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1. Differentials and regularity

1.1. Derivations and the module of differentials - affine theory.
A = ring
B = A-algebra (where the ring homomorphism A — B need not be injective)
M = B module

Definition 1.1.1. An A-derivation d : B — M is a function that is:
(1) additive;
(2) d(b1by) = by - dby + by - dby;
(3) da=0,Vaec A

We shall denote the set of A-derivations valued in M by Dera(B, M).

Remarks: First, note that the B-module structure is used to express the Leibniz rule (ii), but the
function d is not required to be B-linear. In fact, if it were, d would be identically zero, as the
following argument shows.

First note that d1 = d(1-1) = 2-d1 and thus d1 = 0. Condition (iii) is equivalent to requiring
that d is A-linear. Indeed, assume d is A-linear then da=a-dl =a-0= 0. Conversely, if da=0
for all a € Athen d(ab) =a-db+b-da=a-db.

We now seek an A-derivation that is universal. Namely a B-module, to be denoted 25,4 and an

A-derivation
d= dB/A B — QB/A'

such that for every B-module M and a derivation § : B — M there is a B-module homomorphism

f :{2g/a —> M making the following diagram commutative:

d
BHQB/A

RN

M.

As usual, if (d, QB/A) exists, it is unique up to unique isomorphism.
Proposition 1.1.2. (d,Qg/a) exists. It is called the module of relative differentials of B over A.

Proof. This is an easy formal construction. Define (25,4 to be the quotient of the free B module
@pegB - db by the B submodule generated by all the expressions {da : a € A}, {d(b1b) — by -
dby — bz - dby : by, bo € B}, {d(b1 + b2) — dby — dbo}. Further, define d : B — Qp/4 by sending
b to db.

Given a derivation 0 : B — M define a map f : Qg/n — M by f(>_;8;db;) = >, 8;0b;. Itis

immediate to check this is well-defined homomorphism of B module that satisfies f o d = §. O
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Corollary 1.1.3. Qg4 is generated as a B-module by the set {db: b € B}. For every B-module
T, Hompg(Q2g/4. T) = Dera(B, T).

Proposition 1.1.4 (The diagonal). Let f : B®a B — B be the multiplication map f(b; ® by) =

biby. Let | be the kernel of f. Consider B @4 B, | and I? as left B-modules. Define a map
§:B—1/I?, b=1®b—-b®1.

Then (8, 1/12) is a universal module of differentials for B over A. Thus, (6,1/1?) = (dg/a. Qg/a).

Proof. \We shall define an isomorphism Qg,4 — I/1? that commutes with the derivations. First,

we verify that § is indeed a derivation. Additivity and A-linearity are clear. Furthermore,
0(b1bo) — b1dby — bodby = (1 ® biby — b1bo ® 1) — (b1 @ bo — b1by ® 1) — (by ® by — b1by ® 1)

=1Q@biby+b1bo®1—b1 @by — b ® by
=10b—bh®1)(1@b —b®1)el?
Next, the universal property of Qg4 gives us a map of B-modules, commuting with the derivation

maps,
Qga — /17, db—1@b—b® 1.

We need to construct an inverse to this map. To do so, consider the B-module
B & Qpgya,
and define on it the operation
(b1, my) - (ba, ma) = (b1ba, bymo + bamy).
With some patience one verifies that this gives a commutative ring structure and, evidently the ideal
Qp/a satisfies that (Q5/4)% = {0} in this ring. We define a ring homomorphism
B®aB — B®Qpg/a, b1 ® by (bibo, b1dbz).

(There is a clear lack of symmetry here, but we had already broken the symmetry by deciding that
B ®a B is considered as a left B-module.) It is straight-forward to verify that this is indeed a ring
homomorphism. Indeed, additivity is easy and 1 goes to (1, 0) which is the unit element of B& Qg /4.
As to multiplication, the key calculation is that (b ® by)(b] ® bS) = b1b] ® bob) is mapped to
(b1b) boby, bybibodbly + b1 by bhdbs), which is indeed the product (b1by, bidby)(byb,, bidbs). Fi-
nally, this is also a map of B-modules as b(b; ®bs) = bby @by + (bby1 by, bbydby) = b(byba, bydbs).

Now, the induced map on / takes / to {0} x Qg4 C B @ Qpg/a. As Qé/A = 0, we get a

well-defined homomorphism of B modules
117 Qgja, > bi®@ b (0, bidbj).

Now, the map Qg4 — 1/1? takes dbto 6b = 1®b—b®1, which goes under the map ///% — Qp/a
above to (b, db)—(b,0) = (0, db). Thatis, the composition Qg4 — /1% — Qp/a is the identity.

As we have seen last term ///? is generated as a B-module by the elements b; ® by — by ® by.
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Such an element is mapped to (blbg, bldbg) — (blbg, b2db1) = (O, bidby — b2db1) in B® QB/A
that is then mapped to b1dbs — bodby = b1 (1 ® by — bo ® 1) — bo(1 ® by — by ® 1). But this is just
b1 ® by — by ® by again. Thus, also the composition ///? — Qg a — 1/1? is the identity and the

proof is complete. O

Remark 1.1.5. Let B — C be a homomorphism of rings. We shall often use the canonical iso-
morphism Hom¢(X ®g C,Y) = Homg(X,Y), X a B-module, Y a C-module. This isomorphism
expresses the fact that the pair of functors ((—) ®g C, F), between B-modules and C-modules
(where F is the forgetful functor) is an adjoint pair. More generally, for a C-module M, we
have Hom¢ (X ®g M,Y) = Homg(X, Hom¢(M,Y)), which is the adjoint property of the functors
((-) ®s M,Hom¢(M, —)). (Note that for M = C this gives back the previous adjoint pair).

Proposition 1.1.6 (Exercise 1; base change and localization properties). (1) Let Ay be an A-

algebra and define By = A1 ®a B, which is an Ai-algbera and a B-algebra. Then
Qp, /4, = B1 @ Qp/a.
(2) Let S be a multiplicative set in B then

Qps-1174 = B[S @5 Qp/a.

A geometric moment: The homomorphism of rings A — B corresponds to a morphism of schemes

Spec B — Spec A. The ideal / is the ideal defining the closed immersion
A : Spec B — Spec B Xspec A Spec B = Spec(B ®4 B).

More precisely, the associated quasi-coherent sheaf fcorresponds to that closed immersion. /N/IN2 is
initially a sheaf of modules on Spec(B ®4 B). On the other hand ///? viewed as a B-module (as
above) define a quasi-coherent sheaf 7/f2 also on Spec B. The relation between those two sheaves
is that

AT =T/ =1/12.

(Which allows for the ambiguity in notation.) Thus, the algebraic construction of the module of
differentials {2g,4 finds a geometric interpretation as the quasi coherent module I/1% coming from
the diagonal morphism A : Spec B — Spec B ®4 B. The content of the preceding proposition
is that these constructions commute with base-change and localization. This is almost immediate

from the geometric interpretation, but it is perhaps healthier to give a direct algebraic proof.

1.2. Exact sequences and key examples.
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Proposition 1.2.1 (1st Exact sequence). Let A . B v C be ring homomorphisms. There
Is an exact sequence of C-modules,

v u

Qpja®p C Qca Qc/g —=0.

Furthermore, v is injective and its image a direct summand if and only if any A-derivation B — M

into a C-module M can be extended to an A-derivation C — M.

Proof. The maps v and u are natural, determined by v(dg/ab®c) = c-dc/a(b) and u(c-dc/ac1) =
c-dcsgc1. Note that uov(dg/ab®c) = c-dc g (b) = c-0 =0 and, thus, uov = 0. Furthermore,
as Qc/p is generated as a C module by the symbols {dc : c € C}, the surjectivity of v is clear. It

remains to show that Im(v) = Ker(u). We use the following lemma.

Lemma 1.2.2 (Exercise 2). To show that a complex of C-modules,
My —— My ——~= M ,
is exact, it suffices' to show that for every C-module T, the following sequence is exact:
Homc(My, T) <— Home (Ma, T) <— Home (M, T) .
We make use of the lemma in our situation; we need to show exactness of the upper row

Home (Qp)4 @5 C, T) <— Home(Qc/a, T) <— Home (5, T)

HomB(QB/A, T)

Dera(B, T)

Vv u

Dera(C, T) Derg(C, T).

The exactness of the bottom row follows directly from the definitions.

For the last part we use the following lemma.

Lemma 1.2.3 (Exercise 3). A homomorphism v : My — M, is injective and its image a direct
summand, if and only if the homorphism v* : Homc(Ma, T) — Home (M, T) is surjective for all
C-modules T .

We apply the lemma to the map v : Qg4 ®g C — Qc/a; we need thus to consider the upper

row of the following diagram:

HomC(QB/A X C, T) <T HomC(QC/A, T)

Dera(B, T) ~————— Dera(C, A)

1But not necessary! Consider 0 — 7Z X Zand T =7Z.



6 EYAL GOREN, MCGILL UNIVERSITY

The bottom row gives the reinterpretation of the surjectiveness of v* appearing in the statement of
the theorem. O

Proposition 1.2.4 (2nd Exact sequence). Let B be an A-algebra and C = B/| for some ideal | of

B. There is an exact sequence of C-modules,

///245>QB/A ®p C Qcya 0,
where 6b = db® 1.

Remark 1.2.5. Note that Qc/g = 0. Thus, the 2nd exact sequence improves on the first exact

sequence by determining the kernel of Qg4 ®g C — Qc/a.

Proof. We first remark that ///2 is a B-module killed by [/, hence naturally a C-module. The
map ¢ is well-defined: we first define it as a map | — QB/A ®g C and check that it kills /2.
Indeed, 8(b1by) = b1db, ® 1+ badby ® 1 = dby ® by + db; ® by and this is zero because both b;
(being elements of /) are zero in C. The function ¢ is indeed C-linear. Additivity is clear. Next,
6(ch) =d(ch)®@1=cdb®1+bdc®@1=c(db®1)=c-5b.

Now, it follows directly from the definitions that we have a complex
///2 *6> QB/A ®g C —— Qc/A.
and so, using Lemma 1.2.2, we need to show the exactness of the complex
Dera(C, T) — Dera(B, T) — Hom¢(1/12,T),

where the first map is restriction of derivations and the second map takes a derivation d : B — T

to the C-module homomorphism ///> —+ T that takes b — db. Now, the only statement left to

check is that an A-derivation of B that takes / to zero is a derivation of C, but that is clear. O
Proposition 1.2.6. Let A be a ring, Alx] .= A[x1, ..., Xn] the ring of polynomials in n variables over
A, then

Qapg/a = B_1AlX] - dx;.
More generally, let {fi, ..., fint C Alx] and C = Alx4, . . ., ol /(R £, then

Proof. First, for any f € A[x] we have the identity in (/4.

n
of

J=1
This identity is A-linear in f, so to verify it one can assume that f = x;* ---x2" and proceed by

induction on the total degree of f. It is easy to check by induction on a; > 0 that dx;* = alelfldxl.
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Now, if a; > 0 then f = x* - x3% -+ - x3" = x{* - g and thus, using the induction hypothesis for g,
) -1 of -1 n — of ,

df =x{" Yo a0 - dx+g-ax( dxa =Y, g0 dxtang T g xindx =YL 5 - dx;.
It follows that (24,4 is generated as an A[x] module by dxi, ..., dx,. Suppose that there is a

relation between these differentials:
n
> Pdx =0,
i=1
S

for some P € Alx]. As 7 is an A-derivation of Alx] valued in A[x], there is an A[x]-module

homomorphism f; : Q4,44 — A[x] such that the following diagram commutes:

d
AlX] —— Qapq/a

\\Lf'
6]

Alx].

Under this maps we have x; — 0;;-dx; and Ox;/0x; = 0;; (Kronecker's §). It follows that f;(dx;) = §;;
and so that 0 = fi(3_7_; Pidx;) = >/, Pifi(dx;) = P (where we have used strongly that f; is a
homomorphism of A[x]-modules). Thus, each P, = 0.

To get the stronger claim, use Proposition 1.2.4, where | = (f1, ..., fm). We have,

Qc/a = (Qapgsa @apg C) /6(1/17)
> (@, C - dx;) [6(1/17),

but, as ///? is generated as a C module by fi, ..., fmand §(f) = dfi®1 =31, gg - dx; we find

that 6(//17) = ({>/_1 g—g cdxjii=1,..., m})c. O

Example 1.2.7. We provide some simple examples. More to follow!

(1) We first remark that Proposition 1.2.6 holds equally well for infinite number of variables x;
and polynomials f;. However, to simplify, we would often just consider the finitely generated
case. For example:

(2) Let K/F be a finite separable extension of a fields. Without loss of generality, K =
F[t]/(f(t)), where f is an irreducible separable polynomial of F[t]. Thus, f'(t) is non-
zero in K. Consequently, Qy/r = F[t] - dt/F[t] - f'(t) - dt = {0}.

(3) Consider now the case of a purely transcendental extension K = F(t). First, Qrpy/r =
F[t] - dt. Using localization we find that

In particular, the canonical map f : Qg(;/F — F(t), taking g(t) - dt to g(t) provides us

with an F-derivation F(t) — F(t) for which t — f(dt) = 1. This is no-surprise; this is

simply the derivation %.
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(4) Consider now that following case: F is a field of characteristic p, a € F is not a p-power

and K = F[t]/(tP — a). Then K is a field and, as dk/r(tP — a) = ptP~tdt =0,

Qp/r= K- dt.
We can therefore repeat the argument made in the previous example to deduce that there
is an F-derivation ¢ : K — K such that 6(t) = 1.

(5) Consider the cuspidal curve B = klx, y]/(y? — x3) over k. The B-module Qg has torsion
elements. Indeed, consider 2x - dy — 3y - dx, which is a non-zero element of Qg /. We
find that y(2x - dy — 3y - dx) = 2xy - dy — 3x3 - dx = x(d(y?> — x3)) = 0. This is of
interest because we shall later prove that if we have a non-singular variety over a field k,
for example a non-singular affine variety Spec(A), where A is a finitely-generated k-algebra
that is a domain, then the sheaf of relative differentials 24/ is locally free and in particular
a torsion-free A-module. Thus, our example shows on the level of differentials that Spec(B)

is singular.

It will be very useful to us to have an even stronger form of the last proposition. The proof is

similar and is left as an exercise.

Proposition 1.2.8 (Exercise 4). Let k be a ring and A a k-algebra. Then:
(1) Qapq/c = (Qak @a Alx]) ® ® Alx] - dx; (the canonical isomorphism being induced by
Proposition 1.2.1).
(2) Letm=(fy,..., fm) be an ideal of A[x] and let C = A[x]/m. Show that

Qe = (Qa/k @a (Alx]/m)) © O (Alx]/m) - dx;,

modulo §(m/m?), where
. of
6(F) = (doF)(x) + 3 5 -,
i=1

and where for f =, ax' a; € A we let

(dof)(x) = Z da/kai(mod m) -x!.
/

1.3. Differentials and separability. Let k be a field and K = k(t) a purely transcendental exten-
sion. We have Q4)/« = k[t] - dt and so, by localization, Qx/x = K - dt. More generally,

(1) If k C L are fields and K = L(t) then Qs/x = (2 /k ®¢ L[t]) © Q14,0 - Localizing, we obtain
QK/k = QL/k ®L K@ K . dt
We note that €2,/ is a vector space over L and we conclude that

dimK(QK/k) :dimL(QL/k)—l—l, K = L(t).
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(1) If K = L[t]/f where f is a separable and irreducible polynomial in L[t] then we find, using
Proposition 1.2.8, that

QK/k = (QL/k RLKEK- dt) /<6f>L[t]r
where 6f = (dof)(t) + %dt. As (f,%) = 1 we have % invertible in K and it follows that
Q=2 @ K. In this case,

dimk (Qk/k) = dimp (2 /x),  K/L finite separable.

We recall the notion of a separating transcendence basis. Let K/k be an extension of fields. A

transcendence basis {t,} is called a separating transcendence basis if the extension K/k({ty}) is

(algebraic and) separable. If k is a perfect field, any extension K/k has a separating transcendence

basis. Our discussion so far gives the following.

Corollary 1.3.1. Let K/k be a finitely generated field extension that has a separating transcendence
basis. Then,
dimu (Qx k) = tr. deg.(K/k).

Now, in considering how field extensions are built?, there are two more possibilities to consider.

They only need to be considered in characteristic p.

(Ill) kK C L C K an extension of fields of characteristic p, K = L[t]/(t? — a) where a € L. In
this case, in the notation of Proposition 1.2.8, §(t” — a) = d; /«(a). There are two possibilities. If
d; /k(a) = 0 then
Quie =@ K& K- dt.
Thus,
dim (Qu/) = dime (/) + 1, K = L[t]/(t" — a), d jx(a) = 0.

(IV) The remaining case is when d; /(a) # 0 (and the rest is as above). In this case we find that

dimK(QK/k) = dImL(QL/k) > 0.

Our goal is to prove now that if dimy (k) = tr. deg.(K/k), and K is finitely generated over k,
then K has a separating transcendence basis over k. As K can be obtained from k by iterating
constructions as in (I) - (IV), we may conclude that if for a subfield L/k we have 2, , # 0 then
also Q2 # 0.

2Any Field extension K/L has the following filtration L C L; C L, C K, where L1/L is a purely transcendental
extension, Lo/L; is an algebraic separable extension and K/L is an algebraic purely inseparable extension, which
means that every element of K not in L, is not a root of separable polynomial with coefficients in Lo. If K/L, is a
finitely generated non-trivial extension, then [K : Lo] = p?, a > 0, and p is a prime equal to the characteristic of L.
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Said differently, if we assume first that Q/, = {0} then it follows that for every subfield k C
L € K we have €,/ = {0}. In this case we find that K is obtained from k using only construction
(1), repeatedly. Thus, K/k is a finite separable extension.

Now suppose that dimK(QK/k) = r and choose elements xq, ..., X, such that dxy, ..., dx, are
a basis for the K-vector space QK/k. Let L = k(xq,..., x:). We have the exact sequence of

Proposition 1.2.1
QL/k QR K — QK/k — QK/L — 0.

As all dx; are in the image of the first arrow, the first arrow is surjective and consequently €2, =

{0}. By the previous case treated, K is separable over L. Because K and L have the same

transcendence degree over k, and the transcendence degree of L over k is r if and only if {x, ..., X}
are a transcendence basis, it follows that {xi,..., X, } are a separating transcendence basis for K
over k.

In summary, we have proved the following theorem.

Theorem 1.3.2. Let K/k be a finitely generated field extension. Then K/k has a separating
transcendence basis if and only if dimy(Qy k) = tr. deg.(K/k). If this equality holds, and say
r=dimk(Qx/x), any subset {x, ..., X} C K such that {dxi, ..., dx;} are a basis for Q. over

K is a separating transcendence basis for K/k.

1.4. Differentials for local rings. In this section we consider the differentials of a local ring (B, m)

under the assumption that there is a map k := B/m — B such that the composition
(1) k— B— B/m =k,

is the identity map. This situation is typical for varieties V' over an algebraically closed field k. If v

is a closed point of V' then k(v) is naturally isomorphic to k.

Theorem 1.4.1. Let B be a local ring containing a field k as above (1), then
Qp/k ®g k = m/m?.

Proof. From Proposition 1.2.4

0
m/m2 HQB/k ®B k HQK//( —0
I
0

Thus, ¢ is surjective. To show § is injective, we need to show that the dual map 6* is surjective,

where

6" : Homy(Qp/k @ k, k) — Homy(m/m?, k).
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However, Homy(Qg/x ®g k, k) = Homg(Qg k. k) = Dery(B, k). Given h € Hom(m/m?, k) define
a derivation dj € Dery(B, k) in the following way. First, note that B = k & m and so we can write

any element of B as A+ m, X € k, m € m. Define then
dn(A+ m) = h(m).

We claim that this is a k-derivation. Additivity is clear. Now, (A1+m1)(Ao+m2) = A do+(A1ma+

Aamy) + mimy and so

dp((A1 + m1) (Ao + m2)) = h(A1mo + Xomy + mymo)
= X1h(mz) + Xoh(my)
= (A1 + m1)h(mz) + (A2 + mz)h(m)
= (A1 + my)dp(A2 + m2) + (A2 + m2)dp(A1 + my).
To verify it is a k-derivation, we only need to check that d,(A) = 0, A € k, but that is clear. Finally,
we check that §*(dp) = h.
The derivation we defined comes from the homomorphism QB/k ®p k —> k that has the property

that AIX® 1+ 0, X € k and dm® 1 = h(m) for m € m. The map § : m/m? — Qg4 ®p k takes

mto dm® 1 and so the induced homomorphism m/m? — k is m + §(m) = dm® 1+ h(m). O

Example 1.4.2. Let k be an algebraically closed field. Suppose that V' is a variety defined in A} by

the polynomials {fi,...fy»}. Namely, in classical algebraic geometry V is the collection of n-tuples
(va,..., Vp) such that fi(vq, ..., vp) =0foralli=1,..., m. Suppose (and that can always be
achieved by change of coordinates) that 0 = (0, .. ., 0) € V. Let us consider the maximal ideal at
the point 0.

Denote by fj 1 the linear term of f;. Note that f; = fi; (mod mz). We therefore find that
m/m? = &% kx;/{fi1,..., fm1)k.
Thus,
Homy(m/m?, k) = {(v1,..., V)t fia(va, .., V) =0,/=1,..., m}.
Note, however, that

Fa(Ve, . Vo) = <<§£<o> .....

o
Oxp

(@), (vi,-... va)),

where the brackets on the right are “inner product”. Another way to phrase this calculation is that
the Zariski tangent space we have studied in the last term (i.e., Homx(m/m?, k) in our case) can

in this case be interpreted as the linear subspace of A} defined by the linear equations

- 0f)

Bx; ©0)-x, Jj=1,..., m.
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If k is the field of complex numbers, we recognize these equations as the equations for the tangent
vectors to V at 0. This strengthens our interpretation of Homy(m/m?, k) as the tangent space at
the point x corresponding to the maximal ideal m.

The moral of the story is that we have a sheaf QB//« at this point over Spec(B) but soon in
general, that deserves the name the cotangent sheaf. It has the property that its reduction modulo

m, namely, Qg ®p k is the dual of the Zariski tangent space.

1.5. Globalization. We have so far defined a B-module $2g/4 for a ring homomorphism A — B.
Through the method of constructing quasi-coherent sheaves we thus have a quasi coherent mod-
ule QB/A for a morphism SpecB — SpecA. It behaves “sensibly” relative to base-change and
localization (Proposition 1.1.6). We would now like to extend our construction to any morphism
f . X — Y of schemes, making use of Proposition 1.1.4.

Let f : X — Y be a morphism of schemes and A : X — X xy X the diagonal morphism. Recall
that A(X) is a locally closed subscheme of X xy X. Namely, there is an open subscheme W of

X xy X in which A(X) is a closed subscheme defined by a quasi-coherent sheaf of ideals .#>.

Definition 1.5.1. We define
Qxjy = A (I /.72).

Note that $2x,y is quasi-coherent Ox = Op(x)-module and if X = Spec B,Y = Spec A then
Qx/y = S2gya. The following results follow from their affine counterparts by the usual topological
sheaf-theoretical arguments (namely, reduce to the affine case using general properties of sheaves

and Proposition 1.1.6).
Proposition 1.5.2. Letf : X — Y, g:Y' — Y be morphisms and consider the cartesian diagram,
where X' = X xy Y':

x Lo x

f’l J{f

y sy
Then:

Qxryyr Z(9) iy -

Proposition 1.5.3. Let X _f. Yy 2~ 7 be morphism of schemes. There is an exact sequence

of Ox-modules,

*Qy)z —Qxyz Qx/y 0.

3Recall that X — Y is a separated morphism, which is by-and-large the case of interest to us this semester, if
and only if W is equal to X xy X; that is, if and only if A(X) is closed in X xy X.
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Proposition 1.5.4. Let f : X — Y be a morphism of schemes and Z a closed subscheme of X

defined by an ideal sheaf .%. There is an exact sequence of Oz-modules:

4
j/j24>Qx/y®024>Qz/y4>O.
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2. Non-singular varieties

2.1. A quick reminder concerning varieties over algebraically closed fields. \We give a quick and
partial resumé of some results concerning varieties over an algebraically closed field k. One should
really read through Hartshorne's Chapter | and Mumford’s Chapter | to have anything similar to a

descent introduction. We recall the kind of varieties we have:

(1) Affine varieties. These, by definition, are closed irreducible subsets V' of A} for some n.

Namely, using that k[xi, ..., x»] is noetherian, they are defined by the vanishing of finitely

many polynomials f;, ..., fm of kx1, ..., xn] and are thought of as the sets of points V =
{va,coo vn) €k fi(vi,...,vn) =0,j =1,..., m} (as opposed to considering the scheme
Spec(k[x1, ..., xn]/1), where | = (f1, ..., fm)). As in classical algebraic geometry one only

deals with reduced schemes, the ideal / is assumed to be a radical ideal and, in fact, as
varieties are irreducible, / is a prime ideal. Closed irreducible subvarieties of V' correspond
to prime ideals J containing /, namely to points of the scheme Spec(k[x1, ..., xn]/I).

