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INTRODUCTION

Continued fractions are an old subject. In a sense, to be described below, the golden-ratio, for
example, is inherently a continued fraction. Also, as we shall see, the Euclidean algorithm for
calculating greatest common divisors is a continued fraction algorithm in disguise. Continued
fractions also appear in ancient Sanskrit manuscripts, and certain approximation to 7t suggest
that some of the theory must have been known in ancient China, Egypt, India and Persia. Thus,
in some sense, the origins of the subject are in antiquity. Mathematically, the subject perhaps
started taking off with the work of L. Euler in the 18th century.

In any case, our interest in the subject is not historic." Continued fractions are related to
several interesting areas in number theory and outside it. They play a role in diophantine ap-
proximation as providing the best method to find good rational approximations to irrational
numbers. Rational approximations to 7t and to square roots always played in important role,
motivation ranging from studying the heavens, to constructing the pyramids. Continued frac-
tions play a role in transcendence theory as providing many beautiful examples of transcenden-
tal numbers described by their continued fraction expansions. They provide solutions to what
may perhaps be considered as the simplest non-trivial diophantine equations, x> — dy? = 1, the
Pell equation. Instances of these equations appear in ancient time as well, for example, a prob-
lem known as the Archimedes cattle problem translates into a Pell equation with solutions so
large, no one in that era was able to find, or even write down.?

Much later, perhaps in the mid-20th century, a new aspect of studying continued fractions
developed; the study of their statistical properties: what is the measure of the set of continued
fractions enjoying a given property? How do continued fractions behave on average relative to
some property? And so on. At the same time, sets defined by continued fractions are examples
both of fractals and of attractors of dynamical systems and so they became interesting examples,
as well as a test-ground, for questions in ergodic theory and dynamical systems.

We will touch on all these subjects. Prove many results, cite some others, and hopefully create
enough interest so that the reader will choose to pursue the theory further.

IThose interested in learning more about the history of continued fractions can consult the book by C. Brezinski,
History of Continued Fractions and Padé Approximants, although his discussion ends at the beginning of WWII, and so
almost none of the modern, and exciting, developments in this area is presented. Nonetheless, even a quick browse
of the book will convince the reader of the immense scope and applications of continued fractions.

21 you are interested in learning more about this, nothing beats the article of H. Lenstra, “Solving the Pell Equation”,
Notices AMS, 49 (2): 182-192.
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CONTINUED FRACTIONS

References. The topic of continued fractions is covered in most books on number theory. Two
good references are:

(1) A.Ya. Khinchin. Continued Fractions. Dover Publications; 1st edition (May 14 1997).
(2) Godfrey H. Hardy, Edward M. Wright. An Introduction to the Theory of Numbers. Oxford
University Press; Sixth edition (July 31 2008).

That said, there is material presented in these notes that is not taken from these text books and
the text books contain material not in these notes. In principle, the notes should suffice for the
course. There is no need to purchase these text books, but if you do want to consult additional
resources, you can start with those. For the part concerning Hausdorff dimension I am following
mainly the book

(3) Kenneth Falconer: Fractal Geometry: Mathematical Foundations and Applications. Wiley; 3rd
edition (Dec 31 2013)

1. INTRODUCTION

The constant 77 is not a rational number; 7w # § for any a,b € Q. In fact, 7 is not even an
algebraic number: for any non-zero polynomial f(x) € Q[x], f(x) = a,x" + -+ - + a1x + ap, we
have f(7r) # 0. Explicitly, for any rational numbers a;, not all zero, and a non-negative integer
n,

ayt" + -4+ am+ag #O.
On the other hand, we can find excellent rational approximations to 7:

T =3.1415926.. ., % =3.1428..., % = 3.1415929....

It is notable that relative to the size of the denominator, these are excellent approximations.
Continued fractions provide a method to find all such optimal approximations.

We will see that the theory of continued fractions is rich and full of mathematical ideas and
applications. It also has applications to mechanics. For example, for designing watches. Sup-
pose we want to create a hand on a watch that completes a sweep of it every rr-seconds. If we
take two cogs, one with 7 teeth and the other with 22. Then by rotating the 7-teeth cog at a rate
of one revolution per second, the other cog will complete a revolution in 22/7 seconds, which is
very nearly 7.
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1.1. Notation. Givenag € Z and ay,...,ay € NT :={1,2,3,... } we let
1

[ﬂo,ﬂ],az,...,ﬂ]\]] = [10—|-

ﬂ1+

a +
a3+ o+ 1
aN-1+ —

aN

We call such an expression a finite continued fraction. The a; are called partial quotients. For
example,

1 22 1 333
3] =3, 3,7] 3+7 = [3,7,15] =3+ T = 106
+15
and
1 355
7,15,1] = - =
3,7,15,1] 3+7+ 1 113
15+1
1

The notation for continuous fractions is “expensive”; it takes a lot of room on the page. We
therefore introduce a more compact notation. We will also use the notation

oo+ 1 | 1 1 | 1 I 1
0 m+-ar+" an_1+-an 0 1
a1+

1
a +

[13+"-+71
aN_1+a

1.2. Sample of results. Here is a sample of some of the theorems we will prove in this part of
the course.

Theorem 1.2.1. Let ag € Z, ay,4a,a3, - - - € INT. The series
[a0], [a0, @1], [a0, a1, a2], . ..
converges to an irrational real number 0, which we denote
[a0, a1, a2, ... ].

We call such an expression an infinite continued fraction. The rational number [ag, a1, ..., ax] is
called the k-th convergent.
Conuversely, given 6 € R — Q, there are unique ay € Z,a; € N, such that

0= [aOIallaZ/ s ]/
namely, such that the sequence [ay), [ao, a1], [a0, a1, 2], . .. converges to 6.

Remark 1.2.2. Continued fractions are a tool useful for very particular purposes (and we will
see some of them later). For many common purposes, such as recognizing whether a particu-
lar number 0 is algebraic, they are not useful at all. In general, it is impossible to tell whether
6, given by a continuous fraction satisfies, for example, a cubic polynomial with rational co-
efficients. That said, there are some notable exceptions: (1) 6 is rational if and only if it has a
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finite continued fraction expansion. (2) 6 is quadratic over Q if and only if its continued fraction
expression is eventually periodic. Namely, of the form

[ﬂo,...,an,bl,...,bm,bl...,bm,bl,...,bm,...].

(3) Also, there are many theorems that guarantee that continued fractions of a particular sort
correspond to transcendental numbers; that is, to numbers that are not algebraic. This is a
subject of on-going research, but a sample result in this area is the following: Let m > 1. Let by
be an integer, b;, c;, d; be positive integers such that at least one of dy, . . ., d;, is not zero, then

N = [bo,‘ bl, - ,bs, (C1 + )\dl, e, C /\dm)io:()]
is a transcendental number. Here the notation is for blocks of natural numbers ¢y, ..., ¢y, c1 +
dy,...,c;p+du,c1+2dy,...,c0+2dy,c1+3d1, ..., ¢ +3dy, . ...

Example 1.2.3. Whatis6 = [1,1,1,...]? We have

1 1 1 1 1
Or, simpler, [1,1,1,...] = [1,[1,1,1,...]]. It follows that > — § — 1 = 0 and so
1++/5
0 = 5

is the golden ratio. If you take a square of side of length 1 and extend it to a rectangle R whose
shorter side is 1 and its longer side is 0, such that the rectangle formed as a difference between
R and the square has the same proportion you find that 6:1 = 1:(0 —1) and so 6 satisfies
02 — 60 —1 = 0. This is the classic definition of the golden ratio. The golden ratio is found
throughout nature, architecture, art and music - from the structure of a sunflower to the ancient
Parthenon in Greece; it is a proportion that is suitable for repeated and balanced structures.

0

Example 1.2.4. Let 0 = V5. Then, 6 = [1,1,2,2,4,3,3,...] and it seems that perhaps some sort
of pattern will emerge. However, if we continue the development we find that

Vv5=101,1,2,2,4,3,3,1,5,1,1,4,10,17,1,14,1,1,3052,1,1,1,1,1,1,2,2,1,3,2,...],
and the “random” appearance of 3052 essentially squashes all hope.
Exercise 1.2.5. What is the continued fraction [1,2,3,1,2,3,1,2,3,...]?

Exercise 1.2.6. Let a be a positive integer. What is the continued fraction expansion of the positive
root of x2 — ax — 1?

Exercise 1.2.7. Let a be a positive integer. What is the continued fraction expansion of the positive
root of x? + ax — 1?

Especially with the last questions you may want to experiment a bit before forming a guess
that you should then proceed to prove. There are many on-line continued fractions calcula-
tors and almost any mathematical software, such as Mathematica, Maple, Matlab, has such a
package for continued fractions. You should be careful, especially with on-line calculators, that
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they are precise enough. A free software, that is very good for number theory, is the PARI-GP
software that is available for free from pari.math.u-bordeaux.fr
In PARI, the command
y = contfrac(Pi, 20)
will return the first 20 partial quotients [ay, . . ., a19] of the continued fraction expression for 7.

3,7,15,1,292,1,1,1,2,1,3,1,14,2,1,1,2,2,2, 2]
On the other hand, y = contfrac(Pi, 100) will return
[3,7,15,1,292,1,1,1,2,1,3,1,14,2,1,1,2,2,2,2,1,84,2,1,1,15,3,13,1,4, 2,6, 6]

which doesn’t have 100 partial quotients, because Pari knows that it loses precision. If you
increase the precision using
\p 200
andruny = contfrac(Pi, 100) again, you will get a continued fraction for 7 with 100 partial
quotients. Running then the command
contfracpngn(y, 3)
will return the convergents po/qo, . . ., p3/ 43 (to be discussed below).
[3 22 333 355]
1 7 106 113]
For a real number r introduce the integer part function
|r] =max{n € Z:n <r}.
The fractional part {r} is then defined by the identity
r=|r]+{r}.

In particular, 0 < {r} < 1.
Theorem 1.2.8. The continued fraction of 6 € R\ Q is obtained as follows.

1 1 1
6= L9J+{9}ZQO+WZQO+ZZHO+WI
where a1 = |a}|. Let ab = 1/{a’} and ay = |a}|; we find that
0 =ag+ :Elo—i-;:ao—l— ! ==ao+;
1 1 1 1
a1+@ Cll—f—m a1+71 a; + 1
a2+m ﬂ2+@
That is, if

0 = ao,a1,...,aN, aN11],
where ag € Z,a1,...,ay € N*,1 < ay,, € R, then write
aN+1 = [Anaa), a2 =1/ {an )
to find that
0 = [ag, a1,...,aN+1, AN2)-
The convergents [ao], [ao, a1, [a0, a1, a2], . .. satisfy

lim [ao,al,. . .,ak] =0.
k — o0
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Example 1.2.9. We have /8 = 2.828427 ... and we find

1 1
\/§:2+0.828427---:2+W=1+ 7
1+ eosan
1
=1+ 1 :---:[2,1,4,1,...].
1+
Y aome .

Example 1.2.10. Even when 0 is rational, its continued fraction expansion is useful. The con-
tinued fraction expansion is defined using the same method, only that this time it ends after
finitely many steps. Consider for example the reduced fraction

6808967

= 1767456 — 1.428218. ...

This number is rather small but its expression as a fraction requires many digits (if you are not
impressed, we could have easily provided a similar expression with 1000 digits in the denomi-
nator). We have

6=11,2,2,1,57,21,4,1,5,19].
The convergent [1,2,2,1,57] = % is an excellent approximation:

577
04— 1.4282178. ...
Of course, the point that we keep implicitly making is that continued fractions provide excel-
lent approximations. This is a topic we will study quite closely. For example, we will prove

Theorem 1.2.11. Let 6 = [ag, a1, ay, . .. |. Denote that n-th convergent as a fraction
& = [aOI a,az,..., ai’l]l
qn
with (pu,qn) = 1,9, > 0. Then
1
‘0 )
qn Tn
The series qo, 41,92, 93, - - - 1s strictly monotone increasing for n > 1. For every n, either
1 1
’9—& <5z, or )H—M‘ <o
Inl 20, Gut1 ! 2514

We will call these optimal approximations. Furthermore, any optimal approximation to 6 is a convergent
of its continued fraction.

Exercise 1.2.12. Fill in the following table for e = exp(1). You may use a calculator, or a computer
software. (For 1/42 write an approximate decimal expansion.)
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lao,a1,...,an] Pu/qn €—pn/qn  1/q% optimal?
[2] 2/1  0.7182818... 1.0 no
[2,1] 3/1 -0.2817181... 1.0 yes

G|k ]| WIN]|—L,[O]I

Exercise 1.2.13. Using GP-PARI, or any other mathematical software, or even an online calculator
(but make sure it’s precise enough otherwise you may be lead to a wrong conjecture), find the
continued fractions expansions of

e—1 /21 ¢eV/3_1 el/4_1
27 2 7 2 7 2
Formulate a conjecture. (The pattern is hard to miss, and is a known theorem, in fact.)

