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Abstract

We obtain new results on the geometry of Hilbert modular varieties in positive characteristic and morphisms
between them. Using these results and methods of rigid geometry, we develop a theory of canonical subgroups
for abelian varieties with real multiplication. To cite this article: Eyal Z. Goren, Payman L Kassaei, C. R. Acad.

Sci. Paris, Ser, * **¥* (¥F*%)

Résumé

Nous obtenons des résultats nouveaux sur la géométrie des variétés modulaires de Hilbert en caractéristique
positive et sur les morphismes entre celles-ci. Grace a ces résultats et des méthodes de géométrie rigide, nous
développons une théorie des sous-groupes canoniques pour les variétés abéliennes a multiplication réelle. Pour
citer cet article : Eyal Z. Goren, Payman L Kassaei, C. R. Acad. Sci. Paris, Ser. * *** (¥¥*%)

Version francaise abrégée

Soit p un nombre premier et “val” la valuation de C, satisfaisant val(p) = 1. Soit L/Q un corps
totalement réel de degré g, non ramifié en p, et O son anneau d’entiers. Soit aussi x un corps fini
contenant les corps résiduels de tous les idéaux premiers de Oy divisant p, Q. = W(k)[1/p] et B =
Emb(L, Q). On note o 'automorphisme de Frobenius de Q,, relevant le morphisme x +— xP modulo p.

Soit X/W (k) la variété modulaire de Hilbert classifiant A/S = (A/S,t, A\, a), o A est un schéma
abélien sur un W(x)-schéma S, ¢: Oy, — Endg(A), A une polarisation comme dans [5] et a une structure
de niveau rigide et premiere & p. Soit Y/W (k) la variété modulaire de Hilbert classifiant (A/S, H), ou A
est comme ci-dessus et H est un Op-sous-schéma en groupes plat, fini et isotrope de A[p], de rang p9J.
Notons 7: Y — X le morphisme (A, H) — A. Les notations X et X.ig désignent respectivement la fibre
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spéciale de X et I’espace rigide associé au complété p-adique de X ; de méme pour Y. Tous les morphismes
induits sont notés 7. Notons X7, le lieu de réduction ordinaire dans X.ig. Il y a alors une section de ,
5% X0y — Drig, dont la réduction modulo p est donnée par A — (A,Ker(Frob,)), fournissant ainsi
un sous-groupe de A qui est un relevement du noyau de Frobenius modulo p quand A est de réduction
ordinaire. Le probleme des sous-groupes canoniques peut étre formulé comme suit : étendre s° a une
section sf sur un ouvert admissible “maximal” contenant Xlig-

Pour 3 € B et P € X, nous définissons v5(P) = min{1,val(hs(P))}, ot hg est un relevement local
en P de linvariant de Hasse partiel hg de poids po~! o 3 — 3 défini dans [7]. Soit U 'ouvert admissible
de X,ig contenant X7, et défini par : v5(P) + prs-1,5(F) < p pour tout 3 € B. Nous prouvons
Theorem 0.1 Il existe une unique section s': U — Q,ig de T prolongeant s°: Xlig = Drig-

Pour prouver le théoréme, nous commencons par une étude détaillée de la géométrie globale de Y
en construisant une stratification sur Y. Grace a celle-ci, et en utilisant les parametres fournis par la
théorie de la déformation des variétés abéliennes, nous sommes en mesure de calculer le morphisme 7w
infinitésimalement. Cela nous permet, en passant a la géométrie rigide, d’isoler une composante connexe
V de 7~ 1(U). Nous prouvons que le degré du morphisme plat et fini my: V — U est égal a 1, et nous
construisons s’ en tant que ()t

Pour P = A € U, soit sT(P) = (A, H); nous appelerons H le sous-groupe canonique de A. Nous
prouvons aussi les résultats suivants, qui sont cruciaux dans les applications de la théorie.

Theorem 0.2 Soit A € U défini sur K. Supposons qu’il existe r € K tel que val(r) = maxgep{rg(4)}.
(i) Le sous-groupe canonique de A se réduit en Ker(Frob) modulo p/r.