(2) Quasi-affine varieties. These are by definition open subsets of affine varieties. If U C V
is an open subset of a variety V then it follows that U is covered by open subsets of the
sort Vf, where here we are using our scheme notation: V; = Spec (k[x1,...,xp|/1)f =
Spec k[x1, ..., xn, ¥]/{l,yf —1)

(3) Projective varieties. They are, by definition, closed irreducible subsets of P}. We we have
seen that they are determined by homogenous ideals a C k[xp, . .. ,><,7].4 From one of our
main results in the previous semester it follows that any projective variety X is a proper
scheme over k. Namely, the morphism X — Spec(k) is proper, and in particular for every
variety V' (affine, or projective) the morphism X x V — V is a closed map. In addition, X
is separated.

(4) Quasi projective varieties. These are open subsets of projective varieties. Note that these
are the most general. Any projective variety V C P” defined by a homogenous ideal a has
a cover by affine open subvarieties V' = ULV, where V; is defined by the elements of
degree 0 in the localization of / in the variable x;, namely, by I[x,.’l]o. Any of the previous

varieties are in fact quasi-projective varieties. It follows that every quasi-projective variety

is separated and has a basis consisting of affine varieties.

All those examples, viewed as schemes, are reduced, irreducible schemes of finite type over k. One

can define an abstract variety to be a scheme which can be exhibited as a finite unions of such open

subschemes. In general, abstract varieties are not quasi-projective anymore; namely, they are not

necessarily isomorphic to subsets of any projective space. This flexibility is desired, in fact, and is

4Recall that we have seen that for any ring R closed subschemes of P% can be defined by homogenous ideals
a C R[x, ..., Xa]. To get a bijection one should restrict attention to such ideals that satisfy a : (xo,..., Xn) = a.
Namely, to ideals with the property that if x;,f € a for every i = 0, ..., n then f € a. Note that this corrects a
statement made last semester. It is indeed true that every homogenous ideal defines a closed subscheme and that
every closed subscheme is coming from a homogenous ideal. But, as many different ideals may define the same closed
subscheme, to get a bijection one needs to restrict to “saturated” ideals.
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the reason for this more general definition. One can also define morphisms of abstract varieties in
a direct manner. The key step is the definition for a morphism of affine varieties Vj — V%, where

V; C A", Suppose that V% is defined by the polynomials fi, ..., fm. Then,
Hom(\/lr \/2) = {(gl 1111 gn2) g/ E k[Xl """ an],VQ e \/1 VJ = 1 llll ml

fi(gi(a). . ... gny(a)) = 0}.

However, the category of abstract varieties over k is equivalent to the category of reduced, irreducible

schemes of finite type over k with k-morphisms ([M], Theorem 2, page 88).

2.2. Non-singular varieties: definition, differentials and the Jacobian criterion. k is an alge-

braically closed field.

Definition 2.2.1. Let S be a scheme over Spec(k). We say that S is regular at a point x if the
local ring Os  is a regular local ring, namely, if dmOsx = dimk(x)(mx/m)%). We say that S is

regular (or non-singular) if it is regular at each of its points.

Theorem 2.2.2. Let S be an abstract variety.

(1) S is regular if the local ring of every closed point is regular.

(2) The local ring B of a closed point x is regular if and only if Qg is a free B-module of rank
equal to dim B. Moreover, S is regular if and only if Qg is a locally free module of rank
equal to dim S.

(3) Given a closed point x € S, we can find a neighbourhood of x in S of the form

Spec k[xi,..., xpl/{f1, ..., fm), where x corresponds to the point 0, i.e., to the ideal
(X1, ..., Xn). Then S is non-singular at x, namely, the local ring of x is regular, if and
only if

of; .
n— rk(ﬁ—XJ(Q),J) =dimS.

Remark 2.2.3. Before the proof recall that if V = Spec(A) is an affine variety of k, k(V) = Frac(A)
its field of functions then we have

dim(V) = dim(A) = tr.deg.,(k(V)) = dim(Ay) + dim(A/p),

for every prime ideal p of A. Here dim(V) is the topological dimension and the dimension of a ring

means its Krull's dimension.
Another tool required for the proof is Nakayama’'s lemma and a corollary of which.

Lemma 2.2.4 (Nakayama). Let (A, m) be a local ring and M a finitely generated A-module. If
mM = M then M = 0.
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Corollary 2.2.5. Let M be an A module that is finitely generated. Suppose that xi, ..., X, are
elements of M that generate the A-module M/mM. Then xq, ..., Xpn generate M.

Proof. The first claim follows from a theorem stating that the localization of a regular local ring
by a prime ideal is again a regular local ring. This theorem is actually not easy to prove and refer
to [Mat] for the proof. However, given the theorem, since the local ring of any point of S can be
obtained this way (reduce to an affine variety concerning the point in question), we are done.

For the second claim we first note that it follows from the nullstellensatz that if x is a closed
point, B its local ring, then the composition k — B — B/m = k is the identity. Now, suppose
that Qg is free of rank equal to dim B. Then g/, ®pg k is a k-vector space of dimension equal
to dim B but also of dimension equal to dimy(m/m?) (Theorem 1.4.1). Therefore, B is a regular
local ring.

Conversely, suppose that B is a regular local ring of dimension r. Thus, dimy(Q2g/, @ k) = r.
On the other hand, if K is the fraction field of B then Qg/, ®g K = (k. As k is algebraically
closed, hence perfect, K is separably generated over k and thus by Theorem 1.3.2 dimk(Q2x/x) =
tr. deg.(K/k) = dimB = r (where we have used results about dimension that we have already
mentioned in the first term).

Now, it follows from our computations of differentials for quotients of polynomial rings that 2
is a finitely generated B-module. Thus, by Nakayama's lemma, there is a surjective homomorphism
of B-modules

B" — Qp/y.
Let R be the kernel. We have an exact sequence
0—R-—B"— Qg —0.
As K is flat over B, we get an exact sequence

0— R K — K' — Qg — 0.

Our results about the dimension of Q. imply that R®g K = {0} but R C B" and so is torsion
free as B-module. This implies that R = {0} and so that Qg is a free B-module.

Using localizations we conclude that if S is regular then g/, is locally free at every point of S -
in the sense that if B is the local ring of that point then {2z is free B-module. As we have already
used in the past, this implies that Qs/k is locally free - in the sense of existence of an open cover of
S, S = US; such that over each S;, Qs /k = Qs/kls, is a free Os;-module.

We now prove part (3). Let a = (xq,..., Xn). We have an isomorphism
of of
. 2 n —
6:a/a” — k", o(f) = <6x1(0) ..... 8xn(0)> :
Letb=(f,..., fm). Note that a 2 b and

n— rk(S)Z(O),-J) =n—dimo(b).
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Let m be the maximal ideal of the point 0 of S. Then
m/m® = a/(b +a®) = (a/a®)/((b + a*)/a?).

Therefore,
dimy(m/m?) = n — dimx((b + a2)/a?)
= n —dimg 6(b)

of;
=n-— rk(&(g)/}j)-
v

If B is the local ring of 0 on S then dim(B) = dim(S) and B is regular if and only if dimy(m/m?) =
dim(B), i.e., if and only if

- rk(SXf;(o»,j) — dim(S).

We finally have a workable criterion for deciding non-singularity. Let's look at some examples:

Example 2.2.6. Consider the cuspidal curve C given by y?>—x3 in A%. Note that its field of functions
is k(x)[y]/(y?® — x3) which is of transcendence degree 1 over k. Thus C is really of dimension 1,

justifying calling it a ‘curve’. A point P on C is singular if and only if
(—=3x*(P),2y(P)) = (0,0).

This only happens (in any characteristic) if P = (0, 0), which is indeed a point on the curve. Thus,
over any field k there is a unique singular point, the point P = (0, 0).

For a point P = (a, b) on the curve, the tangent space is defined by the equation —3a°x+2by = 0.
Note that this is a line at every point but (0, 0), where it is a plane.

Example 2.2.7. Let C be the nodal curve y? — (x3 + x?) in A2, In this case

%, Z;) = (—3x% —2x,2y).
In characteristic different from 2, the singular points must satisfy y = 0 and thus that x = 0, —1
(else the point is not on the curve). But at x = —1, —3x% — 2x = —1 # 0. Thus, in characteristic
different from 2, there is a unique singular point which is the point (0, 0). At that point, the tangent
space is equal to A?. In characteristic 2 the vanishing of (—3x? — 2x, 2y) implies that x = 0, hence

that y = 0 and so, again, the only singular point is (0, 0).

Example 2.2.8. Consider the cubic curve y?z — x3 — z3 in P2. Let us determine under which
conditions it is non-singular. On the chart z # 0 it is given by s° — t3 — 1 with partial derivatives
(25, —3t2). For characteristic different than 2,3, the vanishing of the partial derivatives implies

s = t = 0, which is not a point on the curve. In contrast, in characteristic 2, 3 there is a point on
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the curve s2—t3—1 for which both partial derivatives vanish. We thus assume that the characteristic
is different from 2, 3.

In the chart y # 0 we find the equation s — t3 — s with partial derivatives (1 — 3s°, —3t2), the
vanishing of which implies t = 0 and s® = 1/3, which is not a point on the curve. Simliarly, in the
chart x # 0 we find the equation y?z — 1 — z3 with partial derivatives (2yz, y?> — 3z%). We only
need to consider the situation at the point y = z = 0, as all other points were already considered
in other charts. But this point is not on the curve at all and we are done. That is, the curve is

non-singular if and only if the characteristic of the base field is different from 2, 3.

Exercise 2.2.9 (Exercises 6 - 9 in our count). Do the Exercises in Hartshorne, Chapter |, exercises
5.1,5.2,53,55.

Theorem 2.2.10. Let X be an abstract variety over k. Then the set of singular points X5"9 of X

is a closed proper subset of X.

Proof. As X has a finite cover by open affine subsets, we may assume that X C A" is affine,
say X = Z(I), where | = (f,..., fm) is a prime ideal. Suppose that dim(X) = r. Then, by
Theorem 2.2.2, the singular closed points of X are the points where

of;
rk(a—Xi) <n-—r.

Namely, it is the closed set defined by the vanishing of the determinant of all (n—r) x (n—r) sub
matrices.

To show this is a proper closed set consider the generic point of X. There /. is a free K-
module of rank equal to tr. deg.(K/k) = dim(X) (as k is algebraically closed, hence perfect). Thus,
Qx/« is free of rank equal to dim(X) in an open neighbourhood U of the generic point and all the

points of U are non-singular by Theorem 2.2.2. O

2.3. The tangent cone. The tangent space informs us about where singularities occur, but it is not
informative about the type of singularity. For example, at the singular points of both the cuspidal
and the nodal curve the tangent space is two dimensional, but the behaviour of the curves at those
points seems different. The tangent cone will allow us to capture this difference. The material in

this section is given as a series of guided exercises. Let k be an algebraically closed field.

Exercise 2.3.1 (Exercise 10). Given a non-zero polynomial f € k[x1, ..., Xp] write f as a sum of its
homogenous parts

f="f+-+1n,
where f; is the homogenous part of f of weight / and f, # 0. Define

fri="f,
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and define for an ideal / of k[x, ..., Xn),
I*={(f*:fel.

Prove that /* is a homogeneous ideal. Show by example thatif / = (f, ..., fm) then I D (ff, ..., £,
but they may not be equal. Show by example that / need not be a radical ideal.
Show, however, that if /| = (f) is a principal ideal then /* = (f*). Calculate /* for the cuspical

and nodal curves.

Exercise 2.3.2 (Exercise 11). Let Y be an affine variety over k with coordinate ring k[Y] =
kixi, ..., xn]/1. Assume that 0 € Y. Define the tangent cone to Y at 0 as the scheme

Cy,o = Spec(kxi, .. ., Xa]/17).

Let us write k[x1, ..., Xp] = O kX1, ..., Xn]a, the sum of the homogenous parts. Prove that if
I=(f,..., fm) then I* N k[xq, ..., Xnl1 = (A1, ..., fm1). Deduce that the tangent space T to the
tangent cone at 0 is equal to the tangent space Ty of Y at 0 and that there is a natural closed
immersion

CY’Q — Ty'Q.
Here are some examples:

Example 2.3.3. For the cuspidal curve Y : y2 = x3 we find that Cyy = Spec(k[x, y]/(y?)). It
embeds as a closed subscheme of A% = Ty.

For the nodal curve Y : y2 = x2(x + 1) we find that Cyo = Spec(k[x, y]/((x + y)(x — y)) which
is a union of two lines crossing transversely at 0. It embeds as a reduced (but reduced) closed
subscheme of A% = Ty.

For the cone Y : x? + y? = z2 in A3 we find that Cy =Y. The partial derivatives (2x, 2y —22)
vanish at 0. Thus, the tangent space at 0 is A3 in which the cone embeds as a reduced, irreducible

closed subscheme.

Exercise 2.3.4 (Exercise 12). Give an example of a curve Y in A3, passing through 0, such that
Tyo = A3 and whose tangent space consists of lines whose linear span is Tyo. In contrast give an
example of a curve Y in A3, passing through 0, such that Tyo = A3 and the reduced underlying

scheme of Cy is a single line.

Exercise 2.3.5 (Exercise 13). Let A be a local ring with maximal ideal m. Define the associated
graded ring,

gr(A) = &2 gm? /m*,
(where, by definition, m® = A). Let k = A/m prove that gr(A) is a graded k-algebra. Prove that

if x1,..., Xp generate m/m? then there is an isomorphism

gr(A) Z k[xq, ..., xn] /1",
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where I* is some homogenous ideal of k[xy, ..., X,], where the isomorphism is as graded rings.
Suppose next that Y is an affine variety defined by an ideal / and that 0 € Y. Let A = Oy, with

maximal ideal mA, where m = (xq, ..., x,)//. Prove that
gr(A) = kxy, ..., xp)/I",
where /* is the ideal generated by the leading homogenous terms of the elements of /. Conclude,

Cy = Spec(gr(A)).

The preceding exercise has the important conclusion that the tangent cone is intrinsic; it can
be defined as Spec(gr(A)) and thus does not require introduction of coordinates. In particular, we
have an elegant extension of the definition. For every abstract variety Y over k and a closed point
y €Y define Cy,, = Spec(gr(A)), where A= Oy,

For the following lemma see [Eis], Exercise 13.8.
Lemma 2.3.6. Let A be a noetherian local ring then dim(A) = dim(gr(A)).

Corollary 2.3.7. Let Y be an abstract variety over k and y € Y a closed point. Then

dim(Cy,,) = dim(Y).

Suppose now that Y is non-singular at y. Thus, dimTy, = dim(Y) = dimCy, and, as
Cyy, < Ty, we conclude that Cy,, = Ty, and Cy,, is reduced.
Conversely, suppose that Cy, = Ty, then dim(Y) = dim(Cy,,) = dim(Ty,,) and so Y is non-

singular at y. To summarise:
Corollary 2.3.8. Y is non-singular at y if and only if Cy,, = Ty,,.

Exercise 2.3.9 (Exercise 14). The Cayley cubic is a singular surface given in P® by the equation
710 + x% + 712 + 713 = 0, which we can write in polynomial form by multiplying by xgx1x>x3. Note that
there is an action of S4 on this surface.

Find the singular points of this surface. There are 4 of them. Show that any two singular points
lie on a line lying on the surface. This gives 6 lines. Find the tangent cone at each singular point.
Prove that there are at least 3 more lines on the Cayley cubic. One of them is given by the equations
Xo+x1 = x2+x3 = 0. In fact, these 9 lines are all the lines lying on the Cayley cubic, but this
requires some work. Find the overall configuration of intersections between the 9 lines.

The Cayley cubic is the unique singular cubic in P3, up to isomorphism, with 4 ordinary double
points and no other singular points (4 ordinary double points is in fact the maximal number of

ordinary double points possible for a cubic surface).
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3. Rational maps and birational equivalence

Once more k is an algebraically closed field. To simplify matters, in this section we shall only
consider quasi-projective varieties over k. Since [P} is proper, it is separated and thus every quasi-
projective variety is separated. Consequently, if ¢; : X — Y,i = 1,2 are morphisms between
quasi-projective varieties such that 1|y = 2|y for some non-empty open subset U of X, then

1 = ©>. More precisely, the set of points of X for which 1 = @5 is a closed set.

Definition 3.0.10. A rational map X — oY isan equivalence class of pairs (U, ay), where U C X
is an open non-empty set and ay : U — Y is a morphism. The equivalence relation is defined by
decreeing that (U, ay) ~ (V,ay) if aylunvy = av|uny. We call ¢ dominant if for some U (hence

for any U) the closure of ay(U) =Y.

There is a well defined notion of composition of dominant rational maps X — LV v > Z that

allows for the following definition.

Definition 3.0.11. A birational map X - ®~Y is a dominant rational map such that there is a

dominant rational map Y - v, X such that Y o = 1x and @ o = 1y (equalities as rational

maps). We say that X and Y are birationally equivalent and write X ~ Y if there is a birational

morphism X ——>Y .

Now, given a variety X, we may associated to it its field of functions k(X), which is, equivalently,
(i) the local ring of the generic point of X, (ii) The fraction field of any open affine subvariety of
X, (iii) the fraction field of the local ring of any point x of X. It is a field that is finitely generated

over K.

Given a dominant rational map X — oy , the generic point of Y is necessarily the image of
the generic point of X (to see that most easily, reduce to the case where X and Y are affine) and

so we have an induced map ¢* : k(Y) — k(X).

Lemma 3.0.12. Let p;: X — ®~Y be dominant rational maps such that @] = @5 then 1 = o

as rational maps. Any ring homomorphism k(Y) — k(X) comes from a dominant rational map

X-2.vy.

Proof. Let U be a non-empty open set on which both ¢; are defined. We note that the subset of U,
{®p1 = >}, includes the generic point and is closed, hence equal to U. Thus, @1 = ¢, are rational
maps.

For the second claim, take any open affine Spec(A) in Y, where A is a finitely generated k-

algebra: say gi,...,g: are generators. Then A — k(Y) — k(X) = “ﬂ Ox(U), the limit taken

over all non-empty open sets U of X. Under the composition, g; — h; € k(X) and so there exists
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an open, and thus open-affine, set U such that h; € Ox(U), i =1,..., t. This gives us a morphism

U — Spec(A), and thus a rational map X — ® - ¥ that induces Q. O

Theorem 3.0.13. There is an anti-equivalence of categories between:
(a) the category of quasi-projective varieties and dominant rational maps;

(b) finitely generated field extensions K/k with k-algebra homomorphisms.®

Proof. We have already constructed a function (a) — (b) and we have shown that it is fully-faithful.
The only thing remaining is to show essential surjectivity. Namely, that every finitely generated field
extension K/k arises from some quasi-projective variety. Indeed, if K is generated by g1, ..., gn as

a k-algebra the consider the map
k[x1, ..., xn] — K, Xj — gi.

The kernel is an ideal /, which is prime and defines an irreducible affine variety X. The function
field of X is the field of fractions of k[xy, ..., Xn]/1 which is, on the one hand, contained in K but,

on the other hand, contains generators for K/k, hence equal to K. O

Corollary 3.0.14. The following are equivalent for two varieties X,Y over k.
(1) X ~Y;
(2) k(X) = k(Y) as k-algebras;
(3) there exists non-empty isomorphic open sets U C X andV C Y.

Proof. The equivalence of (i) and (ii) is the theorem. That (iii) implies (i) follows from the definitions
directly. Suppose that (i) holds then there is an open non-empty subset Uy € X and a morphism
@ : Ug— Y and a non-empty open subset V5 C Y and a morphism ¥ : Vy — X such that
whenever the compositions ¢ o and v o @ are defined, they are the identity. Let U = ¢~*(\4) and
V =U. The map ¢ : U — V is surjective by definition and 1 is defined on V. Thus, ¢ : U — V

is an isomorphism. O

Corollary 3.0.15. Every variety of dimension n is birational to a hypersurface in P"™1. In particular,

any curve is birational to a plane curve and any surface is birational to a surface in P3.

Proof. Let Y be a variety and K = k(Y'). As k is algebraically closed, K has a separating transcen-
dence basis {x, .. ., Xptand [K : k(xq, ..., Xn)] < oo (being a finitely generated algebraic extension).
By the primitive element theorem there is an irreducible polynomial f(y) € k(xi, ..., xn)[y] such
that K = k(x, ..., xn) Y]/ (F(¥)).

Suppose that f = Y ay' ai € k(xi, ..., Xp). We can multiply f by a non-zero polynomial
aekixy,. .., Xn] (which is a unit of k(xy, .. ., Xn)) without changing the ideal (f(y)) and thus we may

as well assume each a; € k[xq, ..., Xn]. Therefore, K is the fraction field of k[xq, ..., Xn, Y1/{f(y)).

5By that we mean that there are elements g1, ..., gr in K such that the minimal subfield of K containing k and all
the gi is K. This is different than saying the K is a k algebra of finite type.
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This defines a hypersurface in A"t whose function field is K, and by taking the closure in P! we

get a projective hypersurface. O
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4. Curves

Although our main interest is to start the study of curves, we need some algebraic preliminaries.
The local ring of a point on a curve will turn out to be a discrete valuation ring, which is a very
powerful result. To understand such rings and how to prove that the local rings are such, we require

some knowledge of valuation rings.

4.1. Valuation rings.

Definition 4.1.1. Let K be a field and G a linearly ordered abelian group6. Usually the group law

on G is written additively. A valuation of K with values in G is a function
v:K*—G,
such that for all x,y € K*:
(1) vixy) = v(x) +v(y);
(2) v(x+y) = min{v(x), v(y)}.

Remark 4.1.2. It is easy, and useful, to check that a, b€ G and a > 0, b > 0 implies a+ b > 0 and
—a < 0. Also, one deduces from the definition that v(1) =0 = v(—1).

Example 4.1.3. Here are the two standard examples:

(1) Let p be a prime number. Define a valuationon Q, v, : Q* — Z, by vp(x) = rif x = p"- £,
where p t ab. The valuation ring defined below - the elements of non-negative valuation -
is Zpy, the localization of Z at the multiplicative set Z — (p). Thatis, Z,) = {f : a,b €
Z,pt b} and its maximal idea is pZ,y = {4 :a, b € Z, pt b}.

(2) Let F be a field and let f(t) be an irreducible monic polynomial of F[t]. Define v¢ :
F(t)* — Z, by v¢(g) = rif g=f"- § where a, b € F[t], f { ab. The valuation ring is the
localization F[t](¢(+)) and its maximal ideal is () - F[t](¢(s))-

Lemma 4.1.4. Let v be a valuation on K. Let

R={xe€ K:x=0 orv(x)> 0}
Then R is a local ring with maximal ideal

m={xe K:x=0orv(x)>0}.

It has the property that for every x € K either x € R or x~* € R (or both).

Conversely, let R be an integral domain with field of fractions K. Suppose that for all x € K,

1

either x or x~+ are elements of R (or both). Then R is a valuation ring.

5Thus G is a linearly ordered set and if a > b then a+ ¢ > b+ ¢ for all c.
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Proof. The fact that R is a ring and m is an ideal follow directly from the definition and the remark
following it. If x € R —m then v(x) = 0 and thus v(x~!) = v(1) — v(x) = 0 — 0 = 0. It follows
that x~! € R. That is, every element of R not in m is a unit. Thus, R is a local ring. Finally, as

1

v(x71) = v(1) — v(x) = —v(x) it follows that for every element x of K either x or x~! are in R.

Conversely, let R be a domain with the stated properties. We build a valuation on K that would
produce R as its valuation ring. Let
r=K*/R*,
which is an abelian group, written multiplicatively. For 3, b € I, say that
3>b ifableR

This is well defined, meaning independent of the chosen representatives for &, b. We note that:

(1) 5> 3
(2) If 3> band b > € then ab™! and bc™! are in R and thus so is ac™! = (ab~1)(bc™1).
Thatis,a>c

(3) If 3 > b and b > 3 then both ab™! and ba=! are in R. Namely, ab-! € R* and so
b=b-ab-1=ainT.

(4) For any 3, b, either 3> bor b> a.

(5) Finally, if 3> b and € any element then 8¢ > b as ac(bc)™! = ab~! € R.

Thus, I is a linearly ordered abelian group. Define now a function
v:K* —T, v(a) = a.

We claim that v is a valuation. Indeed, that v(ab) = v(a)v(b) is clear. Suppose that v(a) > v(b),
namely, that ab! € R. To show v(a+ b) > v(b) we need to show that (a+ b)b~! € R. But
(a+b)b~t =1+ ab~!. Thus, we have shown that v(a+ b) > min{v(a), v(b)}. O

Definition 4.1.5. Let K be a field. Define an order on the set of local rings that are contained in

K as follows. Say that (A,my) < (B, mp) if AC B and mg N A =mx (equivalently, mas C mp).

Theorem 4.1.6. A valuation ring of K is a maximal element of the set of local rings of K. Any

maximal element is in fact a valuation ring.