2. SYSTEMATIC DEVELOPMENT OF THE THEORY OF CONTINUED FRACTIONS
2.1. Convergence of continued fractions. Recall our notation

[a a]—a+1jlj ! ji—a—k
07 BENT =50 ar+-a+- T an_1+ aN_ 0 o+ 1
1

1

a +

03+.'-+71
ﬂN71+a

We now allow such expressions for any
a€R, a; € ]R21~

This is allowed just for the purpose of the proofs and once we have proven some of the basic
theorems we will always assume that ag € Z,a; € N fori > 1.

Define real numbers p,, g, for n > 0 by the formulas

1) po=ao p1=aao+1 pr=aoaao+ax+4ao ... Pn=anPp-1+ Pn-2
go=1 q=m G2 = aza1 +1 oo Gn = Ann-1 +Gn2

The recursive formula for p,, q,, already holds for n = 2, in fact. The number p,, /g, is called the
n-th convergent.

Lemma 2.1.1. For every n,

[ao, ..., an] _ P
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Proof. We prove that by induction on n. For n = 0, we have

[ao] = ag = @
qo

For n = 1, we have

1 1
[ag, ;1] = ap+ — = U

a1 a1 fh.
For n = 2, we have
1 1 a apayay +az +ap  p2
ag, 41,4z = a9+ —|— = ag + = = =,
(a0, a1, 2] 0 al—i—JaZ 0 aa; +1 aja; +1 g2

Let us assume the result now for all n < m for some m > 2 and prove it for m + 1. We have,

(a0, -, Qm, A1) = a0, .., am +

Am+1 ‘
Let us denote the k-th convergent of [ay, ..., 2y + amlﬂ] by %. Note the}t % depends only on the
k + 1 first partial quotients (i.e. only on [ay, ..., ax] if k < m), and so, % = % for k < m. At any
rate, by induction,
[['ZO/ ,Am + ] - }zim
Am41 qm
_ (ot 55 Pt + P
(am + amlﬂ )Gm—1+ Gm—2
_ (ot 55 )Pt + P
(am + umlﬂ )qm—1+ Gm—2
_ A1 (@mPm—1 + pm—2) + P
A1 (AmGm—1 + Gm-2) + Gm—1
_ Ap+1Pm + Pm—1
Am19m + Gm—1
_ Pm+1
qm—i—l
O
Example 2.1.2. Recall the Fibonacci numbers,
1,1,2,3,5,8,13,21,34,55, ...
defined recursively by ap = a1 = 1 and a,1» = 4,41 + ax.
Consider
0=1[1,1,1,1,...].
By the lemma, taking n + 1 times 1, we have
n,1,...,1 = 2.
qn
By definition, we have
po=1 p1=2 pp=3 p3=5 ... pu=(n+1)*-Fibonacci number

go=1 g1=1 g2=2 g3=3 ... g, =n"Fibonacci number
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We will prove that p,, /g, — 6 = [1,1,1,...] and, as we have seen, 6 = ”\[ is the golden ratio.
It follows that the ratio between consecutive Fibonacci numbers converges to the golden ratio
and, in fact, quite rapidly. Already,

LECRE
2 21 212

, 1+2\/§ — %‘ = 0.00101... (34/21 is an optimal approximation).

~ 0.002.

Lemma 2.1.3. We have
Pndn—-1 — Pn—-19n = (_1)1171/ n>1.
Proof. We prove this by induction. For n = 1, we have
P10 — poqr = (map +1) —aga; =1 = (—=1)'"1.
For n > 1, we have
Prndn-1— Pn—-19n = (@nPn-1+ Pn—2)Gn-1 — Pn—1(anGn—1+ Gn—2)

—(Pn-1Gn-—2 — qu-1Pn—2) = _(_1)n_2 = (_1)71—1.
]

Corollary 2.1.4. Assume that all the a; are integers, then so are py, g, for all n, and
ged(pn gu) = 1.

Proof. The fact that p, and g, are integers is clear from the recursive formulas in (1). It follows
from Lemma 2.1.3 that any common divisor of p, and g, divides 1, hence (py, q,) = 1. [l

By dividing by 4,4,—1 in Lemma 2.1.3, we conclude the following.
Corollary 2.1.5. We have foralln > 1,

Pn pnfl‘ _ 1
dn  qn-1 Gnn-1’

The importance of this corollary is that it allows us to show that continued fractions converge.
More precisely:

Corollary 2.1.6. Suppose that ag € Z, a; € INT. The series {q, }5_, is a series of positive integers that
is strictly monotone increasing for n > 1; the series of convergents

P p1p

g’ ¢’ g2"
is a Cauchy series, hence converges to some 0 € R that we denote

[ao,al,az,...}.

Proof. We have g0 = 1,1 = a1 > 1 and g, = a,-194—1 + qn—2. It follows that g, is a strictly
increasing sequence of integers for n > 1 and hence g, > n for n > 1. (A better estimate is
provided by exercise 2.1.7 below.)

For N > n > 1, we have

N-1 N-1 — _
PN _ Pn| Pk+1 _ Pk| _ 1 l< l
N fn _k; ikt qk‘ k;qkmk k; 0~ g &

Since ) ;74 kl—z converges (to %2, in fact), it follows that the series {p,, /g, } is Cauchy. O
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Exercise 2.1.7. Let [ag,a1,4as, .. .] be a continued fraction, where ag € Z,a; € N*,i =1,2,3,....
Prove that

In >2'7

The following lemma will allow us a very good understanding as to how does the series
{pn/qn} converge.

Lemma 2.1.8. Forall n > 2 we have
Pngn—2 — Pn—29n = (_1)]1”11-
Proof. We have

n — n n— n— n— -1 -l —1 "2 n —
Pn _Pn—2 _ Pn_ P 1)+(P I 2:( ) +( ) _(_171.%‘
n qn—2 n dn—1 dn—1 qn—2 Gnqn—-1 Gn—-19n—2 Gndn—19n—2

From the recursive formulas, we have g, — g,—2 = a,4,—1. Substituting in the equation above
we find

Pn P2 _ (=1)"ay

qn qn—2 qngn—2

O
Corollary 2.1.9. Suppose that a; € N forall i > 1and let 6 = [ag, a1, az, . . .| then we have
@<&<...<9<...<ﬁ<ﬂ_
qgo 42 B3  MN
| | | —— < | | |
| [ I | I | I
Pk, Mo, T8 Ph, A T4
Proof. Given that we know:
® Dn /Qn — 0,
® Pn/qn — Pn—29n—2 has the same sign as (=1)",
L pn/[h - pn—Z/[Jn—Z‘ >0,
this is the only possibility. 0
Corollary 2.1.10. For every n we have
o—22| < L
qn Anqn+1
Proof. By Corollary 2.1.5,
Pn+1  Pn _ 1
dn+1 qn dnqn+1
But note that by Corollary 2.1.9, 0 is strictly between £* and £ O

qn In+1
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2.2. Uniqueness of continued fractions. For 4y € Z and 4; € N we know that the expression
0= [ﬂo,al,az,.. ]

makes sense — it is the limit of the convergents % = [ag,a1,az,...,ax] as k — co. We will later
prove that every irrational number has such an expression as an infinite continued fraction. Let
us now prove the uniqueness of this expression.

Theorem 2.2.1. Suppose that ag, by € Z, a;,b; € N7 fori > 1and

0= [ao,al,az,. . ] = [bg,bl,bz,. . ]
Then,
a; = bi, Vi > 0.
Proof. Note that for any n > 0, [a,+1,4n+2, . .. | is a well-defined number in R>; and
0= [a()/ ay,az, ... ] = [a()/ ay,az,...,0qn, [an+1l Apn42, - - - H
We have then
[aO/ [ﬂl,ﬂz, oo ]] = [bOI [blleI s Hr
and it is enough to show this implies ap = by. Indeed, as we have
Gt bt
T avay. ] 0 by,
we will be able to conclude that
[al,az,...] = [bl,bz,...],

and an induction argument gives a; = b; for all i.
What we will actually prove is that if 6 = [ag, [a1,4a2,...]] then 4y is necessarily |6]. This
implies a9 = by and we are done. Now, because

1
[a,az,...]

the statement ap = | 6] is equivalent to the statement

9:a0—|—

1< [al,az,...].
This is clear: if we use the notation [cp,c1,¢,...] = [a1,42,...] then the 0-convergent of this
continued fraction is a;, which is greater or equal to 1, and Corollary 2.1.9 shows that ¢y <
[Co,Cl,Cz,...]. O

Exercise 2.2.2. Prove that if ag, by € Z, a;,b; € N fori > 1, we cannot have
[a0,...,an] = [bo,b1,ba,...].
Exercise 2.2.3. Prove that every rational number 6 has a finite continued fraction expansion
0 = [ag,a1,...,an] (a9 € Z,a; € Nt,i=1,...,N).
Moreover, prove that this expansion is unique, up to
[a0,a1,...,an]| = [a0,a1,...,an — 1,1],
ifay > 1.
The development into a continued fraction you are asked to prove in the last exercise is a

consequence of the Euclidean algorithm. We provide an example, leaving it to you to write the

general argument.

Consider § = 332, Then you may check that

0 =[3,7,16] = [3,7,15,1].
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On the other hand, the Euclidean algorithm for finding 1 = gcd (355, 133) is the following;:
355 =3-113+16
113=7-16+1
16=16-14+0

Notice the integers 3,7, 16 appearing in the process as well as in the expression 6 = [3,7,16].

2.3. Every real number has a continued fraction expansion. Let us summarize what we al-
ready know (we consider here, as usual, continued fractions with ag € Z, a; € INT fori > 1):

e Every rational number has a finite continued expansion, unique up to [ag, a1, ...,aN] =
[ao,ﬂl, ..an —1, 1], if ay > 1.

e A rational number cannot have an infinite continued fraction expansion.

e Every infinite continued fraction defines an irrational number.

e An irrational number has at most one continued fraction expansion.

The missing piece is thus provided by our next theorem.

Theorem 2.3.1. Every irrational number 0 has an infinite continued fraction expansion.

Proof. First, we claim that for any n > 0, every irrational number 6 can be written as
0 = [ao, a1, ..., 00,54,

where ag € Z,a; € N* fori > 1and a); € R.;.
Indeed, define inductively,

ap=10] a1 =1/{6}
m = |m] ay=1/{a1}

ay = |ay] “:1+1 =1/{a,}

Then, 6 = [ag, a}] = [ao,a1,a5] and, in general,

0 = [ao, a1, ..., an_1,a,] = [ag,a1,...,0n-1,0n + ) = [0, a1, ..., Ay_1, An, Ay 1]
n+1

Now, given such a presentation
9 - [(10, al/ e /a}’l/ a:1+1]/
define p;, g; as before for i < n, using the recursive formulas (those only involve ay, ..., a,), and
define
Pl = Gui1Pr+ Puot, Gugt = Gygafn + Gu-1-
We claim that for n > 1,
0 — p1l7+1

—.

anrl
This is easy to check directly for n = 1. Assume the result for any finite continued fraction like
that of length n. Then

ﬁ/

] ==
;z—&-l %,

!/
0 =lao,a1,..., 00,0, 1) = [a0,a1,..., 00+ .
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where ), 7,, are the quantities constructed for the continued fraction [ag, a1, ..., a, + 1 |. Then,

a;l+1
using that the convergents py /gy for [ag,a1,...,a,,a), +1] are the same as the convergents p /i
for [ag, a1,...,a, + u%] for k < n, we find
n+1
Tn
o (an + a;}ﬂ )ﬁn—l + ﬁn72
(an + 7)1+ G2
(an + 7 1)Pn—l + Pn-2
(@n + 7= )n-1+Gn-2
. af,hLl (anpnfl + pn—Z) + Pn-1
@1 (AnGn—1+ qn—2) + Gn—1
_ @1 Pn+ Pr-1
H:H-lqn + gn-1
_ Pri1
q;+1
Next, we prove that for all n,
o | = 1
Gu b Gnflyis
Indeed,
g Pr _ Putn = Prlluiy
n Inlyi1
_ (“;1+1Pn + Pn-1)qn — P”(a;—&-lqﬂ + qn-1)
qn‘ﬂzﬂ
_ Pn—19n — Pnqgn—1
%%H
_ (=
%%H.
We remark that from the definition of g, ; we have g}, . ; > g,,11. Therefore, |6 — Z—: < Mﬁ (as

expected, given Corollary 2.1.10). Therefore, as for n > 1 we have the estimate q,, > n, we may

conclude that ‘9 — %‘ < % This implies that

lim P —¢
n—)ooqn

and completes the proof. O
Exercise 2.3.2. % Use the arguments appearing in Theorem 2.3.1 to prove the following.
Theorem 2.3.3. Let 0 be an irrational real number. Then, for all n > 0 we have

1

\e- Pnf o %
Gu(Gnt1+ qn)

qn
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3. RATIONAL, ALGEBRAIC AND TRANSCENDENTAL NUMBERS

3.1. Enumerating. A set S is called countable, or enumerable, if there is a bijection f: N — S.
The function f allows us to “count”, or “enumerate”, the elements of S, since we have S =
{£(0), f(1), f(2), ...} The rational numbers Q are infinite, but are countable. There is a (non-
obvious) bijection

N — Q,

which is the proof that Q is countable.