(11) Pour tout C' comme dans la définition de Y, il y a une méthode pour calculer vg(A/C) en termes
de vg(4A).

1. Introduction

The theory of the canonical subgroup originated with Lubin and Katz [12], initially motivated by
defining the U operator for overconvergent elliptic modular forms. The power of such results became
apparent in work on the Artin conjecture [3] and in results on analytic continuation of overconvergent
modular forms as in [10], [11], for example. Many authors have studied the canonical subgroup in various
settings. We mention the works [1], [2], [4], [6], [13], [15], as well as yet unpublished results by K. Buzzard,
E. Nevens and J. Rabinoff. For applications as above one needs a refined theory of canonical subgroups.
In this paper, we improve on the available literature in the case of Hilbert modular varieties, using a
different technique than used by other authors; it continues our work in [8] and is based on the study of
the special fiber of morphisms between the Shimura varieties in question and on deformation theory for
abelian varieties. It thus seems suited to generalization to a wide class of Shimura varieties.

Notation. Let p be a prime number, L/Q a totally real field of degree g in which p is unramified, O, its
ring of integers, and 9t C Oy, an ideal prime to p. For a prime p|p let x, denote the residue field, and let &
be a finite field containing every r,. Let Q;; be the fraction field of W (k). Let B = Emb(L,Q,) = [[, By,
where p runs over prime ideals of Oy, dividing p, and B, = {3 € B: 37! (pW (k)) = p}. Let o denote the
Frobenius automorphism of Q, lifting  — xP modulo p. It acts on B via § — o o §, and transitively
on each By,. For S C B we let £(S) = {oc7'o3: 3 € S}, r(S) ={ocoB: 3 € S} and S° =B — S. The
decomposition O @z W (k) = ®gesW (k)g, where W (k)g is W (k) with the Op-action given by 3, induces
a decomposition M = @&gepMp on any O, ®z W (k)-module M.
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Let X/W (k) be the Hilbert modular variety classifying the data A/S = (A/S,:, A, @), where A is an
abelian scheme over a W (k)-scheme S, t: O — Endg(A), A a polarization as in [5], and « a rigid 'y (M)-
level structure. Let Y/W (k) be the Hilbert modular variety classifying (A/S, H), where A is as above
and H is a finite flat isotropic Op-subgroup scheme of A[p] of rank p9. Equivalently, Y is the moduli of
(f: A — B) where A, B, and H = Ker(f) are as above. Let 7: Y — X be the morphism (A, H) — A.
Let X, X, X.ig be, respectively, the special fibre of X, the completion of X along X, and the rigid analytic
space associated to X. We use a similar notation for Y and let = denote any of the induced morphisms.
These spaces have models over Z, or Q,, denoted Xz, X.ig q,, etc. For a point P € X,z we denote by
P = sp(P) its specialization in X, and similarly for Y. Let w: Y — Y be the automorphism (A, H)
(A/H, Alp]/H). Let s: X — Y be the kernel-of-Frobenius section to m, A s (A, Ker(Fr: A — A®))). We
denote s(X) by Y, and w(Y r) by Y. These are components of Y, and Y r (respectively, Y/) is the
set of closed points (A, H) where H is Ker(Fra) (respectively, Ker(Very)).

2. Geometric Results

Global Geometry of Y. Let P be a closed point on X corresponding to A defined over a perfect field k
of characteristic p. We define the type of A to be 7(4) = {0 € B: D(Ker(Fra)NKer(Vers))s # 0}. Here D
is the contravariant Diedonne module. For (f: A — B) parameterized by Y corresponding to (A, H), we
define f': B — A by the requirement fo f* = [p]. We have ®gepLie(f)s: ®gep Lie(A)s — DpepLie(B)s
and @©geplie(f!)g: ®pep Lie(B)g — Ggeplie(A)s. For (f: A — B) parameterized by Y, we define

Qo(f) = SD(A’ H) = {/6 € B: Lie(f)a_loﬁ = 0}7 77(f) = TI(A H) = {5 € B: Lie(ft)ﬁ = 0}7
I(f) = I(A, H) = £(p) N = { € B: Lie(f)s = Lie(f*)s = 0}.
A pair (p,n) of subsets of B is called admissible if £(¢)¢ C 1. There are 39 such pairs. We say (¢’,7) >
(1) i ¢/ D pand o D 1. For G = (A, H) on ¥, and P = A = n(Q), the pair (p(@Q), 7(Q)) is admissible

and the following hold: ¢(Q) Nn(Q) € 7(P) and (¢(Q) — n(Q)) U (n(Q) — ¢(Q)) € 7(P)*.

