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Let k be a perfect field of char p > 0, W := W (k) ring of Witt vectors.
Take a totally ramified extension

K——O0Oko>n

E(u) min.pol. of =

Ko := W[1/p] w
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Let k be a perfect field of char p > 0, W := W (k) ring of Witt vectors.
Take a totally ramified extension

K— Oxan
e
Ko := W[1/p] w

Let & := W[[u]], with ¢g extension of the Frobenius on W.

E(u) min.pol. of =

Definition
Define the category BT"D6 of finite free G-modules M, with an injective

/
semi-linear map
oo : M — M

such that the cokernel of the linearization

1®pm

@ (M) = 6 ®g pe M ——— M

is killed by E(u).
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Motivation

Giving a classification of Barsotti-Tate groups over Ok for any prime p
and for any ramification index e.
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@ Proof in Kisin’s paper: "Crystalline representations and
F-crystals".
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Motivation

Giving a classification of Barsotti-Tate groups over Ok for any prime p
and for any ramification index e.

@ Conjecture by Breuil: relation between BT(Ok) and BT‘/pG.

@ Proof in Kisin’s paper: "Crystalline representations and
F-crystals".

Theorem
There is an exact contravariant functor

BT/ _ — BT(Ok).

When p > 2 this is an equivalence of categories, when p =2 it is an
equivalence up to isogeny.
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|
Consider T — Spec W, p loc. nilpotent. Let G BT(T).
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@ If T = Spec k, classical Dieudonné theory:

BT(k) — {W - free Dieudonné modules}
G - Dpieu(G)
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N
Consider T — Spec W, p loc. nilpotent. Let G BT(T).
@ If T = Spec k, classical Dieudonné theory:

BT(k) — {W - free Dieudonné modules}
G - Dpieu(G)

@ In general, we have crystalline theory: D(G) € Cris(T/W). For a
PD-thickening (T = X) € Cris(T/W) and H € BT(X) a lifting of
G e BT(T) we have
Theorem (Grothendieck-Messing)
There is an equivalence of categories

BT(X) % @
H = (G:=HxxT,V(H) > Lie(E(H)) = D(G)(X))
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i

@ Consider W[u][E(“)i]i>1 (PD-envelope of (W[u],(E(u)))). There

is a surjection .
E(u)'
Wi 5, oc
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@ Consider W[u][E(,.f’)i], 1 (PD-envelope of (W[u],(E(u)))). There
' [
is a surjection ‘
E(u)
W[u][%]im > Ok

E(u)’
il

@ Let S be the p-adic completion of W[u][
extends to a surjection

], . The map above
i1

S > Ok.
Denote Fil' S := Ker(S - Ok), vs: S — S extension of Frob on W.
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-
Definition
Define the category BT/“’S of couples (M, Fil' M) where

@ M s a finite free S-module;
@ Fil' M is an S-submodule of M such that
— Fil'S- M cFil' M,
— M/Fil' M is a free Ox-module,
— there exists a pg-semilinear map ¢ : Fil' M - M such that
©* (Fil' M) - M is onto.
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-
Definition
Define the category BT/“’S of couples (M, Fil' M) where

@ M is a finite free S-module;

@ Fil' M is an S-submodule of M such that
— Fil'S- M cFil' M,
— M/Fil' M is a free Ox-module,
— there exists a pg-semilinear map ¢ : Fil' M - M such that
©* (Fil' M) - M is onto.

Theorem (Kisin)
There is an exact contravariant functor

BT(Ox) —> BT/

G — (D(G)(S),FilisD(G)(S))

it's an equivalence for p > 2, up to isogeny for p = 2.
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Sketch of proof (Deformation argument)
Let (M,Fil' M) ¢ BT/ .
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@ Fori=1,..., e define the S-algebra R; := W[u]/u' and

M;:=MegR;,  Fil'M;:=Im(M > M,).
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Sketch of proof (Deformation argument)
Let (M,Fil' M) ¢ BT/ .
@ Fori=1,..., e define the S-algebra R; := W[u]/u' and

M;:=MegR;,  Fil'M;:=Im(M > M,).

@ For every i there is a surjective map
fi: Ri:= W[u]/u' - Ok/x’,
with PD-kernel (pR;), so

(Spec(Ox/7') = Spec(R;)) € Cris((Ox /7') | W).
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|
Strategy

Construct inductively p-divisible groups G; over Ok /' for any
i=1,...,esuch that
D(Gi)(Ri) = M;.
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|
Strategy
Construct inductively p-divisible groups G; over Ok /' for any

i=1,...,esuch that
D(Gi)(Ri) = M;.
@ /i =1: Dieudonné theory

Ry =Wlul/u~W, Ok/m ~ k.

