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Review of notation

D = the discriminant of an order in an imaginary quadratic field

Op = L[PHYP], the order of discriminant D

kp = Frac Op = Q(@)

Hp = ko (j(Ob)), the ring class field attached to the order Op.

$) C C the upper half-plane

n = group of nth roots of unity

W = the smooth projective 3-fold over Spec Q from the previous 2 talks, fibered over
X =P

For F/Q a quadratic extension, §(F) = 1 if F is real and unramified at 3 or imaginary
and ramified at 3, and §(F) = —1 otherwise.
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Where we've been, where we're headed

Let F be a number field. This and the previous two talks are interested in the instance of
the Beilinson—-Bloch conjecture

rank CHz(WF)hom ; ords—» LF(Hgt(W@a Q/)a 5)7

say especially when [F : Q] < 2.
An important consequence of Amir-Khosravi's talk is that for F = Q or F quadratic with
o(F) =1,
rank CH*(We)cm = 0,
where we recall

CH2(WF)CM = ker[CH2(WF)hom — CHZ(WF X x 77)()].

A big remaining task is to study the L-function side of the story, and in particular to see
that §(F) gives the sign in the functional equation for Lr.
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For F a number field, write

Gr = Gal(Q/F)

and —
pr1: GF — GL(Hézt(W@v Q’))'

Since WF has good reduction at primes p of F not dividing 3, the representation pfr; is
unramified at primes p t 3/. By Deligne's proof of the Weil conjectures, for such p the
polynomial .

Py (t) := det(id — t Frob, ' | Hz (W5, Q1))

has coefficients in Z and is independent of /.
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We form the partial L-series

—~ 1
Le(H3 (W ,S) = B
F( ( ) ) p prgofF Pp(prs)
pt3

which converges absolutely for R(s) > 2. The missing factors, for primes p | 3, converge
absolutely and are nonvanishing for R(s) > 3, and therefore do not affect

ords— Le (H3(W), s).

We can regard Lr(H*(W),s) as the (again, partial) Artin L-series L(p, s) attached to
the contragredient representation pr of pr . By the general formalism of L-series,

* Gy * * G
L(pg,s) = L(IndGE pr.s) = L(pg ® IndGE 1s).

When F/Q is Galois, we have Indgg 1~ EBg £9m& where the sum runs through the
irreducible representations £ of Gal(F/Q). Hence

L(pF,s) HL po® &, s) e,
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A refinement to Beilinson—Bloch

Recall that the Beilinson—Bloch conjecture asserts that
dim CH*(We Yhom @ Q; = ords_» Lr(HZ 4 ( @7(@/) s).

Schoen uses the identity L(pf,s) =[], L(pg ® &, 5)4m¢ to formulate the following
refinement to B-B in the case at hand.

For each @,-representation V' and irreducible representation ¢ of Gal(F/Q), let V¢
denote the &-isotypic component of V, and let v¢ denote the multiplicity of £ in V. Then

dim (CH*(We Jhom ® Q) = ords—z L(p3 ® (Indg? 1)¢,s),

or equivalently, __ _
Ve (CH2(WF)hom ® Ql) = ord5:2 L(pa ® 57 S)'
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Hecke series interpretation

We first consider F = Q.

Recall from Sankaran’s talk the Dedekind 7n-function

n(r) = exp(27wiT/24) H(l — exp(27rinT))

n>1

and the global 3-form on wan

w= ?178(7) dT dz; dz,

which is a generator for H>°(W?",C).

Let g = exp(27i7/3), and consider the g-expansion 7%(7) = 3° ., a,q" and associated
Dirichlet series -
L(n’(37),s Za,,n g
n>1

n®(37) is the unique normalized weight 4 newform on o(9).
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By Deligne, for primes p # 3, we have
Tr(po(Frob, ) | HA(Wg, Q) = Tr(T, | H**(W™,C)).

Since H3’°(Wa",(C) is 1-dimensional with generator w, the RHS equals a,. It follows from
this that the Euler product expansion for L(n®(37),s) agrees (at primes p # 3) with that
for L(pg, s)-

We shall exploit this by expressing L(n8(37'),s) as a Hecke L-series. Let (3 be a primitive
3rd root of unity and K := Q((3). Let I /—3 denote the group of fractional ideals for Z[(3]
relatively prime to v/—3, and define the GroBencharakter

(% Im*}KX
04>a3

where a = (a) with a =1 mod /3.