Proof. In fact the proof is not that easy and we will have to sacrifice too much class time to explain
it. We refer to [AM], Theorem 5.21. Here we only prove the easy part:
Let (R, mg) be a valuation ring and suppose that (R, mg) < (S,ms). Let x € S. If x € R we

are done. Else, x~! € R, and in fact, x~! € mg (else, x*

is a unit of R and so x € R leading us
to the previous case). But then x~! € mg, which implies that x ¢ S. Contradiction. Thus, every

x € S belongs to R and so R=S. O

Definition 4.1.7. A valuation v : K* — G is called discrete if it is surjective and G is isomorphic

to Z as an ordered abelian group.
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One of the main results in this section is the following theorem:

Theorem 4.1.8. Let A be a noetherian local domain of dimension 1. Let m be its maximal ideal

and k = A/m. The following are equivalent:

(1) A is a discrete valuation ring.

(2) A is integrally closed in its fraction field K.

(3) m is a principal ideal.

(4) A is a regular local ring, that is, dimy(m/m?) = 1.

To prove the theorem we will use Nakayama's lemma; In addition, the following observations will

be useful.

(1) Let a<tA be a non zero ideal then a O m" for some r. Indeed, /a is the intersection of

prime ideals, by a general result about commutative rings we proved last term. But there is
only one non-zero prime ideal, m. Thus, v/a = m. As A is noetherian, m is finitely generated
and it follows that a © m" for a large enough integer r.

(2) Foralln>0, m" # m"™! Else, we would have mm” = m”, which implies by Nakayama that

m” = 0. This contradicts the integral domain assumption (as m # 0 by the dimension 1

hypothesis).

Proof. (1) = (2).
In fact, any valuation ring A is closed in its field of fractions K. If x € K is integral over A, then x
satisfies x" + ap_1x"" 1 4 -+ ag = 0, for some a; € A. If x € A we are done. Otherwise * € A

X
and we find that

1 1
x=—(an +---+ al(;)”_2 + ao(;)”‘l) € A.

(2) = (3).
Let a € m,a # 0. There exists some n such that (a) 2 m” but (a) 2 m"!. Choose then
b€ m' ! —(a) and let x = a/b. We will show that m = (x).

If x~1 € A ie. b/a€ A then b € (a). So that can't happen. Thus x~! ¢ A and therefore

x~1is not integral over A. Now, if x 'm C m then, as m is a finitely generated A-module (A is

Lis integral over A by a well-known criterion. Thus, x "'m € m. On

noetherian), if follows that x—
the other hand x 'm = gm C A, because bm C m” C (a) = aA. Thus, we must have x " 'm = A

and it follows that m = xA.

(3) = (4)
If m = (x) then m? = (x?) and m/m? = k - x is one dimensional (as m # m?). Thus, A is a regular

local ring.
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(4) = (1)
First, as A is a regular local ring of dimension 1 there is x € m such that m/m? = k- x. By
Nakayama's lemma, m = (x). Thus, m is principal. We shall now show that any non-zero ideal is a
power of m, hence principal too.

Let a # 0 be a proper ideal of A. Then a € m and a 2 m” for some n. It follows that there
is an r such that a C m” = (x"), but a € m"™! (else, we would also get that a C m” C m” for r
big enough, which would lead to m” = m’ for r sufficiently large, which would imply m” = m"+1),
Thus, there is an element a € a such that a = ux” and a € (x"™1); that is, u &€ (x). But that
implies that v is a unit of A, which gives x" € a. Consequently, a = (x").

Now, given a € A we have (a) = (x") for some r > 0. Define then
v(a) =r.

It is easy to check that this gives a valuation on K, when defining v(a/b) = v(a) — v(b), making A

into a discrete valuation ring. O

We would often be interested in the situation where k C K is a subfield and we consider valuations
that are trivial on k. The local ring of such a valuation is a valuation ring and so a maximal local
ring of K relative to the order we defined above. On the other hand, given a local ring of K that
contains k, note that it is the same to say that it is maximal among all local rings of K, or maximal
among all local rings of K that contain k. And in this case it is a valuation ring such that the

valuation on k is trivial. We therefore conclude,

Corollary 4.1.9. Let k C K be a subfield. There is a bijection between valuation of K whose
valuation is trivial on k (considered up to equivalence of the value group of the valuation) and local

rings of K that are maximal, relative to domination, among all local rings of K that contain k.
4.1.1. Geometric applications.

Corollary 4.1.10. Let X be a non-singular quasi-projective curve over an algebraically closed field k.
Let xo € X be a closed point. Then Ox x, is a discrete valuation ring with residue field k. Denote
the valuation vy,.

Given f € k(X), the function field of X (which is the local ring of the generic point of X ), call

vy, () the order of vanishing of f at xo.

Proof. As X is non-singular, all the local rings are regular. The local ring of a closed point is a

regular local ring of dimension 1, hence a discrete valuation ring. O

More generally, given a variety V over an algebraically closed field k and a point x on it, Oy« can
be calculated using any affine chart. Thus, we may assume V = Spec R is an affine variety and x

corresponds to a prime ideal p. We have already used in the past that

dim(V) = dim(A/p) + ht(p).
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Note also that ht(p) = dim(A,). Thus, if p is of height 1, namely, corresponds to a closed irreducible
subvariety Z C V of codimension 1, and if p is a regular point, which would be the case if, say, V is
non-singular, then A, is a discrete valuation ring. The associated valuation v satisfies that v(f) is

the order of vanishing of f along Z.

Example 4.1.11. Take X = A,l( with coordinate t and xp = 0 = (t). Let f be a polynomial and
write f = a,t" + a, 41ttt + 2,00t where a, # 0. Then vo(f) = r. This valuation extends to
K = k(t).

The same applies to any other point o € A}(, which corresponds to the maximal ideal (t — ).
Similarly, for f = a,(t — a)" + -+ + ar4n(t — &)™ with a, # 0 we have v,(f) =r.

There is yet another valuation on K, v4. It measures the order of vanishing at infinity. Namely,
if we view K as the function field of ]P’i this is precisely the valuation corresponding to the point at

infinity. This valuation is characterized by
Voo (tT1H) = 1.
This valuation satisfies the relation

Voo (F(1t)) = o (F(1/1)).

Thus, for example voo(ﬁ) = vo(?tl) =vw(t)—w(l+t)=1.
An interesting point to note is that by considering all the valuations on K we were able to discover

that there is a missing point, i.e. the point cc.

Example 4.1.12. Consider the local ring A at 0 on the curve y? = x3. This ring is Noetherian of

dimension one, being the localization of a Noetherian ring of dimension one in a maximal ideal.
The Jacobian criterion shows that the point 0 is singular. Thus, the conditions specified in

Theorem 4.1.8 fail. It is interesting to see how. Firstly, the maximal ideal is m = (x,y) (mod /),

where | = (y? — x3). Thus, we find that
m/m2§k-x@k'y,

has dimension 2. Thus, the ring is not regular and, at the same time, we see that m cannot be a
principal ideal. We also note that, as expected, A is not integrally closed. Let t = yx~!. Then

2 = x and thus t? — x = 0. Thus, t is integral over A, but t doesn't belong to A.

t2 = y2x_

Finally, A is not a dvr. Although we can define a function v on A by v(y) = 3 and v(x) = 2
and it extends naturally to a function on A (and its field of fractions), A is not the valuation ring of
v; The valuation ring contains at least k[x, y, t]/(y? — x3), which is isomorphic to k[t]. As k[t] is

integrally closed it follows that the valuation ring is precisely k[x, y, t]/(y? — x3).
Exercise 4.1.13. Do the exercises [H] 11.4.5 (a), (b).

Exercise 4.1.14. This exercise is taken from [AM] Exercises 28 and 32, page 72.
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Let [ be a totally ordered abelian group. A subgroup A of I is called isolated in " if, whenever

0<B<aand aecAthen B € A. (Perhaps a better name would have been convex.)

(1) Let A be a valuation ring with fraction field K and value group I" (in particular, v : K* — T
is surjective). Let p be a prime ideal of A. Show that v(A — p) is the set of non-negative
elements of an isolated subgroup A of I'. Show further that the mapping so defined of
Spec(A) into the set of isolated subgroups of I is bijective. (One defines the rank of the
valuation as the length n of a maximal chain of isolated subgroups Ay C --- g A,. Note
that this is therefore just the Krull dimension of A).

(2) Deduce from this correspondence that the set of prime ideals of A is totally ordered.

(3) If p is a prime ideal, prove that A/p and A, are valuation rings as well. What are the value

groups for these valuations?

Exercise 4.1.15. (Example of a valuation ring of rank 2). Consider the abelian group Z? with the

lexicographic order: (a, b) < (&', b) if either a < a’ or a= & and b < b’. Show that this is a linearly

ordered abelian group. Find its isolated subgroups.

We now proceed to finding a field with a valuation in this group. Let K be the field of formal
power series in two variables and complex coefficients satisfying the following restrictions: every
element of K is a power series .~ (X" > s p(r) Cr,sy°), where ais an integer and b(r) is an integer

depending on r.

(1) Show that K is a field.
(2) Given an element of K as above, define its valuation as the minimal (r, s) for which ¢, s # 0.

(3) Find the valuation ring and its prime ideals.

4.2. Curves: The idea, the goal and some consequences. Let Y be an affine curve with coordi-

nate ring A(Y). We are familiar with the correspondence
{closed points y € Y} <—  {maximal ideals of A(Y)},

given by y = m,. If Y is projective, we have a difficulty constructing a similar correspondence. Of
course, we could use the homogenous coordinate ring of Y and its maximal ideals, but unlike in the
affine case, the homogenous coordinate ring depends on the embedding of Y in a projective space
and typically two different embeddings do not yield isomorphic rings. Nevertheless, we note that

there is another approach that works in the affine case. There is an injective map
Y — {local rings of k(Y)}, y = Oy,.

This map is indeed injective, because for different points we localize A(Y) at different maximal
ideals to obtain the local rings. Note that we can recover the maximal ideals by my, N A(Y'). This

approach generalizes well to the case where Y is quasi-projective as the local ring of a point is an
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intrinsic notion that doesn’'t depend on the projective embedding. Thus, for Y quasi-projective, we

have a function

Y — {local rings of k(Y)}, y = Oy,y.
Lemma 4.2.1. This map is injective.

Proof. Let P # Q be distinct points of Y and say Y C P"”. We claim that there exists a function f
that is zero at P and non-zero at Q. Let g =1/f. Then g € Oy g and g € Oy p. This shows that
the local rings are distinct. Now to the construction of f: Think about P and @ as vectors in A"*1.
As linear functionals separate vectors, there is a linear functional ¢ that vanishes at P and not at
@ and there is a linear functional 9 that vanishes at neither. We can write ¢ = agxg + - - - + anxp,

P = boxo + -+ + bnxy and we let = § = footutave O

Let K/k be a function field of dimension 1; that is K/k is a finitely generated field extension
such that the transcendence degree of K over k is 1. These are precisely the fields arising the field
of rational functions of a curve Y over k. Call a dvr R C K a dvr of K/k if the valuation gives value
0 to k* and the fraction field of R is K (which is, in fact, always the case, but we shall not need to
use that).

Consider now a particular case where Y is a non-singular curve over k. In that case, we have an
injection

Y — {dvr's of k(Y)/k}, y = Oy,y.
One of the main points of this chapter is that if Y is projective, this is a bijection. This suggest
that, in some sense, a projective non-singular curve Y should be thought of as the collection of dvr's
of k(Y)/K. After developing a language allowing us to make sense of this idea, we will be able to

prove one of the main results of this chapter. Namely:

The following three categories are equivalent:

(1) Projective non-singular curves and dominant morphisms.
(2) Quasi-projective curves with dominant rational maps.

(3) Function fields K/k of dimension 1 and k-algebra homomorphisms.

We remark that the equivalence of (2) and (3) - to be precise, an anti-equivalence - is already known
to us from our discussion of rational morphisms and birational equivalence. There is also a canonical
function from (1) to (2): A projective curve is in particular a quasi-projective curve and a dominant
morphism is an example of a dominant rational map.

Let us now illustrate what the equivalence means. For example, it implies the following: Given
any quasi-projective curve Y, there is a smooth projective curve X, such that X ~ Y, equivalently

k(X) = k(Y). Moreover, X is unique up to isomorphism. Further, given a dominant rational map

f N . . .
Y1 — — > Y5, and smooth projective curves X; ~Y;, there exists a unique morphism ¢ : X1 — X5
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such that the following diagram commutes

X1L>X2
| |
| |
\ \
Vit

In particular, if Y1,Y5 are themselves smooth projective curves and Y] — L Y5> is a rational map
then f extends uniquely to a morphism Y7 — Y5.

For example, we can use these statements to conclude that if Y is a smooth projective curve and
Yo C Y is an affine curve then any automorphism Yy — Yy extends uniquely to an automorphism
Y — Y.

Before we start, we remark that any dominant morphism X — Y, where X — Spec(k) is

proper, is surjective (as the image is closed and dense). In particular, any dominant morphism

between projective curves (singular or not) is surjective.

Remark 4.2.2. One may ask whether the approach taken here for curves can be generalized to higher
dimensional varieties. Let us explain one aspect of the complications arising. It follows from our
main results that every function field of dimension 1 is the function field of a unique non-singular
projective curve C and, moreover, given any projective curve C" with function field k(C) there is a
dominant birational morphism C — C’. Already for surfaces the situation is very different.

Let S be a non-singular projective surface and k(S) its function field. There can certainly be
other non-isomorphic non-singular projective surfaces S’ with the same function field such that,
although, S and S’ are birational, there is no dominant morphism S — S’ or S’ — S. Nevertheless,
at least for surfaces we have a very good understanding how all such surfaces are related to each
other. Yet, fix such a surface S. By taking an irreducible curve C on S we get a discrete valuation
associated with it (and recall that scheme-theoretically we can think about C as a point, viz. the
generic point of C). But there are infinitely many discrete valuations rings of k(S)/k that do not
arise this way. For example, take S and blow-it up at a point s5. This is a process we shall discuss
later, but for now let us allow that it provides a nonsingular projective surface S’ and a birational
morphism 7 : S’ — S that is an isomorphism outside ™~ *(sg) and m~1(sp) is an irreducible curve C.
The valuation ring of C is a discrete valuation ring of k(S’) = k(S), but “is not visible” on S itself.
The same process can now be repeated for S’ and any point s} on it, whether lying on C or not,
and so on! It is not clear, even if we look at the set of all valuation rings of k(S)/k, which model

it should prefer. No model will capture, for example, all its discrete valuation rings.

4.3. Abstract non-singular curves. Let K/k be a function field of dimension 1; as always, k is
an algebraically closed field. Let Ck be the set of dvr's of K/k. The following lemma will be used

repeatedly.
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Lemma 4.3.1. The following holds:

(1) Let x € K. Then {R € Cx : x ¢ R} is a finite set.
(2) Let y e K, y #0. Then{R € Cx : y € mg} is a finite set.

Proof. The case x = 0 is trivial. Suppose that x # 0 and put y = 1/x. If x ¢ R then y € mg, and
vice-versa. Therefore, it is enough to prove the second statement of the lemma.
If y € k*, then y € R* for any R € Cg, so the set {R € Ck : y € mg} is empty. Let then

y € K — k. Since k is algebraically closed, y is transcendental over k. If y € mg then, in particular,
kly] C R C K.

Let B be the integral closure of k[y] in K. Since K/k(y) is algebraic and finitely generated, B is
a finitely generated k-algebra that is a finite k[y]-module, by the “finiteness of integral closure”
theorem in algebra (see [H] Theorem 3.9A). Moreover, the quotient field of B is K (every element
of K is integral over some localization of k[y] - look at the minimal polynomial of that element
over k(y)). As all the local rings of B at prime ideals are noetherian, dimension 1 and integrally
closed they are regular local rings. Thus, B corresponds to a smooth affine curve Y with A(Y) = B
and k(Y) = K. (Namely, Y = Spec B and A(Y), the affine coordinate ring of Y, is just another
notation for (Y, Oy).)

Using the notation Nk(—) to denote normal closure in K, we note that k[y] C R implies that
B = Nk(kly]) € Nx(R) = R, because R is integrally closed and its fraction field is K. We conclude
that B C R for any dvr R of K/k such that y € mg. Let

ng=mprNB.

The ideal ng is a prime ideal of B, which is a Dedekind ring, namely a noetherian integrally closed
domain of dimension 1. Therefore ng is a maximal ideal, corresponding to some point P € Y. We
have

Oyp =By, CR.
Note that by Theorem 4.1.8, By, is a dvr of K/k too. Since dvr are maximal local rings relative
to domination and R dominates B,,, we have that B,, = R. Thus, y € mg implies that y € mp.

That is, y vanishes at P. But y # 0 so it vanishes at finitely many points. O

The proof gives also the following conclusion.

Corollary 4.3.2. Any dvr of K/k is the local ring of some point on a smooth affine curve Y with
k(Y) = K. In particular, R/mg = k.

To define abstract non-singular curves - or AC for short - we consider the following space (in
fact, a special case of AC).
e The points of the space are Ck. It is a space with infinitely many points as revealed by the

proof of Lemma 4.3.1.
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e The topology is the co-finite topology.
e \We define a sheaf of functions O: for U C Ck we let

O(U) = NgreuR.
We note that by said lemma, the function field of this space, namely ||_m> U#)O(U), is just K. Also,
the local ring of a point R, namely lim O(U) = R (use Lemma 4.3.1).
— Us.t. ReU
Now, every element of f € O(U) defines a "real” function f : U — k by the formula

f(R)y=f (modmg) € R/mg =k

(we shall refer to f itself, temporarily, as “abstract” function). The “real” function f determines
the “abstract” function f; indeed, if f and g define the same “real” function, then f — g € mg for
all R € U, which is an infinite set. By Lemma 4.3.1, f — g = 0. We can therefore easily identify

“abstract” functions with “real” functions.

Definition 4.3.3. An abstract non-singular curve, or AC for short, is a non-empty open set U of

Ck (for some function field K/k of dimension 1) with the induced topology and sheaf of regular

functions. It is thus a locally ringed space.

We will see shortly that we may think about AC as a curve but until we have established that,
if we want to consider morphisms between varieties and AC’s, we have to enlarge the category of
varieties by including also all AC for any function field K/k of dimension 1.

If Vi,V5 are objects are objects of this enlarged category then a morphism f : Vj — W is a
continuous function such that for all U C V, open and a “real” function g : U — k, the ‘“real”
function go f : f~1(U) — k is a regular function. That means that if 4 is curve, this “real”
function arises from an “abstract” function in the manner discussed above. We get a category this

way that contains the category of varieties.

4.4. Curves and abstract curves.
Proposition 4.4.1. Every non-singular quasi-projective curve Y is isomorphic to some AC.

Proof. Let K = k(Y') and U C Ck be the set
U={Oyp:PeY}.
We shall show below that U is open. Suppose that for the time being. Then U is an AC. Define
p:Y — U, P— Oyp.
As we have noted before, this is a bijection. Let V C Y be open, then

O(V) = NpeyOy,p.
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(This just expresses the fact that being regular is a local property.) It follows that
O(V) = O(e(V))

and therefore that ¢ is an isomorphism.
Now, to show U is open it is enough to show that Cx — U is finite and so it is enough to show
that U contains a non-empty open set. We may therefore assume that Y is affine. In this case the

proof of Lemma 4.3.1 shows that
U={dvr Rof K/k : RD A(Y)}.
Let x1,..., X, be generators of A(Y') as a k-algebra. Then,
U={ReCxk:xieRi=1,..., n} =N {R e Ck:xi €R}.
By Lemma 4.3.1, each set {R € Cx : x; € R} is co-finite and so U is co-finite too. ]

The following proposition, besides being important for the development of our final result, is of

great interest because it provides an effective procedure for extending morphisms.

Proposition 4.4.2. [et X be an AC, P € X and Y a projective variety. Any morphism
p: X—{P} —Y
extends uniquely to a morphism X — Y.

Proof. Suppose that Y C P”, then the morphism ¢ : X — {P} — Y induces a morphism ¢ :
X — {P} — P". Suppose that this morphism can be extended to ¢ : X — P", then ¢ 1(Y) is
closed and contains X —{ P}, hence equal to X (closed sets, except for X itself, are finite). Therefore
the morphism ¢ : X — P" necessarily factors through Y and gives us an extension ¢ : X — Y.
Note that this extension is unique, because two morphisms agreeing on an open dense set, X — {P}
in our case, are equal everywhere.

Thus, we may consider the problem of extending a morphism ¢ : X —{P} — P" to a morphism
. X — P

Let U C P" be the open set whose points are {a € P" : a; # 0,i = 0,..., n}. We may
assume that (X — {P}) N U # 0. Indeed, if not, then p(x — {P}) C U Z(x;). As X — {P}is
irreducible (proper finite sets are finite, after all) so is ¢(x — {P}) and thus, there is an / such that
o(x — {P}) C Z(x;) = P"~!. Thus, making use that the case of n = 0 it trivial and arguing by
induction, we may assume this doesn’t happen and so that (X — {P}) N U # 0.

Let f;; = ¢*(x;/x;). This is a regular function of ¢~(U), which is a non-empty open set. Thus,

fii € K. Let us denote the valuation on P (P, recall, is a dvr) by v, and let r; = v(fjp). Then
v(fij) = v(fio/fio) = ri — 1j.

Choose an a such that
v(fa0) = min{v(fyo), v(fi0), ..., v(fao)}-
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Then,
v(fia) =1t —ry>0,Vi.

That is, fos, ..., fna € P. Extend ¢ by defining

o(P) = (foa(P), ..., fna(P)).

This is well-defined as all the functions f;; are regular at P and not all vanish at P: f,; = 1. We
need to show ¢ is a morphism. To begin with, to show that ¢ pulls-back regular functions to regular
functions, it is enough to deal with an arbitrarily small open set containing @(P).

Note that p(P) € V := {x; x; # 0} and that is an affine open subset of P” with affine coordinate
ring k[xo/Xa, ..., Xn/Xa]. As ©*(xj/xa) = fi; is regular at P, and regularity at any other point of
@ 1(V) is already known, @* takes regular functions on V to regular functions on ¢~1(V). Given
a Vi CV openand g e O(V) it follows easily, by writing g locally as a fraction of regular functions
on V, that ¢*(g) is regular on @~ 1(\}).

Finally, to show ¢ is continuous, we need to show that the pre-image of a closed set is closed.
Note that (X — {P}), as well as its closure, is connected and irreducible. It is thus either a
point or a curve. The first case is trivial. In the second case, as "most” closed sets are finite, a
quick examination of the situation reveals that the only problem may occur when there is closed set
Z 2 (X —{P}) such that ¢(P) ¢ Z. But then, if we define a function g by g(Z) =0, g(P) =1,
then g is a regular function on @(X). Thus, ©*(g) is regular on X; but this is a function that is
zero on X — {P} and 1 at P, and that's a contradiction. O

Here are some remarks concerning Proposition 4.4.2:

(1) The proposition applies to the case where X is a quasi-projective smooth curve, because we
know such are isomorphic to abstract curves.
(2) The proposition may fail if Y is not projective. Let X =P, P = (1:0), Y = A! and

(p:IP’l—{(l:O)}—>A1, (x:y)—=x/y.

Then ¢ doesn't extend to P! as any morphism from a projective variety to an affine variety
is constant.
(3) The proposition may fail when dim(X) > 1. For example, let X = A2, P = (0,0), Y some

projective closure of Blp(A?). Let
@: A% —{(0,0)} —V, (a1, a2) v (a1, azi a1 : @) € Blp(A%) C .

This ¢ is an isomorphism from A? — {(0,0)} to the open set Blp(A?) — E (E - the special
fibre) that cannot be extended to X.
(4) The proof of Proposition 4.4.2 makes use of the fact that we can write a function into a

projective space in many ways. If locally around P,

Q= (H(Q): - :H(Q)),
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then we may say that this is also the map (up to rational equivalence)

oo (£t () ),

The index a was chosen so that to make this expression well defined at P, and hence locally
around P. This proof is very useful for explicit computations.
For instance, consider the nonsingular elliptic curve X = Z(g(x,y,z)) C IP’)%'yYZ given by

y?z — (x3 + z3) = 0. We define a morphism
0:X—-{(0:1:0)} — P, (x:y:z)—=(x:2).

We know now that this morphism can always be extended to X and how to do it. The proof

tells us to consider the two functions 1, £ at the local ring of the point P = (0:1:0). If

X
4

£ is regular at P then extend ¢ by @(P) = (1 : £(P)). Else, necessarily % is regular at P
and extend @ by ¢(P) = (7(P) : 1). Note that if both 7 and  are regular, then indeed
(1:2(P) = (X(P) : 1).

We have phrased this that way just to indicate that the method is completely general. In
our case, passing to the affine chart y = 1, we have the relation z = z3 4+ x3. Let v denote
the valuation of the point P. We clearly have v(z) > 0 and v(x) > 0. If v(x) > v(z) then
v(z) = v(z3 + x3) > v(2®) = 3v(z) which is a contradiction. Thus, v(x) < v(z) and so
v(z) = 3v(x). (Another way to perform these calculations is to note that x3 = z(1 — z°)
and 1 — z% is a unit at P. Thus, 3v(x) = v(z).) As the maximal ideal at P is clearly
generated by x and z there is no choice but v(x) =1, v(z) = 3; in particular, v(z/x) = 2.

