conjectures were proposed by Oort
in [15] and generalized by Chai in [4]. In [16], Oort proved some of his conjectures in the
“Siegel case,” that is, moduli spaces of principally polarized abelian varieties.

We prove that {20 ,,) : 0 <j < n < g —j}is a stratification. One consequence of
the relation between n and the Newton polygon is that for n < g/2, both j and n go up
under specialization and not only j and j + n. The exact determination of the boundary is

somewhat involved. We prove the following result. Let
J={(G,n):0<j<n<g—j jneZ}. (1.6)

There exists a unique function A : 2 — 2J determined by the following properties (we
interpret elements of 2/ as subsets of ] and write (j,n) for the singleton {(j,n)}):
(i) for any integer 0 <j < g/2, we have A(j,j) ={(’,n') €J:j <j'};
9—1j);
(iii) for any integer 1 <j < g/2, we have A(j — 1,n) = A(A(j,n)), where A is given

(ii) for any integer 0 <j < g/2, we have A(j,g —j) = (j,

by an explicit recipe in Definition 8.8.

We prove that

Wim =Wagm = J Wi (1.7)
(G/,m)eA[,n)

One hopes that the techniques, introduced here, of studying stratifications via p-iso-

genies will generalize. For example, in the Siegel case, one does not know yet the exact

description of the boundary of an Ekedahl-Oort stratum (see [17]). We refer the reader

to [1] for further results on the stratification defined in this paper and on the universal

display of an abelian variety with RM.
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2 Background and notation
2.1 Definition of the moduli problem

Throughout this paper, we fix a totally real field L of degree g over Q. We denote by Oy its
ring of integers, by D[‘ its inverse different relative to Q, by d; its discriminant, and by
CL(L)* its strict class group. We fix a set of fractional ideals R = {Jy,...,Jn+} of L that,
endowed with their natural notion of positivity, form a complete set of representatives
of CI(L)". The moduli problem we are interested in is, roughly, that of parameterizing
abelian varieties of dimension g with a given action of Op, level structure, and polariza-

tion datum. A precise definition follows.

Definition 2.1. Let S be a scheme. Let N be a positive integer. Denote by
M(S,un) — S (2.1)

the moduli stack over S of polarized abelian varieties with real multiplication by Op
and un-level structure. It is a fibered category over the category of S-schemes. If T is a
scheme over S, the objects of the stack over T are the polarized Hilbert-Blumenthal abe-
lian schemes over T relative to O with uy-level structure, that is, quadruples (A, 1, A, €)
consisting of

(a) an abelian scheme A — T of relative dimension g;

(b) an Op-action, that is, a ring homomorphism
L OL(%- EndT(A); (22)
(c) apolarization

A (Ma, M) = (3,3%), (2.3)

that is, an Oy -linear isomorphism on the étale site of S between the in-
vertible O -module M 4 of symmetric Oy -linear homomorphisms from A
to its dual AV and one of the fixed representatives J € R, identifying the
positive cone of polarizations M} with 3,

(d) an O -linear injective homomorphism
eiuNn @z D A, (2.4)
where for any scheme S over T, we define

(tn @2 D')(S) i= un(S) @z Dy ' (2.5)
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We require that the following condition, called the Deligne-Pappas condition, holds:
(DP) the morphism A ®o, Ma — AV is an isomorphism.

To ease notation, we will write A for (A, (, A, €).

The stack (S, un) is a disjoint union [ [;.q (S, un, J), where (S, un, J) is
defined as above with the proviso that the polarization module is J. By works of Rapoport
[18] and Deligne-Pappas [6] (building on works of others), the moduli stacks (S, un)
and (S, un, J) are schemes for N > 4 and the morphism (S, un) — S is flat, a locally
complete intersection of relative dimension g and smooth over S[d; '|. Furthermore, each
geometric fiber of Mi(S, un,J) — S isirreducible, normal, and of dimension g.

Over the complex numbers, the underlying analytic variety of 9%(C,un, J) is iso-
morphic to I'5\$ Y, where I’y is a suitable discrete subgroup of SL;(L) acting, by a twisted
diagonal action, on the g-fold product of the Poincaré upper half plane $).

2.2 (DP)versus (R)

In his paper [18], Rapoport posed the condition:

(R) Q' A/t isalocally free Ot ®7 Or-module
instead of condition (DP). (We will refer to this condition as the Rapoport condition.)
However, Deligne and Pappas found that condition (R) is not stable under taking limits;
the problem is not with the cusps, but rather with the existence of families of polarized
abelian varieties with real multiplication by O that generically, but not everywhere, sat-
isfy (R). The situation is as follows.

(i) Condition (R) implies condition (DP). Indeed, it is enough to prove that an
abelian variety over a field k, with real multiplication, satisfying (R), has a polarization
of degree prime to { for any prime {. If k is of characteristic 0, this follows from complex
uniformization. If k has positive characteristic, condition (R) and crystalline techniques
allow one to lift the abelian variety with its real multiplication to characteristic 0 [18,
Corollary 1.13] and hence to conclude the existence of such polarizations.

(ii) Over base schemes S in which d; is invertible, the conditions (R) and (DP) are
equivalent [6, Corollary 2.9].

(iii) Every ordinary abelian variety satisfies (R), hence (DP). The argument here
is similar to the one above; the lift to characteristic 0 is provided by the Serre-Tate canon-
ical lift.

(iv) If S is the spectrum of a field of positive characteristic p dividing d;, but not
N, there exists a pure codimension 2 subscheme of 91(S, un, J), where condition (R) does

not hold. Moreover, the singular locus of M(S, un, J) is given by
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WS, kn, 7) 77 = M(S, o, 3) \ M(S, i, ), (2.6)

where, by definition, M(S, un, I)® is the open subscheme of M(S, un, J), where condition
(R) holds [6, Proposition 4.4]. The example of g = 2 was worked out in detail in [2].

It is important to note that there are abelian varieties with real multiplication
that do not satisfy condition (R). In fact, taking an abelian variety A with real multipli-
cation that satisfies (R) and a general O -invariant subgroup H of A, the typical case is

that A/H, with its canonical Oy -structure, does not satisfy (R).

3 The Deligne-Pappas condition

Let (A,1)/S be an abelian scheme over S with real multiplication by Or. Let (AY,(Y)/S be
the dual abelian scheme of A with the induced Oy -action. Let M := Homg, (A, AY)s/™
be the O -module of symmetric O; -linear homomorphisms from A to AV as in Definition
2.1. As a sheaf on the étale site of S, M 4 is a projective O -module of rank 1 generated by
M7 ; see [3] and [18, Proposition 1.17].

Proposition 3.1. The following are equivalent:

(1) the natural morphism
D:ARo, Ma — AY (3.1)

is an isomorphism (as étale sheaves on S);
(2) for any integer t, there exists, étale locally on S, a symmetric O -linear polar-

ization
A A — AY (3.2)

of degree prime to t;

(3) asin (2) where t ranges among primes. O

Proof. (1)=(2). By étale localization on S, we can assume that there exists a polarization

At € M4 such that the homomorphism of O -modules
O1/t01 =5 MaA/tMa, T+ TAq, (3.3)
is an isomorphism. We have, then, the following isomorphisms:

Alt] == At} ®0, (OL/tOr) len, Alt] ®0, (MA/tMA) =5 A ®0, (Ma/tM4).
(3.4)
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On the other hand, by comparing degrees, one finds that the natural map

(A®o, MA)[t] — A®0, (Ma/tMA) (3.5)

is an isomorphism. Furthermore, by assumption, ® induces an isomorphism
(A®o, Ma)[t] = AV[t]. (3.6)

Let A[t] — AV[t] be the composition of all these maps. It is an isomorphism and it coin-
cides with A restricted to A[t]. Hence, Ker(A;) has order prime to t as wanted.

(2)=(3). Clear.

(3)=(1). On the étale site of S, M a is a projective Or -module of rank 1 generated
by polarizations. Hence, @ is an isogeny. Let K := Ker(®). It is a finite flat group scheme
over S. Let { be prime and choose, étale locally, a polarization A, of degree prime to {. The

isogeny A, can be factored as
A—ARMA 25 AY, (3.7)

where the first arrow is the isogeny a — a ® A,. We deduce that the kernel of A, surjects

onto K. Therefore, K has order prime to { for any prime {. [ |

Corollary 3.2. Let (A,1)/S be an abelian scheme satisfying (DP). Let H — A be an Oy -
invariant, finite, locally free, closed subgroup scheme of A having rank p® for some prime
p and some integer a. Suppose that the following holds:
(1) there exists r € Or such that H — A[r] and p®|| Norm(r);
(2) for every geometric points € S,
(2a) if p is prime to the characteristic of k(s), the constant group scheme H,
is generated by one element as an O -module;
(2b) if p is the characteristic of k(s), then the Dieudonné module associated
to H; is generated by one element as an O; ® W(k(s))-module.
Then, the O -action on A descends to A/H and A/H satisfies (DP). O

Proof. The Oy -action on A clearly descends to A/H. Let t be any prime. By Proposition
3.1, it is enough to prove that étale locally A/H has a polarization of degree prime to t.
Let{ = tif t # p, and let { be a prime different from p otherwise. By étale localiza-
tion and Proposition 3.1, we may assume that there exists a polarization A : A — AV of
degree prime to {p. One may replace r by an element r’ € O such that condition (1) still
holds and r’ is prime to { - deg(A¢). Indeed, A[r] = A[(r)] = ®yi|(r)Alp'], and therefore the
existence of r’ follows from the weak approximation theorem. Without loss of generality,

ris prime to { - deg(Ae).
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The homomorphism A;or: A — AV is a polarization of degree Norm(r)? - deg();).

By hypothesis,

H C Ker (A¢o1) = Afr] & Ker (A), (3.8)

and H is Oy -invariant. If H is isotropic in A[r] with respect to the Mumford pairing de-
fined by A¢ o r, then A, o r descends to a polarization on A/H of degree equal to Norm(r)? -
deg(A)/#H? which is prime to {p, hence to t.

It remains to prove that indeed H is isotropic. We may assume that S is the spec-

trum of an algebraically closed field k. We distinguish two cases.

Case 1. The characteristic of k is prime to p. Then, A[r] ® Z, is étale and isomorphic
to a free Ot ,/7O1 p-module of rank 2, considered as a constant group scheme, with an
alternating and perfect pairing for which the action of Oy is selfadjoint. By (2a), H C

Alr] ® Zp C Alr] is generated by one element as an O -module, hence isotropic.

Case 2. The characteristic of k is p. Then, the Dieudonné module of A[r] ® Z,, is isomor-
phic to a free (Ot /rOr) ® W(k)-module of rank 2 [18, Lemma 1.3] with alternating and
perfect pairing for which the action of O is selfadjoint. By (2b), the Dieudonné mod-
uleof Hisa (O /rOr) ® W(k)-submodule generated by one element, and hence isotropic.

|

Corollary 3.3. Let (A, 1)/S be an abelian scheme satisfying (DP). Let H < A be an Oy -
invariant, finite, locally free, closed subgroup scheme of A having rank n. Assume that
the primes of O dividing n have residue degree 1. Then, the O -action descends from A
to A/H and A/H satisfies (DP). O

Proof. Clearly, the action of O descends to the quotient A/H. Assume first that S is the
spectrum of an algebraically closed field k. Note that H has an O -primary decompo-
sition H = @®,:,,H[p']. We may reduce to the case H = H[p'] and then, using the exact

sequence
0 —s H/H[p] — A/H[p] — A/H — 0, (3.9)

to the case H C Alp].
If H is trivial, then there is nothing to prove. If H = A[p], then H is the direct sum
of two O -invariant subgroup schemes, each of which satisfies condition (2) of Corollary

3.2. If H is a strict subgroup of A[p], we have that H has order equal to Norm(p). We may
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therefore reduce to that case where H satisfies condition (2) of Corollary 3.2. The corol-
lary follows from Corollary 3.2 by choosing r a local uniformizer at p which is a unit at
all other primes dividing Norm(p).