We denote the cardinality of IN by Ny (N being the first letter in the word “infinite” (ein - sof)
in Hebrew). On the other hand, the cardinality of R is 2. Where 2™ is defined as the cardinality
of the set of all subsets of IN. As a subset S of IN can be specified by its characteristic function,
the function that receives the value 1 on x if x € S and 0 if x ¢ S, the set of all subsets of IN is
the set 2N; namely, the set of all functions from IN to a set of 2 elements, {0, 1} if you will. Thus,
cardinality of 2N is 2%, per definition. It is not obvious that the cardinality of R is 2% — one
would have to find some method to connect subsets of IN to real numbers to prove that — but it
is a theorem and we sketch the proof below.

A very important tool in showing that two sets have the same cardinality is the following:

Cantor-Bernstein Theorem: If there exist injective maps A — B and B — A then A and B have the

same cardinality ‘A‘ = ‘B ‘ ; that is, there exists a bijection between A and B.

It is not hard to prove that (0, 1) and R have the same cardinality, either by using the Cantor-
Bernstein Theorem, or simply by using the bijection x + tan(7r(x —1/2)). Therefore, to see that
the cardinality of R is 2™ it is enough to show that the cardinality of (0, 1) is 2™.

Every real number in (0, 1) has a unique binary expansion

O.Lloﬁllaz ceny

where a; € {0,1} and where we choose expansions ending with 1000000 - - - instead of expan-
sions ending in 0111111 --- to have unicity. Thus, the function i — a; defines a subset of N,
which is {n € IN : 4, = 1}. Sending a real number in (0, 1) to the subset of IN determined by its
binary expansion is an injection

(0,1) — 2N,
Not all subsets of IN arise this way. For example IN does not arise this way since we excluded

the number 1 and also the subsets of the form {k,k + 1,k +2,... } do not arise this way, because
we excluded all binary developments ending in 11111 - - - . But, with a little bit of extra work one

overcomes these blemishes and concludes that ’IR‘ = ) (0,1) ‘ = 2%,
Cantor’s diagonal argument proves that

4

N()<‘]R

which is equivalent to saying that there is no bijection IN — R. This is usually proven in MATH
235 (in fact without using the rather subtle fact that ‘]R‘ = 2%), so we will not repeat it here.

However, if one accepts that ‘]R‘ = 2% then we can give a short proof.

Theorem 3.1.1. For any set A we have ‘A‘ < ‘2"‘ , where 24 is the set of subsets of A.

350me authors are more fastidious and say S is infinitely countable/enumerable and allow also finite sets to be called
countable, but we will not have a use for that as our excursion into cardinalities of sets will be brief.
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Proof. Clearly A — 24 by sending a € A to {a}, whence ‘A‘ < ‘ZA ‘ We need to show then that
4] #

; namely, that there is no bijection between A and 24. Suppose that we had a bijection

frA—24
Construct a subset B of A as follows:

B={acA:a¢ f(a)}.
Since f is surjective, B = f(b) forsome b € A. If b € Bthenb € f(b) andsob ¢ B; if b ¢ B then
b & f(b) and so b € B. Either way, we derive a contradiction. O

Thus, in a certain sense, most real numbers are irrational.

A complex number « is called algebraic if & solves some non-zero rational polynomial f(x) €
Q[x]. By multiplying f by a suitable rational number we may assume that f is monic:

flx)=x"4+a, 1x" '+ +a, a€Q.

It is not hard to prove that the set of such polynomials in countable. Fixing #, it is in bijection
with Q", which is countable. A general lemma states that a countable union of countable sets
is countable, and that completes the proof. Furthermore, as every polynomial has finitely many
roots, a similar argument proves that the cardinality of all algebraic numbers is countable. We
denote the set of algebraic numbers Q. It is in fact a subfield of C.

Thus, in a sense, most real numbers are transcendental, meaning, they are not algebraic.

Exercise 3.1.2. % Prove that Q is a field as follows:
(1) In general, if F C L are fields and « € L let

Fla] = {Zn(:)aizxi 1a; € F}.

Namely, the set of all finite polynomial expression in a with coefficients from F. Prove
that F[a] is a ring, and that it is also a vector space over F.

(2) Prove that « € C is algebraic over Q if and only if dimg(Q[a]) < co. If this is the case,
prove that Q[a] is a field and, in fact, Q[a] = Q[x]/(f(x)), where f(x) is the minimal
polynomial of « (see §3.3 for this notion.)

(3) Let o, € C be algebraic over Q. Prove that dimg(Q[a, f]) < oo, where Q[a, ] =
(Qla])[B).

(4) Let a, B € C be algebraic over Q. Prove that —«, % (for « # 0), a + B and «p all belong to
Q|a, B]. Conclude that they are algebraic too.

3.2. Measuring. We can try and study the measure of subsets of IR to get a sense of their size.
One can define a measure y on R that has the following properties. Let % be the smallest
collection of subsets of R that contains all open intervals and is closed under countable unions,
complements and countable intersections. It is called the Borel c-algebra of IR. Every open set
in R, as well as any closed set in R belong to #. 4 also contains the set of all rational numbers,
and the set of all irrational numbers.

The measure on R we have in mind is a function

u: B — IRZO U {00},
such that:
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(1) u((a, b)) = u(a,b]) =b—a,foralla <b.
) p(LIZ1 Ai) = 22y w(Ai).
(3) for any set A € # we have
u(A) =sup{u(K): KC A, Kcompact} = inf{u(U) : A C U, U open}.

This measure is called the Lebesgue measure.

It follows that if A C R is countable then yu(A) = 0. Indeed, by definition there is a bijection

f: (I)NT: Aandso A = [T;o{f (1)} = LIiLolf (), f (n)]. Therefore, u(A) = Yoo u(Lf (1), f(n)])

#(Q) =u(QNR) = 0.

Exercise 3.2.1. Prove that the measure of [0,1] \ Q is equal to 1. Note that this set contains no
interval of positive length.

Exercise 3.2.2. Let 0 < a < 1. Find a set S contained in [0, 1] that has measure &, contains no
interval of positive length, and is dense in [0, 1].

Thus, whether we are counting sets, or measuring them, almost all real numbers are irrational, and in
fact transcendental. But can we explicitly find such numbers?

It is easy to give examples of irrational numbers:

va, 1 i,

are all irrational. The following is a criterion that will easily prove these statements:

Let f(x) = apx" + - - - +ag € Z[x] be a polynomial with integer coefficients. Assume that n > 0 and
a, # 0. If f(p/q) = 0 then plag, q|an.

Using this, it is easy to check that the polynomials x* — 2, x> — x — 1 and x*> — 19 don’t have
any rational roots. Of course, one may try and prove stronger statements. Namely, to prove that
a complex number « satisfies a f(x) € Z[x] of degree greater than 1 which is irreducible over
Q, and hence in particular & cannot be rational. There aren’t too many methods to prove such
statements. One of the most fundamental ones is Eisenstein’s criterion:

Suppose that f(x) = x" +a,_1x" ' + -+ + a9 € Z[x] is a non-constant polynomial. Suppose that
a; for all i, but p> t ag. Then f is irreducible over Q.

there is a prime p such that p

3.3. Algebraic numbers. Let « € C be a non-zero algebraic number. Thus, there is a non-zero
polynomial

flx)=x"+a, 1x" 14+ +ag € Q[x],
such that f(«) = 0. The minimal such # is called the degree of «.

Example 3.3.1. Every non-zero rational number a/b has degree 1; it solves the polynomial x —
a/b. Conversely, every algebraic number of degree 1 is rational.

Every quadratic number a + b\/d, where d is a square-free integer and a, b rational numbers,
has degree 2. It solves the polynomial x* — 2ax + (a? — b?d). The degree cannot be 1 because
that would imply that a + bv/d is rational and hence that v/d is rational, which is not the case.
So, for example, V2 and 1%@ have degree 2.

The degree of & = V19 is 3; « solves x> — 19, which is irreducible by Eisenstein’s criterion.
This implies that « has degree 3 by the following lemma.
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Proposition 3.3.2. Let « be an algebraic number of degree n and let
flx)=x"+a, 1x" 14 +ag

be a non-zero polynomial with rational coefficients such that f(«) = 0. Then:

(1) f is irreducible.

(2) If g(x) € Q[x] is a polynomial such that g(«) = 0 then f‘g.

(3) f is the unique monic polynomial with rational coefficients of degree n that « satisfies; it is called

the minimal polynomial of a.

Proof. The second statement implies the first and third. Indeed, if f1(x) is also monic of degree
n having « as a root then, by (2), f ‘ fiand so f = f; and (3) follows. Suppose f is reducible:
f = gh, where g, h are rational polynomials. Then, f(a) = g(a)h(x) = 0 and so, without loss
of generality, g(¢) = 0. But then, by (2), f ‘ g and this implies that / is a constant polynomial.

Hence (1).
Let us prove (2) then. Let d(x) = gcd(f, g); for suitable rational polynomials u(x),v(x) we
have

d(x) = u(x)g(x) +v(x)f(x)-
Substituting « for x we find that d(¢#) = 0 and so d is not a constant polynomial. As d ’ f and
f has the minimal degree possible for all polynomials that « satisfies, we must have that 4 has
degree n as well, and so d = f as both are monic. That means that f ‘ g U

Corollary 3.3.3. If g(x) is a non-zero monic irreducible polynomial with rational coefficients such that
g(a) = 0 then g is the minimal polynomial of « and, in particular, deg(x) = deg(g).

A fundamental result is that

Q := {a € C : ais algebraic},
is a field; it is closed under addition, multiplication and taking inverses. The proof was given as
Exercise 3.1.2.

3.4. Transcendental numbers. Either in the sense of cardinality, or of measure, the non-algebraic
real numbers, the real transcendental numbers, are the overwhelming majority. However, the
problem of exhibiting transcendental numbers, or proving that familiar constants are transcen-
dental is very hard in general. Many of the results we provide below are for information. That
said, we will be able to explicitly exhibit transcendental numbers based on Liouville’s theorem.

3.4.1. Seminal results concerning transcendence. We have the following seminal results.
Theorem 3.4.1 (Hermite, 1873). e is transcendental.
Theorem 3.4.2 (Lindemann, 1882). 7t is transcendental.

Theorem 3.4.3 (Gelfond-Schneider, 1934). Let «, B be algebraic numbers such that « # 0,1 and
B & Q. Then any value of aP is transcendental.

Some explanation is required concerning the phrase “any value” in the Theorem. The point
is that & is really defined as e#1°8(%), The theorem allows a and B to be complex numbers (in
particular, & could be a negative real number); the function

0 n
X
x_E:
¢ = n!’
n=0



18 EYAL Z. GOREN, MCGILL UNIVERSITY

is a well-defined analytic function and, in particular, converges for every a € C. So, ¢ is well-
defined for every complex number z. On the other hand, there is no global definition for log(x)
that gives a well-defined answer for all x € C. The best one can do is provide a value for log(x)
that is well defined up to integer multiples of 27ri. Thus, a? could mean any one of a countable
set of complex numbers, differing from each other by integer powers of ¢f2.

Example 3.4.4. It follows from the Gelfond-Schneider Theorem that 2V2 s transcendental.

Theorem 3.4.5 (Baker, 1960’s). Let ay,...,a, be non-zero algebraic numbers such that log(ay),. ..,
log(ay) are linearly independent over Q. Then 1,1og(a), . .., log(ay) are linearly independent over Q.

In Baker’s theorem, when we talk about log(«;) we mean by that any choice of a complex
number 7; such that ¢7 = &;. This theorem is extremely powerful and Alan Baker got the Fields
Medal for it, and related work, in 1970. For example, Baker’s Theorem implies the Gelfond-
Schneider theorem:

Suppose that af is algebraic. Note that log(a) and Blog(a) are independent over Q, because
alog(w) + bplog(a) = 0 implies that B = —a/b € Q, which is a contradiction. Baker’s theorem
then states that log(a) and Blog(a) are independent over Q, which is clearly false as

B -log(w) + (=1) - plog(a) = 0.

Exercise 3.4.6. Prove that log(2),log(3),log(2) + log(3),1log(2)/ log(3) are transcendental num-
bers.

Exercise 3.4.7. % Use the expansion

_q 1 1 1
e = +ﬁ+i+§+.“
to give an elementary proof that e is not a rational number (which is much easier than proving
it’s transcendental!).

3.4.2. Sets defined by continued fractions. Continued fractions allow us to define interesting sets
of real numbers. For example, consider the set A of all irrational real numbers in the interval
[0, 1] whose 100-th partial quotient is equal to 961. This set is easily proven to be uncountable;
the same is true for its complement. What is the measure of A, u(A)? Does it depend on
the arbitrary value 961? Namely, would the measure be different if we asked that the 100-th
partial quotient is 17? What if we asked instead that the 99-th partial quotient is 961? These are
questions that we will analyze later.

Continued fractions also allows us to define interesting numbers. For example, consider the
number

0,1,2,3,4,...]
One can prove that this number is transcendental. In fact, as we stated before, a very general
theorem says the following:

Theorem 3.4.8. Let m > 1. Let by be an integer, bj, c;, d; be positive integers such that at least one of
dy,...,dy is not zero, then

N = [bo,‘bl, ..., bs, (C1 +Adq,...,cm+ /\dm)io:()]

is a transcendental number. Here the notation is for blocks of natural numberscy, ..., cm,c1+d1, ..., Cm+
dw,c1+2dy,...,cn+2dy,c1 +3d1,...,¢n +3d, . ...
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Combined with the next theorem, it implies that all numbers of the form

2/y
e’V +1
-7 e N*¥,
e2/y —1 Y
are transcendental.
Theorem 3.4.9. We have
eV +1

a1 = By Ty, .