Thus, the function z/x is regular at P and the extension we are looking for is P — (1:0).
Theorem 4.4.3. The abstract curve Ci is isomorphic to a projective non-singular curve'Y .
Proof. Every point R € Cx has an open neighbourhood UR isomorphic to an affine non-singular
curve YR. As Cx — UR is finite, we can write

Ck = UL U, U gy Cay,
where Y;° is a non-singular curve and Y; its closure in some projective space P". By Proposition 4.4.2,
the morphism ¢; : U; — Y; extends to a morphism
i Ck — Vi

Consider the product [T ; Y; which is a closed irreducible subset of P™ x - - - x P and so a projective

variety. We have a morphism

m
©=(01.....0m): Cx — [ V-
=1

Let Y be the closure of ¢(Ck). NotethatY C ]_[,’-11 Y; and so the projection maps p; : H,’ll Yi — Y

are defined on Y. ¢(Ck) is dense in Y and has dimension 1 as its projection onto Y; is dominant
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(for any /). Y is thus a curve and k(Y) C K. Our goal is to show that the morphism ¢ : Cx — Y
is an isomorphism.

Let R € Ck. Then R € U; for some i. We have the following commutative diagram

Cx —2 y

o

Uy —mMm—»
i N
open immers.

All the morphisms are dominant and we conclude that
R=0u.r = Oy, 0:(r) € Ovp(r) € Ockr =K.

As ; is an isomorphism, we get equalities through out, and so Oy ,r) = R. This implies that
k(Y) = K and that ¢ is injective (recall, that if x,y € Z, a quasi-projective variety, then Oz =
Oz, & x=y).

The morphism ¢ is also surjective: Let P € Y. We claim that there exists a dvr R of K/k such
that R 2 Oy p. Indeed, as Y is a curve, there exists an open set U C Y that is affine and such that
P € U. Let U be its normalization in k(Y). We have a finite birational morphism f : J — U. Let
P be a point of U such that f(P) = P. Then, Oyp = Oyp C Op g, Which is a dvr R since Uis a

non-singular curve. We obtain then a point R € Ck such that
OY,<p(R) =R 2 Oyp.

We claim that this implies P = @(R); that is, if x, y are points on a curve Z and Oz C Oz, then
x = y. For that, it is enough to show that if x # z then there exists a function on Z that vanishes
at x and not at y to obtain a contradiction. Repeat the argument of Lemma 4.2.1.

At this point we know that ¢ : Cxk — Y is a bijective morphism. But, we can cover Ck and
Y by open sets U; and ¢(U;) respectively, on which ¢ restricts to an isomorphism, because the
composition U; — Ck 2y 2 Y; is the open immersion ;. Namely, the inverse of |y, is the

morphism <p,._1 o p;. Thus, ¢ is an isomorphism. O
Corollary 4.4.4. Any AC is isomorphic to some non-singular quasi-projective curve.

Proof. We have U C Ck 2 Y, where Y is a non-singular projective curve and so U can be identified

with an open subset of Y and therefore is a quasi-projective non-singular curve. O

Corollary 4.4.5. Every non-singular quasi-projective curve Y° is isomorphic to an open subset of a

non-singular projective curve'Y'.
Proof. Indeed, by Proposition 4.4.1, Y° is an AC. Use the previous corollary. O

Corollary 4.4.6. Every curve Y' is birationally equivalent to a non-singular projective curve Y,
Y' ~Y.
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Proof. Indeed Y’ ~ Y°, where Y° is the non-singular locus of Y’. Use the previous corollary. O

4.5. An equivalence of categories.

Theorem 4.5.1. The following categories are equivalent:

(1) Projective non-singular curves and dominant morphisms.
(2) Quasi-projective curves with dominant rational maps.

(3) Function fields K/k of dimension 1 and k-algebra homomorphisms.

Proof. We already know the equivalence of (2) and (3) as a special case of Corollary 3.0.14; the

rest follows from our results above. O

4.5.1. Normalization. Let X be a quasi-projective curve. Then there is a quasi-projective non-
singular curve and a finite birational morphism X — X. To show that, it is enough to consider
the case where X is projective, the general case follows by restricting to a subset. In that case,
let X be the non-singular projective model of X. The inclusion K(X) € K(X) produce a rational
morphism X —» X, which, by Proposition 4.4.2, extends to a morphism f : X — X. As the
inclusion of function fields is actually an equality, this morphism is birational. Further, X is normal,
being non-singular. The morphism f is in fact surjective. Given a point x € X, choose a dvr R of
K/k such that Ox , € R. R corresponds to a point t € X = Cx. Consider f(t). If f(t) # x, we
can find a rational function g on X that vanishes at f(t) and is invertible at x. Then f*(g) vanishes
at t and so is in the maximal ideal of R, but is a unit in Ox x. A contradiction.

We can cover X by open affine subsets U such that f=1(U) is affine. But then f: f~1(U) — U
produces an injection of rings A(U) C A(f~*(U)). Passing to integral closure in K(X) we get
B(U) C A(f~1(U)), as A(f~1(U)) is integrally closed, being a ring of regular functions of a non-
singular affine curve, and where we have let B(U) be the integral closure of A(U). We claim that
B(U) is equal to A(f~1(V)).

Let t be a point of A(f~1(U)) and R the corresponding local ring. Let Ry be the local ring of
f(t). Then Ry C R and both are dvr of K/k. We saw that this implies R = R; (see the proof of
Lemma 4.3.1). This, in turn implies that the map f : f~1(U) — U is injective because if f(t;) =
f(tz) then t1, t> have the same local ring and so are equal. Thus, the inclusion B(U) C A(f~1(V))
is surjective too. We have equality. That means that locally X is the normalization of X and so X

is the normalization of X.

4.6. Morphisms between curves.

Lemma 4.6.1. A proper curve C, namely a curve for which the structural morphism C — Spec(k)

IS proper, Is a projective curve and vice-versa.
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Proof. If C is projective then it is a closed subscheme of P}. As P} — Spec(k) is a proper
morphism, so is C — Spec(k).
Suppose now that C — Spec(k) is proper. C is an open subset of a projective curve C with the
same field of functions k(C). The tautological map,
CxC—C,
is closed as C — Spec(k) is proper. The subset C x C C C x C is closed as it is equal to

C x CNC x C. But its image under the morphism above is C, which is closed in C if and only if
Cc=C. O

Proposition 4.6.2. Let X,Y be non-singular projective curves over k and
f: X—Y,

a dominant morphism. Then f is a finite flat morphism.

Proof. We have already noted that f is surjective. Let x € X and y = f(x). Then Oy, is a discrete
valuation ring and Ox x is an Oy ,-module. It is thus flat over Oy, if and only if it is torsion-free. But
this is clear as both are contained in the same integral domain k(X) (via Oy, <= k(Y) — k(X)).

Now, as X — Y — Spec(k) is a factorization of the proper morphism X — Spec(k) one
concludes that X — Y is proper as well (cf. [H], Corollary 11.4.8). In addition, it is clear that every
point of Y has finitely many pre-images so X — Y is quasi-finite too. At this point we could have
used a general result that a proper quasi-finite morphism of locally noetherian schemes X — Y is
finite (theorem of Chevalley). This is proved usually as a rather easy consequence of Zariski's main
theorem that we did not have the occasion to discuss. But this is an over-kill in our case and we
can provide a different argument. We still need to rely on some results in algebra we hadn't proved
but conceptually it is an easier proof.

Note that k(X) is a finite algebraic extension of k(Y). Let V = Spec(B) be any open affine
subset of Y and let A be the integral closure of B in k(X). It is a finite B-module (cf. [H] 1.3.9.A).
On the other hand, the local rings of Spec(A) are dvr's, so we may think about U = Spec(A) as
an open subset of Cy(x) = X. Furthermore, U = f‘l(V). Indeed, from the perspective of abstract
curves, U is the set of valuation rings of k(X)/k that contain A. But as each valuation ring is
integrally closed we can also say that U are the valuation rings that contain B. However, the set of
valuation rings of a field K that contain a subring B is exactly the integral closure of B in K (cf.
[H] Il Theorem 4.11 A).

That way, we get a finite cover of Y = UV} such that X = Uf~(V;) and each f~1(V}) — V; is

a finite morphism. It follows that f is a finite morphism. O

Corollary 4.6.3. Let f : X — Y be a dominant morphism of projective non-singular curves. Let
YO C Y be an affine curve then f~1(Y®) is an affine curve. In particular, let f : X — P! be a

rational non-constant function then f=1(A') is an affine curve.
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Proof. In fact, the proof of the Proposition shows that if Spec(A) C Y then f~1(Spec(A)) =
Spec(B), where B is the integral closure of A in k(X). We may also argue as follows: a finite
morphism has the property that the pre-image of any affine subset is affine. This gives the first

claim. For the second, first note that if f € k(X) is non-constant then f certainly gives a rational

map X — — = P!, which is in fact a morphism to A! when we remove the poles of f from X. Thus,

f extends to a morphism X — P! and we apply then previous claim. O

Remark 4.6.4. Later we will be able to apply that to prove that any quasi-projective curve that is
not projective is affine. In particular, removing one point (or more) from a projective curve yields
an affine curve. What we are missing is the fact that if X is a projective curve, xo € X, then there
is a non-constant function f € k(X) whose only poles are at the point xg. This is a consequence of

the Riemann-Roch theorem.

4.6.1. Degree. Let f : X — Y be a dominant morphism between projective non-singular curves.
Define the degree of f as

deg(f) = [k(X) : k(Y)].
This is a finite number, as k(X) and k(Y') are both of transcendence degree 1 over k and finitely
generated over k. As f is finite-flat, we know from the first semester that for every point y € Y we

have

deg(f) = > dego,, (Ox.x).
f(x)=y

If we write f~1(y) scheme-theoretically as a k(y)-algebra say A,. Then

deg(f) = dimy(,)(Ay).

Furthermore, it follows from Theorem 4.5.1 that deg(f) = 1 if and only if f is an isomorphism.

Proposition 4.6.5. Let X be a non-singular projective curve and f € k(X) a non-singular rational
function. Define the divisor of f as

(F):= > vp(NIPI.

PeX (k)

The degree of (f), namely > vp(f), is 0.

Proof. We know that the degree of f over 0 and over oo are equal. Namely, we know that
dim(,)(Ay) is constant as y ranges over P!. Now the fibre A, is the spectrum of an Artinian
k-algebra and factors according to the maximal ideals that correspond to the actual points in X
that map to y. Namely, A, = ]_[f(x):y Ox x/mp1 ,Ox,x. The only thing remaining is to relate
the length of Ox x/mp1 ,Ox x to vi(f). However, mp: ,Ox x is a principal ideal of Ox x and it is
determined by the valuation of a generator of it. A generator of it is simply f*(m), where 7 is a
local uniformizer at the point y. The confusing thing is actually the identification of k(PP!) with
k(t). The identification is so that t is a uniformizer at 0. Then f is f*(t). At co itis u =1/t that
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is a uniformizer and we have f*(u) = f*(1/t) = 1/f*(t), as f* is a ring homomorphism. Thus, at

every point x mapping to oo we have v (f*(u)) = —vy(f). O

Example 4.6.6. Hyperelliptic curves. We ask to classify all the diagrams
f:X — P!,

where X is a non-singular projective curve and f is a surjective morphism of degree 2. Such a
curve X is called hyperelliptic. Note that what we are doing is classifying all pairs (X, f) up to
isomorphism, which is not the same as classifying all X up to isomorphism. Using Theorem 4.5.1,

this is the same as classifying all quadratic extensions
k(t) = K(P') C K.
The discussion brakes now naturally into two cases.

(1) The characteristic of k is not 2. In this case, Kummer's theory applies. Such extensions
correspond canonically to non-trivial elements of k(t)*/k(t)*?. To a polynomial g(t),
which is not a square, one associate the curve y? = g(t), equivalently, the function field
k(B)y]/(v* = g(1)).

(2) The characteristic of k is 2. Here one uses Artin-Schreier theory. Such extensions correspond
canonically to nontrivial elements in k(t)/S, where S = {f2—f : f € k(t)}. To a polynomial
g(t) one associates the curve y>—y = g(t), that is, the function field k(t)[y]/(y?>—y—g(t)).

Finally we list some exercises about curves.

Exercise 4.6.7. Show that the affine curves given by y = x? and xy = 1 are birational but not

isomorphic.

Exercise 4.6.8. Show further, that for every irreducible quadratic polynomial f(x,y) € k[x, y] the
conic section defined by f(x,y) = 0 in A? is isomorphic to precisely one of the curves above and
give a criterion to determine which. (This is [H] Ex. | 1.1, which is much easier to do once we have

all the theory we have developed!)

Exercise 4.6.9. Show that the group PGLy(k) := GLa(k)/k* acts faithfully as automorphisms of

a b . at+b
c d)  ct+d

(Mobius transformations), where we have identified the function field of ]P’i with that of A,ﬁ =

PP} via the formula

Spec k[t]. Show further that any automorphism of IP’}( arises this way. That is

Auty(P}) = PGLy(k).



42 EYAL GOREN, MCGILL UNIVERSITY

(It is also true that Aut(PP}) = PGLy4+1(k).)

Exercise 4.6.10. Let Py, ..., P, be distinct closed points of A,ﬁ and Q1, ..., Qp another distinct set
of distinct points of A}. Prove that if A* — {Py, ..., P} =2 A —{Qq, ..., Qp} then a = b. Show

that the converse may fail - what is a minimal counter-example?

Exercise 4.6.11. Consider the projective curve Cy : x¢ + y? + 29 = 0 in Pi (the Fermat curve).
Assume k has characteristic 0 (to simplify the calculations). Show that the rational map (x : y :
z) — (x : y) defines a dominant morphism Cy — Pi. Calculate the degree of this map. Determine
all points (x : y) in which the closed points of the fibre have cardinality smaller than the degree and
determine precisely the cardinality of the fibre at those points.

The curve C has a large group of automorphisms. Which of those automorphisms commutes
with the morphism Cy — P17 Is the field extension k(Cy) 2 k(IP*) Galois?

3 as well

Exercise 4.6.12. Show that the non-singular curve associated to the cuspidal curve y? = x
as to the nodal curve y? = x?(x + 1), is PL. In both cases provide a surjective birational morphism

from P! to the closure of the curve in P2, namely to y?z — x3 = 0 and y°z — x?>(x + 1) = 0.

To continue further our study of curves we need the machinery of cohomology, which is likewise
instrumental in studying varieties in general. Therefore, we will now take a rather long break from

curves and varieties and go back to sheaf theory.
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5. Cohomology of sheaves

Our purpose in this section is to give a coherent description of cohomology of sheaves on schemes
that is also efficient. We will be citing many facts; in fact, almost anything that we think we can
cite without making the exposition too vague, we shall. Our main interest is to have a working
knowledge of cohomology. Experience shows that to a large extent this allows one to consider many
of the statements in cohomology as a black box. Nonetheless, we don't want to be that reckless
and, for some applications, one really needs to understand how the constructions go. So some
compromise is called for.

Most of the exposition is based on Hartshorne's book. Although, when we later on return to

cohomology to introduce spectral sequences, we shall be following Mumford's “second red book™ .

5.1. Abelian categories. Let C be a category. There is a notion of C being an abelian category.

One assumes that C has a zero object and that finite products and co-products exist in C: Homc¢ (A, B)
is an abelian group for any two objects of C, composition is additive relative to this structure and
morphisms have kernels and cokernels. It is this last requirement that makes this notion a bit of
a headache. There is no a-priori notion of a sub object and morphisms are not functions, a priori.

Thus, one needs to invent a notion of kernel. If f : A— B is a morphism, its kernel (which is

assume to exist) is an object K together with a morphism i/ : K — A such that the composition
K — A — B is the zero map and, moreover, given any morphism i’ : K’ — A such that the
composition K — A — B is zero, the morphism /i’ factors through a unique morphism K" — K.
In short, this is hardly elegant. The same goes for a definition of co-kernel. Thus, we will assume
that we are in situation where the kernel is always a sub object (and that this statement makes
sense) and the cokernels are quotient objects. The prototypical example of an abelian category
is the category of modules over a given ring R (not necessarily commutative). The embedding
theorem says that every (small) abelian category is equivalent to a full sub-category of the category
of modules over a ring R. This justifies our pedestrian point of view that allows for kernels and
cokernels to always be viewed as sub and quotient objects, respectively.

The basic example of the category of modules over a ring R allows one to show that the category
of sheaves of abelian groups on a topological space X, and the category of quasi-coherent sheaves
on a locally ringed space (e.g., a scheme), are abelian categories. We have discussed in the past
the correct definition of a kernel of a morphism of schemes (the straightforward construction) and

co-kernel (sheafify the pre-sheaf of co-kernels).

Definition 5.1.1. A complex A® in an abelian category C is a sequence of objects and morphisms
of C,

Ai d Ai+1 dt Ai+2
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such that d"t1 o d’ =0 for all i. If A® is a complex, we define
H'(A®) = Ker(d")/Im(d'~1)

and call it the i-th cohomology group of A®.

Definition 5.1.2. A morphism of complexes f* : A* — B* is a collection of morphisms {f' :
A’ — B’} such that

fi+1 o di _ d/+1 o f/.
f*® induces a homomorphism
H'(A®) — H'(B®), Vi € Z.

The following diagram makes the above definition and induced maps on cohomology easier to

check:

Ai d' Ai+1 att Ai+2

l fl \L fi+1 \L fi+2

Bi d' B/+1 dtt Bi+2

Suppose that
0—A*—B*"—C*"—0

is an exact sequence of complexes; that is, for every i the sequence 0 — A — B’ — C' — 0

is exact. Then there is a long exact sequence of cohomology groups

D

H(C*)

.
Hi(A®)

{

Hi+1(A') . Hi+1(B') . Hi+1(C°)

§itl
:

H(B*)
6i

The maps &' appearing here are derived from the snake lemma applied to the diagrams

0 Al B! el 0

0 AH—l Bi+l Ci+1 0
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5.2. Resolutions. An object / in an abelian category C is injective if the functor Homc(—, /), which
is always left exact, is exact. Namely, given a short exact sequenceinC, 0 — A; — A — A3 — 0,

we have an exact sequence of abelian groups
0 —— Homc(As3, /) —— Hom¢ (A2, I) —— Homc (A, /) ——= 0.
Otherwise said, [ is injective if and only if

A1 — A2 = HomC(AQ, /) i HomC(Al, /).

Definition 5.2.1. Let A be an object in C. An injective resolution of A is an exact sequence in C,

0 A ¢ /0 /1 /2

where each / is an injective object. If every object of C has an injective resolution we say that C

has enough injectives.

The main results are the following. Let R be a commutative ring. The category of R-modules has
enough injectives. In fact, one first proves it for the case R = Z, and the general case is deduced
from that.

An abelian group / is injective if and only if it is divisible. Namely, for every positive integer m and
any element a € [ there is an element b € | such that mb = a. That injective implies divisible is an
easy exercise. The other direction is not. Given the relationship between “injective” and “divisible”,
one deduces that (arbitrary) direct sums and quotients of divisible modules are divisible. So, for
example, Q, Q/Z and Q" & (Q/Z)* are injective Z-modules.

Exercise 5.2.2. Prove that every abelian abelian group can be embedded in an injective Z-module.
(Hint: start by writing A as a quotient of a free abelian group). Deduce that the category of abelian

groups has enough injectives.

The general case now follows (and that is at a level of an exercise) from the case of abelian groups
as follows. Let M be an R-module and let D be a divisible abelian group in which M embeds as an
abelian group. There is a natural map M — Homz(R, D) taking m € M to the homomorphism ¢,
where ¢m(x) = xm. One then proves that Homz(R, D) has a natural R-module structure, that
the map M — Homgz(R, D) is an injective R-module homomorphism and that Homz(R, D) is an
injective R-module. This last point is proven via canonical identifications between Hom's (namely,
Homg(A, Homz(R, D)) = Homgz(A, D)) by reducing to the case of abelian groups.

As one can imagine, we can boot-strap those results to prove that the category of sheaves of
abelian groups on a topological space has enough injectives, or that the category of Ox-modules

on a scheme X, has enough injectives ([H] Il 2.2).
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5.3. Right-derived functors and cohomology. We finally arrive to one of the key definitions in

cohomology of sheaves. Let C, D, be abelian categories and let
F:C—D

be a covariant, left-exact, additive functor. Assume that C has enough injectives. The right-derived
functors R'F,i >0 of F,

R'F:C— D,

are defined as follows. Given an object A € C, we choose an injective resolution

0 At o 1 2

and let /* be the complex

*: 0 /0 It I?

where /9 is considered as the degree 0 term of this complex. We apply F and get another complex,
this time in D,

d°

F(I*): 00— F(I° FIY = F(12) L ..

We let

| — Ker(d': F(I') — F(I'*!
R'F(A) == H'(F(I*)) = |m?rd(i—1 : ;:((/?—7_5 F(/’))))'

Here are the key properties of this construction:
(1) The definition of R’ F(A) is independent of the resolution up to a natural isomorphism. (This
requires the notion of homotopic resolutions; any two injective resolutions are homotopic.)
(2) For every i, R'F : C — D is a covariant additive functor and, in particular, R'F(A® B) =
R'F(A) & R'F(B).
(3) There is a natural isomorphism R°F = F.

(4) A short exact sequence 0 — A — B — C — 0 induces a long exact sequence
0 —s F(A) —s F(B) —s F(C) 2 R'F(A) — RIF(B) —» ...
RIF(C) s RHF(A) — RHIF(B) —» ...

5) For any injective object /, ‘ = or all i > 0.
F bj I, RTF(I 0} for all 0

The proof of (1) and (4) requires some substantial effort, although (3) is easy: As F is left exact, the
sequence 0 — F(A) — F(I1%) — F(I') is exact and thus F(A%) = Ker(F(/°) — F(I')) = ROF(A).
An object J for which R'F(J) = {0} for all i > 0 is called F-acyclic. Every injective object

is F-acyclic as we may choose the resolution 0 =/ — /% = | -0 —0— ... to compute its
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cohomology. For any F as above, in fact. Now, another argument in homological algebra gives the
following. If 0 = A — J° — J1 — J2 — ... is a resolution of A by F-acyclic objects then

Ker(F(J") — F(JT1))

REA) = FU-T S FU))

Thus, it is not necessary to use injective resolutions to calculate the functors R'F. This will be
significant below when we compare two ways to calculate the cohomology of sheaves. We end this
section be giving two examples of functors that are covariant, left-exact and additive.

Lemma 5.3.1. Let X be a scheme. The functor of global section

M MOD(X) = Ab.Gps., F (X, 7),

is an additive left-exact covariant functor. We also denote R'T(—) by H'(X, —).

Let f : X =Y be a morphism of schemes. The functor
fo 1 MOD(X) — MOD(Y)

IS an additive left-exact covariant functor.

Proof. The only issue is to check that these functors are left exact. Let

a B

0 4 B 4 0

be a short exact sequence of sheaves of Ox-modules. Recall that that means that &/ (U) =
Ker(B(U) — €' (U)) for every open set U and in particular o is injective on each </ (U). Also,
as Ker(#(U) — €(U)) is already a sheaf, equal to the sheafification of U +— &7 (U), which is
already a sheaf, we have &/ (U) = Ker(#B(U) — €' (U)) for all U. In particular for U = X. Thus,
the sequence
0— (X)) B(X)— E(X)

is exact, as was to be shown.

Now for f.. We recall that the pair (f*, f.) is an adjoint pair ([H] 1.5, page 110) of functors

between abelian categories. Therefore, f, is left-exact (and f* is right-exact). O

5.4. Flasque sheaves. Let .Z be a sheaf of abelian groups on a topological space X. We say that

F is flasque if for every inclusion of open sets VV C U the restriction map

F(U) = F(V)
is surjective.
Theorem 5.4.1. Let X be a ringed space. Let ¥ be a flasque sheaf of Ox-modules then % is

[-acyclic. That is,
H'(X,.#)=0, Vi>0.
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Proof. Let .# be an injective object of MOD(X) into which .# embeds and let ¥ = .¥/.%.
Lemma 5.4.2. The sheaves .¢ and ¢ are flasque.

Lemma. Denote by j the inclusion map j : V — U. We have the operation j; of extension by zero
from sheaves on V' to sheaves on U. Namely, if ¢ is a sheaf on V we define ji_¢ to be the sheaf

on U associated to the presheaf with the values

0 wav
W —
W) WcCv
Exercise 5.4.3. Prove that
. 0 PEV
i Z)p=
JIp PeV.

and that ji_¢ restricted to V' is _Z.