For a general S, by Proposition 3.1, it suffices to prove that for any prime { étale
locally on S, there exists a polarization A; on A/H of degree prime to {. Passing to an étale
covering of S, we may assume that the O -module M 4/ is locally free of rank 1. Lets € S

be a geometric point. Consider the reduction map

Ys - MA/H — MAs/Hs’ (310)

It is Oy -invariant and injective. Hence, there exists m € Z killing the cokernel of y. Let
As € MXS/HS. Let 8 € Ma,p such that v,(8) = mA,. Since 6 is a polarization, Ker(9)
is a finite flat subgroup scheme. Therefore, the inclusion Ker([m])s C Ker(d)s implies
Ker([m]) C Ker(d). Hence, there exists A € M4 /1y such that ys(A) = A;. This proves that v

is an isomorphism. We conclude by the first part of the argument applied to A;/H;. B

Remark 3.4. As the following example shows, the assumptions in Corollary 3.3 are nec-
essary. Let ¢ = 2 and let p be an inert prime. Let A be an abelian surface with real mul-
tiplication by O satisfying (DP) with a-number equal to 1. Then, the quotient A /o, of A

by its unique Oy -invariant «,-subgroup scheme does not satisfy (DP).

Corollary 3.5. Inthe notation of Corollary 3.3, assume that H has order p and thatp = p?
is totally ramified in L. Let m : A — A/H be the canonical isogeny. Then, m*(Ma /1) =
pPMAa. O

Proof. We treat only the case S = Spec(k), where k is a perfect field of characteristic p,
leaving the general case to the reader. Let A be a polarization on A such that Ker(A) D
H. Then, the Mumford pairing on Ker(A)[p™] induces a nondegenerate alternating O -
pairing on the Dieudonné module of this group scheme which is isomorphic to (O ®
W(k))/pt @ (Or ® W(k))/p’ for suitable i and j. It follows that i = j and, in particu-
lar, Ker[A] D Alp]. On the other hand, any subgroup H of order p is isotropic with re-
spect to any alternating pairing induced by a polarization. Hence, any polarization A
with Ker[A] O A[p] descends to A/H. Vice versa, for any v € M, /1, we have Ker(m*(v))
> Alpl.

Since A satisfies (DP), there exists y € Ma of degree prime to p. In particular,
Or, - Y = Ma ®z Zp. Let A € Ma. Write A = v -y with v € Or,. Then, the Dieudonné
module of the p-part of Ker()\) is isomorphic to (O ® W(k)/(r))?. Hence, the inclusion
Ker[A] D A[p] is equivalent to val,(r) > 1, which, in turn, is equivalent to A € pMa. [ |
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4 Displays with real multiplication
4.1 Displays

Let k be a perfect field of characteristic p > 0. Let Ay be an abelian variety over k of
dimension g of p-rank equal to 0. One can associate to Ay its covariant Dieudonné mod-
ule. It is a module over the Witt vectors W(k) of k, of rank 2g, endowed with a o-linear
morphism F and a o~ '-linear morphism V. The assumption on the p-rank implies that
V is topologically nilpotent. The Dieudonné module coincides with the dual of
H;WS(AO/W(k)). In [21], the notion of a display over a ring R is introduced. It is also
proven there that the notion of a Dieudonné module over W(k), such that V is topolog-
ically nilpotent, is equivalent to the notion of a display over k. Furthermore, it is shown
that the deformation theory of A, is equivalent to the deformation theory of the asso-
ciated display. What is of interest to us is that the language of displays allows one to
describe explicitly the equicharacteristic deformation theory of Ay (possibly with extra

structure, e.g., Op -action), obtaining the deformation of the Frobenius morphism.

4.2 QOp-displays

The reader is referred to [21] for the definition and theory of displays. We define here the
notion of display with real multiplication by O and reformulate it in a language that

emphasizes the Ot -linear structure of this setting.

Definition 4.1 (cf. [21, Definition 1]). Let R be a ring. Let W(R) be the Witt vectors over R
and let o be the Frobenius morphism on W(R). A display with real multiplication by O
over R, or an Oy -display over R, is a quadruple (P,Q,V~' F), where
(1) Pisaprojective O ® W(R)-module of rank 2;
(2) Q C Pisafinitely generated O; ® W(R)-submodule of P such that I[xP € Q C P
and P/Q is a direct summand of the W(R)-module P/IxP;
(3) F : P — P is linear with respect to O; and o-linear with respect to
W(R);
(4) V=1 : Q — P is linear with respect to O; and o-linear with respect to W(R),
and V~'(Q) generates P as a W(R)-module.
We require that for any w € W(R) and any y € P, we have

% (WY -y) =w-Fy). (4.1)

One imposes a further nilpotence condition as in [21, Definition 11].
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Remark 4.2. There exists an O; ® W(R)-submodule L and a W(R)-submodule T of P sat-
isfying P =L ® T and Q = L @ IxT. This decomposition is not canonical, though.

Remark 4.3. Let k be a perfect field of characteristicp > 0. Let (A, ) be an abelian variety
over k with p-rank equal to 0 and with real multiplication by O; . Let (D, F, V) be the co-
variant Dieudonné module of A. It is a projective O ®z W(k)-module of rank 2 [18], and
the Frobenius and Verschiebung morphisms of D are Oy -linear. Let Q be the image of V.

The exact sequence of O ®z W(k)-modules

0—Q—P—P/Q—0 (4.2)

lifts the O ®z k-exact sequence
0 — Lie (AY)" — Hj gr(A/k) — Lie(A) — 0. (4.3)

The module L is chosen as an O ®z W(k)-lift of Lie(A")*, while the module T is chosen as
a W(k)-lift of Lie(A) which mod p splits the exact sequence. The reader may check that,

when Lie(AY)* is not a free O; ®z k-module, one cannot choose T to be Oy -invariant.

Definition 4.4 (cf. [21, Definition 18]). Let (P1,Qs,V; ', F1) and (P2,Q2,V, ', F2) be two
displays (resp., O -displays) over R. A bilinear form of displays (resp., O -displays) is

amap
<-, > : P] X Pz — W(R), (4.4)

(resp.,Hom(Or,Z) ®z W(R)) such that
(a) (-,-)is W(R)-bilinear (resp., O; ® W(R)-bilinear);
(b) (Vi (%), V5 (v)) = (x,y) forany x € Q; and y € Q..

Proposition 4.5. Let (P1,Q1,V; ', F1)and (P2,Q2,V, ', F2) be two O -displays over R. The
trace map Tr: L — Q defines a one-to-one correspondence between the following:
(i) the set{® : Py x P, — W(R)} of bilinear forms of displays such that ®(rx,y)
= O(x,ry) forany r € O, x € Py,and y € Py;
(ii) theset{(-,-): Py x P — Hom(Or,Z) ® W(R)} of bilinear forms of O -displays.
U

Proof. See [6, Section 2.11]. |

Definition 4.6. Let (P,Q,V~',F) be an Oy -display over R. An Oy -polarization is an alter-
nating bilinear form of O -displays. We say that it is principal if its image is equal to
Hom(Or,W(R)).
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Theorem 4.7 (cf. [21]). Let A, be a polarized abelian variety with real multiplication by
O over a field k of characteristic p of p-rank equal to 0. Let (P, Qo, Vg1 , Fo) be the associ-
ated polarized Oy -display. Let R be a complete, Noetherian, local ring with residue field
k. There is an equivalence of categories between the category of polarized O -displays
over R deforming (Po, Qo, V, ', Fo) and the category of polarized abelian schemes over R

with real multiplication by O deforming A,. O

4.3 Solving Frobenius equations

In this section, we discuss the solvability of equations of the form x°" = bx for certain
p-adic rings. This is a step in providing a normal form for O -displays; see Proposition
4.10.

Let R be a Henselian ring of positive characteristic p with a separably closed
residue field k. Let h(T) be an Eisenstein polynomial in W(F,« )[T]. Define the ring

B = W(R)[T]/(R(T)) (4.5)

and the Frobenius ring automorphism o : B — B which is the identity on T and is given on
W(R) by (x0,%x1,...) — (xgu , x‘fu ,...). For any integer n, define the group homomorphism
¢bn : B* — B* by

dn(A) = —. (4.6)
Proposition 4.8. For any nonzero integer n, the homomorphism ¢, : B* — B* is surjec-
tive. O
Proof. We can assume, without loss of generality, that n is a positive integer. Define ring
automorphisms

WR)[T] == WR)[T],  W(R)[[T]] = W(R)[[T]] (4.7)

to be Frobenius on W(R) and to satisfy o(T) = T. The ring W(R) is p-adically complete
and separated [21]. In particular, the ring B is p-adically complete and separated. Since
h(T) is Eisenstein, the o-equivariant ring homomorphism W(R)[T] — B extends to a sur-

jective o-equivariant ring homomorphism

WR)[T]] — B, (48)
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which is surjective also on units. It suffices to prove that for all m € W(R)[[T]]*, there
exists A € W(R)[[T]]* such that

n

A% =mA. (4.9)
Write
7\2)\o+7\1T+?\2T2+"', m:mo+m1T+m2T2+--- (4.10)

with A;, my € W(R) for alli € N and my € W(R)*. We need to solve the system of equa-
tions

AS" =modo,

)\?n = miAg + MoAq,

(4.11)

t
A=) mide g
i=0
Proceeding by induction on t, it is enough to prove the following claim.

Claim 4.9. Let A € W(R)* and D € W(R), and let n be a positive integer. The equation
x°" =Ax+D (4.12)

admits a solution in W(R). Moreover, if D = 0 modulo the maximal ideal of W(R), the

solution can be chosen in W(R)*. O

Proof. Let Sy and Py with t € N, respectively, be the addition and multiplication polyno-
mials for the Witt ring. Recall that
(1) Se(xoy.--y;B0,--+,Bt) = e + tﬁt+ polytnomial inog,...,0c-1,Boy.--,Pt_1;
(if) Pe(xo,...,x¢;Boy---,Bt) = By + Bray + polynomial in oo, ..., o—1, Ro,-- -,

Be1.
Write

X:(Xo,X1,X2,...), A:(Ao,A1,A2,...), D:(Do,D1,D2,...). (4.13)

We need to solve the equation

X% = (xgan,...,xfan,...)
= (So(Po(Ao,Xo);Do),..., (4.14)
St(Po(Ao;Xo),...,Pt(Ao,...,At;Xo,...,Xt);Do,...,Dt),...).
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Fort = 0, we have

a

X —Aoxo—Do =0, Ao, Do €R. (4.15)

The left-hand side is a separable polynomial because Ay € R*. Since the residue field of
R is separably closed, by Hensel’s lemma, we conclude that such a solution x¢ exists. If
Do = 0 modulo the maximal ideal of R, then xy can be chosen in R*.