By a lemma of Shimura (going back to Hecke), L(V,s) is the Mellin transform of a
weight 4, normalized newform on [(9), namely of 78(37). Hence

L(*(3r),s) =L(w,s) = [[ W'

p prime of K
p#(V=3)
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For F/Q quadratic, let v: Gg — u2 be the character with kernel Gr. Then

* * G * *
L(pf,s) = L(pg ® IndGE 1,5) = L(pg, s)L(pg ® 7, s)
and (up to finitely many bad Euler factors)

L(pg ® 7,5) = L(V - (v 0 Nk/q), ),

where the v on the RHS is viewed as a character on ideals via class field theory.

We shall also consider the case that F is the ring class field Hop = kp (j(€sp)), where D
is the discriminant of an order in an imaginary quadratic field. Recall from
Amir-Khosravi's talk that the irreducible representations of Gal(Hop/Q) consist of
characters v: Gal(Hop/Q) — p2 and 2-dimensional representations of the form

Gal(Hap /)
Ind3iHap / ko)

for k # k™' a character of Gal(Hop/kp).
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Hence .
L(phos) = [ [ Llpa @ Ind w.s) [T Lo ©7,59).
K Y

The factor L(pg ® 7, s) is expressible as a Hecke L-series as on the previous slide.
Furthermore one has (again up to finitely many bad Euler factors)

L(phy ® Ind¢? r,s) = L((W © Niky i) - (50 oo /o), 5) i K # ko,

and
L(p5 ® |nd§fD K,s)=L(V-k,s)L(W-k"Ls) if K=kp.
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Analytic properties

Analytic continuation and the functional equation for all of the L-series on previous slides
now follow from that for Hecke L-series.

We'd now like to see that for F quadratic, 6(F) gives the sign in the functional equation
for L(pf,s). In fact we shall give the sign for all of the Hecke L-series on previous slides.

Let ® denote any of the GroBencharaktere W, W - (v o Ny /q),
(W o Nkip /i) - (k0 Nk rup)s V- i, W - k! appearing previously, and let

X(p) = /?I))Ef/)z
and
Lxs) =] W — 1(®,5 +3/2).

p
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Let

2r := the degree of the field M = K or Kkp for which ® is a GréBencharakter,
D := the different of M/Q, and

¢ := the conductor of .

Let
L¥(x, 5) := (NmygeD)™?(2m) /21 (s 4 3/2) L(x;, s).

Then L* admits an analytic continuation and functional equation

In all cases under consideration the character x satisfies x(p) = X(p)
= L}(x,s) = L*(x, )
= w(y) ==£1.

Set w(®) := w(x).
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Root number calculations

Q@ w(V) =1 and L(V,2) #0.
@ Let F be a quadratic field and v: Gg — p» the Dirichlet character with kernel Gr.
Then w (W - (v o Nrjg)) = 6(F).
Let k be a ring class character for kp, and assume in (3)—(5) that kp # K.

Q If K is unramified at 3, then w((W o Nki,/k) - (k0 Niky/kp)) = 6(L), where L C Kkp
is the maximal subfield unramified at 3.

Q If k is tamely ramified at 3, then w((W o Ny k) - (K © Nkkp/ip)) = 1.
Q If k is wildly ramified at 3, then w((\ll o Niwp/k) - (k0 NKkD/kD)) =—1.
Now assume that kp = K.
Q If i ramifies at 3, then k # k=" and w(V - k) = —w(¥ - k71).
Q@ If k is unramified at 3, then w(V - k) = e(b)s ™' ((v/=3)), where bZ[(3] is the

conductor of k, b € Z, and e¢: Gg — p» is the Dirichlet character associated to
K/Q. If k has odd order, then Ii((\/*:';)) =1.
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About the proof

Nonvanishing of L(W,2) is verified by numerical computation.

The main ingredient in the rest of the proof is a result of Tate asserting that w =[] w,,
where w,, can be expressed explicitly in terms of local differents and conductors.
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Root numbers and representation multiplicities

The preceding theorem combines with Amir-Khosravi's talk to yield the following. Given an
irreducible representation £ of Gal(Hop/Q), let w(pg ® §) denote the root number of

L(pfy ® €, 5). Recall the definition of 2(D): CMp = { x € X(Q) | End(Yx) = 0p }, Z(D) is the
subgroup of @X€CMD NS(WX) generated by complex multiplication cycles, and Z(D) is a
certain quotient of Z(D) defined in terms of the SL;(F3)-action on Z(D).