Now, apply this construction twice. First, extend by zero Ox |y to X and secondly extend by
zero Ox |y to X. Call these sheaves 1Oy and 1Oy, respectively. Note that there is a natural map
of sheaves

0— /I!O\/ — /!Ou,

and this sequence is exact, as we quickly using stalks. Thus, as .# is injective, we have an exact

sequence
(2) HOI”T](I]OU,]) — Hom(/!(’)v,ﬂ) — 0.
We claim that

Hom(i;OU, f) = f(U)

Indeed, given ¢ € Hom(iiOy, &) we have (1) € #(U), where here 1 is the identity element of
WOy(U) = Ox(U). Note that ¢y(1) determines not only the map @y by Ox(U)-linearity, but by
functoriality all the maps @y for W C U and so (examine behaviour on stalks) the map ¢. This
allows us also to build the converse map, associating to an element t of .#(U) the unique map ¢
such that ¢y (1) = t. Thus, (2) says that

JU)— (V) —=0

is exact, and so that .# is flasque.

To show ¥ is flasque, we consider the exact sequence
0—>F -9 —>9%—0.
We claim that for every open set U, the following sequence is exact:
(3) 0—-F(U)— 4(U)—>¥9U)— 0.

We only need to show that .#(U) — ¢(U) — 0 is exact, namely, that .#(U) - ¢ (V).
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Let se 9(U) andlet ¥ ={(V,0):V CUo e .#(V) o s|y}. Note that by basic properties
of maps of sheaves, ¥ is non-empty. In fact, for every P € U there is an element of the form (V, o)
in > such that P € V. X is naturally ordered by inclusion and satisfies Zorn's lemma and thus has a
maximal element (V, o). Suppose that V' # U and choose some P € U —V and an element (V4, 01)
of ¥ such that P € V4. We have that (o — 01)|vny, — 0. As .Z is flasque, we can extend the
element (0 — 01)|vny to V4 and use it to modify oy, thus achieving that o = o1 on V N V4. We
can now glue those sections to a section on V U V4 that maps to s|yuy and that's a contradiction
to the maximality of (V, o).

We now conclude that ¢ is flasque: for V C U this follows from the following diagram:

J(U) —=9(U)

o

(V) —=4(V)

At this point, we have the exact sequence of flasque sheaves
0> F -9 —>9—0,
in which .# is injective, hence -acyclic. Consider the long exact sequence in cohomolgy
0 =T (F)=T(F) =T (D) = HY(X,.ZF) = HY(X, 7) =0.
Using the result above (see (3)), [(#) — I(¥) is surjective and so it follows that H'(X,.%#) = 0.
For all flasque sheaves .#. Now we have,

0=HY X, 9) = H>(X, F) = H*(X, 7) = 0.

The first term is zero because ¥ is flasque. The last term is zero because .# is -acyclic. Thus,
also H?(X,.Z) = 0 for all flasque sheaves .#. Arguing thus by induction we get that H'(X,.%) = 0
for all / > 0. O

Remark 5.4.4. Theorem 5.4.1 applies for sheaves of abelian groups on a topological space X. Indeed,
we can always endow X with the constant sheaf Z, making it a ringed space and making all abelian

sheaves into sheaves of Ox-modules.

Theorem 5.4.5 (Grothendieck). Let X = Spec A be an affine scheme, where A is a noetherian

ring. Then for all % a quasi-coherent module,

H'(X,.Z#)=0, Vi>0.
Proof. As % is quasi-coherent, it is the sheaf associated to the A-module M =T (.%#). Choose a
resolution of M by injective A-modules

0=+M—=10 =t =2 ...
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Using the equivalence of categories between A-modules and quasi-coherent sheaves, one concludes

that the sequence of sheaves
0= F=M—=P =P ...

is an exact sequence of sheaves. However, the sheaves I/, although they are injective objects of
NEOH(X), they need not be injective in the category MOD(X) (which is really where we want to
calculate cohomology as natural Ox-modules arising in applications need not be quasi-coherent.) It
is therefore not clear if they are even flasque - our proof of “injective = flasque” used sheaves of
the form 1Oy, for an open set V that are rarely flasque.

As it turns out, the sheaves / are indeed flasque, but that is a non-trivial point requiring that the
ring A is noetherian. See [H] Ill 3.4 for details. We can therefore compute the cohomology of .#

(in MOD(X), or even AB(X)) using the resolution /* and we find by applying I the complex
N L N e

which is exact, except at /9. Hence, H'(X,.#) =0 for i > 0. O

We would be remiss if we didn't mention (without proof, unfortunately) the following theorem of

Serre.

Theorem 5.4.6 (Serre; c.f. [H] Il 3.7). Let X be a noetherian scheme. The following are equivalent:

(1) X is affine;
(2) H(X,.%) = 0 for all quasi-coherent sheaves .# and i > 0.

In addition, we have the following very important theorem.

Theorem 5.4.7 (Grothendieck's vanishing theorem; [H] Ill, 2.7). Let X be a noetherian topological

space of dimension n. Then, for an abelian sheaf % € AB(X),
H(X,.Z)=0, i>dim(X).

Remark 5.4.8. Although this is a powerful theorem, the proof is not very deep, but is incredibly
clever. It uses various reductions and induction arguments that eventually reduce everything to a
computation of cohomology of constant sheaves, or their extension by zero.

The first step is reduction to the case where X is irreducible. If Y is an irreducible component of
X and U = X =Y, one lets %, %y be the extension by zero of the restriction of . to U and Y

respectively to obtain
0= Fy—F — Fy — 0.
By taking cohomology and making an argument that identifies the cohomology of .%y with .%|y and

Fu with Z (the topological closure of U of X), one reduces to U. As U has one less irreducible

component, eventually one reduces to the case X is irreducible.
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Then, an induction argument on the dimension of X takes place. The case of X irreducible of
dimension 0 is easy as there are no open sets but X and . And so .% is just an abelian group and
resolution is a resolution as an abelian group, etc.

When X is irreducible of dimension n there is another reduction taking place. One shows that
Z is the direct limit of sheaves of the form .%,, where « is a finite set of sections «a; € F(U;) and
one takes the sub sheaf of % generated by those sections. An argument with long exact sequences
in cohomology applied to 0 = Fo — Fava, — Ffan,) — 0. reduces to the case of a sheaf on
X generated by one section a € .%(U). Change notation and call that sheaf .%. Then, one has an

exact sequence

0—>%—ZLy—F —0.

And so one has to study the case of Z; and its various subsheaves. This is a rather explicit
calculation (that uses various tricks; in particular, in examining the various possibilities for Z one is

able to use the induction hypothesis on dim(X)), but, so to say, “mystery dispelled”.

5.5. Cech cohomology. The discussion here is quite general and applies to any topological space
and a sheaf of abelian groups. The calculation of the cohomology by means of Cech cocyles for
a given open cover is a powerful and useful technique. The thorny issue is to determine when the
calculation actually gives the cohomology of the sheaf as we have previously defined it. We provide

a criterion in Theorem 5.7.1.

5.5.1. The topological setting. Let X be a topological space and {U; : i € I} an open cover of X.
We assume that the set / is well-ordered (sometimes called ‘linearly ordered’). Given ig, i1, ..., ip € 1

with ip < i < --- < p, wWe write
Ufofl"'/p = U,‘O N U,‘1 N---N U,'p.

Let .# € AB(X) be a sheaf of abelian groups on X. Define the Cech cocyles of dimension p > 0

as

Ut ) = I ZWii-i).

fo<iy<-<lp

Example 5.5.1. To illustrate, suppose X = Uy U U; then

co F (o) x F(Ur)
ct F(UgnUy)
CPp>2 0

We shall denote an element a of CP({U;}, #) by (ajy;;...;,). We now define a boundary map

d:CP— CPH
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by

p+1
k
(4) (da)igiy iy = Z(—l) X jgeveireipgr”
k=0

It's a standard fact that d? = 0 (if you have seen homology in a course in topology, it is exactly the
same proof).

We have therefore obtained a complex:
0 —= COo({Uj}, #) —%= C'({Uj}, #) —%= C2({U;}, ) T ..

Definition 5.5.2. The p-th Cech cohomology group of the cover {U;} is

Ker(d : CP — CPT1)

HP({UI}”@) = HP(C‘({U/}vg\)) = Im(d S Ccr-1 CP) .

Proposition 5.5.3. i ({U;}, #) = [(#) = Z(X).

Proof. This just expresses that fact that given an open cover, the global sections are precisely the
sections over the open sets of the cover that agree on intersections. This is part of the definition
of a sheaf. ([

Example 5.5.4. Referring back to our example we find that for a = (ag, 1), d : C° — Cl is given
by (da)or = a1 — ag. All d : C' — C™*1 are zero for i > 0 due to the simple fact that in our
example C' =0 for i > 1.

As we have already remarked (and will prove later) if X is a projective non-singular curve over an
algebraically closed field k then X — {xg} is affine for every point xo € X (k). It follows that such X
can always be covered by two open affine subsets. Thus, Cech cohomology for this cover of quasi-
coherent sheaves, and in fact for any affine cover (using Theorem 5.7.1), vanishes in dimension

greater than 1. This is a special case of Theorem 5.4.7.

Remark 5.5.5. At the level of our survey, the definition of Cech cohomology groups for a cover
suffices. One can of course wonder if there is a way to get a definition that is independent on the
cover by taking some sort of limit over all open covers. This indeed can be done. See [H] Il Exercise

4.4 and also 4.5 (for motivation) and 4.11 (for why it is a reasonable construction).

5.6. Examples of Cech cohomology. We calculate a few examples, already in the setting that

interests us. That is, for certain schemes.

Example 5.6.1. ¢ Ox for X = IP’}(. We take k to be an algebraically closed field and we take
the standard cover of IP)}< as Up U U1, where if the coordinates of IP; are (xp : x1), U, is the open set
x; # 0. Thus,

Uo =P} — {0}, Uy =P} {oo}.
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Writing the function field of P! as k(x), where x = x;/xg we have
O(lo) = klx],  O(U1) = k[1/x].

We find that
O(Uo1) = FIxI[x 1 == {f(x)/x? : f(x) € k[x]}.

<0 . . :
Now, H™(O) (where we omit the open cover from the notation) are the global sections of O. We
may view those as morphisms P} — Aj. As P} is proper and connected, the image is closed and

connected, hence constant. That is
<0
H™(PL, Ox) = {0}.

We can also see this more directly. The elements in HY are k[x] N k[1/x] = k.

Let us now calculate I:II(P,{, O). We need to calculate the quotient
O NnUp)/{ar —ag : a;j € O(U;)}.

We have O(Up N Uy) = {f(x)/x? : f(x) € k[x]} and we need to find the quotient by the group
{g(x)—h(1/x) : g, h € k[x]}. The elements h appearing there are precisely the quotients r(x)/x :
r(x) € k[x],deg(r) < d. Thus, if the degree of his d we get g(x) — h(1/x) = (x9g(x) + r(x))/x9
and so we find all polynomials in O(Up N Uy). It follows that

A (P}, 0) = {0}.
o Qy i for X = PL. Let us now consider the cohomology of the sheaf of differentials Q2 := Qpi/k.
We note that Up = Spec k[s], s = £, U1 = Spec k[t], t = 3¢ are both the affine space. Thus,
Q(Up) = k[s]-ds,  Q(Ui) = k[t]- dt, QUoNUy) = k[sT1] - ds,
where for the last equality we used localization. We have
(P}, ) = {(0, 1) = s € UL, oluprus = alugny }-

Writing a; = f(s)ds, an = g(t)dt we get that ap = g(1/s)d(1/s) = —g(1/s)s~ds on Uy N Uy,

which is never of the form f(s)ds unless f = g = 0. Thus,
“0
H (P}, ) = {0}.

For Fll(}P’,l(, Q) we need to mod out the differentials k[s1]-d's by differentials of the form (—g(1/s)s™2—

f(s))ds. We conclude an isomorphism,
H(PL Q) =k, f(s)ds — res(f(s)ds).

Here f(s) is of the form Zf-’:_a a;s', aj € k and the residue of the differential f(s)ds at zero is
res(f(s)ds) = a_1.
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Exercise 5.6.2. Assume for simplicity that the base field k is algebraically closed of characteristic
zero. Calculate the zero-th and first cohomology of the projective non-singular plane curve
C:x3+y3+22=0,

for the sheaves Oc, S2¢ /. using the affine cover of C induced from the standard affine cover of }P’i
by three copies of Ai (note that C is in fact covered already by any two of these three open sets,
which simplifies the calculations). We provide some hints: (i) The dimension of all these cohomology
groups is 1. (i) Note that choosing an affine model s3 + t3 +1 = 0, where s = x/z,t = y/z any
differential on C can be written as f(s, t)ds, with f(s, t) € k(C)*. (iii) Show that the differential
w = t~2ds = —s2dt is a holomorphic global differential and calculate its divisor. Namely, for
every point P € C, choose a local uniformizer at P, say wp and express this differential in the
local ring as g - dwp and find the valuation of g. (iv) Using this, show that any other non-zero

holomorphic differential is a scalar multiple of w.

Exercise 5.6.3. Calculate Izll(Ai —{0}, Ox) using the cover x # 0 and y # 0 (that are both affine).

Show that it is not zero. More precisely, show that it is isomorphic Using that

1
ij<o K sayie
this Cech cohomology actually calculates H(A? — {0}, Ox), and comparing with Theorem 5.4.6,

conclude again that A2 — {0} is not affine.
Example 5.6.4. Skyscrapers sheaves and their cohomology.

Let X be a scheme and Z C X a closed subscheme. Let .# be a sheaf on Z and let i : Z — X be
the closed immersion. The sheaf i,Z is a sheaf on X and has the property that (i..%)p is {0} if
P& Zandis %p if Pisin Z. Moreover, if # is a Oz-module then i,.% is a sheaf of Ox-modules.
(It is naturally a sheaf of i,Oz-modules, but Oz = Ox/.%, where .# is the quasi-coherent ideal
sheaf on X defining Z.) Cf. [H] Exercises 1.17, 1.19, 1.21.

Now suppose that Z is a point on X. For any abelian group A, viewed as the constant sheaf on Z,
we have the sheaf ip(A), where ip is really ix for the closed immersion i/ : {P} — X. In particular,
we have the structure sheaf of {P}, which is just k(P) (the residue field of the local ring of P).
The sheaf ip(k(P)) (or more generally ip(A)) is called a skyscraper sheaf. It has the property that

ip(A)(U) = Aif P € U ,and is otherwise 0. In particular, it has zero stalks at every point different
from P and its stalk at P is A. Cf. [H] Il, Exercises 1.17, 1.19, 1.21.

Now lets look at all that for a variety X over an algebraically closed field k and P a closed point
of X; its residue field is k. For every open subset U such that P ¢ U we have ip(k) = 0 and the
ideal sheaf defining P, say .#p (a dangerous notation...) satisfies .Zp(U) = Ox(U). on the other
hand, let U be an open affine subset, U = Spec(R), such that P € U. Then .#p corresponds to
a maximal ideal m of R; its value on U is just m. The value of ip(k) on U is just k and the short
exact sequence 0 — 4> — Ox — Oz — 0, valid for any closed immersion i : Z — X, specializes
for Z = {P} and X as above over the set U to 0 — 1 — R — ip(k) — 0 and by passing to global

sectionsto0 - m - R — k — 0.
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Let X be a variety over k (for simplicity). We claim that

T

To prove that, take an affine open cover {Up, U1, ..., Un} of X such that P € Up and U7, U; =
X —{P}; such exists since X is quasi-compact. Note that for p > 0 the complex C” is identically zero
as ip(k)(U) = 0 for any open set not containing p. The complex C° is simply k x {0} x --- x {0}
and d : C° — C! must be the zero map. We get that F|O(X, ip(k)) = k. We could have used
also Proposition 5.5.3 to deduce that. We remark that Exercise 5.7.2 also yields this computation

immediately.

5.7. Cohomology and Cech cohomology. The following theorem is very important. It allows one

to calculate cohomology of quasi-coherent sheaves in examples. We have already seen some.

Theorem 5.7.1. Let X be a noetherian separated scheme. Let {U;} be an open affine cover of X

and let F be a quasi-coherent sheaf on X. Then,
AU, 7) = H (X, 7).

Proof. We will need several facts. Most were already proven, the others are left as exercises.

e Let X be a separated scheme, Ui, Us open affine subsets of X then U; N U> is affine.
(Exercise; cf. [H] Il Exercise 4.3)

o H°({U;}, Z) = HO(X, Z). (Already proven).

e Every quasi-coherent sheaf .% embeds in a quasi-coherent flasque sheaf .#. ([H] Il 3.6)

e Cohomology in the category of quasi-coherent sheaves, or Ox-modules, or abelian sheaves

can be calculated using resolutions by flasque sheaves. The cohomology groups of a flasque
sheaf .#, H'(X, .%), vanish for i > 0 (Theorem 5.4.1). It is also a fact that H'(X, .#) =0
for i > 0 ([H] 11l 4.3).

We consider thus a resolution of %,
0% >4 9% —0,

where .7 is flasque and quasi-coherent (and so also ¢ is quasi-coherent). For every U = Uipiy---ip We

have the initial part of the long exact sequence in cohomology:
0— ZU)— £(U) = 9U) - H U, Z|y) =0,

where the latter is zero because U is affine, being an intersection of affine open subsets, and % is

quasi-coherent. Taking the product, we conclude that the following sequence is exact:

0—>C'{U}, #)—=C*({U;}, #) —» C*({U;},¢9) — O.
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As .Z is flasque Hl(X, #) = 0 and so, taking the cohomology of the sequence, we get an exact

sequence
0= T(F) = T(F) = T(¥) = B (X, Z)—o0.
As well,
BPx 9) =P X #), vp> 1.
The same holds with usual cohomology:
0= T(F)=T(F) =4 - H(X,F) =0,

and

HP(X,9) = HPTY(X, %), Vp>1.

We conclude that H(X, &) = I:ll(X,ff) and we then argue by induction on p that HP(X, %) =
HP(X,.Z). At the induction step we use that & is also quasi-coherent and thus HP1(X, F) =
HP(X,9) = P (X, 9) = AP (X, 2). O

Exercise 5.7.2. Let f : X — Y be an affine morphism of noetherian separated schemes over k. Let

& be a quasi-coherent sheaf on X. Prove that
HI(X, .Z) = H(Y, f,.7).

(On a separated scheme the intersection of affine subsets is affine. For the notion of affine mor-
phisms see [H] II, Exercise 5.17. You may freely use it.) Here are two cases where this exercise
applies: (i) The closed immersion of a point of X into X; (ii) Any non-constant morphism between

projective, possibly singular, curves (any finite morphism of schemes is affine).

5.8. Some key theorems in cohomology. The following theorems are important and deep. Un-

fortunately, we cannot cover their proof in this course. See [H] for the proofs.

Definition 5.8.1. Let X be a non-singular n-dimensional variety over an algebraically closed field k.

The canonical sheaf (or dualizing sheaf) of X is

n
Wwx = /\QX/k-
Note that wx is a line bundle.

Theorem 5.8.2 (Serre's duality). Let X be a non-singular n-dimensional variety over an algebraically

closed field k. For every locally free sheaf % on X there is a canonical isomorphism

HI(X, 7)) = H'" (X, #* @ wx).
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Example 5.8.3. Suppose that X is a curve. Then, for every invertible sheaf .% we have
M(X,.7) = H' (X, 7" ® Qx/k)-

In particular, taking % = Ox we find that
k= T(X, 0x) = HY (X, Qx/x)

and that
M(X, Qx) = HY(X, Ox).
Compare this with the calculation of the dimensions of these cohomology groups carried out in

Example 5.6.1

Definition 5.8.4. The genus of a non-singular projective curve X is, alternatively, dim,(I'(X, Qx))

(the dimension of the global holomorphic differentials on X) or dim,(H*(X, Ox)).

Theorem 5.8.5 (Serre). Let X be a projective scheme over k. Let . be a coherent sheaf over X.

Then, for every i >0, H'(X,.%) is a finite dimensional k vector space.
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6. Curves

6.1. Divisors, Principal divisors, Pic. Ernesto Mistretta had covered most of what we need here,
so we will be rather brief, essentially providing a resumé of his lectures.
Let X be a non-singular quasi-projective variety over k, an algebraically closed field. By an

irreducible effective divisor D on X we mean a closed irreducible sub variety of X of codimension 1.

We will also refer to this as a primitive divisor. Let £p be the generic point of D then Ox p = Ox ¢,
is a regular local ring of dimension one, hence a dvr. Let vp be the corresponding valuation. If
U = Spec(A) C X and UN D # 0 then UN D corresponds to a prime ideal p (which is the generic
point of D) and Ox p = Ap.

Fact: D is locally principal. That means that X = U;U;, each U; open affine, U; = Spec(A;) and
DN U; = {f; = 0} for some f; € A;. This implies, but is stronger than, f;A,, = p;A,,, where D N U;

is defined on A; by the prime ideal p;.

A divisor on X is a formal sum ) ap[D], where the summation is over primitive divisors and ap € Z

and are zero except for finitely many D. To a function f € k(X), f # 0, we can associate a divisor

div(f) = (f) = ZVD(f )[D].

Such divisors are called principal divisors. They form a group denoted Prin(X).

Fact: This is a divisor. Namely, vp(f) = 0 except for finitely many D.
We say that D1 > D5 if D1 — Dy = ZD CD[D] and all cp > 0.

Fact: f is a regular function on X iff (f) > 0. Furthermore, that much is also true on any non-empty
open set U of X.

For X a projective variety, we get an exact sequence of groups
0 — k(X)*/k* — Div(X) — Pic(X) — 0,
where we define Pic(X) = Div(X)/Prin(X).

Example 6.1.1. Pic(P") = Z

Let H be the hyperplane x, = 0. We show that H is a generator for Pic(P"). Let D be a primitive
divisor, then D = {f(xo, ..., Xp) = 0} for some irreducible homogenous polynomial of degree d
(View D in A" as k[xo, ..., xn] is a UFD any prime ideal of height 1 is principal. Thus, in

A1 D is defined by a polynomial f(xg, ..., Xn), which is necessarily homogenous because it has
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the property that f(ag, ..., an) = 0 if and only if f(Aag, ..., Aap) = 0 for all A € k.) Thus,
D= (x;9%(x0,.... Xn)) + dH.

It remains to show that for every d > 1, dH is not principal. But if dH = (g) for some non-
zero function g, then g is a regular on P”, hence a constant, and vanishes along H. This is a

contradiction.

Example 6.1.2. Let X be a non-singular projective curve. Then there is a surjective group homo-

morphism
Pic(X) *% 2z, deg(}_apld) = ap.

It is well-defined because on a projective curve, deg((f)) = 0 for every function f. One lets Pic®(X)
be the kernel of the degree map; it is a subgroup of Pic(X). It is a hard theorem that Pic®(X) is the
k points of a projective connected algebraic group (a so-called abelian variety) of dimension equal

to g(X), the genus of X; it is called the Jacobian variety of X.

6.2. Locally free sheaves. We had an impromptu discussion about locally free sheaves, how to

describe them using Cech cocyles Fll(X,GLn((’)X)) and natural operations on sheaves, such as

tensor products, direct sum, exterior products, dual. In particular, isomorphism class of invertible

sheaves, namely, the locally free sheaves of rank 1 form an abelian group isomorphic to I:|1(X, O?).

Under the correspondence, the group operations on invertible sheaves are
e Multiplication: %1 ®p, F>.
e |dentity: Ox.
e Inverse: 7.

An interesting result is that the group of invertible sheaves is isomorphic to Pic(X), namely to

divisors up to principal divisors.

6.2.1. From divisors to invertible sheaves. \We associate to a divisor D a locally free sheaf Ox (D).

For an open set U let

Ox(D)(U) ={f € k(X): (f)NnU > —D}.
Namely, on the open set U, the divisor of f is greater or equal to the divisor —D restricted to
U, —(DNU). This already gives a sheaf of Ox-modules: One has (f; + f2) > (f1) + (%) and
(—f) = (f) which gives a structure of an abelian group. If g € Ox(U) and f € Ox(D)(U) then

(9f) = (g9) + (f) > (f) and so we get an Ox-module structure.
If D; = D + (g) there is an isomorphism

Ox(D1) —2= 0x(D) , f s gf.

Indeed, suppose (f) > —D; on an open set U then (fg) = (f)+(g9) > —D1 + (9) = —D.
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This also shows that Ox (D) is locally principal. Indeed, locally D is the divisor of a function g.
The argument above shows that multiplication by g~ gives an isomorphism Ox — Ox (D) on that

open set.

6.2.2. From invertible sheaves to divisors. Let .% be an invertible sheaf. Choose a non-empty open
set U and an isomorphism ¢ : Z|y = Oy. Then the function 1 corresponds to a section s of .7
that does not vanish on U. The section s extends to a meromorphic section on X. That is, suppose
that U; is another open set and @1 : |y, = Oy, is a trivialization. Then s|yny, corresponds to an
invertible function in O(U N U;) that extends to a meromorphic function fy, in k(X). We extend
the section s to U; by fy,s. In such a way we can associate to s a divisor (s). This divisor is
trivial on U and on U; is the divisor of fi,. We note that the functions fy, depend on the choice
of trivialization, but nonetheless, the divisor (s) we get this way by covering X by open sets U; is
well-defined, because the transition maps between different open sets are given by regular functions
that are none-vanishing on the intersections hence do not affect the divisor. Denote by D = (s).