Definition 2.1 Let 7 C B. We let W, denote the locally closed subset of X whose closed points are A of
type 7. We let Z, = U5 Wy By [9], Z; is the Zariski closure of W, and {W.} form a stratification of
X by smooth quasi-affine varieties of dimension dim(W,) =g —47.

Let (p,n) be admissible. We let W, ,, denote the locally closed subset of Y whose closed points are Q with
0(Q) =9 and n(Q) =n. We let Z, . = U ny>(om) Wiy For evample Zg g =Y and Zyg =Yy .

For § € B we let U; be the closed subset of Y whose closed points are Q with 3 € $(Q). Similarly, Vg
is the closed subset whose points are Q with 3 € n(Q).

Let P be a closed point in X defined over k. By [9] there is an isomorphism

~

OX,? = W(k)[ts]pen, (1)

such that for 7 C 7(P) the image of Z, in Spf(@x,ﬁ) is given by the ideal (p,t5: 3 € 7). Let Q be a
closed point in Y defined over k with I(Q) = I. By [14] there is an isomorphism

~

Oy g = W(k)lzs, ys, 29 perere [(xpys — p: B € I). (2)

The isomorphisms (1), (2) can be reduced modulo p to provide local parameters ¢tz at P and xg,ys, 25
at (). One can show that for Stamm’s choice of isomorphism (2) we have the following: for every 5 € ¢

the image of U, ; (respectively, V[;“) in Spf (@Y@) is given by the ideal (p,y,-1,5) (respectively, (p,zg)).
Theorem 2.2 Let (p,n) be admissible, I = £(p) Nn. The following results hold:
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(i) W, is non-empty and its Zariski closure is Z, . The collection {W, ,} is a stratification of Y .
(ii) Wy, is equidimensional and dim(W, ,) =29 — ($ o +1n). We have w(Wy ) = Wi, 0(0)-
(iii) The irreducible components of Y are the irreducible component of the strata Zp (o) for ¢ CB.
(iv) Let Q be a closed point of Y with invariants (go, n). For an admissible (¢',n') such that @2 @ 2
o—r(I)andn 2 Dn—TI write = o—J, ' =n—K. Then, Q € Zy .y and(’)Z , /Q—(’)YQ/I
where T = (xg,yy: B €I — K,y €I—£(J)). In particular, every stratum in {Z%,,} s nonsingular.

Proposition 2.1 Let (¢,n) be an admissible pair, and C an irreducible component of Z .
(i) The type is generically o N on C; furthermore, CNY pNYy # 0.

(it) m(Wy ) = U Wor, where 7' is such that 7/ 2 ¢ Nn and 7" — (o Nn) C ¢° Nn°. Furthermore, each
fiber of wlw, , is affine and irreducible of dimension g —§@ Un; furthermore, m(Zy.1) = Zprn-

Infinitesimal behavior of 7: Y — X . The following lemma plays a key role in our proof of the
canonical subgroup theorem.

Lemma 2.3 Let Q be a closed point of Y with invariants (p,n), P = m(Q), and 7*: @Y.ﬁ — @75 be
the induced homomorphism. Let 3 € ¢ Nn. Using parameters as in (1) and (2), the following hold:

(i) If oo € and o' o B €n, then T*(tg) = uag + vy _ 105 for some units u,v in (/9\?@.
(ii) If oo B € ¢ and o= o B & n, then 7 (tg) = uxs for some unit u in (’)Y o
(iii) If oo B & ¢ and o~ o B €, then m*(tg)
(iv) Ifoo 3¢ p and o= o B &mn, then *(ts)
Furthermore, one can choose local parameters at w(Q) as in (2) such that w*: (57@@) — (57@ is given
by w*(xp) =y, w*(ys) = x5, and w*(zp) = z5.