To conform with our previous discussion of continued fractions, we take y € IN™ in the
theorem, but in fact it holds for any positive real number y. This is a rather hard theorem; we will
not prove it in this course. Note that Theorem 3.4.8 combined with Theorem 3.4.9 implies that e
is transcendental: if e is algebraic, you can prove that ¢?/¥ is algebraic for any positive integer y
and conclude that i;;ﬂ is algebraic too, and that contradicts Theorem 3.4.8. Alternately, if one

is willing to assume that the continued fraction of e is
2,1,2,1,1,4,1,1,6,1,1,8,1,1,10,1,1,12,1,1,14,1,1,16,1,1,18.... ],

one can of course use Theorem 3.4.8 directly.

4. APPROXIMATION BY RATIONAL NUMBERS

4.1. Types of approximations. Let 6 be a real number. The problem we consider in this chapter
is to find good rational approximations to 6. Observe the following;:

9—p/q’ =0.
o If0 ¢ Q, Vg > 1,3p such that ‘G—p/q‘ <l

From now on we assume

(although, as we have illustrated before, there is some interest in getting good rational approxi-
mations for rational numbers p/q too — approximations that use a smaller denominator than g).
We consider rational approximations p/gq to 6 that outperform these obvious ones. Below p, g
denote integers such that g > 1.

o If § = p/qis rational,

BAF  Best approximations of the first kind.
These are p, g, such that V1 < g’ < g,Vp/, if g + % then

-t

> ]9—31.
q

BAS  Best approximations of the second kind.
These are p, g, such that V1 < g’ < g,Vp/, if g + % then

q6—p

> ‘q@— p‘.

OA Optimal approximations.
These are p, g, such that

‘G—Z’ <21qz.
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Note that if p/gis a BAF then ‘9 - g ‘ < %, but otherwise it is hard to quantify how close it is to 6
besides saying that out of all fractions with denominators at most g it is the best approximation
to 0; namely, just the definition said out loud.
Lemma 4.1.1. We have the following relations between approximations.

(1) p/gO0A = p/qBAS.

(2) p/qBAS = p/qBAF.
Proof. Assume that p/q is an OA and suppose that for some g > d > 1and c¢/d # p/q we have

)d@ — c‘ < ‘q() — p‘.

As |g0 — p| < 1/2q, we have

‘9_% < 251lq'

Then,
1 d+gq

-2l +o-2l < g -

Ontheotherhand,asg#§,|cq—pd|21. So,
1 ~le_p <d+q

dg=1d ¢ 2dg?”

This implies that g < d, which is a contradiction.

Assume now that p/qis a BAS. Given p'/q' # p/q such that 1 < 4’ < g, we have

9'0 —p'| > |90 — pl,
and so )
-t

q
~ 7

9—312‘9—3‘.
q q

Exercise 4.1.2. Show that there are no inverse implications in Lemma 4.1.1.

It is interesting then to try and find such approximations. We will show that all OA and BAS
arise from convergents of the continued fraction expression of 6.
Example 4.1.3. Here is an example of the approximations to x = % = 0.70710.... Using
denominators up to 3 (the blue lines), the best approximation of the first kind is provided by
2/3 = 0.66666.... We need to consider fractions with denominator 7 to find a better one (red
and yellow lines for denominators 4 and 5). This one is 5/7 = 0.71428 ... (in grey; the diagram
doesn’t show fractions with denominator 6 because it is easy to see that those do not provide
better approximations — the only one really in question is 5/6 — and adding them would have
made reading the diagram harder).

It follows from the theory we will develop that 2/3 and 5/7 are, in fact, even BAS, because
they arise as convergents in the continued fraction expression of x. We have

V2

x=2-=0122222...]

that has convergents

01 251229 70
T30 7717 417 99 1T
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The same theory would also tell us that the next BAS is 12/17 and the one after it is 29/41, and
SO on.

Equations Edit + M\ e Mhan
= ©
B \]j:i: [y e 4
x% 1 hasamw)/%,,w‘re
LETL T

02

-02

© © © o o ¢°o

-0.4

-06

4.2. Dirichlet’s theorem.

Theorem 4.2.1 (Dirichlet). Let 6 € R. For every Q € IN,Q > 2, there exists integers p,q such that
0<g<Qand

1
0—p| <=
lq pI_Q

Proof. Consider the following Q + 1 numbers in the interval [0, 1] (“pigeons”)
0,1,{6}, {26},...,{(Q—-1)6}.

And consider the Q intervals (“pigeonholes”)

b (b 2 (5" ]

Since there are more pigeons than pigeonholes, either
e there exist 0 < i < j < Q — 1such that |{if} — {j6}| < &, which implies that

. . . 1
(=8 = (Li6) = o) < &

or,
e there exists 0 < i < Q — 1 such that ‘{i@} - 1’ < L and that implies that

Q= o

’i@—(Li9J+1)‘§
O

Exercise 4.2.2. Prove that every real irrational number 6 has infinitely many BAF without using
Dirichlet’s theorem.

Exercise 4.2.3. Prove that every real irrational number 6 has infinitely many BAS (and hence also
BAF) by using Dirichlet’s theorem.
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Corollary 4.2.4. Assume 0 is an irrational real number. There exist infinitely many q such that (p,q) =
1 and

‘G—Z‘ <qlz.

Proof. For any Q € IN,Q > 2, let po,qq be as in Dirichlet’s theorem. So, 0 < qo < Q and
190 -0 — pol| < é Therefore,
6 — < —
‘ ‘ ‘JQQ
We may assume without loss of generality that (pQ,qQ) — 1 because, if n = ged(po, 40), we

also have

](qg/n)f? - (PQ/n)\ 1Q é

and so we may just replace pg,qg with pg/n,qq/n. Therefore, the following Claim will con-
clude the proof.

Claim. sup gg = co.
Q

Indeed, if not, then there exists an N such that g5 < N for all Q. But
e:=min{|g0 —p| : g < N} >0,

as this minimum is essentially over a finite set (for each g there are at most 2 relevant p’s for cal-
culating the minimum; namely, [0 |, |g6] + 1) and equality will imply that 6 is rational. Choose
then Q such that % < €. Then |gof — pgl| < é < €. Contradiction. O

Remark 4.2.5. As you are asked to prove in Exercise 4.2.3, if 0 is irrational, Dirichlet’s theorem
implies the existence of infinitely many BAS to 6. But even the Corollary doesn’t imply that
there are infinitely many optimal approximations to 6. This is indeed true, and will follow from
the theory of continued fractions.

Example 4.2.6. It is certainly possible that sometimes
1

02| <
' 4

(or even a higher power of g). Just take 0 = g + wil% for sufficiently large N. But this is just a
trick producing one excellent approximation for a particular 6. In general, there are powerful

theorems saying that one cannot improve much on =. The most celebrated and definite result
is Roth’s theorem for which he was awarded the Flelds Medal in 1958.

Theorem 4.2.7 (Roth 1955) Let 0 be an irrational number. For every € > 0 there are only finitely many
rational approxzmatzons ,(p,q) =1, such that

p
‘0_7‘ < 2+e

Roth’s theorem is a very difficult theorem; in the next section we will prove a much weaker
version, Liouville’s theorem that much pre-dates Roth’s theorem. Liouville’s theorem is very
interesting nonetheless, since it is effective, unlike Roth’s theorem.
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4.3. Liouville’s Theorem. .

Theorem 4.3.1 (Liouville). Let 6 be a real algebraic number of degree n > 1.* There exists a positive
constant C = C(0) such that for all integers p,q, with q > 0, we have

22 &
q q

Proof. Let f(x) be the minimal polynomial of 8, which we rescale so that
f(x)=aux"+---+ay, a;€Za,#0.

We further assume that the 4; have no proper common divisor, although this is not necessary to
the proof; it just improve the constant C.

As f(x) is irreducible, we have f(p/q) # 0 for all p/q € Q. By the mean-value theorem, for
any p/q with g > 0 we have

—f(p/q) = f(0) = f(p/q) = (6 = p/q) - ' (C),
for a suitable ¢ such that ¢ € [0, p/q], or [p/q,0], depending on the case.
Case 1. Suppose that |0 — p/q| < 1. In this case, find a constant C; such that
F@)<C, Yeelo—10+1]
Then, [0 — p/q| = gz - 1f(p/D) = & - |f(p/9)]. But,

f(p/q) = (anp™ + -+ a1pqg" ' + a0q") /9" = (non-zero integer) /q".
Therefore,
11

0—plql > —.
0=p/al 2 & o

Case2. 0 —p/q| >1. Then|0—p/q| > qln
Let then
C= min{gl,l}.
O

Exercise 4.3.2. Analyze the proof of Liouville’s theorem and find a constant C as in the theorem
for /2, HT\@, V5 € R.

Exercise 4.3.3. Let 6 = Y ;> ﬁ. Prove that 0 is transcendental. This application of Liouville’s
theorem was given by him in 1844 and produced the first explicitly given number that was
provenly transcendental.

Exercise 4.3.4. % Construct a set T of real transcendental numbers with ‘T‘ > Ny, and u(T) = 0.

4That is, 0 is algebraic, but not rational.
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5. CONTINUED FRACTIONS AND APPROXIMATIONS

We will assume throughout this section that 0 is an irrational real number. Some of the state-
ments can be extended, or generalized to rational numbers, but we will not do so here.
Recall that we have already proved that for 0 a real irrational number we have
1
< 3

n

o
In

where {p, /g, } are the convergents to 0. Let us improve on that.

Theorem 5.0.1. For any n > 0, either gn O g 1san optimal approximation.
Proof. If not, then for some n we have both

)—@ > L le—p”“)> L
qn'! 2’711 Jn+1! 21]314_1
As 0 lies between py, /gy, and py+1/gn+1 (Corollary 2.1.9), we conclude that

pea i 11 1)
On+1 qn 2\ g9 Ti+1
On the other hand,
Pn+1  Pn _ 1
f]n+1 qn ann+1 .

It follows that

v 11 1
Q1 — 2\ 0% 24 )

Multiply both sides by 24247, | and rearrange to conclude that 0 > (g,4+1 — qx). This implies
that 4,41 = g,. However, we proved in Corollary 2.1.6 that g, is strictly monotone increasing
for n > 1. So the only case we still need to consider is whenn = 0,and g0 = 1,41 = 1 = a3.
In this case, if % = 6] = ag is not an optimal approximation then {6} > 1, in fact {6} > 1
because 6 is irrational. But then

p _ap+1 - 1
ﬁ‘9—01 —(l6) +{6}) =1 {0} < 5.

That means that £! is an optimal approximation. t
q1

0<

As every OA is a BAS, we conclude the following.

Corollary 5.0.2. For all n, either % or % is a BAS for 6.

In fact, we will soon prove that all % are BAS (with essentially one exception). But first, let’s
prove that all BAS arise as convergents.
Theorem 5.0.3. Let 8 is an irrational real number. Any BAS for 0 is a convergent 5—: to 0.

Proof. Recall the picture of convergence from Corollary 2.1.9:

a/b
| | A | — < | | |
[ [~ | | [

|
|
M, Wh, Th, B P, Ph T4
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Let a/b be a BAS for 0. We will first show that it lies between po/q0 and p1/41.
If§ <ap= % then [1-60 —ao| < [0 — 3| < |b6 —a|. So, ap/1 “beats” a/b. Namely, a/b cannot

- . bp1— o
be a BAS. Similarly, if § > % then |0 — | > % — 4 = |2 ql’lq] | > ﬁ Multiplying by b we
conclude that . .
|b0 —a| > — = — > |0 —ay|.
1 @

The last inequality follows from the fact that 6 —ay = H%J yrerell IR e

find that ag/1 beats a/b and so a/b cannot be a BAS. Contradiction.