Assume that we found a solution {xg,...,x; 1} for the first t equations. The
(t + 1)th equation is

a

0=x" =S¢ (Po(A0;x0),---,Pi(Ag, .., At;x0, - -, %¢); Do, - .., Di)

:Xf " —Dt—Pt(Ao,...,At;Xo,...,Xt)
+p01{D07"')th'hAO)'")Atfllax())"'»xtf'l}

a

:X]s n —Dt thAga +Atxga —|—p01{Do,...,Dt_1,A0,... ,At_1,X0,... ,Xt_]}.
(4.16)

This amounts to solving an equation of the form

an

K AR X —C =0 (4.17)
with C € R. Since Ay € R* and R is Henselian with separably closed residue field, we
conclude that the equation admits a zero in R. [ |

This concludes the proof of Proposition 4.8. [ |

4.4 Normal form for O -displays
Let k be an algebraically closed field of positive characteristic p. Suppose that p = p9 is
totally ramified in L. In particular,

O @ W(k) —— W(K)[T]/(h(T)), (4.18)

where h(T) is an Eisenstein polynomial of degree g.

Proposition 4.10 (normal form). Let (Po, Qo,V, ', Fo) be an Oy -display over k. Let Py :=
Po @ (W(k)/pW(k)), Qo := Image(Qo C Py — Py), and Fy : Py — Py be the reduction of Fy.
Let {(-,-)o : Po X Po — Hom(Or,W(k)) be a principal O -polarization. There exist oy and
o in Py such that
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(@) Po = (0L ®W(k))axo & (O ® W(K))Bo;
(b) the Hodge filtration Qo = Ker(Fy) C Py is defined by
_ . O

Qo = (Ti)&o S (TJ)BO C ]30 = DTLECO SY

Or 5
— o, 4.19
—oh Bo (4.19)
wherei+j=gand0<j<i<g;
(c) there exist
(c1) anonnegative integer m > j,
(c2) aunitcs € (Or ® W(k))* such that

Fo(ao) = T™ao + T'Bo, Fo(Bo) = c3T 0. (4.20)
O

Proof. It follows from the properties of (-, -)o that Q¢ is a maximal totally isotropic O ®k-
submodule of Py. Moreover, Py @ k is a free O; @ k-module of rank 2. Note that O; ® k is an
Artinian local ring. Hence, we may find «o and o in Py such that (a) and (b) hold. Note
that T' - T is equal to p up to a unit in O ® W(k). From (b), we deduce that Fy is of the

form

Fo(ao) =c1T oo + c2T' Bo, Fo(Bo) = c3T o + caT Bo, (4.21)

where c1, ¢2, ¢3,and ¢4 are in O ® W(k). Since

(Fo(0),Fo(Bo)), :D<0<o,(30>g (4.22)

and (oo, Bo)o generates Hom (O, W(k)) by assumption, we conclude that
C1Cq4 —C2C3 € (O[_ ® W(k))* (4.23)

Case 1 (cz and c3 are units). Substituting «o with og — c§1 c4Po, we can assume that ¢4 =
0. Note that the new c, and c3 are units. Let ¢c; = e€TY with € a unit and y > 0. Note
that O ® W(k) = W(k)[T]/(n(T)), where h(T) is an Eisenstein polynomial. Moreover,
the automorphism of O ® W(k) that is trivial on O; and is given by Frobenius on W(k)
corresponds to the automorphism of W(k)[T]/(h(T)) that is trivial on T and is equal to
Frobenius on W(k). We may now apply Proposition 4.8 to W(k)[T]/(h(T)) and deduce that
there exists A € (Or ® W(k))* such that e" = A°A~!. Substituting ao with Aao, we can
assume that c; = TY. Let m =y +j. Substituting 3¢ with ¢, 3¢, we can assume thatc, =1

as wanted.
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Case 2 (coc3 isnot a unit). Then, ¢; and ¢4 are units. Consider the change of variables
o’ = axg + cPo, B’ =bT " g+ dPo, (4.24)

subordinate to the conditions: a, b, ¢, and d are in O ® W(k) and ad — bcT* is a unit.

Then, (a) and (b) still hold. The new matrix of Frobenius is

1 d —bTid T Cg,TiL a® boTiI (4.25)
ad —bcTt \ ¢ a Tl cyTH) \c© d° ’ '

Hence, the coefficient c; of ' in Fo(pB’) is

—c1¢cb® +c2ab? —c3c¢d® + cqad®
ad — beTiI ’

(4.26)

The conditions
(i) f1(b,c,d) =c4d® + c2b is a unit,
(ii) f2(b,c,d) =c1cb? + c3cd® is a unit,
(iii) f3(b,c,d) = (c1cb” +c3cd”)d —be(cad® +c2b°)TH is a unit,
are equivalent to the fact that the product f of the functions f; does not vanish identically
modulo p on A3 (k). Since k is infinite, this is equivalent to require that f modulo p, which

is a polynomial, is not zero. This follows since ¢y and c4 are units. If we put
a=(cicb? +c3cd?) (C4dG+C2bG)7], (4.27)

we get that c¢j = 0 and therefore ¢} and ¢} must be units. We conclude as in Case 1. |

4.4.1 A formula for Verschiebung. Define the Verschiebung map V, : Py — Pp as Vy :=
(V5 ')~'. Since k is perfect, V; exists. We find that

V{y,Fox) = V(Vy "Voy, V; 'px) = (Vou,px) = VT (Voy, %), (4.28)

which gives

—1

(Vo(y),x) = (y,Fo(x))° , Wx,y €P. (4.29)

Suppose that, with respect to an O; ® W(k)-basis {«o, fo} of Py, Frobenius has the 2 x 2
matrix with entries in O @ W(k)

Fo = <A B). (4.30)
C D



Geometry of Hilbert Modular Varieties 1801
Then, the matrix of V,, with respect to the same basis, is

<0<o,[30>671 De ' B
Vo= —+——"=L—- . .3
° {(xo,Bo) —co ' A (4:31)

Definition 4.11. In the notation of Proposition 4.10, let

m ifm <i,
_— (4.32)
i otherwise.

Note thati>n >j.

Lemma 4.12. The notation is as in Proposition 4.10 and Definition 4.11.

(1) Let { be a positive integer. The rank of F§ on Qo is

rankg (F§) = g —j —min(i, (n). (4.33)
In particular,

rankg, (Fo) =g—(+n). (4.34)

(2) The following conditions are equivalent:
(@n=7i

(b) F3 is zero on Py. O

Proof. Claim (1) follows from an easy calculation using Proposition 4.10. The equiva-
lence of (a) and (b) follows from (1). [ |

Note that the Oy -display (Po, Qo, Fo, V, ') is superspecial if and only if either (a)
or (b) holds.

5 Key definitions j, n, §;, and 25 )

Let p be totally ramified in O, p = p9. Choose an Eisenstein polynomial h(T) over Z,
and an isomorphism O; ® W(k) — W(k)[T]/(h(T)). Let (A,1)/k be an abelian variety
with real multiplication by O over a perfect field k of characteristic p. Let (P, QO,VO_1 ,
Fo) be the display associated to (A, 1) as in Section 4.1. Letj = j(A, 1) and n = n(A, 1) be the
invariants associated to (Po, Qo, Vg1 ,Fo) as in Proposition 4.10. We call j the singularity
index of (A, 1) and n the slope of (A, ).



1802 F. Andreatta and E. Z. Goren

Note that T97J is the minimal power of T annihilating Lie(A) and j + n is equal to
the a-number of A by Lemma 4.12. In particular, j and n are, indeed, invariants of (A, 1);

they satisfy the following numerical restrictions:
0<j<n<g—j. (56.1)

For later use, we define

A(n)::min{a,z}, J={(G,n)|0<j<n<g—jjneZ} (5.2)
(a set of cardinality ([g/2] +1)(g — [g/2] + 1)).

The singularity index, being a measure of the degeneracy of a morphism of vector
bundles, defines closed sets $; of the moduli space Mt(F,, un) whose geometric points
consists of the geometric points x of M(F,, un) for which j(A,) > j. Deligne and Pappas
[6] proved the following facts:

(1) 81 is not empty and coincides with 9 (F,,, un )5"8;

(2) 8; is of pure dimension g — 2j if it is nonempty;

(3) 8;\8;+1 is nonsingular.

Since n measures the degeneracy of a morphism between vector bundles on 8;, we
may define locally closed subsets 2J; .,y of §;, indeed of DMi(FF,,, un ), as follows. The geo-
metric points of 2; ,,) consist of the geometric points x of M(IF,,, un) for which j(A, ) =3

and n(A,) =n.If T is a subset of ], we define a constructible subset 20t by

Wre= ) Wi (5.3)

(G,m)eT

5.1 Examples

Consider the case g = 1. Then, M (F,, un) is the moduli space of elliptic curves with pn-
level structure. Note that j = 0, that is, 8o = M(IF,,, un ). Moreover, 2, o) coincides with
the ordinary locus and 2, 1) coincides with the supersingular locus.

Consider the case g = 2. This has been extensively studied in [2]. We rephrase
the results using our notation. The only possible j's are j = 0 and j = 1. The locus 8§
coincides with the Rapoport locus of 9t(F,, un). The locus 8 coincides with the non-
smooth locus of M(F,,, un) and consists of the moduli points associated to supersingu-
lar Hilbert-Blumenthal abelian surfaces not satisfying (R). For the loci 2J; ), we have
the following possibilities:

(i) Wo,0) is the ordinary locus of M(F,, un ). It is open dense in M(F,,, un) and

smooth of dimension 2;



Geometry of Hilbert Modular Varieties 1803

(ii) W(o,1)is affine and smooth of dimension 1. It is parameterized by finitely many
nontrivial open subsets of Pj, _;
(iii) W (o 2) consists of the moduli pgints associated to superspecial Hilbert-
Blumenthal abelian surfaces satisfying (R);
(iv) 21,1y consists of the moduli points associated to superspecial Hilbert-
Blumenthal abelian surfaces not satisfying (R).
Note that 81 = (7 1) and 8o\81 = W o,0)UW(0,1)UW0,2). It is proven in [2] that the Zariski
closure of 2o 1) coincides with Wy, 1) U W o 2) UW(y 7). Furthermore, [2] gives a formula

for the number of components of each stratum.

6 Moret-Bailly families

Throughout this section, we assume that p = p9 is totally ramified in Oy .

In this section, we construct, in characteristic p, families of abelian varieties
with real multiplication over P'. The method is that of dividing a single abelian variety
by a variable subgroup parameterized by P', a method introduced by Moret-Bailly [13].
These families are used in the proof that the collection {20 ,,)} forms a stratification in
Section 8, and in the proof that 20(; ,,) is nonempty in Section 10.

Let k be an algebraically closed field of positive characteristic p. Let (P,Q,F,
V~1) be a principally polarized O -display over k. We use X to denote the reduction of
X (a module, a morphism, etc.) modulo p. Let « and 3 be elements of P such that F and

V = (V=)= are in normal form as in Proposition 4.10. In particular,

Q =Ker(F) = (THaa (T)B. (6.1)
Definition 6.1. Let

Py = %W(k)y +P, where Q> y:=w(a1)T9 "a+w(ax)To'B, (6.2)
(w : k — W(k) is the Teichmiiller lift) with (a1 : az) € P} and a; = 0if j = 0. Define

Qy == Q+F " (W(k)y). (6.3)

Lemma 6.2. The pair (P,, Q) is endowed with a unique structure of display with O -

action such that
(P)Q’F‘V*W(ﬂ. (PV)QV»FV»V;]) (6.4)

is a morphism of displays. O
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Proof. Note that F and V™' extend uniquely to automorphisms of P ® Q = Q ® Q. Since
Ty € pP, it follows that P, is Ot -invariant. Since F~! = Vp~', it follows that, also, Q,
is Oy -invariant. It suffices to verify that Q, C P, and that V~'(Q) is contained in P,
and generates it; the existence of F follows automatically. Note that V(P,) = Q. The
inclusion Q, C P, is equivalent to V(y) € pP, which, in turn, is equivalent to V(y) = 0.