,1Oﬁ for some unit v in (97@.

3. Valuations and the Canonical Subgroup

The Valuation Cube. Let “val” be the valuation on C, satisfying val(p) = 1. We define v(z) =
min{val(z),1}. Let P € X,ig. Let Dp = sp~1(P) which is the rigid analytic space associated to Spf(@X =)
The parameters tg in (1) are functions on Dp. Similarly, for Q € 2,ig, the parameters x5 in (2) are
functions on sp~(Q). We define vx(P) = (vg(P))ser and vy(Q) = (v5(Q))ser, where the entries
v3(P),vp(Q), are given by

_ | 8 en@ - I1Q),
vs(P) = {”WP” Perl) @)=L uap(Q) Bel@Q).
0 b ET(P), 0 B & n(@Q).

(Let hg be the partial Hasse invariant which is a Hilbert modular form of weight po~—! o 3 — 3, as in [7].
Then, in fact, vg(P) = v(hg(P)), where hg is any lift of hg locally at P.)

Proposition 3.1 For any Q € sy, we have vy (Q) + vy (w(Q)) = (1,1,...,1).

Let © = [0,1]® be the unit cube in R® = RY. Its “open faces” can be encoded by vectors a = (ag)sen
such that ag € {0,*,1}. The face F, corresponding to a is the set {v € ©: vg = ag if ag # *, and 0 <
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vg < 1 otherwise}. There are 39 such faces. The star of an open face F is Star(F) = J__,D}.}' where

the union is over all open faces F’ whose topological closure contains F. For a as above, we define
n(a) ={B8 €B:ag #0}, I(a) ={8 €B: ag = x}, and p(a) =r(n(a)°Ul(a)) =r{0 € B: ag # 1}.

Theorem 3.1 There is a one-to-one correspondence between the open faces of © and the strata {Wynt
of Y, given by Fa — Wy(a)n(a)- It has the following properties:

(i) vy(Q) € Fa if and only if Q € W(a) n(a)-
(i) dim(Wy(a)n(a)) = 9 — dim(Fa) = §{B: ag # +}.
(iii) If Fa C Fp, then Wem)nm) S ch( )m(a) and vice versa; that is, the correspondence is order
reversing. In particular, vy(Q) € Star(Fa) <= Q € Zy(a)n(a)-

The Canonical Subgroup. Let X = Wy denote the ordinary locus in X, and let Y’ = w‘l(yo) be
the ordinary locus in Y. Let X, = sp ~1(X°), and Ve = sp~1(Y"); they can be shown to be affinoids.
Let 97 =sp~ (WB@) C Yy Then, YL is an affinoid, and there is a canonical section s°: X7, — D,

rlg
to m whose image is )75, and which satisfies s°(P) = s(P).

Let U = {P € Xyig: v(P) + pro—105(P) < p,V3 € B}. For a prime ideal p of Oy, dividing p, let V, =
{Q e Drig Vﬁ(Q) +pVU—1oB(Q) <p VB e Bp}v Wy = {Q e Drig: Vﬁ(Q) +pVa—1oﬁ(Q) > p,Vp € Bp}v
and let V = NypVp, and W = Upgcgplpy [NpesWp N NpgsVp]. We can show that all these are admissible
open subsets, and that U, V are connected.

The existence of canonical subgroups in the context of Hilbert modular varieties is a direct consequence
of the following theorem.

Theorem 3.2 We have n(V) =U. There is a section s': U — Yyig to ™ whose image is V. The section

T xo
st extends s°: X3, — Dy

Definition 3.3 Let K O W (k) be a completely valued field. Let A be an abelian variety over K corre-
sponding to P € U. Let Q = s'(P) correspond to (A, H). We call H the canonical subgroup of A.