. Thus, again we

Let assume that a/b is not a convergent to 6. Then a/b is strictly between Z" L and p"“ for

some k > 0. We will derive a contradiction by showing that p; /gx beats a/b. For that we should
first establish that g, < b. Note that, on the one hand, we have

E_Pk 1’_‘aqk1—bpk_1’> 1

Tr—1 bgr—1 ~ bgi1
On the other hand, by Corollary 2.1.5, we have
a4 Pra Pk pkfl‘ 1
b g T Gr—1'  GGk—1
It follows that g < b.
Now, because a/b is between E-1 and Pkl
Tk—1 Gr+1”
‘9—5‘ > @_7‘ > 1
b Tkt 1 bqk+1
Therefore,
’b@ —a| > L
Tk+1
But, by Corollary 2.1.10,
1
’qu — Pk < —.
Tk+1
And we got a contradiction: “py/q beats a/b”. U

Theorem 5.0.4. Let 0 be an irrational real number. Any convergent % to 8 is a BAS for 6 with the only
possible exception bezng Po 5

Proof. Letk > 1. Forx € Z,y € {1,2,...,4x}, consider
min |yf — x
nin |y6 — x|.
Choose a minimal vy for which this minimum is achieved. For that vy there is a unique x¢ such
that |00 — xo| is the minimum, else 6 is rational. Therefore, by definition, ;—g is a BAS and by

Theorem 5.0.3 there exists an s such that

Yo _ Ps

vo o 4s
Now, as yp < g and the g are monotone increasing, we must have s < k. If s = k, we are done
(make sure you understand why!). So, assume s < k. Using Theorem 2.3.3, we have

> ! .
s+1 + ds qk + dk—1

qgs6 — ps| >

5There is a mistake in Khinchin in that the exception is not stated. Clearly, whenever {8} > 1/2, pg/q0 = |6] is not
a BAS; in this case g1 = 1 and p1/q1 = | 8] + 1 is better.
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On the other hand, by Corollary 2.1.10,
1
’qkf) —pr| < —.
Tk+1

As, by the definition of ps,gs, |7s0 — ps| < |pk® — qk|, we can combine the two inequalities and
find that
1 1
> .
Te+1 Gk + i1

This implies gx11 < gk + gx—1 and that is a contradiction as gi11 = ax+19x + gx—1 and all quanti-
ties appearing in this recursion formula are positive integers.

|

Let us summarize all we have learned about the relation between approximations for an irra-

tional real number 6 and its convergents %.
n

e For every n, either £ or £1 js an OA.
qn In+1

e Every convergent £*,n > 1is a BAS.

Every BAS for 6 is a convergent to 6.
In general, 0 will have many BAF that aren’t BAS and so do not arise from the conver-
gents to 0.

Remark 5.0.5. One can show that all BAFs for 6 can be derived from the continued fraction
expansion as well by “suitably combining” the partial quotients. We don’t discuss that here, but
this result can be found, for example, in Khinchin’s book.

6. QUADRATIC IRRATIONALS, PELL’S EQUATION AND CONTINUED FRACTIONS

In this section we investigate periodic continued fractions. Where by “periodic” we really
mean ultimately periodic. That is, a periodic continued fraction is a continued fraction of the
form

[El(),...,ako_l,b1,...,bh,bl,...,bh,bl,...,bh,...],

where ag € Z,a;,b; € NT, for i > 0. A common notation is

[ﬂo,. . .,ako,l,bl,. . -/bh]

We will study such continued fractions and connect them to solutions to Pell’s equation. Pell’s
equation is an equation of the form

() X —dy* =1,

where d is a positive integer that is not a square. We will not prove every theorem we present in
this section. The proofs can be found in many other textbooks in number theory. In general, we
tend to omit proofs that are either way too difficult (like for Roth’s, or Baker’s, theorem) or that
are very technical and long, involving analysis of multiple cases.
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6.1. Periodic continued fractions.

Proposition 6.1.1. Let 6 be a periodic continued fraction,

[El(), e ,ako_l, b1, .. -/bh]-
Then 6 is quadratic over Q. Namely, it is an algebraic number of degree 2.

Proof. As 6 is irrational, we only need to show that 0 satisfies a quadratic equation with rational
coefficients. Let r be the (irrational) number,

r= b el
Then,
6 = [ao, ... ak,—1,7] = [ao, ..., ak,—1,b1, ..., by, 7).
Letting p,, g, denote the convergents to 6, we find that
0 — TPko—1 + Pko—2 _ TPko+h—1 + Pko+h—2

B quo—l + qko—z B qug+h—1 + qk0+h—2 ‘
Clearing denominators and rearranging, it follows that r satisfies a quadratic equation over Q
and so 0 satisfies one too. t

Theorem 6.1.2. If 0 satisfies a quadratic equation ax> + bx + c,a # 0, over Q then 0 has an ultimately

periodic continued fraction expansion [ag, ..., ax,—1,b1, ..., by].

The proof is not very difficult, but we will omit it for the reasons mentioned above. It can be
found in Khinchin’s book pp. 48 - 50.

Here are some examples of quadratic irrational numbers and their expansions.

(1+V5)/2=[1], 1+v2=1[], 3+2V2=[5T14].

In general, things can behave rather unexpectedly. For example,

5++2

=10,1,1,2, 1,1,30,1,1,3,1,14,1,3 |.

11
The length of the period of v/d varies erratically,
V39 [6,4,12]
V40 [6,3,12]
V4l [6,2,2,12]
Va2 [6,2,12]
V43 [6,1,1,3,1,5,1,3,1,1,12]
Va4 [6,1,1,1,2,1,1,1,12]
V45 [6,1,2,2,2,1,12]
Va6 [6,1,3,1,1,2,6,2,1,1,3,1,12]
Va7 [6,1,51,12]
V48 [6,1,12]

Using the command in PARI
for(n=8,60, print (n"N(1/2)", "=", contfrac (sqrt(n), 30)))

you will get as output the continued fraction expansion of /7 for all integers n between 8 and
60.



28 EYAL Z. GOREN, MCGILL UNIVERSITY

Remark 6.1.3. The length of a period is a rather intriguing quantity on which there is a lot to
say; for example, under the generalized Riemann hypothesis, one can prove that the length
is O(y/nloglogn). That is, there is a constant C such that for x > 0, the length is at most
Cy/nloglogn. This result is not so easy to prove. In contrast, it is easy to prove that y/n has
an expression as a continued fraction of the form [a,E] if and only if b = 24, in which case
n = a*> + 1. If we use also Theorem 6.2.4 below that gives us some information of the general
form of the development of /7, for n not a square, we find that the only square roots \/n with
period of length 1 are those of the form v/a? 4 1 and their continued fraction expansion is

Va2+1=1[a,2a].

In particular, we deduce that there are arbitrarily large n such that /7 has a period of length 1.

6.2. Pell’s equation. Let d be a positive integer that is not a square. Consider Pell’s equation.
3) X2 —dy? = 1.

One is interested in solutions in integers for such an equation. Pell equations may be considered
as among the simplest of diophantine equations, and this is one reason to seek a thorough un-
derstanding of them; at the same time, the solutions are numbers of the form a + bv/d, where a, b

are integers. As a result a + b\/d € Q(+/d) is a unit of the ring of algebraic integers of Q(+/d).°
The behaviour of the fundamental solution, namely, of the smallest pair of positive integers
(x,y) solving the equation - smallest in the sense that any other such pair (x',y’) satisfies y’ > y

- is mysterious for the same reason the length of the period of the continued fraction of v/d is
mysterious. To illustrate the point, the fundamental solution to the equation

x? —1140y% = 1

is
x=2431, y=72,

and the period of +/1140 is 6. In contrast, the fundamental solution of

x* —1141y%* =1
is

x = 1036782394157223963237125215, ,y = 30693385322765657197397208,

and the length of the period of v/1141 is 58.

The following theorem connects between integer solutions for Pell’s equations and continued
fractions. In fact, it applies to somewhat more general equations.

Theorem 6.2.1. Let 0 < N < +/d be an integer, where d is not a square. Let s,t be positive integer
solutions to the equation

x? — dy2 = N,
with ged(s, t) = 1. Then, for some n, we have
S Pn
e

where p,/qy is a convergent to \/d.

6An algebraic number « is called an algebraic integer if « solves a monic polynomial with integer coefficients. The
algebraic numbers form a subring of Q.
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Proof. The idea is to show that s/t is an OA for V/d, hence a BAS. The theorem follows then from
Theorem 5.0.3.
Ass? —df* = N we have (¢ +Vd) (2 — vd) = ¥ and so

s N 1
S —Vd= <
t 2 +vd) B+
(as N < \/;Z). On the other hand, as ; — Vd > 0, it follows that ﬁ > 1 and so
S 1
Vi-il <5

This proves that s/t is an OA for v/d. O

We record a particular case:
Corollary 6.2.2. Any positive solution to Pell’s equation
x> —dy* =1
arises as a convergent to V.

Note that the Corollary does not claim that every convergent is a solution to Pell’s equation,
and, in fact, it’s not true. Let us look at an example.

Example 6.2.3. /7 = [2, 1,1,1,4]. We have the following convergents
po_2 p_3 p2_5 ps_8 ps_37 p5_ 45

g U q 1 g 2 q 3 g 14 g 1777
Then, correspondingly, p;/g; is a solution for the following equations:
x2—7y2 = -3, Jc2—7y2 =2, x2—7y2 = =3, x2—7y2 =1, x2—7y2 = =3, x2—7y2 =2

As is clear from this example, the complete story as to what Pell equation-like the convergents
solve is rather intricate. We don’t give here the full story but only one theorem, without proof.

Theorem 6.2.4. Suppose that d > 0 and is not a square. Then
Vd = [ag, by,..., by .
e If n is even, the positive solutions to x> — dy*> = 1 are
(Pjn-1,qjn-1), ]=12,3,...
e If nis odd, the positive solutions to x> — dy*> = 1 are

(P2jn-1,92jn-1), j=1,2,3,...

Exercise 6.2.5. Find positive solutions for the following equations:
(1) x> —39y% = 1.
(2) ¥ —412 =1.

Exercise 6.2.6. Prove that there are infinitely many positive solutions to the equation
x? —39y% = 3.

(Hint: given a solution (a,b) to x> — 39y?> = —3 and a solution (c,d) to x> — 39y? = 1, show that
one can generate a new solution to x? — 39y?> = —3 by using the product (a + bv/39) (c +d+/39).)

Exercise 6.2.7. Find a positive solution to the equation x> — 41y% = 5.
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Exercise 6.2.8. Y% Triangular numbers are the integers 1,3,6, ..., "("; 1) PR

[ ] [ ] L]
Show that there are infinitely many triangular numbers that are squares and find 3 of them
besides 0,1.”

Exercise 6.2.9. % Find five pairs of integers (1, N), 1 < n < N, such that
1+24+---4+(n-1)=mn+1)+n+2)+---+N.

Exercise 6.2.10. Let (a, b) be a solution to Pell’s equation x2 — dyZ = 1. Show that for any n, if we
define A, B, as follows

An + Bn\/a = (a + b\/ﬁ)n,
then A,, B, are also solutions to the same equation. Use this to show that if a Pell equation
x? — dy? = N has a solution then it has infinitely many solutions.

Exercise 6.2.11. % Show that there are infinitely many solutions (a, b) to x> — 10y? = 1 such that
7|a.

2 2

Exercise 6.2.12. The equation x* — dy~ = —1 doesn’t always have integral solutions: prove that if
d =0,—1 (mod 4) there are no integral solutions. However, prove that if a solution exists then

it is a convergent to v/d.

Exercise 6.2.13. Prove that [a, b,c | = /n for some positive integer 1, if and only if a > 0, ¢ = 2a
and b|c, in which case n = a? 4 ¢/b. Deduce that there are arbitrarily large n such that /7 has a
period of length 2. Compare with Remark 6.1.3.

Remark 6.2.14. One can prove that if a solution to x? — dy?> = —1 exists, then the length of the
period of v/d must be odd. And in fact a theorem similar to Theorem 6.2.4 holds. There is no
known criterion to determine when this happens. This is known as the question of “the sign of
the fundamental unit”, because it has to do with the question whether there is a unit in the ring
of integers of Q(v/d) that has norm —1 to Q.

7. THE MEASURE OF SOME SETS DEFINED BY CONTINUED FRACTIONS

We change gears in this section. Our purpose is to look at sets of real numbers defined by
properties of continued fractions and ask how “big” they are. More precisely, we will look at
sets contained in [0, 1] —just for convenience, the generalization is easy — that are defined in terms

"There is the more general notion of figurative numbers, or k-gonal numbers. The 3-gonal numbers are the triangular

numbers {n(n +1)/2 : n € N*}. The 4-gonal numbers are the squares {n? : n € INT}. Similarly, the pentagonal
numbers are given by {n(3n —1)/2 : n € N*}. The k-gonal numbers are {%(n2 —n)—n?+2n:n €Nt}

e

-
o«
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It was discovered by Fermat in 1636, and proved first by Cauchy in 1813, that every positive integer is a sum of k
k-gonal numbers. For example, a sum of 3 triangular numbers, a sum of 4 squares and so on.
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of properties of their continued fractions and ask for their Lebesgue measure. As an example,
we may consider the set

S=A{[0,a1,az,...]: a4 =2,ap =3},
and ask for y(S). This is quite easy to calculate (try!), but already finding the measure of the set
T = {[O,al,az,. . ] a1 = 112},

requires more thought (try this one too!). So one wants to develop some general methodology.
One of the main ideas is to think of 1,4y, ... as functions of x. For every x € [0,1] we can
write

X = [0,(11,6!2,...],

for uniquely determined positive integers a; that depend on x (unless x is rational, but those
have measure 0, so we disregard them). So,

x =[0,a1(x),a2(x),...],
and for every k > 1 we have the functions
a: [0,1] = N', x> ag(x),

which we want to understand.

7.1. The functions 4;(x). Before proving the lemma we need, let us look at the functions a; (x)
and a,(x) to get some feeling as to the general behaviour. We wish to understand, for x € [0,1]
when does a1 (x) = ki, where kj is some positive integer. As ultimately we want to analyze all
functions a;(x), this really makes sense only for x ¢ Q. And so we will usually assume that.