Corollary
Case I: kp # K.
Q Suppose 91 D. If w(pg ® &) =1, then ve(Z(D)® Q) =0. If w(pg ® &) = —1, then
ve(Z(D)® Q) = 1.
Q Suppose 9 | D. If w(p}, ® €) =1, then ve(Z(D/¥) ® Q) = 0 for all j > 0. If
w(ph ® €) = —1, then vg(Z(D/¥) ® Q;) =1 for exactly one j > 0.
Case Il: kp = K.
© Suppose dim(£) = 1. Then the same conclusions as in (1) apply.

©Q Suppose £ = Indg% & with £ ramified at (v/—3). Then w(pf ® §) = —1, and
ve(Z(D/9) ® Q) =1 for exactly one j > 0.

© Suppose § = Indgf  with k unramified at (v/—=3). Then L(pg ® €, 5) is the product of two
L-functions with the same root number, which is computed in part (7) of the previous
theorem. Furthermore ve (2 (D) ® Q) = 0.
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Refined Beilinson—Bloch revisited

Now recall CHZ(WF)CM = ker[CHz(WF)hom — CHz(WF x x nF)]. The previous corollary
paired with Schoen's refined Beilinson—Bloch conjecture raises the question of for which
D and £ one has

Ve (CH2(WH9D Jem ® Q) = ords—z L(pg ® £, 5).

One expects that the following hypotheses will often hold:
@ ords= L(pg ® €,s) = 0 or 1 according as w(pg ® £) =1 or —1.
e The map (Z(D)®Q))* — (CHZ(WHQD)CM ®@,)5 is injective.

In the cases covered in (1)—(4) in the previous corollary, these hypotheses imply that

VE(CHz(WHQD)CM ®@1) 2 ords=> L(p(*@ ®E, S).

(At least) two difficulties arise when trying to prove the reverse inequality:
@ When £ is the character of an imaginary quadratic field unramified at 3, there are
infinitely many D’ such that (2/(D") ® @,)E contributes to (CH2(WH9D) ®@,)§.
@ Any & can be inflated to a representation of Gal(Hy,2p/Q). If 31 n, then
ve(Z(n°D) ® Q) = ve(Z(D) ® Q). One would hope that the images of these

vector spaces in (CH?(Wi,p)cm © Q)¢ coincide, but it is not clear how to relate
them.
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Imaginary quadratic fields with ords—p = 1

Let F be an imaginary quadratic field with ords—> L(pf,s) = 1. Then B-B predicts
rank CH2(WF)h0m =1.

Recall again from Amir-Khosravi's talk that if F is unramified at 3, then there are
infinitely many D with kp # F such that Z(D) contributes to CHz(WF)hom. Thus B-B
predicts relations in the Chow group between the cycles so obtained as D varies, but
understanding this appears to be very difficult.

Rather than attempt to address this problem directly, Schoen uses the Abel-Jacobi map
CH?(We Yhom — (W),
to move everything to the intermediate Jacobian J3(Wa").

In the particular case that D = —4, i.e. F = Q(1/—1), he obtains computer evidence that
the Abel-Jacobi images of about 50 CM cycles are all integer multiples of the image of a
single CM cycle in the intermediate Jacobian, as we shall now see.
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Intermediate Jacobian

Recall from Walls's talk that for any compact Kahler manifold X of C-dimension n, the
intermediate Jacobian J?**7!(X) can be expressed as the complex torus

JHX) = FrR P (X, €)Y/ (Han—2i1(X, Z) Jtorsion).
We take X = W?", so that n =3, and k = 2. Since K*° =1 and h*! = 0, we have that
F2H3(Wan7©)v _ H3,0(Wan)v
is 1-dimensional. The map

Hs(W?", Z) /torsion — H*°(W")¥

5'—>[¢H/§<P}-

Using the description in Sankaran’s talk of the action of SL>(F3) on the global 3-form w,
one can see that H3(W?3",Z)/torsion is a free, rank one Z[(3]-module. Fix a basis &, and
take the basis element dual to w in H*°(W?")". Then we identify

is given by

L(W™) = C/z[G],
where Q = f§ w.
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Abel-Jacobi map

Relative to our choices, the Abel-Jacobi map
a: Zz(Wan)hom _ J3(Wan)

now admits the concrete description

a(z):/ w mod QZ[G],

z

where C; is a differentiable 3-chain bounding z.

We shall just give a sketch of Schoen'’s approach to numerical computation of the
Abel-Jacobi map on CM cycles. There are three main ingredients.