@ Fori=2,...,e gradual lifting after Grothendieck-Messing:
R; - O /="~ with PD-kernel (u'~", p),
and hence

(Spec(Ok /') = Spec(R)) € Cris((Ok/x" 1)/ W).
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]
From Sto &

The map
& % S
u — UuP
defines a functor
BT/‘p — BT?
& /s
M — Mes,, S

(For M =M eog , S define

Fil'lM:={meM|(1®p)(m)eMos, Fil'Sc Mes,, S}).
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]
From Sto &

The map
& % S
u — UuP
defines a functor
BT? — BT?
/& /s
M — Mes,, S

(For M =M eog , S define
Fil'lM:={meM|(1®p)(m)eMos, Fil'Sc Mes,, S}).
Hence we obtain a functor

BT/ _ — BT(O).

Francesca Bergamaschi (Milano - McGill) April 18,2013 9/21



|
General strategy for the construction of an inverse

Definition
Denote by Mod“f6 the category of finite free G-modules 9 equipped
with a pg-semi-linear Frobenius

ogn + M -~ M,
such the cokernel of its linearization

M - m
Aem —  Apgg(m)

is killed by some power of E(u) (of finite E-height). BT/‘P6 c Mod76.
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|
Categories of semi-linear algebra data

Definition (MF})

@ An étale p-module over Ky is a finite Ky-vector space D equipped
with a semi-linear map ¢ : D — D such that its linearization
©* (D) — D is an isomorphism.
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Categories of semi-linear algebra data

Definition (MF})
@ An étale p-module over Ky is a finite Ky-vector space D equipped
with a semi-linear map ¢ : D — D such that its linearization
©* (D) — D is an isomorphism.
@ A filtered étale p-module over K is an étale p-module over K
together with a filtration on D ® , K which is decreasing,
separated and exhaustive.
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|
Categories of semi-linear algebra data

Definition (MF})
@ An étale p-module over Ky is a finite Ky-vector space D equipped
with a semi-linear map ¢ : D — D such that its linearization
©* (D) — D is an isomorphism.
@ A filtered étale p-module over K is an étale p-module over K
together with a filtration on D ® , K which is decreasing,
separated and exhaustive.

Theorem (Kisin)
There is a fully faithful functor

JFilyg,ad
MF™=0% — Mod? _ Q.
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N
A geometric interpretation of MF%™=* and Mod _

@ A: open rigid analytic unit disk Kp;
@ 0 c Kp[[u]]: ring of rigid analytic functions on A.
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N
A geometric interpretation of MF%™=* and Mod _

@ A: open rigid analytic unit disk Kp;

@ 0 c Kp[[u]]: ring of rigid analytic functions on A.
Additional structure:

— Frobenius ¢4 extending ¢ on W,

Definition
Denote by Mod“/"6 the category of finite free ¢'-modules M with an
injective semi-linear map

om:M->M

of finite E-height (Coker(¢* (M) — M) is killed by a power of E(u)).
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@ There is a fully faithful functor

MFEF=0297 _, Mod?
/o
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@ There is a fully faithful functor

MF%Filzo,adm — s Mod?® .
K /o

@ There is an equivalence of categories
Mod? — Mod? _.
i /e
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@ There is a fully faithful functor

o,Filyg,adm N %)
MF Mod/ e
@ There is an equivalence of categories
Mod? — Mod? _.
i /e

We call of Barsotti-Tate type those D ¢ MF;‘;’F“EO’ad such that Fil'Dx = 0
when j ¢ {0,1}.
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-
@ There is a fully faithful functor

MF%Filzo,adm — s Mod?® .
K /o

@ There is an equivalence of categories
Mod? — Mod? .
/o /&
We call of Barsotti-Tate type those D ¢ MF}”(’F“EO’ad such that Fil'Dx = 0
when i ¢ {0,1}.
Corollary
The fully faithful functor
gD,FﬂZo,adm N [
MF} Mod /e
restricts to an equivalence of categories

{adm p-modules of BT-type} — BT}”G ® Qp.
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]
Caveat!

Extra structure required:

JFily, fully faithful
MFﬁ 0 TR M0d76 ®@p
® ®
MOd/ 5 MOd/ .
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]
Caveat!

Extra structure required: monodromy operators

fully faithful

MF#-Filso,N K MOdf’N s ®Qp

fully faithful

Modf’NV P MOdf’N Vi
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]
Caveat!

Extra structure required: monodromy operators

; fully faithful N
MF# ko -ad Mod?" & ® Qp

fully faithful

|v|oo|7”VV=0 p Modf?N’O p
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]
Caveat!

Extra structure required: monodromy operators

fully faithful

MF‘P:Filzostad K MOdf’NG ® Qp

fully faithful

|v|oo|7”VV=0 p Modf’N’O p

Corollary
There is an equivalence of categories

{adm p-modules of BT-type} — BT/ ®Qp.
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]
The case of abelian varieties

@ A abelian variety over Ok, A[p™] associated p-divisible group.
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]
The case of abelian varieties

@ A abelian variety over Ok, A[p™] associated p-divisible group.
@ We may associate canonically to A[p* ] the module

H;’H(A/OK)v
with the natural Hodge filtration

WA © HJIR(A/)-
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]
The case of abelian varieties

@ A abelian variety over Ok, A[p™] associated p-divisible group.
@ We may associate canonically to A[p* ] the module

H;’H(A/OK)v
with the natural Hodge filtration

WA © HJIR(A/)'

@ Fontaine: Frobenius and monodromy operator.