So, the question is what is the location of all x € [0,1], or x € [0,1] \ Q to be pedantic, such
that a1 (x) = k;. Such an x is then written as

x =[0,kq,7],

where 1 < r < oo (the strict inequality because x is irrational). Thus,

1
r

0 p _ 1
o = and so

As r ranges over (1,c0),
we can write

1 1 p1 -+ po P1> +
— — | = ——, = ) ={x:x=(0,ki,a,a3,...| :a; e N},
(kl—l—l k1> (fh—i—LIo q1 { 0.1, 82,23, .. J

ranges over (0,1). So x € (ﬁ, %) Note that %

Po p1
0’ 71
The tfiunqction a1(x) therefore has the graph appearing in Figure 1 (where, again, rationality
allows us not to bother with interval ends).
What about a;(x) then? Suppose that a,(x) = ky. Itis easier to analyze the situation after giving
some definite value to a1 (x). So, suppose that a;(x) = k;. Then, we want to know the location
of all x of the form

where are those of any x in {x : x = [0,kq,a2,a3...]}.

x =[0,ky, ko, 7], 7€ (1,00).

Recall that using modified p; /g, we can write x as

o2t p2+p1/r
"2+ q1 QA q/r
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&, (x)
L( —
3—
2___
I\ -
} t t
%oy oy, 1

FIGURE 1. The function a1 (x)

When r = 1 we get P2tP1 and when r = oo we get %. Thus, and we will be more rigorous when

J2+q1
we prove the general statement, we have
p2 P2+P1> i
= e o) =dx:x=10,ki,ky,a3,a4,..],a; € N},
(B2 228 — fxsw = 0k kg ] € N
where Zl, ZZ are those of any x in {x : x = [0, ky, k2, a3,a4,...]}.
Moreover, p1 =1, p2 = k2, q1 = k1,92 = kika + 1, so
ko ko +1 >
, ={x:x=10,ky,kp,a3,a4,..]}.
(k1k2+1 kiko +1+k; { 0 k1, Kz, a5, 04, .1}

ko+1 N 1

Note that when k; = 1 we get the end point 2+ kz T = oG 7

That is, every interval

=T +1 and as kj goes to infinity,

1
ki +1"k;

on which a1 (x) = ky, is divided into a disjoint union of intervals

< ko ko +1 >
k1k2—|—1,k1(k2—|—1)—|—1 !
where on such an interval 4, (x) = k. Otherwise said:

Over every step of a1(x), ax(x) is a step function. See Figure 2.

Exercise 7.1.1. Find u(S) and u(T) where
S=A{[0,a1,a2,...] 101 =2,ap =3}, T={[0,ay,az...]:a1 =a2}.

For T, the answer should be expressed as an infinite sum to which you should provide non-
trivial lower and upper bounds (say, different than 0 or 1).

Let us introduce the following notation. For integers 1 < n; < np < --- < n; and any positive
integers ki, ..., ks, let

E(ppre)={xe01):an(x)=k,i=12,...,s}

For example,
E (kll k22 kss) = {x = [O,kl,kz,...,ks,as+1,...]}.
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' _,,. ¥

A =

FIGURE 2. The function a;(x)

In these terms, we see that what we have analyzed above were E ( )and E (k1 p ).
To understand the following Lemma, it is useful to note that g1ven two rational numbers
» < g with positive denominators, we have

Lemma 7.1.2. E (2 = [ ) is an interval with end points © ”L’;" - and £ (which is bigger than which

depends on the parity of n), where p;/q;, for i < n, are the partial quotzents ofany x € E (kll kzz Tk ).

Proof. The proof is by induction, where we have already checked the cases n = 1,2. So, assume
PntpPn- Pn
that E ( K kz ) is an interval with end points P and o
We have

E (7{11 k22 ! n+1> {x = [0 kl,kz,...,kn,kn+1,rn+2] 1 <rppo < 00}

kn n+1

(where, as usual, we ignore the case r,,2 = 1 as it corresponds to a rational number). Thus,
much as we have done for a5, we find that

"n4+2Pn+1 + Pn _ Pn+1 + Pn /rn+2
"n42qn+1 + n In+1 + Qn/rnJrZ

In this expression, p,i1, Pn,gn+1 and g, are fixed by the data kq,k, ..., k,41 and we view the

expression for x as a function of 7. The limit as r goes to 1 is 21772 and when r goes to infinity,
Gn+1t4qn

X =

sz Moreover, the derivative as a function of r is
Pui1(Tn2Gni1 +Gn) — Guit (Tur2Pni1 + pn) _ (—1)"
(Tn2qns1 + qn)? (Tns2qGns1 + qn)?

T'n+2Pn+1+Pn
So Tn42qn+11qn

cover an interval with end points Pusi®Pn and p”“ . (If n is even this is the interval (Z=25Pn Prit)
+1714n In1+qn” Guia

and if 7 is odd this is the interval (Z:E , %).) O

is a monotone function we conclude that as r varies from 1 to oo, the x that we get

Lemma 7.1.3. We have
1 _|_ Qn 1

p= 2 n— qn-1

=
/~
4
/
K
N
R
=
w4+
_
~—
N
—_
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It satisfies,

1 < <2
32 ~ P~

independently of k1, ..., k, (1)
Exercise 7.1.4. Prove Lemma 7.1.3. (The expressions look daunting at first, but remember that

we know to describe these sets using intervals. That, after algebraic manipulations, provides
the first claim. For one of the inequalities, simply replace 1 + ”7” Lby 1+ 1= 1) Can you improve

the constants 2 and 17
Corollary 7.1.5. We have

2
s <HE(T)) < 5.

Proof. We have
wOD)= Y pEELTL))
(k1,...kn)

while

n(E("EY)) = 2)#( (klkzﬁ:'kriwsrl))'

Comparing like terms, and using Lemma 7.1.3, the Corollary follows. 4

So, while it is not true that y(E ("{1)) is independent of #, it is closed to being so. For exam-
ple, try the following.

Exercise 7.1.6. Prove that u(E (1)) = ¢ = 0.166..., while

Mz

 (2k+1) 3k+1)'

The value of this series is numerically close to 0.1685. How well can you approximate this sum?

7.2. Numbers with bounded partial quotients. In this section we consider a set S of real num-
bers S contained in [0, 1] that exhibits a number of different characteristics. On the one hand,
it’s a “small” set, since it the set of all real numbers in (0, 1) whose continued fraction expansion
involves only finitely many integers. It is also the set of real numbers that cannot be approx-
imated too well by rational numbers, in a sense defined below (see Theorem 7.2.4). From a
different angle, it is a “huge set” since it has the same cardinality, 2% as R. And, still from a
different perspective, we will prove later that it has Hausdorff dimension 1. Each of these facts
brings to light another aspect of this set.

Theorem 7.2.1. Let
S={x=10,a1,az,...] : 3M = M(x) such that a; < M, Vi}.

This is the set of all numbers in (0,1) in whose continued fraction expansion only finitely many integers
appear as partial quotients. Then

u(s) =0.

Remark 7.2.2. The S has cardinality 2%. Indeed, just letting a; take the values 1 or 2 gives us a
subset of S with cardinality 2%, so |S| > 2%0. On the other hand, S C R so |S| < 2%,
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Proof. For M € IN>», let
Sy = {X = [0,611,[12,...] ra; < M,Vl}

Since Sp C S3 C S4 C ..., we have u(S) = limps _,  #(Sm), and it is thus enough to prove that
for all M,

u(Sm) =0.

For the calculations to follow, it will be convenient to define

1
Y=r(EWETL),  T=1-gp

Now, suppose that ki, ..., k, are all less than M. For any k > 1 we have by Lemma 7.1.3:
12 .. +1 Y
Z (E (kl D )) > 3

This implies that

We have the estimate

We conclude that

" (kH E(hand "¥1)> =1 (E(h o)) —w (H E(LA: ﬁnf))
<M

1
1——) =T
< ( 3M) YT

In this estimate ky, ..., k, are still fixed, and y depends on them. But now, summing this in-
equality over all (k1,ky, ..., k,41) such that k; < M for all i, we find

u( 11 E(éé:z:ﬁ?ﬁ))
(k1/~~'rkn+1)<M
<T‘H< I1 E(éé:::ﬁ))
(ki
<---<T”-;4(HE(,}1)><T”.

k<M

As Sy is the limit of the sets [ [, k<M E (& 7 ) asn — oo, we find that

./

o
u(Sy) < nlgnoor =0.

Corollary 7.2.3. With probability 1, a number x chosen at random from the interval (0,1) will have the
property
lim a;(x) = +oo.
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We call a real number 0 badly approximable if there is a positive constant C such that

<

q

for all p, g integers. One can prove the following theorem.

02>
q

Theorem 7.2.4. The set of badly approximable numbers is precisely the set \J,cz n + S, where S is as in
Theorem 7.2.1.

7.3. Some ideas from Ergodic theory. Inhisbook, Khinchin proves many beautiful theorems of
measure-theoretic flavour. The most striking one is due to Khinchin himself and is the following.

Theorem 7.3.1 (Khinchin). With probability 1

1

{/ul(x)az(x) ceeap(x) — ﬁ (1 + r<r+2)>10gz(r) ~2.685...

The infinite product appearing in the theorem is called Khinchin’s constant. Khinchin’s proof
is complicated. There is a much better proof that uses ideas from Ergodic theory. We will only
sketch it, citing some difficult theorems and leaving some details as exercises.

Consider the operator
T: (0,1) — (0, 1), T([O,al,az, .. ]) = [0,512,(13, e
Otherwise said
1 1
T(x) = - L;J-

Define a measure v on subsets in the Borel o-algebra #([0, 1]) of [0, 1]:

1 dx
v(E) = log(2) /E 1+ x

Like the Lebesgue measure, v is a regular measure, giving measure 1 to [0,1], and the same
argument we sketched for the Lebesgue measure implies that it is determined by its values on
open intervals (a, B) that we can easily calculate:

1 P dx 1 1 1+p
Y8 B) = oz [ 15 = fomzy 10801+ B) —log(1-+)) = i og (172 ).
The key point is that T is measure-preserving, meaning for every set E € %(]0,1]),
v(T"Y(E)) = v(E).

This is not very hard to prove. One first proves that u;(E) := v(T~!(E)) is likewise a regular
measure on (0,1), hence determined by its values on open intervals. A bit of thought shows
then that it is enough to prove the following claim.

Exercise 7.3.2. Y Forany 0 < <1,
v(T1(0,B)) = v((0, ).

8Namely the set of x € (0,1) for which the following statement fails has measure 0.
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A deeper fact, yet at the level of the first few classes in a course in ergodic theory, is that the
transformation T is ergodic. This means that

TY(E) = E = v(E) € {0,1}.
For example, real world transformations, such as kneading dough, stirring a coffee cup, are
ergodic transformations. Rotating a disc around its centre is not.
We want to use the Ergodic Theorem, which we will not prove here, although, once more, the

proof is usually given in any introductory course in ergodic theory.” The theorem is much more
general than the very special case we consider here.

Theorem 7.3.3 (Birkhoff’s Ergodic Theorem). ' For any “reasonable” function f'' on [0,1], for
almost all x € [0,1],

hm—ZfT” /Olfdv::k)l PACFN

N—o N g(2)Jo 1+x

The sum on the left hand side in the theorem is called the time average, since one thinks about T
as a transformation of [0, 1] where the trajectory of a point x in time is Tx, T?x, T3x, ... (T" is the
composition of T with itself n-times) and the sum is the average along the trajectory as more
and more time passes. The integral appearing in the theorem is called the space average as it
gives the average value of the function on the space.

We apply the Ergodic Theorem in a variety of situations:
(1) Let
f(x) = log(a1(x)).
This is a function that is piece-wise continuous, even piece-wise constant since a3 (x) is
like that. It follows that

1N " 1N 1 [Hlog(ai(x))
@ Jim S Y log(on(T') = Jim - 3 log(an(x) = s [ S8R

It remains to analyze the right hand side and derive Khinchin’s theorem. Recall that

a(x) =k, forxe (kil,l).

=

Thus,

1 Hog(m(x)), 1 & Pl
log(2) /0 1 —; x ax = log(Z) Z log (k) - /L 1+ xdx

k+

1
Zlog - (log(1+1/k) — log(l—i—m))

log
L \log(k)/10g(2)
- Z log (k ¥ 2) ) )
L logy(0)
B Z log((1 (k + 2)) =)

9The proof can be found, for example, in P. Halmos, Lectures on Ergodic Theory.

10There is a subtle point here. A priori the Theorem says that the set of exceptions has measure 0 relative to the
measure v, but it is easy to check that this implies it has measure 0 in the usual (Lebesgue) measure too.

HThe exact condition is that for all B € % ([0,1]) also f~1(B) € #([0,1]). This include all functions that are piece-
wise continuous, for example.
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Substituting in Equation (4), and exponentiating, we find Khinchin’s theorem!

(2) Let
flx) = {1, a1(x) =k;

0, else.

