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Serre-Tate Coordinates Theorem
For an ordinary abelian variety over a field k,

local deformations choice of g? “local
of Ato R coordinates” in 1 + mp
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Deformations of Abelian Schemes

Let A/S be an abelian scheme and let S — T' be a morphism of
schemes.

Definition
Then a deformation ofA/S to T is an abelian scheme .A/T
together with an isomorphism over S
F: A XT S = A
In other words, the following diagram commutes:
F:AXTSgA——>A
‘ i

\
Y
S T.
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We'll be interested in cases where
m S = Spec(Ryp)
m T = Spec(R)
m S — T induced by R — Ry
Definition
Such a deformation is also called a /ift of A from Ry to R. Even

more, if R is local artinian and Ry = k is a field, then a
deformation A/ R is called an infinitessimal (or local) deformation

(or lift).
F:AprRy=ZA--—-->A
\

¢ |

Spec(Ry) Spec(R).
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Other deformation objects

Let G be an object defined over Spec(Ry), then we can also talk
about deformations of G to R.

F:?7prRo=2G~-~-~-~->7
\
N
v
Spec(Ry) Spec(R).

m G is a p-divisible group
m G is an abelian scheme with additional structure (polarization,
endomorphism...)



Serre-Tate Theorems
L Deformations of Abelian Schemes

The category Cp.
Let k be a field and let

Objects
Pairs (R, ¢)
m R is local artinian W-algebras

k= R/mR is a fixed isomorphism such that the following
diagram commutes

R

|

—>R/mR
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The category Cp.
Let k be a field and let

Objects
Pairs (R, ¢)

Morphisms
local W-algebra homomorphisms

Examples

m k[e] /(¢™) when k has characteristic 0

m W(k)/(p™) when k has positive characteristic
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Local Deformation Functor

Fix an abelian variety A/k.

—

MA/k:Ck Set

R+————> {deformations of A to R}

Definition
MA/k is called the local (or infinitessimal) deformation functor

associated with A/k.
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Representability of /\/lA/k

Theorem (Grothendieck)
Let A/k be an abelian variety and ./\//YA/]c its associated local

deformation functor. Then M A / . is pro-representable by the

complete, local noetherian ring
0= W[[tn, - 7tggH

where g is the dimension of A.
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Remark
We can also construct local deformation functors that carry “extra

structure”, say for (A, A) with A a principal polarization. In
general, the local deformation functor is pro-representable by a
(’)/a where a is a suitably defined ideal depending on the extra

structure. For example M4 ) is pro-representable by

O =W(ltir, ..., tggl] /(- tij — tji, . ..).
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Serre-Tate “general” Theorem

In positive characteristic, there is an equivalence of categories
relating

deformations of an deformations of its
abelian variety p-divisible group
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LThe categories

Abg

Let R be a ring. Then we let Abg denote the category abelian
schemes over R:
Objects

Abelian schemes over R; that is, smooth, proper group schemes
m: A — R whose geometric fibres are connected.

Morphisms
Group homomorphisms over R



Serre-Tate Theorems

L Serre-Tate “general” Theorem

LThe categories

Def(R, Ro)

Let R be a ring where p is nilpotent, and let R — Ry be a fixed
surjective ring homomorphism. The category Def(R, Rp) is given by

Objects
Triples (Ag, G, €) where

m A is an abelian scheme over Ry

m G is a p-divisible group over R

m c: Gy — Ag(p>) an ismorphism of p-divisible groups over Ry
In other words, (G, ¢€) is a lift of the p-divisible group of Ay to R.
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LThe categories

Def(R, Ro)

Objects

Triples (Ap, G, €)

Morphisms

A morphism (Ao, G,ea) — (Bo, H,ep) is a pair (fo,g) where
m fo: Ag — Bg morphism of abelian schemes/Ro
m g : G — H morphisms of p-divisible groups /R

such that fo(p™>°) = go; that is,

Go—2 - H,
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Serre-Tate Theorem

Theorem

Let R be a ring in which p is nilpotent, with I C R a nilpotent
ideal. Write Ry = R/I. Then, there is an equivalence of
categories given by

Abgr Def (R, Ro)

Ar—— (Ao = A®R Ry, A(p™)).
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Key facts

Let R be a ring in which p is nilpotent, with I C R a nilpotent
ideal. Write Ry = R/1.
Suppose I¥T! = 0 and write ¢ = p” for some n such that p™ = 0.