The last equality follows from Proposition 4.10 and Section 4.4.1. [ |

6.1 The computation of Q

We note that Q. is the kernel of the map F,, where F, : P, — P, is the induced Frobenius

on the reduction modulo p of P,. Thus,
Q, =F (W(K)y +pP)/(W(K)y +pP). (6.5)
In the notation of Proposition 4.10, we find that

F 1 (W(k)y + pP)
={dix+dzp | di,d2 € L& W(k),F(d1a+ d2B) € W(k)y + pP}
={diax+ d2B | di,d2 e L& W(k), (dJT™ + dc3T )+ dJT' B € W(k)y + pP}
— (T8¢ a4 TO 189 B |
51,82 € OL @ W(k), (T™ 781 + 82¢3)az — d1a; = 0mod T}.

6.2 The O -structure of Q.

For fixed a; and a, we compute, using the isomorphism Q, = F'(W(k)y + pP)/
(W(k)y + pP), the minimal nonnegative integer r such that

TQy =0. (8.7)
We distinguish cases.

Case 6.3 (j > 0). The equality T*Q, = 0 is equivalent to
TS(TOI 1867 '&4+T9 1189 'B) eky (6.8)
for all 41,8, € k[T]/(T9) satisfying

(Tmij& +6263)T9’1a2—6ﬂ_'9’1a1 =0. (6.9)
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Note that s = i+ 1 satisfies (6.8). On the other hand, §; = , = T always satisfies (6.9) and

gives

T (T97a+T9'B) € ky, (6.10)
which implies that s > 1 — 1. Hence, we conclude that

1i—1<r<i+]1. (6.11)

We proceed to examine when does s =i ori— 1 satisfy (6.8) for all 57 and &, as in (6.9).

(i) The case s = i. We rewrite (6.8) as
To 1 H(i)ge ' g + T9 159 'B € ky (6.12)

forall §; and 4, asin (6.9). Note that the linear dependence condition (6.12) is equivalent

to
—1 . | _
a;dy  —axT"’8y =0modT. (6.13)
Hence, we need to examine when does the following implication hold:
(Tm_jaz — a1)61 + azc30, = OmodT = a?éz — agTi_j{n =0modT (6.14)

for all 6y and %, as in (6.9). Treating 7 and 6, as free variables in k, the implication is

equivalent to
(T™Ja; —ar)ay + T 7eza5 " =0mod T. (6.15)

(a) Supposethati>jandn > j. Then, m > jand (6.15) holds if and only if a; = 0.

(b) Supposethati > jand m =n =j. Then, (6.15) holds if and onlyif a;(a; —ay) =
0.

(c) Suppose that i = j. Then, (6.15) holds if and only if the couple (a7 : ay) is
among the p + 1 distinct solutions to the equation ¢3a5 "' + T™ aPa, —
bt =o.

(ii) The case s =1 — 1. We rewrite (6.8) as
To1H-0+159 " 4+ T9255 'B € ky (6.16)

for all 6, and 6, as in (6.9).
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(a) Suppose thati > j+2andn > j. First, take 87 = 5, = T to deduce from (6.16)
that a; = 0, and hence a; # 0. Note that m > j. Therefore, we may rewrite
(6.9) as

52(_:3(12 :OmodT (6.17)

or simply as &, = OmodT. But, if a; = 0 and &, = Omod T, then (6.16)
holds. To sum up, this case is possible if and only if a; = OmodT.
(b) Supposethati>j+2andn =j.Then, alsom = j. As before, taking 81 = 6, = T,

we find that a; = 0. Hence, (6.9) is equivalent to
(51 +6263)C12 :OmodT, (6.18)

which can be solved with 6, = 1 and §; = —c3. Assigning these to (6.16),
we get that T9"2f3 € ky, which is a contradiction. Hence, ifi > j 4+ 2 and
n =j,then s =1— 1is not possible.

(c) Suppose thati=j+ 1. Again, 8; = &, = T gives a; = 0. Now, 57 and 5, need to
satisfy

T™98; + 6263 =0mod T. (6.19)

Whether m = j or m > j, there exists a solution with §; = 1. But, then
(6.16) is just

T 'a+T9259 'B e ky, (6.20)

which is impossible.
(d) Suppose thati = j. Here, already 6; = €;T and 4, = e, T, where ¢; are appro-

priate units, give a contradiction.

Case 6.4 (j =0). In this case, a; = 0 by definition, and we may assume, without loss of

generality, that a; = 1and y = T9' . It follows that

F 1 (W(k)y + pP)

—{T976¢ "a+T'65 B 181,52 € Op ® W(k), T™8; + 52c3 = 0mod T}.
(6.21)
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Table 6.1
r=1i-1 i>j+2 n>j a =0
i=j+1 n>j a =0
. i>j n=j a(ar —a) =
rT=1
L . the p + 1 distinct solutions of
1= n=j ~ p+l | Fm—j p . p+l _ T
cGa,  +T" ) ajaz—ay" =0modT
r=1i+1 otherwise

(a) Suppose thatn > 0. Then, m > 0 and, therefore, 6, cannot be a unit. Thus,
FI(W(K)y +pP) = {T9'67 "a 4589 Bl81,6,€0 @W(k)}.  (6.22)

Hence, r = max(g—1,1).
(b) Suppose that n = 0. Then, m = 0. Taking 6, = 1in (6.21), one concludes that
T=g.

We summarize our results in Table 6.1.

6.3 The Oy -structure of P, /Q,

It follows from our definitions that F(P/Q) is isomorphic, as an O ® W/(k)-module, to
(T™)/(T")&, where F is given in a normal form as in Proposition 4.10, that is, F(ct) = T™oc+
T'B and F(B) = c3T'x withn = min(i, m) and c3 € (O ® W(k))*. Therefore,

_ _/P =0 ifs>i—mn,
TSF<—> (6.23)
#£0 ifs<i—mn.

Note that knowing i, the calculation of the minimal s annihilating F(P/Q) gives n. We are
interested in finding n for the modules P,, equivalently, for P, /Q,. Since i, and hence j,
for these modules is given in Section 6.2, we focus on the calculation of the minimal s
such that T*F, (P, /Q,) = 0.

We have P, = P+ W(k)p~'y and

P>Tp 'y =u(ara+ap) forsomet e (k[T]/(T9))". (6.24)
Hence,

T5Fy (Py/Qy) =0 ifs>i—m+1. (6.25)
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Note also that if { —m — 2 > 0 (which implies n < i and, therefore, m =n), then
T2 (o) = T 2o T2, (6.26)
Applying F to both sides and reducing modulo pP, we find that
Tin—2F2(g) = T2 4 T9-2j (6.27)

is not proportional to y. Therefore, T"""~2F(«x) does not belong to Q, and, hence, Ti-n—2
does not kill F(P,/Q~). Thus,

T5F, (Py/Qy) £0 if0<s<i—n-—2. (6.28)

We proceed to examine, fors =1 —n — 1 and s = i —n, under which conditions we have
TS}EY(}SY/QY) =0.

6.3.1 ThecaseT" "F,(P,/Q,)=0. This happens if and only if T"""F2(P,) = 0; equiva-
lently,

TE"F2 (p'y) € pPy. (6.29)

Fix a; and a;. Then, the last condition can be written explicitly: the element

T F (%) =uF (w(cu )OO 1) fw(an) e T2 oc)
o uTifn (w(a )‘72 T2m71 + o? oTi+m—1 o? g—1
= 1 w(az)” c§T +w(ar)” 3T x

0_2 ] 0_2 3 ]
+u(w(a1) TOrm Tl w(ay)” egTOM )[3,
(6.30)

withu € (O ®W(k))*, is proportional to y modulo pP. Equivalently, the following equal-
ity should hold modulo T:

2 2 i 2 i 2 2 .
(@ T M 4 ad e T ™ N paf e T May — (af T M +af ¢§TVM)a; =0

(6.31)

(i) ifj < n < i,thenm =n < iandi—j > 0. Hence, the above equality is equivalent

toa; =0;
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Table 6.2
s=1—n—1 j<n<i a =0
) j=n<i ar(ar —az) =0
s=i—m -
i<n=i the p* + 1 distinct solutions mod T of (6.32)
s=i—-n+1 otherwise

(ii) if j =n < i, the equality is equivalent to a;(a; — az) = 0;
(iii) if n =1, then (6.31) is a nonzero homogeneous polynomial equation of degree
p2+1inthe variables a; and a,. There are, therefore, p?+1 distinct points

(a : az) forming the solutions of the equation
piT2m—g P opTm—j p’ = piFm-—n pop _
(a}'T +ab T™) +af c3)az— (af T™ ™ +a} ¢§)a; =0. (6.32)

6.3.2 Thecase T""""'F,(P,/Q,) =0. Note that we must havei—n — 1 > 0 and, hence,
m = n. The condition is equivalent to require that T " 'F2(P,) = 0. Since F*(B) = 0,
necessary and sufficient conditions are that
1) TV TR (&) =T Ta+ 19718 € ky;
(ii) F(ag(THM 254+ T9=20)+a9c3 T2 "2«) € ky is proportional toy modulo
pP.
Hence, one of the following must hold:
(i) j < n. Then, m = n < i— 1 and the first equation gives a; = 0. Conversely, if
a; = 0, both equations hold;
(ii) j = n. Then, the first equation implies that a; = a;,. The second equation im-
plies that a; = 0, a contradiction. Hence, this case never holds.

We summarize our results in Table 6.2 that gives the minimal s so that TsF, (P, /Q,) = 0.

6.4 Notation

Let k be a field. We denote by ﬁ(k, un) (resp., ﬁ(k, un,J)) the coarse moduli space of
abelian varieties (A, 1) with real multiplication by O and pn-level structure (resp., such
that (Ma, M} ) is isomorphic étale locally to (J,3")). The natural morphism 9i(k, pun) —
{)Jvt(k, un) is finite. It takes §; and 20(; ) to their counterpart in §Jvt(k, uN)-

Proposition 6.5. Let (A, 1) — Spec(k) be an abelian variety with O -multiplication over
an algebraically closed field of characteristic p satisfying (DP) and with polarization
module isomorphic to J. Assume that g > 1. Suppose that the moduli point [A] € ﬁ(k, uN)
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satisfies
[A] € Qn(oyn) withn > 0. (6.33)

There exists a unique Oy -invariant subgroup scheme H C A[T] of order p. Itis isomorphic
to «p,. Moreover, A/H satisfies
(1) the Or-action on A descends to A/H and the abelian variety A/H satisfies (DP)
with polarization module isomorphic to pJ;
(2) the moduli point [A/H] of (A/H, 1) satisfies

Qﬂ(]ym ifn< g,

[A/H] € (6.34)

QU(],TL—]) ifn:g. O

If [A] € 2(0,0), there exist two Oy -invariant subgroup schemes H C A[T] of order p: one
isomorphic to Z/pZ and one to u,. Furthermore, [A/H] lies in 20 ¢ o).