Using the ergodic theorem we can deduce that for almost all x € (0,1) the frequency of k
in the partial quotients of x, namely in the sequence {a;(x)}$>, is

1 (k+1)?
log(2) '8 <k<k+z>> ‘

For example, the frequency of 1 among the a;(x) is about 41.5% for almost every x. On
the other hand, the frequency of 9 is only about 1.4%. The proof is left as an exercise.

(3) Let f(x) = a1(x) and deduce that with probability 1,

lim a(x) -+ an(x) _ .

n — oo n

The proof is left as an exercise.

1 is prime:
Exercise 7.3.4. % What can we deduce by using the function f(x) = {O’ ai (x) is prime
, else.

Exercise 7.3.5. % Give a proof based on the Ergodic Theorem for Theorem 7.2.1.

8. THE HAUSDORFF DIMENSION OF SOME SETS DEFINED BY CONTINUED FRACTIONS

We have seen that the set of all real numbers x € (0,1) whose continued fraction expressions
has bounded partial quotients, namely the set

S={x=[0,a1,az,...] : IM such that a; < M, Vi},
has measure zero and cardinality 2%. It follows that the set
E({l,Z}) = {[0,(11,512, as,.. ] ta; € {],2}}

also has measure zero and cardinality 2%. It is a natural question to ask whether there are other
points of view on subsets of R that will show that in some sense these sets are big.

We will introduce the notion of Hausdorff dimension of a set A, dimy(A), as another perspec-
tive on complexity of sets. It will satisfy dimy ({x}) = 0 for any point x and even dimy(Q) = 0;
it will also satisfy dimpy([0,1]) = dimg([0,1] \ Q) = 1. These results just tell us that the defini-
tions are sensible. It starts to get interesting when we find that

0 < dimy(E({1,2})) <1, dimp(S) =1,

thus providing a new perspective in which the “presence” of these measure 0-sets is nonetheless
non-trivial.

In developing the theory we will be forced to be brief — supplying full details would be a
course in itself; we will give careful definitions and prove certain simple properties in order
to have some sort of intuition as to what’s happening and then specialize to sets defined by
continued fractions. For a full treatment see Falconer’s book, which we follow here.
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8.1. /-covers and the Hausdorff dimension. Let U C R". We denote by |U]| its diameter.
U] = sup{[jx —y| : x,y € U}.

The notation is not ideal, because |U| was also used to denote the cardinality of U; hopefully, no
confusion will occur, and when there is danger of such, we will clarify what the notation means
in that particular place.

Letd € R>p. A é-cover of a set F in R” is a finite, or countable, collection of sets {U; };c.» such
that

For s > 0 define
H5(F) = inf{ ) |U;° : {U;}ic.r a 6-cover of F}.
i€sg
Namely, we are trying to cover F most efficiently using é-covers and measure this efficiency by
the quantity ) ;. , |U;|°. It is not entirely clear what this does... Let us make some observations:

e When ¢’ < J any d¢'-cover of F is also a J-cover of F. So when calculating Hj(F) we
are taking the infimum over a larger set of coverings than the set of covering used to
calculate 743, (F). Hence,

8 <6 = H3(F) > H3(F).
Consequently, the following limit, which might well be +co, always exists:
S . 3 S
H (F) = (Shi}’lOH(s'
e Note that for any 6 < 1 (and those suffice to calculate #°(F)), the function #j(F) is

non-increasing in s. This is because for any U of diameter at most J (so smaller than 1)
|UJ* > |U|!if s < t. Thus, comparing cover-by-cover, we deduce that

s <t = H(F) > H'(F).
We can be more precise: for every § < 1 cover {U;} and s < t, we have

YUl =Y (Wl <oty Uil
i ; ;

Thus,
s<t== H(F) <5 H(F), VO<é<1.

The last point allows us to conclude the following proposition.

Proposition 8.1.1. Let F C R". If there exists an s such that H*(F) < oo then forallt > s, H!(F) = 0.
Thus, the function s — H°(F) must look as in Figure 3, where

so = sup{s : H’(F) = oo} = inf{s : H*(F) = 0}.
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|
0 |
So

FIGURE 3. The function s — H*(F)

The Hausdorff dimension'? of F is, by definition, the value sy. We denote the Hausdorff dimen-
sion dimp (F). Thus,
dimy (F) = sup{s: H°(F) = oo} = inf{s : H°(F) = 0}.

We remark that the value H*(F) may be finite (including 0), or infinite. However, we can
conclude the following.

Corollary 8.1.2. If there is some s such that 0 < H*(F) < oo, then s = dimpy(F).

Example 8.1.3. To get convinced that this might be a good definition, let us look at the interval
[0,1] and take s = 1. For any d-cover {U;} let a; = |U;|. The estimate

Zai > 1
i
holds, because a; > u(U;) (Lebesgue measure) and

1< u(Uilly) < Zﬂ(ui) < Zai‘

This holds for any cover and any J. Further, we can certainly find such covers with } a; = 1;
indeed, dividing [0, 1] into disjoint intervals will do the trick. It follows that #!([0,1]) = 1 and,
by Corollary 8.1.2, dimp([0,1]) = 1. Thus, for “ordinary” sets the Hausdorff dimension returns
the expected value. The interesting feature, though, is that for “non-ordinary” sets it may return
a fractional value, as we shall see.

The following theorem lists some basic properties of the Hausdorff dimension. We leave the
tirst four claims as an exercise in unravelling the definitions. We highly recommend doing them.

Theorem 8.1.4. The Hausdorff dimension has the following properties for subsets of R":
(1) IfE C F then dimH(E) < dimH(F).
(2) dimp (U2, F;) = sup;{dimy(F;)}.
(3) If F is countable, F = {x1,x3,... }, then dimy(F) = 0.
(4) If f: R" — R" is bi-Lipschitz (namely, there exist positive real constants cq,cy such that

alx =yl < 1f(x) = fW <eallx—yll, YryeR")
then,
dimpy (F) = dimy (f(F)).
(5) If F C R" contains a non-empty open set then dimp (F) = n.
(6) If F C R" is an m-dimensional smooth manifold, dimy (F) = m.

12The Hausdorff dimension is sometimes called the Hausdorff-Besicovitch dimension.
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Exercise 8.1.5. Prove that for every s, H* (U, F;) < Y22, H*(F).
Exercise 8.1.6. Prove parts (1) - (4) of Theorem 8.1.4.

Property (4) is very useful in boot-strapping results. Consider for example, a bi-Lipschitz
function f: R — R and the function ¢: R? — R?, ¢(x,y) = (x, f(x) + y), taking the unit inter-
valA =1[0,1] = {(x,0): 0 < x <1} to theset p(A) = {(x, f(x))}, which is just the graph of f
over the interval [0, 1].

(%

La=§(x)

0 (%0) 1
FIGURE 4. The function ¢

This function ¢ is also bi-Lipschitz and so dimp(¢(A)) = dimpy(A). We proved before that
dimpy(A) = 1 when A is viewed as a subset of R. It requires some thought, but one can show
that dimpy(A) = 1 also when A is viewed as a subset of R2. So we may conclude that the graph
of ¢ is also of dimension 1.

Property (6) requires some work to prove, but the idea is very similar to the example we have
just considered. Suppose we already know that dim([a,b]™) = m for a < b (which follows
from (5)), whether this cube is considered in R” or in R". Then, the idea is that by the implicit
function theorem, any smooth manifold can be exhibited locally as the graph of a C*-function
over such cubes (that appear in the diagram as ovals; mea culpa).

M

Such functions are bi-Lipschitz so, at least locally, a smooth m-dimensional manifold has
Hausdorff dimension m. Using property (2) we can get the full statement in (6).

Let’s look at claim (5) and try and be a little bit “more honest” about its proof.

e First, all closed cubes [T, [4;, b;] with non-empty interior, i.e. with a; < b;, Vi, have
the same dimension as they are all related by bi-Lipschitz maps. We remark that this
dimension is also equal to the dimension of any closed ball Bla, ] of positive radius,
because, again they are related by bi-Lipschitz maps, and we also use property (1).
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() —|O
O

As F contains a closed ball with a non-empty interior, and is contained in a count-
able union of such balls (e.g. UY_;B[0,N]), using (2) we conclude that dimpy(F) =
dimy(B[0,1]) = dimg([0, 1]").
Show dimp(([0,1]") < n. Itis enough to show that

Vg > n, H"(][0,1]") = 0.

For this, it is enough to show that for every € > 0, for all § > 0, there is a J-cover {U;}

such that
Z \Ui\”l < €.
i

Indeed, this implies that %' (([0,1]") < e forall § > 0, which implies that %" (([0,1]") <
€ for all € > 0. This implies that 1™ ((]0,1]") = 0.

In fact, it is enough to show that for every e > 0 for all N > 0 there is a +-cover {U;}
such that }; |U;|"™ < e.

Divide the cube [0,1]" into N" cubes that are shifts of the cube [0, &;]". The radius of a
cube [0,7]"is ||(r,7,...,7)|| = rv/n.

FIGURE 5. Partitioning the cube (The graphics is taken from Deke McClelland’s blog)

For this cover,

L U™ = N"(3g )" = C- N"m 20

e Show that H"([0,1]") > 0. We use a similar argument as we have used for the interval

[0,1]. Namely, the existence of a Lebesgue measure y on R"”. We didn’t discuss this
before, but this is similar to the Lebesgue measure on R as in §3.2. Namely, y is a again a
function on the Borel c-algebra #(R") of R", which is the minimal collection of subsets
of R" that contains every open set and is closed under complements, countable unions
and countable intersections:

j: B(RY) — Raq U {oo}.
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It is again a regular measure such that (1) u(I1[;2q Ai) = Y721 u(A;), and 2) u (T4 [a;, bi]) =
[T (b — ai).
For every d-cover'® {U;} we have

1= u((01)") £ L) < CEju,

where C is a constant depending only on # and the last inequality comes from the fact
that every set U; of diameter ¢ is contained in a ball of radius J, say.

We conclude that

Remark 8.1.7. In fact, one can prove that H"([0,1]") = %, where wj, is the volume of the unit
ball in R". More generally, one can prove that if F € Z(IR") is a Borel set, then

Wnp
We have
%k, n = 2k even;
) Wy =

255 n=2k+1o0dd,

8.2. The dimension of the Cantor set. So far we haven'’t really seen that the Hausdorff dimen-
sion provides us with anything new. We will now calculate the dimension of the Cantor set ¢
in [0, 1] and see that it is strictly between 0 and 1.

Base 10 expansion, i.e., decimal expansions, are the description of any real number r as

F=ay---000.0_14—p- - =ay - 10" +---+a;-104+ag+a_1-10 ' +a_,-1072+....
Or, more succinctly,
r= Y a10°°,
s=—n
where the a; € {0,...,9}. The expansion is essentially unique; the only ambiguity comes from

tails of the form - - -a;.14;99999 - - - = - -a;_1(a; +1)00000.. ., if a; # 9. Let us agree to prefer
the latter.

13There is a delicate point we are sweeping under the rug. Namely, that when we define the notion of Hausdorff
dimension we can consider only J-covers by sets U; that are in Z(IR"). This is true, and not hard to prove. Indeed,
we can replace any U; that appears with its closure.
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The same can be done to any natural basis. Let N > 2 be an integer. Then any real number

has a base N expansion
F=ay---aagd_1a_p - =apyN"+ -+ N+ag+a_ N 1+a N2+ ... = Z a_sN—°,
s=—n

where thea; € {0,..., N —1}. Again, the expansion is essentially unique and the only ambiguity
comes from tails of the form - - -a; qja;xxxxxx--+ = ---a;_1(a; +1)00000...,if a; # N — 1 and
x = N — 1. (For example, for N = 2,0.111111111--- = § + 1 + § + - -- = 1, and for N = 3 we
have 022222222+ = 2+ 24+ Z 4 ... = 1) Let us agree to prefer the former just for describing
the Cantor set.

With these conventions the Cantor set is defined as

[e0]

¢ = {x = 0.x1x2x3 ... (base 3 expansion)|x; € {0,2},Vi} = {Z; L x; € {0,2},Vi}.
i=1

It is a closed set in [0, 1] which is what remains after repeatedly removing the middle open thirds
(in green) of intervals.

1 1 6 : l L 1
' "y 2 '
\ eo.mm A ; Ol - ; {D"u"';
Vo L/Q‘ Va Lloy Ha %q
H+—t—+H—
)/3 2/,

By calculating the measure of the complement of the Cantor set we find that ¢ has measure 0,
but cardinality equal to that of the real numbers:

u(#) =0, || =2%.

Let assume for now that for d = dimy(%) we actually have 0 < H?(C) < oo (which is true).
The idea of the following calculation is that of an iterated function system, which we will soon
develop in detail; it makes use of the self-similarity features of the Cantor set.