If G is an abelian scheme or p-divisible group over R:
m GG is ¢-divisible as a group

m G is killed by ¢ where

G1(S) :=ker(G(S) — G(S/19))
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L Proof

Lemma

If G, H are an abelian schemes or p-divisible groups over R:
Hompg(G, H) and Homp,(Go, Hp) have no g-torsion

Proof
G and G and g-divisible
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L Proof

Lemma

If G, H are an abelian schemes or p-divisible groups over R:
Hompg(G, H) and Homp,(Go, Hp) have no g-torsion

Reduction modulo I is injective on hom sets:
Hom (G, H) — Hom (Go, H())
Proof

The kernel of this map is Hom (G, Hy), applying the “key facts”
immediately shows this is trivial.
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L Proof

Lemma

If G, H are an abelian schemes or p-divisible groups over R:
Hompg(G, H) and Hompg,(Go, Hp) have no g-torsion
Reduction modulo I is injective on hom sets:

Hom (G, H) — Hom (G, Ho)
For any fo € Hom (Go, Hp), ¢" fo lifts uniquely to some
q" fo € Hom (G, H)

Proof
Let L be any lift H(S/1S) — H(S):

m q¥ XL

G(S/18) L~ H(S/18)
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Lemma

If G, H are an abelian schemes or p-divisible groups over R:
Hompg(G, H) and Homp,(Go, Hp) have no g-torsion

Reduction modulo I is injective on hom sets:
Hom (G, H) — Hom (Go, H())

For any fo € Hom (Go, Hp), ¢” fo lifts uniquely to some
qf"vﬁ) € Hom (G, H)

fo € Hom (Gy, Hy) lifts uniquely to some f € Hom (G, H) if
and only if ¢“ fo annihilates Glq"].



Serre-Tate Theorems

L Serre-Tate “general” Theorem

L Proof

Lemma

If G, H are an abelian schemes or p-divisible groups over R:
m fo € Hom (Gy, Hy) lifts uniquely to some f € Hom (G, H) if
and only if ¢¥ fo annihilates G[¢”]
Proof

m Necessary: since f lifts fy, then ¢V f = qf’/\fo by Lemma part 2
m Sufficient: since ¢” fo annihilates G[q"], construct F such that

G

r,0 | —
v ’ q” fo
2
H*>ql, H——0

q"Fo = ¢" fo implies Fy = fy since Hom (G, Hyp) has no
g-torsion.
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Equivalence of categories

A — Def(A) = (A, A(p™),24)

Let A, B € Abgr and (fo, f(p™)) : Def(A) — Def(B) in
Def (R, Ro).

Faithful
Hom (A, B) — Hom (Ay, Bp) so any lift of fy is unique
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L Proof

Full

A— Def(A) = (A07A(poo)7514)
Let A, B € Abgr and (fo, f(p™)) : Def(A) — Def(B) in
Def(R, Ro).
m Alift F: A — B of fy exists if and only if ¢* fy kills A[g"]

m Necessarily, Vfo( ) lifts ¢ (fo(p™))

m Uniqueness of lifts implies q”fo( *) = ¢" f(p™)

= ¢ fo(p™) kills A(p)[q"] = Alg”]

m For the lift F': A — B of fy, F(p*) lifts fo(p>°) so
F(p>) = f(p*°) (uniqueness of lifts)
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L Proof

Essentially Surjective

Take (Ao, G,¢) € Def(R,Ro)
Let B/R be a lift of Ay via an isomorphism

oo : Bg = B®pgr Ry — Ap.
This induces an isomorphism of p-divisible groups,
ag(p™) : Bo(p™) — Ao(p™),

and, let

¢'ao(p®) : Bp™) = G

be the unique lift of ¢”ap(p).
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Essentially surjective

P

¢'ao(p>®) : B(p™) = G

is an isogeny, and it has an “inverse” in the sense that there exists
-1
a lift ¢¥ap(p™®)  of ¢”ap(p™)~! such that

—1 —

¢’ ao(p>) ©oq’ag(p™) =q

2v

and

—~— —_—~~— —1
g"ao(p™®) o ¢¥ap(p>®) = ¢*

Therefore, setting K = ker(g”ag(p™>)), we obtain a finite, flat
subgroup of B[g?].
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L Proof

Essentially surjective

Taking A = B/K gives Def(A) = (Ao, G, ¢):
By construction, K lifts By[¢”], so A is a lift of

Bo/Bo[q"] = By = Ay.

Furthermore,
A(p™) = B(p™)/K = G.
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Serre-Tate Local Coordinates Theorem

For an ordinary abelian variety over a field k = k and R € Cy,

local deformations choice of g? “local
of Ato R coordinates” in 1 + mp
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Ordinary Abelian Varieties

Definition
Let k£ be an algebraically closed field of characteristic p > 0. Then
an abelian variety A of dimension g over k is ordinary if the
following equivalent conditions are satisfied:

m 7 Alp](k) = p?

m The largest étale quotient of A[p| has rank g.
m A(p™) = Gh @ (@p/Zp)g
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LTheorem

Serre-Tate Coordinates

Theorem (Part 1)

Let A be an ordinary abelian variety over k = k of characteristic p,
and let T)A = lglA[p”] be its Tate module. Then

m there is an isomorphism of functors on the category Cy:

M, 1) & Homz, (T, A(k) @z, T,AY (k), Gom(—)).
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Interpreting Part 1

What does this mean when we apply the isomorphism to a
particular R € Ci?