Proof. Use Sections 6.2 and 6.3, Corollaries 3.3 and 3.5. For the last assertion, note that

(0,0 is the ordinary locus of %(k,uw)- |

Proposition 6.6. Let (A,1) — Spec(k) be an abelian variety with O -multiplication over
an algebraically closed field of characteristic p satisfying (DP) and with polarization

module isomorphic to J. Suppose that the moduli point [A] € ﬁt(k, un ) satisfies
[A] € Qﬁ(m) withj > 0. (6.35)

There exists a Moret-Bailly family of abelian varieties A — P}. Denote by A(a:p) the fiber
over (a:b) € P!. The family A — P satisfies the following:
(1) A — P| is an abelian scheme with O -multiplication satisfying (DP) and has
polarization module isomorphic to pJ;
(2) moreover,
(2a) ifj <n <1, then

m(j+]‘n) if (Cl : b) = (O : ]),

['A(a:b)] € (6.36)
W;_1 ) for all other points of P};
(2b) ifn =j < i, then
Wi for(0:1), (1:1),
[Aan] € (6.37)

W1 forallother points of P;
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(2¢) if n =1 =j, then

W5 n) for exactly (p + 1)-points (a:b) € P},
[Afap)] € W;_1n41) forexactly (p? —p)-points (a’,b’) € P}, (6.38)

W;_1n  forall other points of P;

(2d) ifj<i=mn,letj :=j+1ifi >j+2andj’ =jotherwise. Then,

QU(j/‘nJr(j,j/)) if (O.Zb) = (O ]),
[Afap)] € W1 ne1) for the p?-solutions # (0: 1) of (6.32), (6.39)

W51 ) for all other points of P}.

Proof. Use Sections 6.2 and 6.3 and Corollaries 3.3 and 3.5. [ |

7 Deformations and the local structure of 20 ,,)

In this section, we construct equicharacteristic deformations of abelian varieties with
real multiplication, using the theory of O -displays as in Definition 4.1. In particular, we
construct a model for the completion of the local ring of §; at a point x such that the corre-
sponding abelian variety has singularity index j. The method of Deligne-Pappas, follow-
ing Grothendieck, is to study the deformation theory via the variation of the Hodge fil-
tration. Thus, the completed local ring Oy (i . ),x Of Wi(k, un) at x (resp., Os; « of §; at x)
is identified with the completion of (a closed subset of) the Grassmannian of certain O -
modules in a rank 2 free O; ® k(x)-module (coming from the variation of H®(Q') c Hlp).
This already gives that the local ring Os; « is smooth of dimension g — 2j. However, the
inherent in this method is that one does not get an explicit expression for the variation
of Frobenius, and, therefore, more delicate questions, like the local structure of 20; ),
must be approached using other methods.

We refer to Proposition 4.10 for notation. In particular, our starting point is an
Oy -display (Po, Qo,Vo’l,Fo), over an algebraically closed characteristic p-field k, given
in normal form: it has basis {«g, B¢} and Fy is described with respect to the basis by the

matrix

T™ 3T

. (7.1)
T 0
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Proposition 7.1. Define R := k[[fj,...,fi_1]]. There exists a polarized Oy -display (P, Q,
V=1 F (-,-)) over R with an O; ® W(R)-basis {«, B} of P such that the following proper-
ties hold:

(i) there is an isomorphism of polarized Oy -displays

(Pk,Qk,VI:1,Fk) ;> (POaQOaVO_1vFO); (72)

(ii) we have Q = (O ® W(R))T'a @ (O ® W(R))T'B + IrP;

(iii) the Frobenius is determined by the following identities:

F(a):=Fo (o) + W(f) Tox+ - +w(fio))T" ', F(B):=Fo(Bo). (7.3)

In the above formulas, we view Py = (O ® W(k))xo @ (O ® W(k))po as a subset of P via
the identification (oo, o) — («, ) and the inclusion W(k) € W(R). (We recall that w(x)
denotes the Teichmiiller lift of x.) O

The proof is given in the following subsections.

7.1.1 Thedefinition of (P,Q,F,V~'"). Define P and Q by

P= (0L ®@W(R))a® (O ® W(R))B,

(7.4)
Q= (OL®@W(R))x'® (OL ® W(R))B' + IgP,
where o’ := T'aand B’ := T'B. Define F : P — P as the unique O -linear and o-linear map
such that (7.3) holds.
We, further, define

T=WRa& - aWRT Taa WR)B& - & WR)T B,
7.5
L:W(R)(xl@"'@W(R)Tj_lfxl@W(R)B/@...@W(R)Ti—lﬁ/. (7.5)

One verifies from the definitions that the kernel of the reduction F of Fto P is Q =
Image(Q — P/IRrP).

We now proceed to the definition of V~': since P — P ® Q, the map V! exists on
P ® Q and is given by the formula V=" = p~'F. Clearly, it is O -linear and is a o-linear

homomorphism satisfying V~'(w"

-y) = w- F(y) forany w € W(R) and anyy € Q.
Furthermore, V! =V, '. It remains to verify that V='(Q) C P and generates it.
NotethatP =L & Tand Q = L& IrT. Since F(a’), F(f’) = 0 modulo p, the following

identities show that V='(Q) C P:
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VWY y) =wFy) ifyeT, V'(x)=p 'Fx) ifxel. (7.6)
Finally, since V' = V', by Nakayama's lemma, V~'(Q) generates P.
7.1.2 The pairingon P. Let

() :Px P — Hom (Or,Z) ® W(R) (7.7)

be the unique O; ® W(R)-bilinear alternating pairing such that

(o, B) = (0, Bo),- (7.8)

This pairing extends to P ® Q. Let a,b,c,d € Op ® W(R). An easy calculation gives
Viv-1(ac+cB), V- (b + dB)) = (ax + cB, boc + dp).

Proposition 7.2. Let k be a separably closed field of characteristic p. Let A, := (Ao, Lo, Ao,
€0)/k be a polarized abelian variety with real multiplication by O and pn-level struc-
ture, where N > 4. Suppose that the associated moduli point [A,] € Mi(k, un) belongs to
W n). Let R == K[[fj, ..., fi_1]]. There exists a deformation

A — Spec(R) (7.9)

of A, — Spec(k) such that

(a) A — Spec(R)is a polarized abelian scheme with real multiplication by O and
level py satisfying (DP);

(b) the induced map ¢ : Spec(R) — IM(F,, un) factors via 8; and is an isomor-
phism onto the completed local ring of §; at [A,];

(c) letting (P,Q,V~',F) be the polarized O -display of A, there exist an integer
m > 1, an element ¢c3 € (O ® W(k))*, and an O; ® W(R)-basis {«, 3} of P
such that the Frobenius map is defined by

oar— T+ w(f)To+ - +w(fio)) T Ta+ TR, B 3Tl (7.10)
O

To prove the proposition we argue as follows.
We take the deformation A of A, corresponding to the display constructed in
Proposition 7.1. Parts (a) and (c) and the fact that the map 1 factors via §; follow from
Proposition 7.1 and Theorem 4.7. It remains to prove that { is an isomorphism onto the

completed local ring I' of 85 at [A,]. By Deligne-Pappas [6], the ring I' is a power series ring
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in (g—2j)-variables over k. Since N > 4, the scheme Mi(k, uy) is a fine moduli scheme and
Spec(T") is naturally identified with a closed subscheme of the universal equicharacteris-
tic deformation space of A,. Since R is a formal power series ring in (g—2j)-variables over
k, it is enough to prove that the map 1 is injective on tangent spaces. Using the moduli

property of I', this follows from Section 7.2.1.

7.2.1 The map ) is injective on tangent spaces. This amounts to proving that for any

tangent vector
t:R=X[[f;,...,fi1]] — K[e]/(e?), (7.11)

the polarized Op-display (P, Q¢,V; ', Fi,(:,-)¢), obtained by base change via t from
(P,Q,V~1 F, (,-)),is trivial if and only if t(f¢) =0 forall £ =3j,...,i— 1.

By Proposition 7.1, we have Q = (O ® W(R))T'a® (O ® W(R))T’ B + [P and that
VvV~ is given, with respect to the bases {T*x, T3} of Q and {e, B} of P, by the matrix

.pfl Tm+i + pfl TZ C3‘p71 T9
p 1T 0

, (7.12)

where Z := w(f;)T/ + -+ + w(f;_1)T'"! and the expression p~'T9 is a unit of O ® Z,

(similarly, for p~'T™*! and p~'T*Z) and, in particular, makes sense mod p. Assume that
(P‘t) Qta V;] ) Ft) <') >t) = (PO> QO)V(;1 ) FO) <') >0) X k[E]/(EZ) (713)
Then, there exists an O; ® W(k]e])-linear isomorphism
®:Py =5 Py, (7.14)
restricting to the identity on Py such that
(1) (D(Qt) =Qy
(2) <(D((X)a q)(B»t = <“X> B>t»

(3) the following diagram commutes:

Qtl>Qt

Ve l lvt] (7.15)
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We write
D(x) = Ao+ CB, ®O(B) =Bax+ D, (7.16)

where A,B,C,D € O ®W(k[¢]) and A—1,D —1, C, and B are equivalent to 0 mod ¢ that is,
via the map O ® W(k[e]) — Or ® W(k). By construction, (®(x), ®(f))r = (e, 3)o, which
implies that

AD —BC=1. (7.17)

By assumption, the matrix of V(j] , with respect to the bases {T'x, T'3} and {«, B}, is

71Tm+i c 71Tg
P 3P . (7.18)
p 1o 0

We proceed to find out the implications of condition (3).
We first note that condition (1) implies that ®(T'B) = T'Bx + T'DB € Qy, and

hence T'B = T'x for a suitable x = 0 mod ¢. Then, one computes

V' (@(T'B)) =V, "(T'Ba+ T'DB)
=((p'T™ ) +t.(p ' ZTY))x«
+ (P 'T)xB +c3(p ' TY)Dx
=c3(p 1T

(7.19)

the last equality follows from o being zero on the kernel of W(k[e]) — W(k). On the other
hand,

(Vo (T'B)) = ®(cs(p ' T9) &) =c3(p ' T9)Aa+c3(p 'T9)CB. (7.20)

Since c3 and (p~'T9) are units, we deduce that A = 1 and C = 0. From the determinant

condition, we also get that D = 1. Finally, we compute that

Vi (0(Te)) =V ' (TH)

= ((p Tt p 12Tk (b TP
O(Vo ' (Te)) = @((p ' T™ et (0 'T9)B)

= (7T + (TRt (b T8,

(7.21)
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Comparing the two expressions, we find that (p~'T9)B = t,(p~'ZT'), whence
B=t.(w(fj)) +te(W(fs1)) T+ -+t (w(fiq)) T (7.22)

Since B = T'Jx, we conclude that t(f;) =0 forall{ =j,...,i—1.

Remark 7.3. The matrix of the operator F on P/Q, with respect to the basis {&,..., T &,
B,..., T 1B} is

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
f; 0 0 0 0 0 0 0 0
fi f; 0 0 0 0 0 0 0
froi fno  fa_3z - 0 0 0 -0 0 - 0
b+fn fno1 fnoa - 0 0 e 0 0 --- 0], (7.23)
foer b4+fn fooq - 0 e 0 0 .- 0
fio R S e 0 0 .- 0
fior  fia o fnsr bAfa fag o 5 0 o O
0 0 0 0 0 0 . 0 0 ..o 0
0 0 0 0 0 0 . 0 0 ..o 0

whereb=1lifm<iandb=0if m > 1i.