Francesca Bergamaschi (Milano - McGill) April 18,2013 15/21



]
The case of abelian varieties

@ A abelian variety over Ok, A[p™] associated p-divisible group.
@ We may associate canonically to A[p* ] the module

H;’H(A/OK)v
with the natural Hodge filtration

WA © HJIR(A/)'

@ Fontaine: Frobenius and monodromy operator.

BT(Okx) — {adm ¢-modules of BT-type}
Alp™] Hir(AlOk)
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|
General picture

We have obtained a functor

® . © =
BT} BT/ BT(Ok)
m — 937@67@ S
(D(G),Fil') <« G

Relations i et
,ad fully faithfu
MF£2 ——— |\/|oo|76 ®Qp,

and by restriction

{adm ¢-mod BT-type} — BT}"6 ® Qp.
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|
General picture

We have obtained a functor

N » =
BT/ S BT/ s BT(Ok)
m — 931@67@ S

(D(G),Fil') « G

Relations

i ~ fully faithful
RepZ’* (Gr) MF? ———— Mod/ _oQp.

Colmez-Fontaine

and by restriction

Re pcns,

o 01 (Gx) —+{adm ¢-mod BT-type} —> BTY _ ©Qp.
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]
The construction of an inverse

Consider G € Bt(0y) and its Tate module
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The construction of an inverse

Consider G € Bt(0y) and its Tate module

@ Tate: Vp(G) = Tp(G) ® Qp is a crystalline representation with
Hodge-Tate weights in {0, 1}.
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]
The construction of an inverse

Consider G € Bt(0y) and its Tate module

@ Tate: Vp(G) = Tp(G) ® Qp is a crystalline representation with
Hodge-Tate weights in {0, 1}.

@ By
Rep(> " (Gi) — {adm ¢-mod BT-ype} — BT/ _ & Q.

i ®
we obtain a M « BT/ o ® Qp.

Francesca Bergamaschi (Milano - McGill) April 18,2013 17/21



]
The construction of an inverse

Consider G € Bt(0y) and its Tate module

@ Tate: Vp(G) = Tp(G) ® Qp is a crystalline representation with
Hodge-Tate weights in {0, 1}.
@ By

Rep(> " (Gi) — {adm ¢-mod BT-ype} — BT/ _ & Q.

i ®
we obtain a M « BT/ o ® Qp.

Abelian varieties: the image of V,(A[p™]) in {adm p-mod BT-type} is
precisely H}n(A) (Fontaine).
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Classification of finite flat group schemes

As a corollary of the result, we obtain a classification of p-groups.

Definition
A p-group is a finite flat group scheme over Oy, which is killed by a
power of p. Denote by (p - Gr) the category of such objects.

The kernel of an isogeny G LA G’ - 0 of p-divisible groups is a finite
flat p-group scheme.
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|
Classification of finite flat group schemes

As a corollary of the result, we obtain a classification of p-groups.

A p-group is a finite flat group scheme over Ok, which is Killed by a

Definition
power of p. Denote by (p - Gr) the category of such objects. J

The kernel of an isogeny G LA G’ - 0 of p-divisible groups is a finite
flat p-group scheme.

Every finite flat p-group H is embedded in a p-divisible group G. The

Theorem (Oort)
cokernel of the injection 0 - H — G is again a p-divisible group. J
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Denote by (Mod/&) the category of G-modules 9t such that
@ Mt is equipped with an injective semi-linear map ¢y,
@ Mt is of finite E-height with respect to gy,

@ Mt has projective dimension 1 as an &-module and it is killed by a
power of p.
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Denote by (Mod/&) the category of G-modules 9t such that
@ Mt is equipped with an injective semi-linear map ¢y,
@ Mt is of finite E-height with respect to gy,

@ Mt has projective dimension 1 as an &-module and it is killed by a
power of p.

Proposition (Kisin)
The objects in (Mod /&) are precisely the cokernels of injections in

©
BT/G'
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Denote by (Mod/&) the category of G-modules 9t such that
@ Mt is equipped with an injective semi-linear map ¢y,
@ Mt is of finite E-height with respect to gy,

@ Mt has projective dimension 1 as an &-module and it is killed by a
power of p.

Proposition (Kisin)
The objects in (Mod /&) are precisely the cokernels of injections in

©
BT/G'

Theorem (Kisin)
There is an exact anti-equivalence of categories

(Mod/&) — (p - Gr/Ok).
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Thank you for your attention.
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