We can show that G,,,(R) = 1 + mp, and picking a basis for
T,A(k) and T, AV (k) as free Z,-modules:

— deformations
MA/k(R) _{ of Ato R }
PN Zy-bilinear maps
q: TyA(k) x T,AV(k) - 1+ mp
choice of g? “local
coordinates” in 1 + mp

A/R s qua: T,A(k) x T,A (k) = 1+ mp
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Theorem (Part 2)
Let A be an ordinary abelian over k = k of characteristic p, and let

T,(A) = 1£1A[p”] be its Tate module. Then
m For any lift .A/R ofA/k:, its dual AV/R is a lift ofAV/k:. If
A admits a principal polarization, we get the symmetry
condition:
qa(z,y) = qav(y,z)

for all x € T,A(k),y € T,A (k).

Remark

We canonically identify A = (AY)V through the principal
polarization in order to consider g4v as a bilinear form on
T,AY (k) x T,A(k) as opposed to T,A" (k) x T,,(AV)" (k).
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Interpreting Part 2

What does this mean when we apply the isomorphism to a
particular R € Ci?

—~ deformations
Mian (F) _{ of (A,\) to R }

PN symmetric Zy,-bilinear maps
q:T,A(k) x T,AY(k) > 1+ mp
choice of g(g+1)/2 “local

coordinates” in 1 + mpg

(A, A4) /R« qa : TyA(k) x T,AY (k) — 1+ mpg
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Theorem (Part 3)
Let A be an ordinary abelian over k = k of characteristic p, and let
T,(A) = 1£1A[p”] be its Tate module. Then

m for R € Cy, and let .A/R, B/R be deformations of two
ordinary abelian varieties A/k and B[k respectively with
corresponding bilinear forms q 4 and qi. A homomorphism
f+ A — B extends to a homomorphism | : A — B if and only
if

qa(z, [ (y)) = as(f (), y)
for all x € T,A(k),y € T,B" (k).
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Canonical Lifts

Definition
A lift of A/k: to R is called the canonical lift of A to R and
denoted Aca”/R if its corresponding bilinear form is the trivial one.

— Zy-bilinear maps
MA/k(R) <—){ q:T,A(k) x T,AY(k) = 1+ mp }
A/R — qu
A" [R +—1
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Lifting from characteristic p to characteristic 0

Let k =F,. Since R, = W (k)/p"W (k) € Cj, for all n € N, one
can form a limit object

lig.Acan/Rn

giving rise to a canonical lift of A to W (k), A" /W (k). So this is
a case where lifts from characteristic p (k) to characteristic zero
(W (k)) exist!

Again,

AW (k) +— qa
A W (k) +— qa =1
By descent arguments one gets similar results for k

non-algebraically closed fields. This means we can get lifts from
finite fields to p-adic fields.
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Characterization by Endomorphisms
Q: When is a lift A/W (k) the canonical lift?

Recall:

f € End(4) lifts & qa(z, f'(y) = qa(f(2),y)

Observation: every endomorphism of A/k lifts to A" /W (k).

Theorem -
Let A/F, and k =F,. Then A/W (k) = A“" /W (k) if and only if
all endomorphisms of A lift to A if and only if F'ry lifts.
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Characterization by Endomorphisms

Theorem
Let AJF, and k =F,. Then A/W (k) = A“" /W (k) if and only if
all endomorphisms of A lift to A if and only if F'ry lifts.

Idea of proof

For f = Frq, f¥ = Ver,. But Frobenius and Verschibung act very
differently on 1, and Z/qZ, so the condition that

Q.A(x> fv(y)) = QA(f(:E)vy)

can only be satisfied when ¢4 is trivial.
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LStructure of Moduli Spaces

Moduli Space of Principally Polarized Abelian Varieties
Let M be the moduli functor of principally polarized abelian
varieties with full level n structure (n > 3, (n,p) = 1).

m M is a fine moduli scheme
m If 2 is an ordinary closed point x € M(k) corresponding to
(A,N), My = May

By the Serre-Tate local coordinates theorem,

. 9(g+1)

//\/\lac = //\/\I(A,)\) =G ?

This means that on the ordinary locus, M is non-singular of
dimension g(g + 1)/2.
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Thank you!
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