Corollary 7.4. Let x be a geometric point of 25 ,,). Then, using the above notation, for

anyj < n’ <n, the equations defining 20 ,,+) at the formal neighborhood of x in §; are
fi=-=fuw =0 (7.24)

In particular, 20 ,,) is a locally irreducible, nonsingular subscheme of M(F},, un ). O

8 Ty(p)-correspondences

Assume that p = p9 is totally ramified in L. In this section, we study the Hecke correspon-

dence arising from the I'p(p)-level structure. We prove in Proposition 8.10 that the image
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of 25 ) via such correspondence is the union of certain sets 2;, ,,-). We use it to prove
in Theorem 8.14 that the 20 ,,)'s define a stratification of M(F,, un), that is, the closure
of 205 ) is the union of some of the sets W;/ ).

Let A be an abelian variety with a polarization module M 4 and a polarization
datum identifying (Ma, M} ) with an element J of R = {J;,...,Tn+}. Let H be an Oy -
invariant subgroup scheme of A of order p. By Corollary 3.5, the polarization module of
A/His pMa, and hence identified with pJ. Thus, we fix, for every J € R, an isomorphism
pJ = 7', where J’ € Ris uniquely determined. Then, for every A with polarization datum,

also A/H is equipped with a polarization datum.

Definition 8.1. Let D1 := M(F,, un, To(p)) be the moduli space over F,, of polarized abelian
schemes with real multiplication by O, with py-level structure and Oy -invariant finite

flat subgroup scheme of degree p. Let Mt := MW(F,,, un ) and let

N
noNT (8.1)
M M
be the two projections defined by

m ([AH]) = A,

2 ([AH]) = A/H. (8.2)

Definition 8.2. Define the involution v : 9t — )t by mapping an abelian scheme A with

real multiplication by O onto its dual AY. Define an involution p on 9 by
p(IAH]) = [(A/H)Y, HY]. (8.3)

Remark 8.3. The involution p fits in the following commutative diagram:

Similarly, with the role of 71; and 7, interchanged.
Lemma 8.4. The morphisms 7t; : D9t — 9T are proper. O

Proof. We first prove that 7t; is proper applying the valuative criterion. Let R be a dvr
with fraction field K, let [A] be in 9t(R), and let [Ay, Hk] be in 9t(K). The Zariski closure
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H of Hk in A defines an O -invariant subgroup scheme, finite and flat of order p over
Spec(R). Then, [A, H] is in D¥(R) and it is the unique extension of [Ay, Hk] over Spec(R). It

follows that 717 is proper. Thus, 711 o p =" o7, is also proper. Hence, so is mp =" o o 7.
[ |
Lemma 8.5. The involution ¥ on 2t sends W5 n) to W5 - O

Proof. Let A be an abelian scheme with real multiplication by Ot over a scheme of char-
acteristic p. By Proposition 3.1, there exists a prime-to-p O -polarization on A that in-
duces an isomorphism of the Hodge filtration of A and its dual AV. In particular, the
singularity index and the slope of A coincide with those of AV, that is, j(A) = j(AY) and
n(A) =n(AY). [ |

Lemma 8.6 (inversion lemma). Let x = [A,] € 21 be a geometric point. Then,

' ([AL) = o(m ' ([AY]))

={[(aY/%)", k] 1K c AY, Oy -invari } &9
=9 [(A) , +, Or-invariant of degree p ;.

In particular, 7ty (7, ' [A]) consists of points whose invariants (j,n) are exactly those con-
structed out of A via the Moret-Bailly construction in Proposition 6.5 if j(A«) = 0, and in
Proposition 6.6 if j(A,) > 0. O

Proposition 8.7. The following holds:
(1) the restrictions of the morphisms 7t; and 7, to the Rapoport locus 9t® are
finite;
(2) the restrictions of the morphisms 7; and 7, to the singular locus §; are P'-
bundles. O

Proof. By Remark 8.3 and Lemma 8.5, the statements concerning 7, follow from those
concerning 7r;. By Lemma 8.4, we know that 7t; : 9% — 99t is proper. Over M, the mor-
phism 77 is quasifinite. In fact, using Dieudonné theory, one proves, as in Section 6, that
the (reduced) fibers have two points over 2o o) and one point over 2 ,,) forn > 0. We
conclude from [10, Proposition 4.4.2] that 717 is finite. This completes the proof of (1).
Let A be the universal abelian scheme over 8. Let U = Spec(R) be the completion
of 81 at a geometric point, W(R) the Witt vectors of R, and Iz the kernel of W(R) — R.
Let (Pu, Qu, Fu,Vﬁ1) be the display over U associated to A xg, U. Note that Py is free of
rank 2 as O; ® W(R)-module. It follows from Theorem 4.7 that 7; ' (U) is isomorphic to
the Grassmannian of (O /p) ® R-invariant submodules of Py, /IzxPy, that is, to P!,. In par-

ticular, we deduce from [6] that T := 7t; '(87) is locally an integral scheme. Let W be the
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Table 8.1
t A{t)
(0,0) {(0,0)}
0.0) {(1,977)}(if9>1)

{(0,9)} (ifg=1)
(O,nn<g {(1,n)}
Gno<i<n<g-—j {G+1,m),6-1,n)]
Gmo<j=n<g-—j {G,m),(G—1,m)}
Gmo<j=n=g—j {G,),6-1,n+1),G—1,n)}
mo<j<n=g—j=j+1 {G,),G-1,n+1),G—1,n)}
Om1<j+l<n=g—j {G+1m=1),0-1,n+1),G-1,n)}

tangent space of A[p] relative to 8. Since Alp| is a local group scheme, using Dieudonné
theory, one concludes that, geometrically, W is a locally free Os, -module of rank 2. Since
81 is Zariski locally an integral scheme by [6], we deduce that W is a locally free Os, -
module of rank 2. Let H be the universal Oy -invariant subgroup scheme of order p of A[p]
over T. Its tangent space Z relative to 7 defines an (O /p) ®z Og-invariant submodule of
W ®o,, Og. The Oort-Tate classification of group schemes of order p implies that there
exists a covering {U; = Spec(A;)} of T by affine open subschemes and elements {a; € A}
such that Hy, = Spec(Ai[y]/(y® — aiy)). Since H is, geometrically, a local group scheme,
for every i, the element a; lies in the intersection of every prime ideal, that is, in the nil
radical of A;. Thus, a; = 0 and Lie(Hy,) = A; for every i. We deduce that Z is locally
free as Oy-module of rank 1. In particular, we get a map from 7 to the Grassmannian of
(Or/p)®0Os, -invariant submodules of W which are locally free of rank 1 as Og, -modules.
Such Grassmannian is a P'-bundle over 87, and the given map is an isomorphism after

completing at every point of 8§; and, hence, it is an isomorphism. This proves (2). [ |

Definition 8.8. Define a function
A2 — 20 (8.6)

where | is as in Section 5, by defining A(T) = UieTA({t}) and by defining A({t}) according
to Table 8.1.

Given (s, t) € J, we will write A(s, t) for A({(s, t)}).
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Lemma 8.9. Let (j,n)and (s, t) be elements of ]. Then, W, ) C o (ny ! (2W(;,n))) if and only
if (j,n) € A(s,t). Furthermore, 2, ) N (! (Win)) #9 = Wiy C o (ny ! (W5 m)))-
O

Proof. (=) By assumption, we have 7, ' (W) N ! (2W(; n)) # @. On the other hand, the
inversion Lemma 8.6 implies that 7, ' (Wsv) C ! (Wn(s,1))- Hence, also ! (Wais,e) N
! (W(;,n)) # 2. This implies that (j,n) € A(s,t). (Note that this also proves the final
assertion.)

(&) Lety € W, ). Since (j,n) € A(s,t), using the inversion Lemma 8.6, we con-

clude that there exists a point x € 71, ' (y) N7y ' (2W(; ) as wanted. |
Proposition 8.10. Let (j,n) € J. Then, 7 (7t;’ (Wi5m)) =Wai - O

Proof. The inclusion C follows from Propositions 6.5 and 6.6. To prove the inclusion D,
we make use of Lemma 8.9. It suffices to verify that for any (s, t) € A(j,n), we have (j,n) €
A(s,t). This follows from a direct computation. We give one example. Assume that 0 <

j<n<g-—jandtake (s,t) = (j +1,n) € A(j,n). We have the following possibilities:

(i) j+1<n<g—j—1,inwhichcase AG+1,n) ={(G +2,n),(j,n)}
(ii) j+ T=n<g—j—1,inwhichcase AG+1,n) ={(j+ 1,n),(§,n)}
(iii) j+1=n=g—j—1,inwhichcase AG+ 1,n) ={(G + 1,n),G,n+1),(G,n)}
(iv) j+1<n<g—j—1=j+2,inwhichcase AG+1,n) ={(G+1,n),(j,n+1),(,n)}

(v) j+2<n=g—j—1,inwhichcase Aj+1,n) ={(G+2,n—1),G,n+1),(,n).
One readily checks that indeed (j,n) € A(j +1,n). [

As a consequence of the proof of Proposition 8.10, we get the following.

Corollary 8.11. Let (j,n) and (s, t) be elements of J. Then,

(s,t) € A(j,n) & (§,n) € A(s,1). (8.7)
O
Lemma 8.12. Let (j,n) € Jandj > 0. Then, 7 (7; ' (W5 n))) = W1 n)- O

Proof. Since, over the stratum 87, the morphism 71y is a P'-bundle by Proposition 8.7, we
have ;' (W5 ) = 77 (W(; ). For any x € 2W; ), the generic invariants of 7, (r; ' (x))
are (j — 1,n). In particular, it follows from Proposition 8.10 that 2J;_; ) is contained in

70 (7 ' (25 ). Hence,

W1 =M (7 (Wiin)) =m2 (" (W) =m2(m ' (Wim))  (m2 proper).
(8.8)
o
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Lemma 8.13. Let 0 < ] < 9/2 Then, Qﬁ(j,j) = Sj and Qﬁoyg,j) = Qn(]"g,j). Il

Proof. The generic points of §; have singularity index j by [6] and slope j by Corollary 7.4.
The set 2(; 4_;) consists of superspecial abelian varieties and, hence, has dimension 0.
[ |

Theorem 8.14. There exists a unique function A : 2/ — 2J such that
Wiin) = Wa(n (8.9)

(where A(j,n) stands for A({(j,n)})). The function A satisfies the following properties and
is characterized by them:

(1) for any integer 0 < j < g/2, we have A(j,j) ={(G’,n") €J|j <j'}

(2) for any integer 0 <j < g/2,we have A(j,g —j) ={(j,9 —i)}

(3) for anyinteger 1 <j < g/2,we have A(j —1,n) = A(A(j,n)). O

Proof. Claims (1) and (2) follow from Lemma 8.13. Given a pair (j,n) with j > 0, we dis-
tinguish two cases:
(i) n < g/2. By (1), we have 2 ) = Wa(n,n)- We proceed by induction on n —
j. If n = j, we are done. Assume that W, _nn) = Wan_n,n) for some
integer 0 < h < n—j. By Lemma8.12, W, n_1,n) = (1 (Win_nn))-
By Proposition 8.10, we have 7, (7[1*1 (Wam-nm))) =Waam—hn);
(ii) n > g/2. By (2), we have the equality 2y n) = WA(g—n,n)- We proceed by in-
duction on (g—n)—j.If j = g—n, we are done. Assume that Wy, n n) =
WAn—nn) for some integer 0 < h < (g —n) — j. By Lemma8.12,
Wiy nhi1n =71 (Wy-—n_nn)). We conclude, by Proposition 8.10,

that 7, (TET1 (wA(gfnfh,n))) = QU/\(A(gfnfh‘n))- n

9 Newton polygons

In this section, we determine the Newton polygon of an abelian variety with real multi-
plication by O1 over a field of characteristic p, where p = p9 is totally ramified in L. The
result we obtain is phrased in terms of the two invariants j and n we associated to such
an abelian variety in Section 5.