Let t € #(V). Assume for simplicity that .% is trivial on V' (else pass to cover, etc.) then t/s
corresponds to a function on V that is independent of the trivialization chosen. This function h
satisfies on V that (h) = (t/s) = (t) — (s) > —D. Thatis h € Ox(D). The converse also holds
and we conclude:

Let s be a meromorphic section of .%, D = (s) the divisor of s. Then
F =2 Ox(D).
In this was we have passed from invertible sheaves to divisors.

6.2.3. Functoriality. It remains to check that Ox(D1+D>) = Ox(D1)®0, Ox(D2) and Ox(—D) =
Ox(D)~L. This is not hard to verify from the definitions.

6.3. Linear systems. \We content ourselves here mainly with definitions. The concept of a linear
system is very useful and geometrically enlightening, but we will see that later.

Let Dg be a divisor on X, where as usual X is a projective non-singular variety. There is a bijective
map

P(F(X,0x(Do))) & {D >0:D ~ Do},

given by
fi— (f) + Do.

(Here we use ~ to denote that two divisors are equal in Pic(X), namely, they differ by a principal
divisor; this is also called “linearly equivalent™). In particular, the system of effective divisors linearly
equivalent to Dy has a structure of a projective space of dimension h%(X, Ox(Dg)) — 1. This is

called a complete linear system and one denotes it by |Dg|. A linear system 0 is by definition a linear

subspace of P(I'(X, Ox(Dgp))). A point P of X is called a base-point of the linear system 0 is any
D € 0 contains P.
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6.4. Examples.

6.4.1. X = P! x P!. Some divisors that are easy to observe are the lines {a} x P! and P! x {a}
and the diagonal A that is equal to the image of the diagonal embedding P — P! x P!, Let, for
example, D be the divisor {0} x P*. Writing the function field k(X) as k(x, y), we can write any
polynomial f(x, y) in k[x, y] as
fxy)=> aily)x',  aly) € klyl,
>0
and then
vol(F) = min{i : a(y) # 0}.

In the same coordinates, the diagonal A is defined by x — y. That is, x — y is a uniformizer of the
local ring Ox a. Choose any unit of that ring, for example x4 y. Then we can expand a polynomial

f as

Fx,y) =Y aillx+y)x—y),

1

where the a; are polynomials and
va(f) =min{i : a;j(y) # 0}.

Recall the Segre embedding,

P"xP" PN, N=(m+1)(n+1)-1,
given by
(XO...vayo...ym)H(...XI)/J...)

If we let z;; be the coordinates on PV then the image is defined by the quadratic equations
ZijZke = ZigZk;, Vi, j, k. £,
and the Segre embedding is a closed immersion. In particular, we have
P! x P! =~ 9 « P,

where 2 is the quadratic surface
2 200711 — 201710 = 0.

Fix (a : B) € PL. The family of lines {(a : 8)} x P! we obtain in 2 are
{Bz00 — az10 =0} N 2,

while the lines P! x {(a : 8)} are given by
{Bz00 —azp1 =0} N 2.

Taking a homogenous degree polynomial f(z;) we get a divisor on 2 by

div(f) N 2.
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In the model of P! x P! this correspond to

div(f(xo : x1; Y0 ¥1)),
where f(xo : x1; Y0 : y1) is bi-homogenous of degree d. This divisor can be reducible or irreducible.
For example, taking f = zppz11 4201210 that corresponds to 2xox1 yoy1 = 0 gives us 4 lines on P! xP!;
taking f = 23, + 22 + t 200201 that corresponds to x3y3 +xZyZ + tx3voy1 gives an irreducible divisor,
unless t = 0. (One way to check that is to first verify irreducibility under x; = y; = 1 and then
check that only finitely many points are “hidden” in the complement in P! x P! of this open chart.)

For t = 0 we get a reducible divisor (xpyo + ix1y1)(Xo¥o — ix1y1) = 0, whose 2 components intersect
at the two points (1:0;0:1),(0:1;1:0).

6.4.2. X =P2. Every irreducible divisor D is the zero locus of an irreducible homogenous polynomial
f(X,Y,Z). If D;is defined by f; = 0 and D; # D> then the number of intersection points of D
and Do, counted with multiplicities, is deg(f1) - deg(f2). This is Bezout's theorem.

Let f, g € k(IP?) = k(x, y) be the functions f(x,y) = x/y and g(x, y) = x. The relation to the
homogenous coordinates X,Y, Z is that x = X/Z,y =Y/Z. Thus,

div(f) = D1 — Db, div(g) = Dy — Ds,

where
D1 ={X =0}, Dy={Y=0}, D3s={Z=0}.

6.4.3. Y = BIP(IF’2). Consider now Y, the non-singular projective surface obtained as the blow-up
of P2 at the point P = (0: 0: 1). It is birational to P? and so k(Y) = k(x, y) as well. What is the
divisor of f and g on Y7

Denote 7 : Y — P2 the projection and let £ = m~1(P) be the exceptional divisor. It is irreducible

and isomorphic to P1. We have
T:Y—E-—=P2—{P}.
Using the last isomorphism, we see that the real calculation to be done is on Y© = Bly(A?) = Y —Ds

and the functions f, g. From the definitions we get

YO ={(x,y;u:v):xv=yu} CA%xPL

Moreover,
E={(0,0;u:v)}.
We have
YO=uuv,
where
U=A{(x,y;u:1):x=yu}, EnU={y=0},
and

V={(x,y;1:v):xv=y}, ENV={x=0}
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Remark that U = A? | by (x,y;u : 1) = (v, u), and under this isomorphism E corresponds to
{y = 0}, f corresponds to the function (yu)/y = u and g to the function yu. Thus, div(f) N U
corresponds to {u = 0} = D; N U and div(g) N U corresponds to £ + {u=0}=E+D;NU.
Similarly, V' = AZ |, by (x,y;1: v) — (x,v) with E corresponding to {x = 0}. The function f
corresponds to the function 1/v and so div(f)NV = —{v = 0} = —D». The function g corresponds
to x and div(g) NV ={x =0} = E.
We conclude that on Y/,

div(f) = Dy — Do, div(g) = E 4+ Dy — Ds.

6.4.4. Blow up of the projective plane at six points. Consider 6 distinct points {Py, ..., Ps} of the

projective plane P2, such that:

e No 3 points lie on a line;

e Not all points lie on a single conic.

Here by a conic we mean the vanishing locus of any homogeneous non-zero quadratic polynomial

f(Xo : x1 : x2). In particular, f may be reduced and even the square of a linear form.

Lemma 6.4.1. There is a unique conic passing through Py, ..., Ps. This conic is necessary irre-
ducible.

Proof. That the conic is irreducible follows from counting. If not, it defines either a union of 2 lines,
or a single line (with multiplicity 2) and in either case on one of the lines we would have at least 3
of the points.

We first show that such a conic exists. The space of all quadratic polynomials is a 5-dimensional

complete linear system; such a polynomial is given as

aox? + aixy + aoy? + asxz + asyz + asz?,

and its divisor is linearly equivalent to the divisor 2Dg, for example, where Dy = {xg = 0}. That
linear system is then P> where we associate to the polynomial the point (ag : - - - : a5). The condition
that a point P; lies on the conic then translates into a linear condition £; = 0 on the coefficients a;.
A conic passing through Py, ..., Ps is given by a point on £; = --- = £5 = 0 that has dimension at
least 0 (and in particular is non-empty!). Indeed, in affine coordinates we intersect 5 hyperplanes
£; = 0 getting a linear subspace of dimension at least 1 that corresponds to that mentioned point
in P>. That shows that such a conic exists. We next show uniqueness.

Let €(P1, ..., P) be the family of conics passing through Py, ..., F;. It can be viewed of as the
linear system in P> given by the vanishing of 4y, ..., £; and we shall refer to its dimension in that
sense. Thus, for i = 0, it has dimension 5 and for / = 1 is has dimension 4 (as it is the subspace of

P> defined by the vanishing of £1). We have the following table, that we explain just following it:
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¢ (Pr) C(PL,P) C(PL P, P) C(P,....Ps) E(PL,...,Ps)
dimension <4dim'l <3dim'l < 2dim'l < 1ldm’l < 0 dim’'l
member L%3 =0 L%2 =0 L12L13 L12L34
not a base point | P Ps Pa Ps

In the table we have used the notation L;; to denote the linear form in 3 variables describing the
line in P2 passing through P; and P;. In the first column we note that the linear L25 is in the linear
system €(P1) and that P, doesn't line on this line. Thus, the linear system € (P1, P») is of strictly
smaller dimension than that of ¥’(P1), giving us the estimate that its dimension is < 3. Similarly,
we note that L%Q is in the linear system % (Py, P»), but that Ps doesn't lie on it, and therefore the
linear system (P, P>, P3) is of smaller dimension; that is, € (Py, P>, Ps) is of dimension at most
2. And so on. O

Let us then take six points {P, ..., Ps} satisfying that no 3 are on a line and not all lie on a

single conic and blow up P? at those points, arriving at the surface

We note that X has the following properties:

(1) X is an irreducible non-singular projective surface.

(2) X is birational to P2,

(3) X has 6 lines given by the exceptional divisors Ej, ..., Eg.

(4) X has 15 = (3) lines Lj;.

(5) X has 6 lines C;, where C; is the unique conic in P2 passing all the points P; except the

point P;.

Here “line” means a non-singular curve of genus 0 and for any Y C P2 we let Y the Zariski closure
of Y = {P1,..., Ps} in X. A famous theorem (that | hope we will have time to discuss this term)
says that every such X is isomorphic to a non-singular cubic surface in P2 and, conversely, any
non-singular cubic surface in P2 arises this way.

Let us now specialize even further. Consider the regular icosahedron in R3.
The line connecting a vertex of it to the centre passes through precisely one
addition vertex. Thus, this give us six lines. We think about these lines as
points in P?(R) C P?(C) and we blow up P?(C) at these points, getting a

surface X called the Clebsch surface. It has several interesting properties:

e As all the blow-ups is it non-singular projective surface birational to
P?.

e It has the model: {3°7 ;% = 0,3 7, x3 = 0} in P*. This model show that the symmetric
group Sy acts faithfully on X.

e It has the model 32/ x3 — (3°7_,x))® = 0 in P3. This model, obtained from the one in P*

by eliminating xa, exhibits X as a non-singular cubic surface in P3.
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e The action of the icosahedral group As on the icosahedron, which is induced from an orien-
tation preserving linear transformations in GL3(R), induced the action of As C Ss, defined
above. If we allow also non-orientation preserving automorphisms of the icosahedron, we
get a group isomorphic to As x Z/2Z. Indeed, once we know that the orientation preserving
automorphisms are As, we can choose multiplication by —1 as a non-orientation preserving
automorphism’ and conclude that the full group of automorphisms of the icosahedron is
As x {+1}. Note however that the projective transformations we get are just the images
of As as diag(—1, —1, —1) is trivial in PGL3(C).

It is known that the full automorphism group of the Clebsch surface is Sg, where the

action of Asg is explained by the icosahedron, but the additional symmetries are not.

6.5. Euler characteristic. Let X be a projective variety. Let .# be a coherent Ox module. Then,
by a result of Serre, H'(X,.%) are finite dimensional; we denote the dimension h’(X,.%). We define

the Euler characteristic of the sheaf .#,
dim(X)
X(Z)=3 (~1)h (X, Z).
i=0

Lemma 6.5.1. x is additive on short exact sequences. That is, if

0> 9% - % — F—0,
is an exact sequence of sheaves, then

x(F) = x(F1) + x(F2).
Proof. Let d = dim(X). We have a long exact sequence of vector spaces:

0= HYX, .Z1) = HOUX, ) = ... = HY(X, %) — 0.

As with any long exact sequence of vector spaces, the dimensions counted with alternating signs

give zero. Thus,

W(F1) = °(F) + 1(F2) — B (F1) + - + (1) (F2) = 0.
But, this just the identity 0 = x(.71) — x(7) + x(%#2). O
Example 6.5.2. Let X be a non-singular projective curve and let .% = Ox (D), where D is a divisor

on X. Then,
x(0x(D)) = h°(X,0(D)) — h*(X, Ox(D))

= h%(X,0(D)) — h°(X, Ox(K — D)).

“One knows that the vertices are (0, £1, +¢), where ¢ is the golden ratio and their cyclic permutations, a set that
is preserved by multiplication by —1.
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In the above, K denotes a canonical divisor and we have used Serre to relate the two expressions for
X(Ox(D)). Recall how K is defined. One chooses a rational section s of wx/,, which, since X is
a curve, is an invertible sheaf isomorphic to €x/,, and one lets K = div(s). If t is another rational
section then t/s is a rational function and so K is defined up to a principal divisor. Let's look at

some particular instances.

X is the projective line P'. Let xg, x; be the coordinates on the projective line. It contains the

affine line Al with coordinate z = x1/Xo and we choose the differential dz. On Al the differential

dz is regular and non-vanishing. Let u = xo/xi, then P! = AL U Al  as usual. We have dz =

d(1/u) = —u~2du, which has a pole of order 2 at the point “at infinity” Psx = (1:0). Thus,
(dz) = =2[Px].

Note that HO(P', wpi k) = HO(PL, Opi(K)) = {f € k(P') : (f) > 2[Px]} = {0}. Thus, In

particular, find that x(P*,0) =1-0=1.

For general information we remark that the general theorem is

x(P",0) =1, Vn.

X is the elliptic curve y°?z = x3 + z3. For simplicity assume that the characteristic is not 2,3 so
that the curve is non-singular. An affine piece of the curve is given by X% : y2 = x3 + 1. Note that
2ydy = 3x%dx. Let w be the differential form

Lo _dy

2y  3x2’
The two expressions together show that w is a regular differential (there are not points on the curve
where both x and y are zero). Moreover, it is non-vanishing (check!). There is but one point on X
that is not in X°, namely the point (0 : 1 : 0) at this point we have local coordinates u, v related to

X,y by u=x/y,v=1/y and the curve is given by the equation
v=ul+v3

This equation gives us the identity dv(1 — 3v?) = 3u?du. We calculate, that 2w = du — vdv and

then that
3u3
w=1(1—-—2" ).4u
v ( v(1—3u2)> au

We have the identity “—‘/3 = 1—v? that shows that at the point (0 : 1: 0) (= (0, 0) in the coordinates
u, v) the function u3/v is regular and equal to 1. Using this, we find that (1 — \/(13%;12» is regular

and non-vanishing at (0 : 1: 0). Thus, we find that the empty divisor is a canonical divisor on X.
(This is true, in fact, for any curve of genus 1.) As HO(X, wx) = H°(X, Ox), we find

x(X,0) =0.
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In general, for a non-singular projective curve X:
x(X,0x) =1—g(X),

by definition of g(X). Thus, our examples above show that g(P!) = 0 and g(X) = 1, where X is

the elliptic curve y2 = x3 + 1.

Example 6.5.3. We now look at the case of surfaces. Let X be a projective non-singular surface.
Then,

X(Ox(D)) = h°(Ox(D)) + h°(Ox(K — D)) — h*(Ox(D)).
Let look at the example of P? and calculate the canonical divisor for it. In fact, it is equally easy to

calculate the canonical divisor for P".
Proposition 6.5.4. Let X =P". Let H be a hyperplane of X then —(n+ 1)H is a canonical divisor.

Proof. Over the affine open U, := Spec R, = Spec k[)X(—: ..... Xf(—;l] we have

n—1
X
Q= Rnd(;;),
i=1

and

Xn—1

).

Letw = d(2)A-- -/\d(x;—;l), viewed as a rational differential form on P”. The form w is regular and

n
X0
Wy, /k = /\Qu,,/k = Rn‘d(;)/\"'/\d( x
n n

non-vanishing on U,,. We need to calculate if it has zeros or poles on the complement H := P"— U,
which is a primitive divisor. Let Uy := Spec Rg = Spec k[i—é ..... )X(—g]. Similarly, Qpn /x|y, =

" 1Ro - d(%),wpn/k = Ro - d(Z) A~ Ad(3). Note that the complement of Up U U, has
codimension 2 in P and so “no divisors can hide there”. Namely, the only calculation that we need
to do is to see whether w has zeros or poles along H; H is defined in Uy by the equation f(—g =0.

Writing - = J5(52)~", one finds that
X/ Xn —1 XI Xn ] Xn
d(=)= (=) ==(=)"=d|—=].
()= oy 20 (XO)

Substituting this below, and using dt A dt = 0, we find

—d( ...
w—d(Xn)/\ Ad(

n

_ (X)ld(X> Ad(Xl) A...Ad<Xn1)
X0 X0 X0 X0



68 EYAL GOREN, MCGILL UNIVERSITY

Thus, w has a pole of order n+ 1 along H. O

Consequently,
HO(P", wpn ) = HO(P", O(—=(n+ 1)H)) = {f € k(P") : (f) > (n+ 1)H} = 0},
because such a function f has (f) > 0, in particular, so is a regular constant on P”, namely a

constant; this function also satisfies (f) > (n+ 1)H, which is impossible unless f = 0.

Now, one can prove using Cech cohomology that I:|1(IP’2, O) = {0}. This might be quite doable
using a cover of P2 with three affine planes, but | hadn't tried. The proof in the general case, which
deals with P", is in [H], but | suspect that the case of n = 2 can be done more simply. At any rate,
granted that we find that

X(P?, Op2) = 1.

6.5.1. Definition of arithmetic and geometric genus. Let X be a non-singular projective variety. We

define the arithmetic genus of X as

pa(X) = (=1)"M (x(Ox) — 1);
we define the geometric genus of X as

pg(X) = hO(Xv wX/k)-

Here are two examples:

(1) If X is a curve the we saw that x(Ox) = 1—g(X), where g(X) = h°(X, wx/«), by definition.
It follows that p,(X) = pg(X) = g(X).
(2) IF X =P? then by our calculations p,(X) = pg(X) = 0.

We remark that in general, even for non-singular projective surfaces X, p,(X) # pg(X).

6.6. The Riemann-Roch theorem for curves.

Theorem 6.6.1. Let X be a non-singular projective curve over an algebraically closed field k. Let

D be a divisor on X and g the genus of X. Then,
x(O(D)) = deg(D) +1 —g.
Note that x(O(D)) = h%(X, O(D))—h*(X, O(D)) which is equal by Serre’s duality to h°(X, O(D))—
h°(X, O(K — D)), where K is a canonical divisor on X. Thus, another formulation of the Riemann-

Roch theorem is
h°(X, O(D)) — h°(X, O(K — D)) = deg(D) +1 — g.

Proof. Begin with the case where D is the empty divisor. The formula then reads
(X, 0) — hY(X,0)=1—g.
However, H°(X, ©) = k and h'(X, O) = g, by definition. So the formula checks.
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We now prove that given a divisor D and a point P € X(k), the theorem holds true for D if an
only if it holds true for D — [P] and that suffices to prove the theorem. More precisely, we show
that x(O(D — [P])) + 1 = x(O(D)); as deg(D — [P]) + 1 = deg(D) that suffices to show that the
theorem holds for D iff it holds for D — [P].

Consider the exact sequence
0— O(—[P]) = O — ip(k) — 0,

where O(—[P]) is the ideal sheaf of functions vanishing on [P] to order at least 1 and it defines the
closed immersion / = ip : P — X. Here ip(x) is the extension by zero of the sheaf of functions k
on P. Cf. Example 5.6.4. Tensor this sequence by the sheaf O(D).

First, note that O(D) ® ip(k) = ip(k). Indeed, for an open set U not containing P both sheaves
take value 0. For an open set U that contains P, and small enough so that O(D) is trivial, both
sides give the value k. That is, both sheaves have stalks k at the point P.8

As Op is locally free, and exactness is measured locally, the sequence stays exact and we get
0—0O(D-[P]) = O(D) = ip(k) = 0.
Apply the Euler characteristic to get
x(O(D = [P])) + x(ip(k)) = x(O(D)).

However, we have calculated before that x(ip(k)) = 1 (Example 5.6.4) and so the proof is complete.
U

6.7. Consequences of Riemann-Roch. Let us apply the Riemann-Roch theorem to the canonical
class K. On the one hand,

X(O(K)) = h°(X, Qxy) = (X, 0) =g — 1.
On the other hand, Riemann-Roch gives
x(O(K)) = deg(K) +1—g.

Therefore, quite unexpectedly, we get:
Corollary 6.7.1. deg(K) =2g — 2.

Exercise 6.7.2. Consider the meromorphic differential dx on the plane curve x¢ + y? + z9 = 0, for
d > 0. Find its divisor K. Calculate the degree of K and conclude that the genus of the curve is
(d—1)(d—-2)/2.

Consider now the case of divisors D of large degree.

80ne can also use [H], Il Ex. 1.19.
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Corollary 6.7.3. Let D be a divisor of degree deg(D) > 2g — 2. Then

dimy HO(X, O(D)) = deg(D) + 1 — g.

Proof. This follows from the fact that if F is a divisor of negative degree then H°(X, O(F)) = {0},
because div(f) > —D implies deg(div(f)) > 0, which is impossible. We apply it to the divisor K — D
and conclude HO(X, O(K—D)) = {0}. By Riemann-Roch dim, H°(X, O(D)) = deg(D)+1—g. O

Corollary 6.7.4. Let X be a non-singular projective curve, n > 1 an integer and {x1, . . ., Xn} distinct

points on X. Then X — {xq, ..., Xn} is an affine curve.

Proof. We do the case n = 1, leaving the general case as an exercise. Consider the divisor D = (2g+
1)[x1], where g is the genus of X. It follows from Corollary 6.7.3 that dim H°(X, O(D)) = g+2 > 2.
Thus, there is a non-constant function on X with a pole at [x;] and non-where else. It defines a
morphism £ : X — P. As f is finite flat, we have seen in Corollary 4.6.3 that f~1(A!) = X — {x;}
is affine. O

Corollary 6.7.5. Let X be a non-singular projective curve of genus 0 then X = P*.

Proof. Choose a point t € X and apply Corollary 6.7.3 to the divisor [t] of degree 1 > 2g(X) — 2.
We have dim H%(X, O([t])) = 2 and so there is a function f on X whose polar divisor is precisely [t].
We view f as a morphism f : X — PL. It is a surjective morphism of degree 1 between non-singular
projective curves and so k(X) = k(P!) and it follows that X = P*. O

Remark 6.7.6. Recall from the first term our discussion of moduli spaces of curves. The result
above says that the coarse moduli space of curves of genus O is a single point. It goes back to
Riemann that the coarse moduli space of curves of genus 1 (with a marked point) is 1 dimensional
curve isomorphic to A! (this may be due to Klein) and that the moduli space of curves of genus g

is of dimension 3g — 3, if g > 2.

6.7.1. An observation regarding Pic®(X). Let X be a smooth non-singular curve of genus g. Recall
that PicO(X) was defined as the group of divisors of degree 0 on X modulo principal divisors. If X
has genus 0 then Pic®(X) = {0} and that’s an easy exercise in polynomials of one variable. If X has
positive genus g, it is a major theorem that Pic®(X) is an abelian connected algebraic group (those
are known as abelian varieties), which is projective of dimension g. It is also called the Jacobian
variety of X and denoted Jac(X). People that know Lie groups will be able to conclude that if the
ground field k is C then Pic®(X)(C) = C9/A as an analytic Lie group, where A is a lattice in C9
(a discrete abelian subgroup of rank 2g). Moreover, there is a morphism X < Jac(X) which is a
closed immersion. We describe it at the level of sets.

Choose a base point Py € X and consider the map

wp: X = Pic%(X), P [P] - [Po].
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This is an injective map: suppose that [P] — [Po] = Q — [Po] in Pic®(X). Then [P] — [Q] = O there
and that means that there is a function f € k(X)* such that (f) = [P] — [Q]. As f has one zero,
and it's a simple zero, we conclude that the morphism f : X — P! is an isomorphism and that says
that X has genus 0, contrary to our assumption.

Note that the map constructed thus is canonical up to the choice of base point F;. A choice
of another base point [P1] amount to shifting the image of X in Pic®(X). To be precise: @p +
Tip-[R] = ®@p. Where Tip_p Is the translation map Tipj_(p, (D) = D + [P1] — [Po].

If one considers the map
op : X9 = Pic®(X), op(Pr ..., Fg-1) =[]+ -+ [Fg—1] — (9 — [P,

after moding out by the action of S4_1 on the source, one finds a birational morphism onto the
image. The image is an ample divisor on PicO(X) called the theta divisor. It is well-defined up to
translation and so up to algebraic equivalence (see Mistretta’s lectures for this notion of algebraic

equivalence). Altogether this gives a morphism, called the Torelli morphism,
Mg — Ag,

from the moduli space of projective non-singular curves of genus g to the moduli space of principally
polarized abelian varieties of dimension g. We are not going to explain the notion of “principal
polarization” but only remark that the theta divisor defines one. The Torelli morphism is known to
be a proper and injective (Torelli's theorem) and is in fact a closed immersion in characteristic 0

(and not in general) by a theorem of Oort and Steenbrink.