The proof of Theorem 3.2 relies crucially on Lemma 2.3 which enables us to carry out a detailed analysis
of the behavior of valuation vectors under the morphism 7. This allows us to prove that 7 =1(U) = V][ W,
as an admissible disjoint union in 9),is. Consequently, 7]y, is finite flat. Since V is connected, the degree
of 7|y is constant and can be calculated on Wﬁl(%;’lg) NY =2y, and, hence, is evidently equal to 1. It
follows that |y, is an isomorphism onto U, and s' is constructed as (|y,) ™!

To describe the behavior of the canonical subgroup under certain isogenies, it is convenient to make
the following definitions. Let @ = (A, H) be a point of iz and p a prime dividing p. We say that @, or
H, is canonical at p if Q € Vy; it is thus the canonical subgroup if it is canonical at every prime p|p. We
say that @, or H, is anti-canonical at p if Q) € W, and we call it anti-canonical if @ € Ny, W,.

Theorem 3.4 Let K O W (k) be a completely valued field. Let AJ/K be an abelian variety corresponding
to a point P € U. Let H be a subgroup of A such that (A, H) € Dyig. Enlarging K, we can assume the
existence of v € K such that val(r) = max{vg(4): § € B}. Assume that H is canonical at p.

(1) If v3(A) 4+ pry-10(A) < 1 for all 3 € By, then vg(A/H) = pvy-105(A) for all B € By, and Alp]/H
is anti-canonical at p. In particular, if H is canonical and vg(A) + pry-1,3(A) < 1 for all 3 € B,
then Alp]/H is anti-canonical.

(ii) If 1 < vg(A)+pry-105(A) < p for all 3 € By, then vg(A/H) = 1—vg(A) for all 3 € B, and Alp|/H
is canonical at p. In particular, if H is canonical and if 1 < vg(A) + pry-1,5(4) < p for all € B,
then Alp]/H is the canonical subgroup of A/H.
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(iii) If there are plp and (3,5" € By such that vg(A) + pro-105(A) < 1 and vz (A) + pry-10(4) > 1,
then A/H ¢ U.

(iv) Let C' be a subgroup of A which is anti-canonical at p. Then, vg(A/C) = (1/p)Vsop(A), for all 5 €
B,, and A[p]/C is canonical at p. In particular, if C' is anti-canonical, then A[p]/C is canonical.

(v) The canonical subgroup of A reduces to Ker(Fr) modulo p/r.

(vi) Assume K contains r'/P. Any anti-canonical subgroup of A reduces to Ker(Ver) modulo p/r'/?.

The proof of assertions (1)-(4) is based on relating the valuation vectors vx (A), vy (A, H), vy (w(A, H)) =
vy (A/H, Alp|/H), and vx(A/H), making use of Proposition 3.1, Lemma 2.3 and the behavior of valuation
vectors under 7. The proof of assertions (5), (6) uses Lemma 2.3.

Further Results.

e In order to carry out our arguments we found it convenient to use models X, Y over W (k) of Xz, Y,
Nonetheless, by a descent argument that uses the functoriality of our construction relative to the Galois
action, we can prove the following: there exist open admissible subsets Ug, C X1ig.0,, Vo, C Drig,q,, and
a section SQ : Up, — Vo, which becomes st: U — V after extension of scalars from Qp to Q.

e Let L C M be a finite extension of totally real fields. The canonical subgroup is functorial relative to
the natural morphism of moduli spaces X* — XM YL — YM_ which, in turn, allows us to prove, using
[8], that our construction of the canonical subgroup is optimal in the following sense: Let 7 C X,ig be an
affinoid containing vy ((p/(p +1),...,p/(p+1)). There is no section to w defined on T .

e We can extend our theory of canonical subgroups to the minimal compactification. The results
described above have a natural extension to these situations.

e We believe that our results on the geometry of Hilbert modular varieties and our refined theory of
canonical subgroups will be instrumental in applications to analytic continuation of p-adic modular forms;
this is work in progress. For instance, one can show that an overconvergent Hilbert modular eigenform of

finite slope, which is defined over a strict neighborhood of 97, can be extended to V.
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