From the point of view of Dieudonné modules, we restrict our attention to the
classification of F-isocrystals of rank 2 over the discrete valuation ring O ® W(k), which
is the case relevant to our situation. Our methods are somewhat ad hoc and follow the
exposition in [7]. Indeed, the classification of F-crystals up to isomorphism over this ring
can be carried out along lines similar to Manin's seminal paper [11]. Details will appear
in [14].
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Lemma 9.1. Let ¢ = 1if gA(n) is an integer, and let ¢ = 1/2 otherwise. We extend the
automorphism o to Or ® W(k)[T¢] by requiring o(T¢) = T¢. The extra commutation rule
on Op ® W(k)[T?][F] is FT® = T¢F. Then, there exist elements by, b;,u € O @ W(k)[T¢],

with u a unit, such that

(boF +by) (F— TOM ) = F2 - T™F — ¢5T9. (9-1)
0

Proof. We write A instead of A(n). Note that
(boF +b1) (F = T9) 1w = bou® F2 + (by — boTO)u’F — ub; T, (9.2)

Letv=u"', by = vo? ,and by = VO TN _yoTm, Then, the above factorization holds if and

only if v can be chosen to be a unit satisfying

voh —yITM N e T90-2M) — (9.3)

We proceed by constructing a converging sequence of elements v, € O ® W(k)[T¢] such
that v,, solves (9.3) modulo T*™ for alln € N.

Let n = 1. Note that either g(1 —2A) = 0 or m = n and m — gA = 0. Hence, (9.3)
admits a nonzero solution v; mod T¢ since k is algebraically closed.

Suppose that for n € N, we have constructed a unit v, € O ® W(k)[T¢] such that

vflz —vaTm*Q}‘ — vy TI=2A) — pTen (9.4)
for some z € O ® W(K)[T¢]. Let v41 = v + T*"x with x € O ® W(k)[T¢]. Then, v, 41
solves (9.3) mod T™* "¢ if and only if

xPT = xPT™ 9N _oixT90-2) 4 7 — Omod TE. (9.5)

Since k is algebraically closed, such x exists. [ |

Theorem 9.2. Let k be an algebraically closed field of positive characteristic p. Let (A, ()
be an abelian variety with real multiplication by O over k satisfying (DP) and of type
(j,n). The slopes of the Newton polygon of A are A(n) and 1-A(n), each with multiplicity g.

U

Proof. Let P be the polarized O -display associated to A. By Proposition 4.10, there exist
aand B in P such that P = (O @ W(k))ax® (O @ W(k))f3, the submodule (O ® W(k))« is

maximal isotropic with respect to the O -polarization on P, and the matrix of Frobenius
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in the basis {«, 3} is given by
T c3Th (9.6)
T 0

B/ =Flo) =T+ TIB. (9.7)

Let

Recall that m > n with equality if n < i. The case m = co is allowed, and then T™ = 0 and
B’ = T'B. Notice that {«, '} is an L ® W(k)-basis of P ® Q that (L ® W(k))« is a maximal
isotropic submodule of P ® Q and that F is given in this basis by

0 c3T9
<. (9.8)
I
The slopes of P are those of the O; ® W(k)[F|]-module

M= (01 ® W(k))a @ (O ® W(K))B'". (9.9)

Notice that F2(«) = F(B’) = c3T9« + T™F(«). Hence, the surjective map of Dieudonné

modules with Oy -action

D: 0 @W(K)[F] — M, (9.10)
given by ®(1) = « and ®(F) = 3/, induces an isomorphism

M :=0r @ W(K)[F]/(F* = T™F — c3T?) = M. (9.11)

By Lemma 9.1, the O ® W(k)[F]-linear map

Y:M — O @ W(k)[T¢][F]/(F—T9*™) = N (9.12)
given by
Y1) =u"' (9.13)

is well defined. See Lemma 9.1 for the definitions of ¢ and u. Moreover, its image contains

V(@ (0L @W(k)a)) = (0L @ W(k))u ', (9.14)
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and hence has W(k)-rank at least g. In particular, the slopes of F-isocrystal P ® Q contain
the slopes of N. Define

No =01 ®Z,[T¢],  Fo = multiplication by T9*™. (9.15)
Then,
N %N()@W(k), F=Fy®o. (9.16)

In particular, the slopes of N are the slopes of Ny. Since on Ny the operator Fj is linear
and equal to multiplication by T9(™) the slopes of N, are the p-adic valuations of the
eigenvalues of T9"(™) on Ny. Since T € Oy is the zero of an Eisenstein polynomial, we

conclude that the slopes of Ny are all equal to A(n). [ |

10 The main theorem
Let ], 20 n), 8;, and A(n) be as in Section 5. Let k be a field of characteristic p.

Theorem 10.1. Let (j,n) € J. The following properties hold:

(1) 20(; n) is a nonempty, regular, locally closed subscheme of Mi(k, un) of dimen-
sion equal to g — (j + n). Moreover, every irreducible component 2t(k,
un, J) of M(k, un) contains a point of W; );

(2) the slopes of the Newton polygon of every point x of 2; ) are (A(n), 1 —A(n)),
each appearing with multiplicity g;

(3) there exists a function A : 2J — 2J such that the Zariski closure 20; ,,) of 205 )
is equal to 2Waj,n). In particular, the subsets {2 ) | (j,n) € J} define a
stratification of 91(k, pun ). See Theorem 8.14 for the properties of A;

(4) there exists a function A : 2/ — 2J such that the image of 20 ., via the Iy (p)-
Hecke correspondence is 205 (j n). See Definition 8.8 for the properties of
A. U

We remark again that

85 = U Qﬂ(jyn). (10.1)
j<n<g—j

We define the Newton stratification. For any { € {i/g | 0 < i < [g/2]} U {1/2}, let B¢ be

the Newton polygon with slopes ({,1 — {), each appearing with multiplicity g. Let N, be

the closed reduced subscheme of 9(k, un) universal for the property that the Newton

polygon lies above oris equal to (3.
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Corollary 10.2. We have

Ne= |J Wi (10.2)
(G, >0

In particular,

dim (N¢) =g—[g- ] (10.3)
O

Proof. The corollary follows from the theorem noticing that Ny = Uy njam)=;2(,n) =
Wo,rg-01)- u

Proof of Theorem 10.1

W5 n) N M(k, un, JT) is nonempty. For any fractional ideal J with its natural notion of
positivity, we construct, in several steps, a J-polarized abelian variety with real multi-
plication by O and invariants j and n.

Let E be a supersingular elliptic curve with a uy-level structure. Then, E ®z Df]
satisfies (R), carries a un ® Dy '-level structure, and is parameterized by a point x of
W o,q) N MW(k, un, D). Choose a prime q, relatively prime to Nd, and a prime ideal g di-
viding q such that g "Dy = Jin CI(L)*. Consider the image of x under the finite Hecke cor-
respondence T, sending any geometric point [A] to ZHcA[q] [A/H], where the sum ranges
over all nontrivial, O -invariant, subgroup schemes H of A. Using arguments similar
to Section 3, one checks that, indeed, T, is a well-defined correspondence on M(k, un)
(in particular, condition (DP) is preserved). To calculate how the polarization module
changes under T,, one may focus on Tate objects.

Let T(Dr,01) = (Gm ® Or)/(q(Ov)). Then, the Tate object T(q~', Or) belongs to
T,(T(Dy, 01 )) and has polarization module ' Dy = J. This proves point (a) below.

(a) W(o,q) N Mi(k, un, J) is nonempty.

(b) Let x € Wo,n) N Mi(k, un,J), where 1 <n < g— 1. Then, W ) N Mi(k, un, pJ)
is nonempty by Proposition 6.5.

(c) Let x € W ny N M(k,un,T), where 0 < j < n < g —j. Then, W; 1) N
Mi(k, un, pJ) is nonempty by Proposition 6.6.

(d) Let x € W5 ) NMi(k, un, J). Then, W ) N Mi(k, un, J) is nonempty for any
j <m’ < nby Section 7.2.1 and Corollary 7.4.

Proof of (1). The assertion that 20; ,,) N Mi(k, un, J) is nonempty follows from (a), (b),
(c), and (d) above. The rest of the claim follows from Corollary 7.4.

Proof of (2). This is Theorem 9.2.
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Proof of (3). This is Theorem 8.14. We will give in Section 10.2 a second proof outside the

supersingular locus using the de Jong-Oort purity theorem.

Proof of (4). This is Proposition 8.10. [ |

10.1 The Grothendieck conjecture

The Grothendieck conjecture was initially asserted in terms of deformations of p-divis-
ible groups and can be reformulated for abelian varieties, possibly with extra structure;

see [16]. In our context, it corresponds to the following corollary.

Corollary 10.3. Let A, be a g-dimensional abelian variety with real multiplication by O
and satisfying (DP) over an algebraically closed field k of characteristic p. Let 3; be a
Newton polygon with two slopes {A(n1),1—A(n;)}for some 0 < n; < g, each of multiplic-
ity g, lying below the Newton polygon 3, of A,. Then, there exist a complete equicharac-
teristic local ring (R, m) with isomorphism R/m = k and a g-dimensional abelian scheme
with real multiplication by O and satisfying (DP) over Spec(R) whose special fiberis A,

and whose generic fiber has Newton polygon (3. O

Proof. Let (jo,no) be the invariants of A,. Its Newton polygon has only two slopes {A(ny),
1 —A(np)} with multiplicity g depending on ny (Theorem 9.2). By Proposition 7.2, we can
deform A, to an abelian variety with invariants (j,n’) for every j < n’ < ny. By [6], one
can deform an abelian variety with invariants (j,j) for j > 0 to an abelian variety with
singularity index j — 1. Using, repeatedly, the two arguments, we conclude that we can

deform A, to an abelian variety with slope invariant n;. |

10.2 Connection to purity

This subsection is devoted to a different proof of part (3) of our main theorem, at least
outside the supersingular locus M (F,, un)*®, based on the de Jong-Oort purity theorem.
Letn < g/2. Note that

Wi \M(Fp,un)” | Wiy (10.4)

j<it,m<n’<g/2

because j goes up under specialization and, forn’ < g/2, the Newton polygon determines
n’ and goes up under specialization. The converse follows from the following two asser-

tions:

(1) forall0 <a<g/2andalla <b < g—a,wehave W, vi1) C Wia b,
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(2) Wi41,m) C W5 ,n) forn < g/2.
The assertion (1) follows from Corollary 7.4.

We now prove that 2551 ) C 2 ) forn < g/2.Let x = [A,] be a geometric point
of 2541 n). Consider the formal neighborhood U of x in §;, representing all infinitesimal
deformations of A, with singularity index > j. By Deligne-Pappas, it is of pure dimension
g —2j. Letn = [A, ] be a generic point of an irreducible component of U. It has invariants
(3,)- Note that j < n < g/2. Therefore, the Newton polygon 3; of A, is strictly below that
of A, . By de Jong-Oort purity theorem [5], there exists a closed integral subscheme U; of
U with generic point ny, such that dim(U;) = g — 2j — 1 and the Newton polygon of A, |
is strictly above ;. Let a = j(A,,) and b = n(A,, ) be the invariants of A, . They satisfy
j<a,j<b,anda+b <2j+1 (because dim(U;) < dim(2W,,1))). Hence, the invariants of
A,, are (j,j +1).