6.7.2. The Weierstrass form of an elliptic curve. Let us consider now a curve E of genus 1. Pick
a point t € E and consider the divisors [t],2[t],3[t]. The pair (E, t) is called an elliptic curve.
Corollary 6.7.3 gives

dim H°(E, O([t])) = 1
dim H°(E, O(2[t])) = 2
dim H°(E, O(3[t])) = 3
As the scalars belong to HO(E, O([t])) we conclude that H°(E, O([t])) = k. Further, we conclude

that there is a function on E, call it x such that the polar part of its divisor satisfies (x)oo = —2[t].

Similarly, there is a function y with (y)oo = —3[t]. Now consider the functions
{1,x,y,x% xy,y?, x3} ¢ H°(E, O(6[t])).

As there are 7 functions and dim HO(E, O(6[t])) = 6 there is a linear relation between them. As the
functions 1, x, y, x2, xy are linearly independent (consider the valuation of such a linear combination

at the point t), and stay so if we throw in either y? or x3, in that linear relation the coefficients of
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both x3 and y? are not zero. After rescaling, we conclude an equation
2 .3 2
Vo4 aixy + azy = X7 + acx® 4+ agx + a6.

We get a rational morphism E — — > P?, u ~ (x(u),y(u)) and the image in contained in the

projective curve

3

(5) Y y2z 4 aixyz + asyz® — x3 — apx’z — anxz® — agz> = 0.

As E is non-singular and Y is a projective curve, we conclude a dominant morphism £ — Y.

It remains to show that this is an isomorphism. We first prove it is a birational morphism. We
need to show that [k(E) : k(x,y)] = 1. However, the function x defines a morphism x : £ — P! of
degree 2 (as it takes the value oo exactly twice) and the function y defines a morphism y : E — P!
of degree 3. That is, [k(E) : k(x)] = 2,[k(E) : k(y)] = 3 and so [k(E) : k(x,y)] = 1. At this
point, it will be enough to show that Y is non-singular.

Suppose that Y had a singular point. We will show then that Y is birational to PL. It then follows
that P! is isomorphic to E (as they have the same function field k(x, y)), which is a contradiction
since P! has genus 0 and E has genus 1.

Suppose Y has a singular point. By a linear change of coordinates that doesn’'t change the form
of the equation, although it changes the constants a;, we may assume that the singular point is
(0,0). It follows that 2y + a;x + as and ary — (3x® + 2a>x + a4) vanish at (0,0), which implies

a3 = a4 = 0 and ag = 0 as well, because (0, 0) is on the curve. Thus, necessarily Y has the form
Y . y2 + aixy = x3 + anx?.

Let t = y/x. Then t? + ait — a» = x and tx = y. That shows that k(x,y) = k(t), and Y is
birational to P!,
We conclude that every elliptic curve (E, t) of genus 1 is isomorphic to a plane curve in Weierstrass

form with the point t corresponding the (0: 1 :0).

6.8. The Hurwitz genus formula. Our purpose in this section is to prove that following theorem

(in fact, a more general version of which):

Theorem 6.8.1 (Hurwitz). Let f : X — Y be a surjective separable morphism that is tamely ramified
between non-singular projective curves over an algebraically closed field k. Then
29(X) — 2 =deg(f)(29(Y) —2) + > ep — 1.
Pex
Recall that ep is the ramification index at a point P. We will recall the definition below and we
shall show that ep = 1 except for finitely many points and so the sum on the right makes sense. To

say f is tamely ramified means that if char(k) = p > 0 then p { ep for all P. Finally, f is separable
if k(X) is a separable field extension of k(Y). Thus, at this point, at least the statement of the
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Hurwitz genus formula is understood. Before beginning the proof, we take a detour and explain the

situation over the complex numbers.

6.8.1. The genus formula for complex algebraic curves. In this section, we will be assuming much

we didn’'t prove. But | think that the intuition gained justifies that.

Over the complex numbers, X(C) and Y (C) are compact complex surfaces, in fact Riemann surfaces.
2g(X) — 2 is minus the topological Euler characteristics. That is, if we triangulate X(C) then the
formula

2 —2g(X) = {f vertices — §f edges + {f faces,
holds. For example, the following diagram is a triangulation of a torus (a torus has genus 1). One
should be glueing opposite sides to get the torus and in particular all vertices marked by the same

letter are identified:

vl

e

@ —a—0 —a—e

N

>

\

The Euler characteristic formula gives 4 — 12+ 8 = 0.

Similarly, here is a triangulation of a sphere:

FaOS

I

y

N

The Euler characteristic formula gives 6 — 12 + 8 = 2.

Now, as f : X — Y is analytic, if P € X is a ramification point of order e, one can choose local
analytic coordinates at P and Q = f(P) such that the map is given there by z — z¢ (thought of
now as a map of the open unit disc to itself). Suppose that Y is triangulated so that the ramification

points Ry = {Q1, ..., Q:} of f on Y are among the vertices. We have
2-29(Y)=H4W% —t Ev +1 Fy.
As f is a covering map X — f"}(Ry) — Y — Ry, we get an induced triangulation of X for which

ff Ex =deg(f)-ff Ey, ff Fx =deg(f)-f Fv,
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but the formula for the vertices must take into account ramification and we find

deg(f) -V —fVx=>_ > (ep—1)= > (ep—1).

i=1 f(P)=Q; pex
Therefore,
deg(f)(2 —2g9(Y)) =deg(F)(§ W —Hf Ev +1 Fv)
= Vix =t Ex + 1 Fx +deg(F)f & — Vx
=2-29(X)+ Y (ep—1).

PeX

This is Hurwitz's formula.

6.8.2. Preparations for the algebraic proof.
Divisors and closed subschemes of curves. Let D = >"7_, n; - [P], n; > 0, be an effective divisor
on a projective non-singular curve X over an algebraically closed field k. The ideal sheaf Ox(—D)

defines a closed subscheme Z of X, where
0— Ox(—D) — Ox 07— 0,

where as usual Oz really means Oz with / : Z — X the closed immersion. The scheme Z is

supported on {Py, ..., P:} and

Oz = ®/_1ip(Op/mp).
Conversely, let Z be a closed non-empty subscheme of X, Z # X. By definition, for some coherent
ideal sheaf | we have

0—=>1—-0x—>0z;—0.

If Zieq = {P1,..., P:} then at Q & {P, ..., P:} we have Ig = Ox g (because Oz = 0). For
Q = P, Ig is an ideal of the dvr Ox . It cannot be the zero ideal. One checks that in that case
| = 0 in an open neighbourhood of @ which implies that Z contains an open subset of X and so,
being closed, Z = X. Thus, Ig = mg for some n; > 0. We recognize that / is nothing but the
sheaf Ox(—D), where D = Y"f_, n;[P].

We have set a bijection between closed subschemes Z ; X and effective divisors D on X.

Pulling back divisors. Let f : X — Y be a surjective morphism of projective non-singular curves.
Let Q@ € Y. Recall that if t is a local uniformizer at Q, that is, t is a function in k(Y) such that
tOy.q = mgq, then for a point P € X such that f(P) = Q, f*(t) - Oxp = mg for some positive

integer ep, called the ramification index at P. We proved:

Z ep = deg(f).

f(P)=Q
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Define
Q)= D er-[Pl,

fF(P)=Q
and extend by linearity to a homomorphism
f*: Div(Y) — Div(X).
This homomorphism has the property
deg(f*D) = deg(f) deg(D).

In particular it takes degree zero divisors to degree zero divisor. Evidently, for g € k(Y)* with divisor
D we have
div(f*D) = div(go f).

One concludes induced homomorphisms

Pic(Y) — Pic(X), Pico(Y) — Pic®(X).

6.8.3. The proof of Hurwitz's genus formula. We begin with the following result concerning differ-

entials.
Lemma 6.8.2. Let f : X — Y be a separable surjective morphism of non-singular projective curves
over k. There is an exact sequence

(6) 0— f*Qy/k — QX/k — Qx/y — 0.

Proof. From general principles (Proposition 1.5.3), we have an exact sequence
f*Qy/k — QX/k — Qx/y — 0.

It remains to show that the first arrow is injective. But, both 7*$2y /) and S2x/, are invertible sheaves
on X. In particular, if P is a closed point of X and 7 its generic point, we have a commutative
diagram:

(f*QY/k)P - (QX/k)P

(f*QY/k)'fl - (QX/k)n

and the vertical arrows are injective. Thus, it is enough to prove that (f*Qy/x)y — (Qx/k)y is
injective. Under the separability assumption, we have proved (see page 9) that (f*Qy/«)y =
Quevy/k @iyy K(X) = Quexyk and Qy(xy/kvy = 0. Thus, at the generic point, we have an

exact sequence of k(X)-module:
k(X) — k(X) —0—0,

for which the first arrow must be injective (in fact an isomorphism). (]



76 EYAL GOREN, MCGILL UNIVERSITY

Under the same assumptions on f : X — Y we next prove:

Lemma 6.8.3. The sheaf Q2x,y is supported on the ramification points P of X, the points such

that ep > 1. In particular, there are finitely many ramification points.

Proof. Locally on Y, Qy /|y = Oy - dy just because it is locally free. Let U= f~1(U). As we have
seen while studying curves, it is also affine. And we may shrink U so that also Qx /|5 = Op - dx.
On the other hand f*(Qy/«lu) = Op - f*dy and we may write f*dy = h- dx for some h € o(0).
Thus, on the open set U — div(h), we have an isomorphism between f*Qy and Qx.

Since Y is quasi-compact, it is covered by finitely many such U and so, outside a finite set f*Qy
and (2x are isomorphic. This shows that €2,y is supported on finitely many points.

More precisely, let P € U and Q = f(P). In the notation above we may assume that y is a

uniformizer at Q and x a uniformizer at P (else replace them by y — y(Q), etc.). Then,
f*dy = d(f*y) = d(x* - u),
where u is a unit of Ox p. But,

d(x% - u) =ep-x*"1u-dx + xdu.

f*d
Vp ( C/Xy> = Vp(h),

and, (1) whenever f is tamely ramified at P, which includes all points where ep =1,

frdy\ _
vVp dx =ep—1;

frdy
Vp< dx > > ep.

In particular, the sheaf Qx/y is supported exactly at the ramification points. O

Therefore,

(2) whenever f is wildly ramified,

Define the ramification divisor R as the effective divisor on X given by

> U Qxyv)e) - [P,

pPeX

where £((Q2x/y)p) is the length as an Ox p-module, which is also its dimension as a k-vector space.
Our calculations above show the following:
e R is supported exactly on the ramification points. That is, the point P € X such that
ep > 1.
e At every tamely ramified point P, £((Q2x/y)p) = ep — 1.
e At every point P, in the notation above, £((Qx/y)p) = vp(ep - XLy + x 34).
® Qx/y = Ox/Ox(—R). We may think about R as a closed subscheme / : Z — X.
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The exact sequence in (6) reads then as follows:

0— f*Qy/k — QX/k — 1Oz — 0.

-1

If we tensor by Qx/k

we get

0 — " Qy/x ®oy Q2 — 0y — k07 — 0.

-1

X/ k

(The sheaf i,Oz doesn't change; cf. the proof of the Riemann-Roch formula.) Consequently,
F*Qyk ®ox Uxj = O(=R).

But, if Qy/k = Oy(Ky) then f*Qy/k = Ox(f*(Ky)) And thus f*Qy/k R0y Q;(}k = Ox(f*(Ky) —
Kx). Taking degrees we find — deg(R) = deg(f*(Ky) — Kx) = deg(f)(2g9(Y) —2) — (29(X) — 2).
In conclusion,

29(X) — 2 = deg()(29(Y) = 2) + > &(x/v)p)-
PeX

And we have found much information about £((€2x/y)p). In particular, if f is tamely ramified,

29(X) — 2 = deg(F)(29(Y) —=2) + Y _(ep — 1).
PeX

6.9. Examples and applications of the Hurwitz genus formula.

Example 6.9.1. The curve C : x9 +y? = z%in IP’% Assume that the characteristic of the field k
doesn’t divide d. Then the curve is non-singular and has genus

(d—1)(d - 2)

> .

Indeed, we have seen in assignments that the morphism (x : y : z) — (x : y) from C to P! is a
surjective morphism of degree d (and thus a separable morphism) ramified at d points. At each
ramification point P, ep = d. We apply the Hurwitz formula for tamely ramified morphisms to
conclude that 2¢g(C) =2 =d - (—2) + d(d — 1), from which the formula follows.

We remark that in fact every non-singular curve of degree d in P? has genus W.

Example 6.9.2. Wild ramification. The situation in the case where the ramification is not tame
(one says that the point is then wildly ramified) is more delicate. We provide a simple, yet typical,
example.

Let k be an algebraically closed field of characteristic p. Consider the morphism
f:Pr — P}, f(x) =xP—x.
It corresponds to the inclusion of functions fields k(x) 2 k(t), where t = xP — x. Thus, k(x) =

k(t)[y]/(yP — y — t) and the polynomial y? — y — t has derivative relative to y equal to —1.

Therefore, this is a separable polynomial and f is a separable morphism. Furthermore, deg(f) = p.
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The morphism f is unramified over Al. Indeed, given t € Al and y solving y? —y = t, for all i € F,,

we have
V+)P=+D)=y"—y+(" -0 =t
as well. That is, there are p points lying above t and so the morphism is unramified above any

t € Al(k). As there is a unique point left, we conclude that e5, = p, where oo is the point in

P! — Al Note that the usual Hurwitz formula doesn't hold
2=2.0-2#p (2:0-2)+ew—1=-p—1.

Indeed, we are in the case of wild ramification: p|es,. We must use the ramification divisor and
calculate the length of €2x/y at oo, where X =Y = PL.

Write x = X/Y. The morphism f is given in homogenous coordinates by
(X:Y) = (XP—YPTIX :YP),

Taking the parameter u = Y/ X around oo we find that f is given in that chart by

1
p.__ =
ur—u 1_ Up_l.
Note that oo corresponds here to the point v = 0 and ﬁ is a unit at 0. One computes, using
p=0in k, that
1
frdu=—u?P? . ———du.
1—urt

Therefore
R =(2p —2)[], deg(R) =2p — 2.

The Hurwitz formula works now:

—2=2.-0-2=p-(2--2)+deg(R) =—-2p+ (2p — 2).

Application 1. Let f : X — Y be a surjective (separable) morphism of non-singular projective

curves of degree greater than 1. Then
9(X) > g(Y).

If g(X) = g(Y) then either g(X) =0 or g(X) =1 and in the latter case f is unramified.

Indeed, this follows from analyzing the Hurwitz genus formula. We assume that f is separable since
this is the only case we dealt with but in fact the statements hold in general.
Suppose first that g(Y) > 2. Then
29(X) — 2 =deg(f)(29(Y) — 2) 4 deg(R) = deg(f)(29(Y) — 2).

As 2g(Y) —2 > 0 we get g(X) > g(Y). Similarly, for g(Y) = 1 we get 2g(X) —2 = deg(R) > 0
and so g(X) > 1=g(Y). In the case g(Y') = 0 the inequality is trivial.
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We saw that equality can only hold for g(X) = g(Y) = 0 or for g(X) = g(Y) = 1, and in that
case it follows that deg(R) = 0 and so that f is unramified.

Application 2 - Luroth’s theorem. Any subfield of k(x) containing k is a purely transcendental

extension of k.

Let k(x) D L O k. We may assume L # k and thus L is a function field of transcendence degree
1, corresponding to some non-singular projective algebraic curve Y. The inclusion k(Y) C k(x) =
k(P') corresponds to a surjective morphism P* — Y. Thus, g(P') > g(Y). Thatis, Y has genus 0.
It is therefore isomorphic to P! (over k) and so L = k(Y) = k(Pi) is a purely transcendental

extension of k.

Application 3 - hyperelliptic curves. Assume that the characteristic of k is not 2 and let
X0 y? = f(x),

be the affine curve in A?, where f(x) is a separable polynomial in k[x] of degree r. Note that X°
is non-singular as (2y, f'(x)) = (0,0) at xo implies that xp is a double root of f, contrary to our
assumption. Let X be a non-singular projective model of X°. Thus, X° C X.
The morphism
: X0 = AL o((x,y) =x,
is a surjective morphism of degree 2. It extends to a surjective morphism
0: X —PL

Note that if f(a) # 0 then (a, +1/f(a)) are two distinct points of X° and so every pre-image of a
lies in X° and the map is unramified there. If f(a) = 0 then f(x) = (x — a)g(x) and g is a unit of
the local ring of (a,0) € X%. As y? = f(x), we see that y is a uniformizer at (a, 0) and f(x), and
SO X — a, vanish to order 2 there. Thus, ¢ is ramified at (o, 0). It follows that all the pre-images
of a lie also in this case in X° and ¢ has a unique pre-image Py := (a,0) of a and ep, = 2. It
follows also that ¢~ 1(c0) = X — X% and X — X© consists of 1 or 2 points.

Hurwitz formula implies in general that for tamely ramified morphisms f : X =Y, > oo (ep—1)
is even. As in our case ep = 1,2, we conclude that the number of ramification points is even and
the r roots of f are among them. Therefore, if f has even degree r = 2g+2, we must have ¢~ (c0)
consisting of two points, both unramified, and the Hurwitz genus formula gives g(X) = g. If f has
odd degree r = 2g + 1 then there is one point at infinity and it is a ramification point. We obtain

in this case g(X) = g. In particular, we always have g(X) = L%J.
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6.10. More about topology and complex curves. To be added (hopefully!)
e { compact Riemann surfaces } «» { projective non-singular curves over C}
e Using topology to construct coverings of a projective non-singular curve over C.

e Belyi's theorem.
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7. Morphisms to projective spaces

7.1. Graded rings, ideals etc. Let [ be an abelian group. A [-graded ring S is a commutative
ring with 1 together with a decomposition into abelian groups,
S = OyerSy,
such that for all y1,v2 in I, we have
SySv: € Syt
By a graded ring S we will mean a Z-graded ring S such that S, = 0 for n < 0. Thus, S = ©;>05,.

Note: Sg is a subring and S is an Sp-algebra.

An element of S is homogenous if it belongs to some S,. An ideal a<tS is homogenous if, letting
ay =ans,, we have
0 = Byeray.

This is equivalent to requiring that a is generated by homogenous elements. One checks that a
homogenous ideal a is prime if and only if for every two homogenous elements f,g of Sif fg € a
then either f € a or g € a.

If a is a homogenous ideal then S/a = ®ycrSy/ay is naturally a T-graded ring. Let T be a
multiplicative set of homogenous elements of S. Then the localization S[T 1] is also a [-graded

ring, where

~ f
S[T 1]7:U{g:f65,y+5,g€55}.

oer
(One needs to check that this is well defined under g = %.)
The basic example of a graded ring is of course the ring of polynomials S = A[xo, ..., xn] over

a ring A. It has a natural grading where Sg = A and S, is the A-linear span of the monomials of

degree d.

7.2. Proj S. Similar to the case of rings A to which we associated an affine scheme Spec A, we
associate here a scheme Proj S to a graded ring S. The construction has some built-in functoriality,
but it is not as perfect as in the affine case and, as we shall see, determining morphisms to Proj S

Is a more involved business.
Let S be a graded ring. The homogenous ideal
S+ =®y>054d
is sometimes called the irrelevant ideal. Define first Proj S as a set:

Proj S = {p<1S : p a homogenous prime ideal and p 2 S }.
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Next, we define a topology on Proj S. Let a be a homogenous ideal of S and let

V(a)={p€ProjS:p2a}.

Note: We get the same collection of sets V(a) if we let a be any ideal. Indeed, V(a) = V(d'),
where a’ is the homogenous ideal generated by the homogenous elements f of S such that f is
a homogenous “part” of some element of a. That much is clear from the definition. Moreover,
we can take a to simply be any set of elements of S, as then V(a) = V({(a)) = V({a)’). This is
sometimes convenient.

A calculation similar to the affine case shows that the sets V/(a) satisfy the axioms for closed sets
of a topology. For f a homogenous element of S let Dy (f), or D4 (f;S) if needed, be the following

set
Dy(f)y={peProjS:f¢&p}.

As the complement of D, (f) is V((f)), D4 (f) is an open set. In fact, it is easy to check that the

sets D (f), as f ranges over all homogenous elements of S, are a basis for the topology on Proj S.
In order to define a sheaf on Proj S we need the following construction. Let p be a prime ideal; let
0
Sp):

denote the subring of degree 0 elements of the Z-graded ring obtained by localizing S at all ho-
mogenous elements of S —p (our notation differs a little from Hartshorne's here). This is local ring,
whose maximal ideal is generated by elements of the form a/t where a, t are homogenous elements
of the same degree, a€ p, t & p.

Similarly, let h be a homogenous element of S and let 52 denote the subring of degree 0 elements
of the localization of S at the element h. °

Let us now define the sheaf of rings O on Proj S. Let U C Proj S be an open set. Let
OW) ={f:U— [] SG : f(p) € S and f is “locally-global"},
peU
where by “locally-global” we mean the following: for all p € U there is an open set V' C U such that
p € V and there are elements a, b € S, for some n, such that f = a/b, viewed in 581)' forallqgeV

(and, in particular, b € q,Vq € V). The verification that this is a sheaf of rings is not hard and goes
very similarly to the affine case. The sheaf O has the following properties (see [H] Il, 2.5):

~ c0 .
(1) Op = 5

(2) (D4(h), Op, (n)) = Spec Sy,
(3) Proj S is a scheme.

9We would have to refer in times to the localization of S at h itself and not just to its degree 0 elements. We
will denote this localization Si. This is bad notation as S, means also the elements of degree h in S. Hopefully, the

correct interpretation can be understood from the context.
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Example 7.2.1. Let A be a ring and let

be the polynomial ring in n+1-variables over A. S is naturally graded (so that Sg = A, S; = ®_ Ax;
and so on). We have

Proj S = UL D1 (x),
as the complement of the union consists of homogenous prime ideals p that contain x; for all /, and

hence contain S, but those were excluded from Proj S. Further,

X X
(D4 (x). O, x)) = Soec(Afio . xll T = Soec A 2, 2]

We therefore see that
Proj S = ngecA,

as previously defined. We usually denoted the right-hand side P} and we shall continue to do so.

7.3. Morphisms. Let

0:S—>T
be a graded homomorphism of graded rings. That is, ¢ is a ring homomorphism with the additional
property ¢(Sy) C T4 for all d > 0. Let

U={peProjT:p2¢(Sy)}={peProjT ¢ '(p) 2 S4}.

The set U is an open set as its complement is V' (¢(S4+)); as such it inherits a subscheme structure

from Proj T. We claim that there is a natural morphism
Proj T
U

U—"0 Proj s,

given on sets by
P F(p) =@ (p).
The following formulas are easy to check:
e for a<tS homogenous ideal, F~1(V(a)) = V(p(a));
e for g € S homogenous, f~1(D, (g, Proj S)) = D (v(g),Proj T) N U.
In particular, f is continuous.
The definition of the map on the level of sheaves is done like in the affine case. Let V C Proj S be
an open set and g € O(V). Define f*gon f~1(V) as follows: forq € f~1(V) letp = f(q) = o 1(q).

We have a natural ring homomorphism

. 0 0
Pla) S T(a):
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Then, we define

f*9(a) = o) (9(f(a))) = ©(q)(9(p)).

Of course one needs to check that this works, but | leave that to you. On the level of stalks the

induced maps that we get are as expected:

P(q)
OProj S.p > OU,q

I |l

0 0
) T
We now put additional assumptions on the graded homomorphism . Suppose that for some d > 0
the radical of the ideal of T generated by T4 is To. This happens, for example, whenever T is a
quotient of a polynomial ring A[Xo . . ., Xn]. Assume further that ¢ : S — T is surjective in degree d.
In this case U = Proj T (prime ideals not in U contains ¢(S.), hence ¢(Sy4) = T4 and so contain
T.), and so we get a morphism

f:ProjT — Proj S.

Now, suppose that ¢ is surjective; even without the assumption above we find that U = Proj T. We
claim that f is a closed immersion. Indeed, let h € S homogenous. Then f~(D, (h, Proj S)) =
D4 (w(h),Proj T); both source and target are affine and the induced morphism

0 0
Spec Tw(h) — Spec 5y,

is induced by the surjective ring homomorphism

. <0 0

w:S,— Ton)-

It is a closed immersion. In fact, we can be more precise: let a = Ker(¢). Then the kernel of
0 :SY— Tg(h) is a[h~1]%, the degree zero elements in the localization of a at h. Moreover, f is
globally a closed immersion, that is, it is also injective onto its image, as our considerations were
done using an open cover of Proj T.

One easy way to arrive at the setting we discuss here is to take T = S/a, where a is a homogenous

ideal. This gives us a closed immersion
Proj(S/a) — Proj(5).

One can show that every closed subscheme of Proj(S) arises this way ([H] Il 5.16). But, careful,

different ideals a may define the same closed subscheme (cf. [H] II, Exe. 3.12).

Example 7.3.1. (The d-uple embedding). Let d > 0 an integer. Let S = @%2,S, and let

Sld) = D52 0Sdn. There is a natural graded homomorphism

s s
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Using considerations similar to those above, as the radical of Ssrd) = S5,, we get a morphism
f: Proj S — Proj 5(9).