The first is the uniformization
F(3)\H — X" =Pt ~ {00, 3us}

discussed in Sankaran’s talk. Given 7 € ) mapping to a CM point and z- the resulting
CM cycle, Schoen derives from a previous paper an explicit formula for a(z-).
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Computer evaluation of Schoen’s formula requires little more than knowledge of the
Fourier coefficients of 7°(37) = 3_, ., a,q", g = exp(27iT). These are easily written
down by virtue of the fact that n®(37) is the cusp form associated to the Hecke character
W on Q((3) we encountered earlier:

e If 3| n, then a, = 0.

o If pis prime and = —1 mod 3, then a, = 0.

o If pis prime and = 1 mod 3, then a, = ° + 7, where p = 77 in Z[(3] and

7 =1 mod /—3.

The second ingredient in the numerical computation of the Abel-Jacobi map is the
choice of a good Z[(3]-generator £ for H3(W?",Z)/torsion. Very roughly, one would like
to use the homology class of W(R), but W(R) is not orientable.

Schoen works around this by constructing an auxiliary scheme W over Q, obtained via a
sequence of blow-ups along certain components of the singular fibers of W — X, with
the property that W(R) is orientable and H3(W?",Z) ~ H3 (W™, 7).

Letting w denote the homology class of /VV(R) it turns that w/3 may be taken as the
desired generator.
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The third and final ingredient is the numerical evaluation of the period

Q:%/Ww.

Schoen effects this calculation via the complex uniformization from Sankaran’s talk and
various transformation properties of 1°(7), which ultimately yield an infinite series
converging rapidly to Q.
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The case of Q(v/—1)

Our goal is now to construct lots of CM cycles defined over Q(v/—1) and investigate the
relations between their images in J2(W™").

Let d # 0 mod 3 be the discriminant of a real quadratic field. Then D = —4d is the
discriminant of the order &p := Z[2£YP] in kp, and Q(v/—1) C Hp. Let x denote the
image of 2572 in [(3)\ .

If D =1 mod 3, then recall from Amir-Khosravi's talk that
o there are two Heegner points xo in the SL>(IF3)-orbit of x,
o the corresponding CM cycles are defined over Hp, and

o these cycles have the same image in Z°(D).

We define
Zp = Z z.
v€Gal(Hp/Q(v/~1))
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If D= —1 mod 3, then let xo be a special point in the SL>(F3)-orbit of x. The cycle z,,
is defined over Hop, and its image in Z(D) is again independent of the special point xo.
In his earlier study of the Galois action on CM cycles, Schoen shows that

Gal(Hop/Hp) ~ Z/AZ acts trivially on z,.

We define

Zp ::% Z Z;B.

Y€Gal(Hop /Q(v/~1))

Computer evaluation of the Abel-Jacobi map on the cycles zp so defined requires some
further manipulations, the details of which we omit.

Schoen then computes the Abel-Jacobi image a(zp) for all d < 250, and finds that
a(zp) = cqa(z /=) for all d, where ¢4 € Z is given in the following table.
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Relations a(zp) = cga(z,/=1) in the intermediate Jacobian

D
d
5
8
17
29
41
44
53
56
65
77
89
92
101
104
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Relations a(zp) = cqa(z,/—1) in the intermediate Jacobian, cont'd

D=—-4d=1mod3

d D
113 —452
137 548
140 —-560
149  -596
152  —608
161 —644
173 —692
185 740
188 —752
197 788
209 836
221 884
233 —-932
236 —944

248 —992
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Cd
=27
63
24
69
—48
—42
9
—6
24
-33
—6
—42
57
48
36

D=—-4d=—-1mod3

d
145
157
172
181
184
193
205
217
220
229
232
241

Schoen’s work 111

D
—580
—628
—688
—724
—736
—772
—820
—868
—880
—916
—928
—964

—48

—27

—54
21
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A modular form of weight 5/2

Given an odd integer k > 5 and g € S¢/2(To(4N)) an eigenform for all Hecke operators
T2, (p,4N) = 1, with corresponding eigenvalues ), the Shimura correspondence
associates to g a cusp form f € S,_1(o(2N)) satisfying Tpf = Apf.

In our situation we have f(7) =1°(37) € S4(T'0(9)), and a corresponding
g € Ss5/2(T"0(36)) is described by Koblitz.

Let g1(7) denote the unique weight 2 normalized newform on o(36). Write

o(r) :== Z q"2, q = exp(2miT).

neZ
Then
g = (&10)l1+(1/)7,-
Writing g(7) = 3,5, bag®, Schoen’s computer calculations indicate that for all d < 250
the discriminant of a real quadratic field,

bd = —E(L‘/)QCd7

where as before ¢ is the Dirichlet character of the quadratic field Q(¢3)!!! The idea that
the integers ¢y might arise from Fourier coefficients of a modular form of weight % is due
to Gross.
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