If n =j+ 1, we are done. If not, assume that for some integer 1 < h < n —j, we
have constructed a closed integral subscheme Uy of U with generic point 1y, such that
dim(Un) = g—2j —hand A, hasinvariants (j,j + h). Since j + h <n < g/2, the Newton
polygon of A, is strictly below 3,,. By the purity theorem, there exists a closed integral
subscheme Uy, of Uy with generic point ny41, such that dim(Up1) = g—2j —h —1
., is strictly above that of A;,. Let a = j(A,,, ,)and b =
n(A ) be the invariants of A, . They satisfyj < a,j+h <b,anda+b < 2j+h+1

—MNh+1

and the Newton polygon of A,

(because dim(Up 1) < dim(2W(q41))). Hence, the invariants of A, | are (j,j +h+1).

Again, if n =j + h + 1, we are done. Else, continue in the same fashion.

Remark 10.4. The inclusion 21 ) C W(; ) need not hold for n > g/2. See Section 11

for examples.

11 Examples

In this section, we provide examples of the functions A and A defined in Definition 8.8
and Theorem 8.14, respectively. Some of the properties of these functions can be easily
guessed from the diagrams and were used above (Corollary 8.11 and Section 10.2).

The diagrams should be read as follows. In the diagrams for the function A, the
image of the function on a couple (j,n) is the set of all the couples attached to it (the
property is symmetric! see Corollary 8.11). Thus, for example, for g = 4, we have A(2,2) =
{(2,2),(1,3),(1,2)} and A(1,2) ={(2,2),(0,2)}. For the function A, our convention that if a
point x lies above a point y and is connected to y by a descending path, then the stratum
corresponding to x lies in the boundary of the stratum corresponding to y. Thus, for ex-
ample, for g = 4, the closure of (0,3) is A(0,3) = {(2,2),(0,4)} and the closure of (0,2) is
given by A(0,2) ={(0,2),(0,3),(0,4),(1,2),(1,3),(2,2)}.
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We remark that the diagrams for A give a convenient way to see the structure of
the moduli space. The columns describe the singularities: the rightmost column is the
nonsingular part, the further the column is to the left the worse are the singularities.
The rows correspond to the a-number: the rth row from below corresponds to abelian
varieties with a-number equal to r, and we see that the a-number gives a stratification.
If T, denotes the abelian varieties with a-number greater than or equal to r, then every
component of T, has codimension g —r. Finally, the Newton strata is defined by “wedges.”
We immediately see that the smooth locus of the moduli space is dense in every Newton

strata (but not in the a-number strata).

11.1 The function A

9=1 9=2 9=3 g=1
(o, (1,1 -(0,2 ((1,2)-(0,3) ((2,2)-(1,3)=(0,4)
((0,0) \mn (un\&a \@a\&@
((0,0) \&U (@U\&D
((0,0) \mﬁ
((0,0)

g=38

(44 -3,5-(@26-01,7)-1(0,3)
N N N N
(3,4) (2,5 (1,6) (0,7)
N N N
(33 @4 1,5 (06
N N N
(2,3) (1,4) (0,5)
N N
(22 (1,3) (0,4
N N
(1,2)  (0,3)
N
(a1 (02

™~
©,1)

( (0,0
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11.2 The function A

g=1 g=2 g=3 g=4
0,1) (1,1)  (0,2) (1,2)  (0,3) 2,2) (1,3) (0,4)
| N | | N | N |
(0,0) 0,1) (1,1) (0,2) (1,2) ~(0,3)
| N | | N |
(0,0) 0,1) (1,1 (0,2)
| N |
(0,0) (0,1)
(0,‘0)
g=238

(4,4) _(3,5) _(2,6) _(1,7) (0,8)
~ I
3,4) (2,5 _(1,6) (0,7)
I ™~ I
3,3 24 _(1,5) (0,6)
™~ I ™~ I
(2,3) (1,4) (0,5
I ™~ I I
(2,2) (1,3) (0,4)
™~

/

/

1.2 ©3
(1,‘1) (0,‘2)

™~ I
©,1)

(OJ 0)

/

Appendix
A pathology

Let k be an algebraically closed field of characteristic p. We consider Dieudonné modules
over k, that are self-dual, of rank 4 and have a-number equals one. We call them modules
of type x. These are precisely the Dieudonné modules arising from supersingular, but not
superspecial, abelian surfaces having a separable polarization. Every such Dieudonné

module D is generated by an element «, € D satisfying F2oy = V2. The elements

%o, Faxo, Vexo, FPatg = V2 axo (A.1)
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form a k-basis for D. Note that every other generator « of D as a k[F, V]-module is of the
form o = T + sFoto + tVog +uF? oy, where v € k* and s, t,u € k. We let r(«) be defined by

the formula
r(x) = FPo/Via. (A.2)

Let L be a quadratic field in which p is ramified. Given a module D of type x, we
wish to consider an O = k[T]/(T?)-action on D such that the action commutes with F and
V and the kernel of T has rank 2. We call such modules the modules of type y. The modules
of type y may appear as the Dieudonné modules of the p-torsion of a supersingular, and
not superspecial, abelian surface over k with real multiplication by Oy .

Given a module D of type x, choose any k[F, V]-generator « to D. Giving an action

of k[T] on D is equivalent to giving A’, A, B, and C in k. The image Ta is

To:= A'a + AFoc + BV + CF«x. (A.3)
The action is extended then by the formulas

TFo = FTa, TVa = Vg, TR« = FPTa. (A.4)

A necessary condition that the action factors through the quotient by the ideal (T?) is

A’ =0 (and then the action automatically commutes with F and V). Hence,

To = AFx + BV + CF . (A.5)

Since

T?a = T(AFa + BV + CF«)

= AFTx + BVTa
1 (A.6)
:A‘p+1F2“+B1+‘p VZOC
= (AP Tr(a) + BlHv ! )V2a,
we get the additional condition
AP (o) + B =0, (A7)

The further condition that the rank of T is 2 is equivalent to

AB #0. (A.8)
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Conversely, if (A.5) and (A.7) hold, then the action factors through T2.

Define an action k* on the set

J = {(a,b,c) e () :arteptr :o} (A.9)

2

r(a,b,c) = (rppa,r]’pdb,rpzﬂ’i c). (A.10)

Lemma A.1. Giving a Dieudonné module of type y is equivalent to giving an orbit of k*
on J. The association is as follows. Given a module D, choose a generator « to D as a
k[F, V]-module; write Ta = AFx + BV + CF2«, let T(«) = F?a/V?«, and associate to the
module D the invariants (A, B, r(x)).

Conversely, given a triple (a, b, ¢), associate to it the cyclic Dieudonné module on

the generator « satisfying F>« = cV?« and define the action of T by Ta = AFa + BVa. [

Proof. One checks that changing the generator for D from « to v + sFx + tVa + uF?>« has
the effect of changing A tor'"PA, Btor' P 'B, and v(«) to " P “r(«). Hence, the orbit
associated to D is well defined.

Now, suppose that the same orbit (A, B,r) is associated to two modules Dy and
D,. We may reduce to the case where we have a single module D and two generators «

and o’ for D such that r = r(«) = r(«’) and two actions of T
T+ o/ = AFa’ +BV&', T, a = AFx+ BV + CFa. (A.11)

One checks that under a change of generator «’ — «” := &’ + dFa’, we have r(«’) = r(a”)
and
T =T(a' + dFa’)
= AFa’ + BVa' + dF(AFa’ + BVa')
= AFa/ + BVa' + dAPF? o/ (A.12)
= AF(a’ + dFa’) + BV(a’ 4 dFa’) + (dAP — AdP)F2 o/
= AFa” + BV + (dAP — AdP)FP o’

It is enough to find d € k such that dA? — AdP = C. This is possible since A # 0 and k is
algebraically closed. [ |

Remark A.2. (a) Note that the relation AP 'r(c) + B'*P ' = 0 determines r and, in fact,

J = (k*)2, where the action of k* is given by (A,B) — (r'"PA,r'"P 'B). However, it is
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sometimes convenient to keep r. Indeed, we may then identify J//k* with J’/ /IF:4 , Where
1

3" ={(A,B) € (k*)2: APF1 + B1*P =0},
(b) The function

(A,B,c) — AB? (A.13)

is well defined on the orbits of k* in J; it induces an isomorphism J’//IE‘;4 =Kk*.

Corollary A.3. There are infinitely many nonisomorphic Dieudonné modules of type y

over k. O

In the rest of this section, we provide examples for g = 2 showing that there
are infinitely many nonisomorphic polarized group schemes with Op -action arising as
p-torsion of abelian surfaces with RM by Or. To show this, we compute the invariants
for a certain Moret-Bailly family lying in the moduli space 9t(F,,, un) for the field L. We
put ourselves in the case of Proposition 6.6, case (2c). To calculate initial data for this
case—an abelian surface of invariants (i,j) = (1, 1)—we start with a point of invariants
(0,2) and use Proposition 6.5. Such a point may be obtained from E ® O, where E is a

supersingular elliptic curve. It provides us with a display

P=0L@W(k)adOL@W(k)p D>Q ( )
A.l14
=pOL @W(k)a® O ® W(k)p.

The action of F is given by the matrix (? g). Let T be a uniformizer of O ® W(k). The

lattice providing initial data for case (2c) is given by

Py =P+p 'TB
=0 aWk)ad 0L oW(EKT 'gDQ, (A.15)
=01 @ W(k)Ta® Or ® W(k)B.

Note that T, indeed, kills P, /Q,. The action of F, with respect to the basis &’ = « and

B’ =T~ 1B, is given by ($ Tfo]p).
We reset our notation assuming that T? = p and putting

P=0L®@W(k)a®Or@W(k)B D Q (A.16)
A.16
=TOr ® W(k)ax & TOr @ W(k);

the operators Fand V are given by ( o7 ) Take avectory = aj Tax+a, TP as in Definition 6.1.
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Generically, p~ 'y generates P, /pP, as a Dieudonné module and, to simplify the computa-
tions, we may as well assume that a; = 1. We proceed to calculate the invariants (A, B, )
for (P, /pPy,p y).

We put & = p~'y. We note that, in the above notation, if T6 = AF6 + BV56 + CF25
modulo pP,,, then FT5 = APF25 modulo pP, and VTs = B? ' V25 modulo pP,,. To find A and

B, we therefore make the following calculation. First, we calculate that

T6 = o+ azB,
FT6 = aSTa+ TR,  VI6 =a$ Ta+TB, (A.17)

F25 =Ta+ag T3, V25 =Ta+a$ TP

We first find u and z such that
FT6 — uF26 — zpbd € pP, (A.18)

that is, expanding this expression in terms of « and 3, every coefficient is divisible by p.

Solving, we find thatuw = a$ — (a§ *° —1)/(a$” — az) which gives
aer] _] ] _ a1+‘p71
A=aqa;— pz — = 2 ——(modp). (A.19)
a; —a; a; —a;

Similarly, we find u and z such that

VT5 — uV25 — zpb € pP. (A.20)
Solving, we find thatu =a§ ' —(ag ' *° ~—1)/(a ~ — a,) which gives
1+p 1 1— p+1
B=a,— e — = 71(12 (modp). (A.21)
a —ay a4 —a

To show that there is indeed a variation in the isomorphism type of the Dieudonné mod-
ules, it is enough to check that the values ABP are not constant as a function of a,. This

is immediate.
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