This morphism is an isomorphism. In fact, this will follow from the argument about it being an
isomorphism on a cover of the image and the pre images of it, but it is instructive to see why it's
a bijection. First we check that it is injective. Let f(q) = f(p) then qgn = pgn for all n > 0. Let
g € qn then g9 € ddn = Pdn and so g € p, and vice-versa. As q,p are generated by homogenous
elements q = p. Next, we show f is surjective. Let b be a homogenous prime ideal of S Leta
be the radical of the ideal (b) of S generated by b. We first claim, that (b)4, = bg,. This follows
by using (b) is the abelian group generated by the products (6S,)(®bgn). We next show that the
same hold for the radical. Indeed, suppose that some homogenous element f of a belongs to Syj,.
Then, for some g, we have f9 € Sgg, N (b) = bgg, and so f belongs to the radical of b in s,
which is b itself, as it is a prime ideal.

Now, let h € S(9) . We observe that f induces a morphism D (h, S(9)) — D, (h, S). Moreover,
the sheaves of functions are respectively (S,Sd))o and S9. We claim that these rings are the same.

As localization is exact, we have an inclusion (Sﬁd))o — 52. Let g/h" be an element of degree zero

in S9. Then this forces g to live in degree dn and so g/h" € (S,(f!))o.

Now let S = Alxg, .. ., xp] with the natural grading and denote by {My : 0 < a < (“1") — 1} the

monomials of degree d in the n+ 1 variables x;. We have established an isomorphism:
P = Proj S = Proj S(9).

We have S(9) = A[{M,}] where we now give each M, weight 1. Let N = (dj,'") — 1. We thus have

a graded surjective ring homomorphism

Thus, we get a closed immersion
P} = Proj S — P}

This is precisely the d-uple embedding that we had already seen.

Remark 7.3.2. Consider the case of a field k and the structure of
5 = KX, xox1, X7]

for n = 1. This ring is isomorphic to k[yo, y1,¥2]/(¥? — yoy2). This ring is not isomorphic to
S = k[xp, x1] as the affine variety it defines is a cone with singularity at the origin, while S defines
the affine variety Ai that is non-singular. We thus conclude that if X = Proj S, the isomorphism

class of the homogenous coordinate ring S is not determined by X, unlike in the affine situation.
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7.4. Quasi-coherent shaves on Proj S. The purpose here is to associated to certain modules M

over a graded ring S quasi-coherent sheaves M on Proj S, in similarity to the affine case.

Let S = ©,S, be a Z-graded ring and let M be a graded S-module. That is, M is an S-module

equipped with a decomposition into abelian groups
M = @nEZMn,

such that for all d, n we have
SdMn - Md+n-

If T C S is a multiplicative set of homogenous elements, M[T 1] is an S[T ] module. It is a
graded module, where elements of the form 7, with m € M, t € S4yN T are given degree n — d.
One needs to check that this is actually well-defined, etc., but we don’t do that here. Our key
example is the following:

Fix d € Z. Let S be a graded ring and let M = S as an S-module but with new “artificial”

grading. By definition: M,, = Sy4,. We denote this graded module S(d). Thus,
S(d)n = 5d—i—n-

In particular, S(d)g = Sg. Note that S(0) = S; note too that for d > 0, S(d) has elements in
negative degree. For example S(d)_q = So.
To a graded S-module M, as above, we associate a quasi-coherent sheaf M on Proj S in the

following way. First, for a homogenous prime ideal p denote M(Op) the elements of degree 0 in the

graded module M[T 1], where T is the set of homogenous elements of S — p. For an open set
U CProj 5, let

MU) ={f:U— ]_[ Mgy © f(p) € Mgy, and f is “locally-global” }
pel

(in the sense we know well by know). Then M is a sheaf and has the following properties ([H] pp.
116-117):

o The stalk M, of the sheaf M at the point p is M,,.

e Let h € S be a homogenous element and /\/I,? denote the degree zero elements in the

localization M[h~1]. Note that MY is an S2-module. Then M|p, () = /\AAE.

e In particular, M is a quasi-coherent sheaf.

Notation: the sheaf O(n) is defined as the sheaf 5/(7) In particular, O := O(0) is the structure

sheaf (more properly denoted Opyo; s).
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Let's consider a particular case. Let k be a ring and S = k[xo, ..., Xn] with its usual grading. We

want to get a precise understanding of the sheaf O(m) on Proj S. First,

n
7 =Proj S = Dy(x).

i=0
By the results above, O(m)|p, (x) is the sheaf associated to the k[, ..., 2]-module which is the
degree 0 elements in (Bk[xo, ..., xn]a)[xi_l], but where now k[xo, ..., Xn]a is considered as having

degree a — m. That is, this module is

1 1
Z Xa—mk[XO ..... Xpla = X" Z Ek[xo ..... Xn)a

a>m i a>m !
X X
="K 2
Xi Xi
o~ X X
K22, 2
Xi Xi
where the last isomorphism is an isomorphism of k[% ..... %]—modules given by multiplication
by x,-_m To remove possible confusion, we also remark that the equality preceding it holds if

the summation is over a > N for any N.

Assume now that k is a field. We know that O(m) is an invertible sheaf on [P}, as we have just shown
that on the standard affine cover of P} is it is isomorphic to the structure sheaf. It thus corresponds
to a divisor on IP}. We will soon prove, in greater generality, that O(m1) ®o O(m2) = O(my + my).
Thus, to find the said divisor, it will be enough to consider O(1). And for that we need a rational
section of O(1).

By the above, xj, is a section of O(1)|p, (x,) that corresponds to the constant function 1 under the

isomorphism O(1)|p, (x,) = k[32, .-, X;—;l] given above. Thus, x, is a non-vanishing section of O(1)
on D4 (xp). In a natural way x, can be viewed as a degree 0 element of S(1) that when we restrict
to D (x;) gives, under the isomorphism O(1)|p, (x) = Kk[3. - -, %], the function %2 € k[32, ..., 2.

We therefore see that
(xn) = H,
where H is the hyperplane x, = 0. In particular, under the isomorphism deg : Pic(P}) — Z, we have

deg(O(m)) = m.

Proposition 7.4.1. Let S be a graded ring, finitely generated over Sg by elements of Sy.

(1) O(m) is an invertible sheaf on Proj S.
(2) O(m1) ®o O(my) = O(m1 + my).

(3) [(Proj S, O(m)) = {g”’ :i 8
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Proof. The first part is very similar to the calculation we have just done for the projective space.

As S is generated by Sq,

Proj S = | D4 (h).
hes;

To show part (1), it thus suffices to prove that O(m)|p, n) = S92 for every h € S1. But O(m)lp. ()
is the sheaf associated to the module

1 1 1
S(m)g = ﬁs(m)d = Z ﬁsm—&-d =h" Z WSm-ﬁ-d = th,? = 52,
d>0 d>0 d=>0

where the last isomorphism is as Sg—modules and is given by multiplication by h=™. In particular,
O(m) is locally-free.

Now, suppose that S is generated over Sp by the elements hg, ..., hp, of S1. We have

(7) 0i - O(m)lp,n) = Opyny, @i =h"-().
Therefore, O(m) corresponds to the 1-cocycle whose value on Dy (h;) N Di(h;), for i < j, is
(pj o ;). Namely, O(m) is defined by the cocycle

A\"
o=(3) - oo

These cocycles depend on m multiplicatively, and so it follows that

O(m) ® O(mz) = O(my + my).

For the last claim, note first that
F(D,(h),O(m)) = h"S?.

Given an element t € S;, m > 0 we therefore get a section of O(m) on each Dy (h) by writing

t=h". him; the section corresponds to h% under the trivialization in (7) (and is thus a regular

section over each D (h)). These sections glue as &jj7n = 7.
! J

We need to show that these are the only sections of O(m). To simplify we assume here that

S = Solho, ..., hn] is a polynomial ring in n + 1-variables over Sy, but the general case is very

if view the s; in the Z-graded ring S’ = S[(hg - - - hy) '] then they all give the same element g and
that element is homogenous of degree m.

Now, any homogenous element g of degree m of S’ can be written uniquely as
g=nhe---hrf(ho, ..., hn),
where f is a homogenous element of S, h; { f for any i, jj € Z and Y 7, jj+deg(f) = m. If g € Sp,

then for all j # / we must have j; > 0. In our case, that holds for every /. Thus, all ; > 0. If m <0
that contradicts Y 7, jj +deg(f) = m; if m > 0 then g € Sp,. O
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7.5. Morphisms to projective space.

Let k be an algebraically closed field and let X be a quasi-projective variety over k. Let
p: X = Py =Proj kixo, . .., Xn]

be a morphism. This produces for us the following data:

e An invertible sheaf . = ¢*O(1).

e Sections sg, 51, ..., Sy in ['(X,.#) obtained as s; = ¢ (x;).

The s; have a special property. In general, we say that a sheaf % of Ox-modules is generated by
global sections if there is a family {s; € I'(X,.%) : i € I} such that for all P € X a closed point,
the sections {s;} viewed in .#p generate it as an Ox-module. And we say then that .% is generated
by {s;i : i € I}. Suppose that .# is a coherent Ox-module; using Nakayama's lemma, we have that
{si} generate .Z if and only if {s; (mod mp)} generate Fp/mp.Zp over k = Ox p/mp.

In our initial example, the sheaf O(1) is generated by {xo, ..., Xp} and, consequently, the sheaf

F is generated by {sp, ..., S}

Conversely, suppose that .7 is an invertible sheaf on X generated by global sections {sg, ..., Sn}.

Then, there is a unique morphism
p: X =P,
such that ¢*O(1) = .% and, under this isomorphism, s; = ©*x;.

The idea of the proof is simple. Let X; = {P € X : s; € mp.#p}, which is an open set of X

(check on affine cover trivializing .%). Then

Let U; be the open set of P} where x; # 0, i.e. Dy(x;). then U; = Spec k[X—?, 2] As Uis

s
affine,
Mor(X;, U;) = Homy (k[XO, X (9)) .
Xi Xi

We take the morphism sending

X5

Xi Sj
(Any two sections of an invertible sheaf differ by a function.) Note that on U;, .% is trivialized by

si: under the morphism X; — U; we have constructed, O(1)|y, = k[f(—? o i—f] - x; pulls back to

O(X;) - si, x; pulls-back to s; and s;/s; is a regular function on D, (x;).

At this point, it is not clear what properties does the morphism ¢ have. One question one may ask

is when is it a closed immersion? This is answered by the following theorem.
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Theorem 7.5.1. Let X be a projective variety, £ an invertible sheaf on X that is generated by the
global sections {sp, ...,sn}. Let V' be the k-vector space spanned by {s;} in T(X,.%£). Assume the

following:

(1) The elements of V' separate points. That is, for any ordered pair of points P # Q of X,
there is s € V such that sp € mp.Zp and sg & mq.44.
(2) The elements of V' separate tangents. That is, for any point P of X the set {sp : s €

V.sp € mp.%p} is equal to the vector space mp.Lp /m,%.jfp.

Then the morphism ¢ : X — P" corresponding to {sy, ..., Sn} Is a closed immersion.
Remark 7.5.2. The converse also holds, but we don't prove it here. Cf. [H] Il 7.3.

Proof. We know already that ¢ : X — P is a morphism. As X is proper, ¢ is a closed map. It is
also injective. Indeed, take P # Q. Choose s = Z?:o a;s; such that sp € mp.Zp and sq € my.24.
Let H be the hyperplane Zf:o a;x; = 0. Then,

e(P)eH, Q) ¢&H.

In particular, ©(P) # @(Q). Thus, @ is a bijective bicontinuous morphism. It remains to show that
the morphism Opr — ©,Ox is surjective. That can be checked on stalks and so we need to show

that for every P € X, the homomorphism of local rings

©" : Opr Py = Ox.p,

is surjective. This involves some commutative algebra a la Nakayama plus some rather delicate fact.
We would need to use that ¢.Ox is a coherent Opn-module ([H] I1 5.20). This implies that Ox p is
a finitely generated module over Opn ,(py and so is mx,p by Noetherianity. We also know that the

two rings have the same residue field, namely k. Furthermore, we have the following

(p* : m]pn'(p(,D)/m]%n'(p(,D) — mX,P/mch = mX,Pg/mg(,P"g'

The composition is surjective by assumption - it is precisely the vector space spanned by the pull
back of the linear forms in the x; that vanish on ¢(P), namely by the elements s of V such that
sp € mx p.Z. It follows that also the first arrow is surjective. Next, Nakayama's lemma implies
that mpn ,(py — mx p is surjective. Given any element of Ox p we can modify it by a scalar so that
it lies in mx p and so we easily conclude that Opn,(p(P) — Ox p is surjective, which is what was to

be shown. O

Reformulation in terms of linear systems. Recall the concept of a linear system. If D is a divisor
on X then the linear system |D|, called a complete linear system, is the set of effective divisors
linearly equivalent to D. This set is isomorphic to P(V), where V is the vector space (X, O(D)).
Given a non-zero global section s send it to the divisor (s)+ D, an effective divisor linearly equivalent

to D. And vice-versa. A linear system 0 is a linear subvariety of a complete linear system. A point
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P € X is a base-point of 0 if it lies on every divisor E € 0. Using this concept we can reformulate
Theorem 7.5.1 in a more geometric way:
Let 9 be the linear system associated to V such as in the theorem. It is a linear system of effective

divisors linearly equivalent to the divisor (sq), which is ¢~ 1(H), where H is the hyperplane xp = 0.
0={(s) :s €V =Spani{so, ..., st} =@ T(P", 0(1)) = ™ (S1).
Then:

e In general, let £ be an invertible sheaf on X and V C I'(X, %) a subspace: .Z is generated
by V <= the linear system 0 = P(V/) has no base-points.

Assume that this is the case, ¢ : X — P" a morphism such that .Z = ¢*O(1) and V is
obtained as described above. Then:
e ¥ separates points <= VP # Q there exists D € 0 such that P D,Q ¢ D.
e ¢ separates tangents <= VP € X and t € Tp(X) there exists D € 0 such that P € D
and t € Tp(D).
Regarding the last condition: the inclusion D — X allows us to view Tp(D) as mapping to Tp(X).

We also note that the last condition also implies that D is non-singular at P.

Example 7.5.3. The complete linear system of hyperplanes of fixed degree d > 0 in P" has dimension
N = (dﬁ”) — 1. As it includes dH for any hyperplane H we see that this system has no base points
and it separates points. Using H + (d — 1)H’ for two hyperplanes H and H" we easily check that it
separates tangents. Thus, this linear system defines a closed immersion P" — PV, But, of course,

this is just the d-uple embedding.

Example 7.5.4. We leave providing full details as an exercise. Recall the morphism P! — P? given
by (x : y) — (x2y : x3 : y3). If X, Y, Z are the coordinates on P? then the image is the cuspidal curve
C :Y?2Z = X3. Let H be the hyperplane of P2 given by Z = 0. Prove that ¢*O(1) = Op:(3) and
that {p*X, ©*Y, ©*Z} = {x%y, x3, y3}. Using this, we can check that the linear system o = P(V),
where V = Span{x?y, x3, y3} (which is not a complete linear system as xy?, for example, is missing),
has no base points (easy) and separates points (easy, but some computation needed).

On the other hand, 0 does not separate tangents. The criterion in terms of linear systems in
the case of a curve is simply that given a point P there should be a divisor in 0 that contains
P with multiplicity 1. Consider the point P = (0,1). The general element of V' has the shape
ax?y + BX3 + yy3. To vanish at P one must have v = 0. Then all sections vanish to order 2 or
higher and so TpD is two dimensional, where D is the closed scheme defined by the homogenous
ideal {(ax?y + Bx3 + vy3). It remains to check that the d separates tangents at every other point.
This gives the known conclusion that P! — P = C — {(0,0, 1)} and gives another perspective as to

the failure of ¢ to be an isomorphism.
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We finish this section by defining the notion of very ample and ample.

Definition 7.5.5. Let X be a projective variety. An invertible sheaf .Z on X is very ample if there
is a morphism ¢ : X — P" such that L = ¢*(1). A divisor D is called very ample if Ox (D) is very
ample. An invertible sheaf .Z is ample if for all n > 0, Z®" is very ample. A divisor D is called

ample if for all n>> 0 nD is very ample. A similar definition applies to line bundles.

A very ample sheaf is ample. This follows from the d-uple embedding.

7.6. Morphisms of a curve to a projective space. In this section we take the theory developed in

the last section and apply it to projective non-singular curves.

Theorem 7.6.1. Let D be a divisor on a non-singular projective curve X over an algebraically closed
field k. Then:
(1) |D| has no base points <= VP € X, dim|D — P| = dim|D| — 1.
(2) D is a very ample divisor if and only if for every P,Q € X (including P = Q) we have
dim|D — P — Q| =dim|D| — 2.

Proof. We have an exact sequence that we have used before, for example in the proof of the
Riemann-Roch theorem:
Taking cohomology we find
(8) 0—=T(X,0(D—-P)) =T (X OD)) —=k— HY(X OD-P))=H (X, OK+P—D)),
and remark that |D| = P(I'(X, O(D))) via sending a rational function s € I'(X, O(D)) to the divisor
(s) + D. The exact sequence implies that
dim|D| —dim|D - P| <1

(and, in fact, if H(X, O(K + P — D)) = {0} then we have equality - we will return to this point
later on). Furthermore, we have equality dim |D| = dim|D — P| if and only if the map

a:|D—-P|—|D|, E—E+P

is surjective (as it is clearly injective). Incidentally, this map makes sense because D ~ D’ if and only
if D—P ~ D'—P. We remark that « is also the map induced from I'(X, O(D—P)) — (X, O(D)).
Assume that o is surjective; that is, assume that dim|D| = dim|D — P|. Then, just because
a(E) = E + P it follows that any divisor in |D| contains P and so |D| has a base point P.
Conversely, we see that if P is a base point of |D| then a is surjective and dim |D| = dim |D — P|.
This proves (1).

To show (2) note first:

e D is very ample implies that |D| separates points which implies that |D| has no base points.
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e If D satisfies dim|D — P — Q| = dim|D| — 2 then it must be that for all P, dim|D —
P| = dim|D| — 1, as the dimension cannot drop by more than 1 after each subtraction.

Consequently, using (1), |D]| has no base points.

Therefore, what we need to show at this point is that if |D| has no base points then D is very ample,
if and only if for P, Q, dim|D — P — Q| = dim |D| — 2.

Suppose that D is very ample and hence that |D| separates points and tangents. Therefore,
fixing a point P, for all @ # P there is D’ € |D| such that P € D',Q ¢ D’. That means that
D—P¢&|D—P—-Q|+Q. As D'—P € |D—P| it means that dm|D—-P—-Q| =dim|D—-P|-1 =
dim |D| — 2 (as we assume that (1) holds). This works for P # Q. Note that the reasoning here
can be reversed and dim|D — P — Q| = dim |D| — 2 for P # Q implies that |D| separates points.

Let us then look at the condition that D separates tangents. That means that for every point P
there is D’ € |D| such that P appears with multiplicity 1 in D. Indeed, the condition that Tp(D’)
doesn’t contain a given non-zero vector of Tp(X) is equivalent, as Tp(X) is one dimensional, to
Tp(D') being zero dimensional which is equivalent to P appearing with multiplicity 1 in D’. Now,

3D € |D|, mult(P,D') = 1 <= 3D" € |D — P|, mult(P,D’) = 0
<~ 3D"e|D-P|,D"¢|D—-2P|+P
<= dim|D - P|=dim|D —-2P|+1
= dim|D| = dim|D — 2P| + 2
(where the last equivalence is due to the fact that (1) holds). O

Theorem 7.6.1 has a number of interesting and elegant consequences.

Corollary 7.6.2. Let D be a divisor on a non-singular projective curve X.

(1) If deg(D) > 2g then |D| has no base points.
(2) If deg(D) > 2g + 1 then D is very ample.

Proof. To show (1) note that deg(K + P — D) < 0, where K is the canonical divisor. Thus, there
is no function f such that (f) > —(K + P — D). Thatis, H(X, O(K + P — D)) = {0}. As noted
after Equation (8) this implies that dim |D| = dim |D — P| + 1 for any point P € X and so, by the
theorem, that |D| has no base points.

For (2) we use Riemann-Roch, or more precisely Corollary 6.7.3, to find that dim|D — P| =
dim|D|—1 and dim |D—P—Q| = dim |D|—2. Indeed, by that Corollary we have dim |D| = deg(D)+g

(sic!) and similarly for D — P and D — P — Q, making the equalities above trivial consequences. [J

Corollary 7.6.3. Let D be a divisor on a non-singular projective curve X. Then D is ample if and
only if deg(D) > 0.

Proof. Suppose that deg(D) > 0. Then deg(N-D) >2g+1forall N>2g+1,andso N-Dis

very ample and D is ample.
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Conversely, suppose that D is ample then for all N > 0, N- D is very ample. Let ¢ : X — P be
the closed immersion associated with N-D. Then O(N- D) = ¢*O(1). But, under the functoriality
of divisors and invertible sheaves, O(N - D) is isomorphic to O(R), where R is the divisor obtained
by intersecting X with a hyperplane on which X doesn’t lie. In particular, R is an effective divisor
and so deg(D) = N=!tdeg(N - D) = N~1deg(R) > 0. O

Remark 7.6.4. Thus, deg*O(1) is called the degree of the curve ©(X) in P". It is the number of

intersection points the curve has with a generic hyperplane in P",

Example 7.6.5. Let X be a curve of genus 1 and choose a point t € X. The divisor D = 3([t] has

degree 3 =2-1+ 1 is thus very ample. It defines a closed immersion
X — P?,

whose image is a curve of degree 3. But, in P?, Bezout's theorem implies that the image is a cubic
in P2. This is more or less exhibiting X by means of a Weierstrass equation. (“More or less” as a
simplification of the cubic by means of change of variables is required first; or one should choose

the sections carefully as we had done when deriving the Weierstrass equation.)

Example 7.6.6. Suppose that X is a curve of genus 2. Then every divisor of degree 5=2-2+1 is
very ample. Thus, if D is a divisor of degree 5 on X, dim |D| = deg(D) — g(X) = 3 and X embeds
in P2 as a curve of degree 5. We remark that X does not embed in P? as 2 is not an integer of the
form (d — 1)(d — 2)/2.

7.6.1. The canonical morphism of a curve.

Theorem 7.6.7. If X is a non-singular projective curve of genus g > 2. Then the linear system
|K| has no base points and thus defines a morphism ¢ : X — P29~ This morphism is called the

canonical morphism. The morphism ¢ is a closed immersion (that is K is very ample) unless X is

hyperelliptic.

Proof. Using Theorem 7.6.1, we need to show that dim |K| = dim |K — P|+ 1 for any point P. We
have, by definition, dim|K| = h9(X, Ox(K)) — 1 = g — 1. By Riemann-Roch and Serre’s duality,
dim|K —P| = deg(K — P)— g+ h%(X, Ox(P)) = (29—3) — g+ h°(X, Ox(P)). If there is a function
with a simple pole at P then it defines an isomorphism X — P! which implies that X has genus 0.
Thus, H°(X, Ox(P)) = k and h%(X, Ox(P)) = 1 and we conclude that dim|K — P| = g — 2.

Let

0 X — P91

be the morphism associated to the linear system K.

Now, K is very ample if and only if dim|K| = dim|K — P — Q| + 2 for all P,@Q. As noted
dim|K| = g — 1. Furthermore, dim|K — P — Q| = deg(K — P — Q) — g + h°(X, Ox(P + Q)) =
g—4+h°(X, Ox(P+Q)). Thus, |K| is very ample if and only if for any two points P, Q on X we
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have hO(X, Ox(P+Q)) = 1. As we have k C HO(X, Ox(P + Q)), |K]| fails to be very ample if and
only if for any two points P, @ on X there is a non-constant function f with poles at most P + Q.
If f has a single pole, it defines an isomorphism X — P!, which is not possible. If f has two poles,
then f defines a surjective morphism of degree 2, X — P! which means that X is hyperelliptic. This
can be taken as the definition of being hyperelliptic, or, argue that k(X) is a quadratic extension
of k(P') thus of the form k(x)[y]/(y? — f(x)), where f is not a square. We may modify f by
squares, and so assume that f is a polynomial with distinct roots, arriving at the other definition of

hyperelliptic. O

Remark 7.6.8. Implicit in the proof is that every curve of genus 2 is hyperelliptic. Indeed, if K is very
ample, the dimension of the linear system |K—P—Q| = g—3, yet must be non-negative. We can also
show it more quickly as follows (we do that just for fun). Let X be a curve of genus 2. Then, there is
a regular global differential on X and its divisor K is thus effective and of degree 2. Thus, K = P+Q
for some points P, @ on X, possibly equal. Consider H°(X, Ox(P + Q)). Using Riemann-Roch,
ho(X, Ox(P+Q))—h°(X, Ox(K —(P+Q))) = 1. But, h°(X, Ox(K—(P+Q))) = h%(X, Ox) = 1.
That is, h%(X, Ox(P 4+ Q)) = 2. As such, there is a non-constant function in H°(X, Ox(P + Q)).
If it has a single pole, as above, X = P!. Thus, it must have poles at both P,Q (each simple if
P # Q, double pole if P = Q). This provide a double cover X — P*.
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