Let
2

x x
s1(x) = 5, s2(x) = 5+ 5.
=3 sm=3+;
In terms of base 3-expansion, we can express these transformation by
51(0.x1x2x3 ce ) = 0.0X1XZX3 ey Sz(O.X1X2X3 ce ) = O.2x1x2x3 e
It is now clear that

€ = Sl(%) HSQ(%)
Exercise 8.2.1. Let f: R" — IR" be a function such that for some a > 0
1f(x) = FW)| = allx = yll-

Then,
H(f(F)) = «*H*(F).
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For the functions s;,s, we have « = 1/3 and we apply the exercise to the Cantor set ¢ with
s = d = dimy(%). Note that for § small enough we may assume in calculating H; (%) that
we only consider é-covers of s1(%) [[s2(%) that are a disjoint union of a §-cover of s!(¢’) and
a 5-cover of s2(%). And vice-versa, 6-covers of s'(%') that are disjoint with each other induce a
o-cover of €. Hence,

HU(C) = H(s1(€) ] [ 52(€
H(51(%)) +7'ld(52( )

1 d
= ( Hd
Thus, 37 = 2 and we conclude that
. log(2)
d €)= ~ 0.6309...
imy (%) 08 (3) 0

This result demonstrates that although u(%) = 0, the Cantor set ¢ still has “a non-zero pres-
ence”.

Exercise 8.2.2. Let A be the set of all numbers in [0, 1] whose base 5 expansion only contains the
digits 0,2 and 4. Let d = dimp(A) and assume again that 0 < H%(A) < oo. Calculate dimy(A).

Exercise 8.2.3. % Let N > 3 be an odd integer. Let Ay be the set of all numbers in [0, 1] whose
base N expansion only contains the digits 0,2,... N — 1. Let d = dimy(Ay) and assume again
that 0 < H?(An) < 0. Calculate limy _, o dimp(Ay).

The following result, which we give as a guided exercise, gives some information on sets of
dimension less than 1. Recall that if F C R" is a subset, an open set of F is, by definition, the
intersection of some open subset of R" with F. A set F in R" is called totally disconnected if for
every x # y points of F, there exist open disjoint sets Uy, Uy, of F, such that x € U,,y € U, and
F=Uu,ul,.

For example, Q is totally disconnected, because given two rational numbers x < y choose an
irrational € such that x < € < y then

Q = (QN(=c0,€))U(QN (€ 00)),
and
x€Uy:=QN(—o0e), yeU,:=QnN(e ).
Exercise 8.2.4. Let F C R" be a subset such that dimy(F) < 1. Prove that F is totally discon-
nected. Here is a suggestion. Suppose x # y are points in F:
e Define
fR" =R, f(s)=|x—s]|.
Prove that this function has the property

[f(s) = f(O)] < lls —£]].
e Prove that dimy(f(F)) < dimy(F).
e Let Z =R\ f(F). Prove that Z is dense in R.
e Prove that there is a z € Z lying between f(x) and f(y) and so the sets (—o0,z), (2, c0)

separate f(x) and f(y).
e Complete the proof.

Note that the converse does not hold: R \ Q is totally disconnected but has dimension 1.
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8.3. Iterated function systems. An iterated function system is a method to construct fractal sets
in R"” and, at the same time, to estimate their dimensions. Many familiar sets, such as the Cantor
set, the von Koch snowflake and the Sierpinski cube are examples. More importantly for us, sets
whose elements are described by their continued fraction expansions are often constructed this
way too.

Let D C R" be a closed set (D = R" is allowed). A function
s:D—=D

is called a contraction if there is a constant ¢, 0 < ¢ < 1, such that

Is(x) =s(W)ll <cllx—yl, xyeD.

We note that a contraction is automatically a continuous function.
An iterated function system (IFS) is a finite set of maps {s1,...,Sn}, m > 2, where every s; is
a contraction on D. A non-empty closed subset F C D is called an attractor for the IFS if

m
F = U Sl'(F).
i=1
Example 8.3.1. Let D = [0,1] and lets;: D — D be the functions
3 s2(x) = g + %
Then {s1,s,} is an IFS and, as we have seen before, the Cantor set ¢ is an attractor.

s1(x) =

Example 8.3.2. Let

E = {[ao,al,ﬂz,. . ] 1 a; € {1,2}},
be the subset of all real numbers in the interval [1,3] whose continued fraction expansion has
partial quotients that are all either 1 or 2. Let D be the interval

1++/3
2
Consider the two functions on R~

D= , 14+ V3] ~ [1.366...,2.732...].

KR | =

1
s1(x) =1+ = sp(x) =2+
We claim that {s1,s,} are an IFS on D. For x € D,

S0 = = € [ :
Z 2| (1+ VB2 (14 V3)

X

2] C [0.13,0.54].

By the mean-value theorem

7

‘Si(x)—si(y)’ _
x—y

si(¢)
and so both s; are contractions on D. Now, both s; have a fixed point ¢; in D:
1++5 o1t V5
2 2
This should not surprise us. In terms of continued fractions we have

s1( ~1.618..., s(1+V2)=1+V2~2414...

(6) Sl([ﬂo,ﬂ1,ﬂ2,...]) = [1,ﬂ0,ﬂ1,ﬂ2,...], SZ([a01a1/a2/~--]) = [2/a01a11a2/~--]1

and we have seen the values % =[1,1,1,...], 1+ V2 = [2,2,2,...] before. Because the fixed
point {; of s; lies in D and s; is contracting on D, for any y in D we have |s;(y) — ;| < |y — i, it
follows that s;(D) C D.
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Finally, we claim that E is an attractor for this IFS. First, the minimal element of E is

1++/3

2 4

1,2,1,2,...] =

and the maximal element is
2,1,2,1,...] =1+ V3.
So E C D. And equation (6) proves that

E = Sl(E> U Sz(E).

8.4. Attractors of IFS. We will show that every IFS on a compact set D C R" has an attractor.
The assumption that D is compact is only made to simplify the proof; it holds for the applications
we have in mind.

Theorem 8.4.1. Let D be a non-empty compact subset of R" and let .% = {s1,...,5u},m > 2 be an
IFS on D. There is a unique attractor E for .&. In fact, define for every k-tuple of integers (iy, ..., i),
such that 1 < ij<m,
S(iy,..ip) (D) = (85, 0+ - 05, )(D),
and
(i1,---)
Let S°(D) = D. Then,

E= ﬁ SK(D).
k=0

Before the proof, we remark that with some abuse of notation, treating S! as a “sum” of maps
without defining this formally, we have the following relation

SK(D)=S'o ... 0SY(D).

Proof. We first argue that
sK(D) 2 s**(D).
Indeed,
S(D) =S'o-..0SY(SY(D)) = SK(SY(D)).
(k—times)
So we only need to check that S'(D) C D, and, in fact, just that s;(D) C D, which is true by
definition.

Now, as each s; is a contraction, it is continuous and hence sois s(;, ;). Therefore, s(; ;) (D)
is compact. Since S¥(D) is a finite union of non-empty compact sets, it is compact too and
non-empty. The intersection of a decreasing sequence of the non-empty compact sets, D 2
SY(D) D S%(D) D ... is also non-empty. Furthermore, since S'(S¥(D)) = S¥*1(D) we have that
SY(E) = E, as we wanted.

We leave the unicity as an exercise. (See below.) O

Exercise 8.4.2. Let D be a compact set and let S be the collection of non-empty compact subsets
of D. We will make S into a metric space; the metric is known as the Hausdorff metric.
Let o > 0. Define the /-neighbourhood of a set A € S, denoted Ay, to be the set
As={xeD:3ae A, |x—a|] <d}.

Using that for a fixed x € D, inf,c4{||x — a| } is achieved for some a, € A, by compactness of A,
it is not hard to prove that A; is a closed subset of D, hence belongs to S itself.
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Now, given A, B € S, define
d(A,B) =inf{é: A C Bsand B C As}.
Prove that d is indeed a metric on S. Namely, that (i) d(A, B) > 0 with equality iff A = B; (ii)

dCAR) = max{ S, 8%

d(A,B) =d(B,A); (iii)) d(A,C) < d(A,B) +d(B,C).
Exercise 8.4.3. Prove that for A;,B; € S,
d(U;-ﬂzlAi, Uzmlei) S 11’I1{:1X d(Ai, Bi).

<i<m

Exercise 8.4.4. Prove that E is unique in the following sense. If F C D is a compact non-empty
subset of D such that S!(F) = F then F = E. (Consider d(E, F) and apply the previous exercises
for A; = s;(E), B; = s;(F).)

8.5. Hausdorff dimension of attractors. In this section we state the main theorem about the
dimension, or estimate for the dimension, of the attractor of an IFS. The proof is not very hard,'*
but we have to keep our goal in sight, which is to focus on number theory and not on fractal
theory!

We say that an IFS {si,...,s, },m > 2 on a non-empty compact set D in R" satisfies the open
set condition, if there exists a non-empty open set V of R” such that:

(1) Vc D,

(2) 51(V),...,su(V) are disjoint, and

®) V2 ULsi(V).

Theorem 8.5.1. Let {s1,...,5yu},m > 2, be an IFS on a compact set D in R" satisfying the open set
condition. Let E be the unique compact attractor this system.

(1) Assume that for every i there exists c;, such that 0 < ¢; < 1 and

Isi(x) = si(W)|l = cillx = yl|, Vx,y € D.
Then, dimy (E) = s, where s is the solution to the equation

m

Y =1

i=1
Furthermore, we have 0 < HI™H(E) (E) < c0,1°

4The proof can be found in K. Falconer, Fractal Geometry, Mathematical Foundations and Applications.
15This justifies the computations we did, for example, for Cantor sets.
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(2) If we only have
Isi(x) = si(W)l| < cillx =yl ¥x,y € D,

then dimy (E) < s, where s is as above.
(3) Suppose that

Isi(x) = si(W)ll = billx =yl Vx,y € D,
for some 0 < b; < 1 and that

E = ﬁSZ(E)

Then dimpy (E) > t, where t is the solution to the equation

m
Y bl =1.
i=1

49

As said, we will not prove the theorem here - the proof can be found in Falconer’s book - but
only remark that the main idea is rather similar to our calculation of the dimension of the Cantor

set ¢. And, in fact, we will redo this example soon.

Example 8.5.2. The dimension of the unit cube [0,1]". Let

D =[0,1]".
For every vertex v of the cube, define that function
sp: D — D s(x)—1x+10
(] 7 v - 2 2 .

Each s, is a contraction on D and, in fact,

I50() = o)l = 3l ~ .

This IFS satisfies the open set condition with the openset V = (0,1)". We also have D = U,s,(D)

@c d

s, V) S,W)

Sa(V) SpV)

and so D = E is the attractor. We find that dimg([0,1]") = s, where s solves the equation

2" (1) = 1. Namely, s = n, as expected.

Example 8.5.3. The dimension of the Cantor set 4. Let

D =10,1], si(x)=
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This is an iterated function system and |[|s;(x) — s;(y)|| = ||x — y||. The open set condition holds
with V = (0,1). As we have seen, the attractor of this IFS is the Cantor set. Its dimension is the
real number s that solves the equation 2 - (1)° = 1. Namely,

s =log(2)/log(3) = 0.6309....

Example 8.5.4. The dimension of the Sierpinski triangle A. Let D be an equilateral triangle
in the plane, say with vertices 2 = (0,0),a, = (1,0),a3 = (%, @) Let
1 1
sit:D— D, si(x)= §x+ Eui’ i=1,2,3.

The open set condition holds with the set V being the interior of D. The attractor E of this IFS
is, by definition, the Sierpinski triangle.

$0)

FIGURE 6. The Sierpinski triangle A =E.

A similar calculation gives us

dimp(A) = log(3)/log(2) = 1.5849. ...

Example 8.5.5. The dimension of the von Koch snowflake 7. We leave some details here to
the reader. The iterated function system S consists here of 4 transformations that are each of the
form

X

x = pi(3) + i
where p; is a certain rotation and o; a certain translation that will hopefully be clear from figure.
In this case it is easier to construct the attractor as a union of sets, starting from F and applying
S repeatedly, we have

E = lim SF(F).

k — oo
One has to justify all these considerations, including the notion of the limit, but we will leave it
to the reader to ponder. The limit, for example, could be in the sense of the Hausdorff metric on
the compact sets of D, where D is a circle of radius 3, and in this case, F is drawn from the origin
to the point (3,0).
The same type of calculations give us that

dimpy (7)) =log(4)/log(3) = 1.2618....
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S(F)

SHF)

iy

£-(m skee)

h—00

FIGURE 7. The von Koch snowflake .# = E.

B. Mandelbrot, who coined the term fractal, and popularized the notion not just in mathe-
matics, but in culture at large, also coined the phrase “how long is the coast of Britain?” '® The
idea being that pictures such as the von Koch curve give a better sense of a coast line than the
usual piece-wise smooth lines we tend to use in maps and diagrams. In this context, it is easy to
prove that the length of the von Koch curve is infinite and a better measure of its complexity is
the fact that its dimension is strictly bigger than 1. To quote Mandelbrot (loc. cit.): “Quantities
other than length are thus needed to discriminate between various degrees of complication for
a geographical curve.”

Exercise 8.5.6. The dimension of the Sierpinski cube. Prove that the dimension of the Sierpinski
cube is log(20)/ log(3) = 2.7268..... (Picture from Wikipedia commons.)

FIGURE 8. The Sierpinski cube.

log, Mandelbrot, How Long Is the Coast of Britain? Statistical Self-Similarity and Fractional Dimension, Science 156
(3775): 636-638.
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Exercise 8.5.7. Let 0 < a < 1. Consider a set 4, which is very similar to the Cantor set. At each
step we remove an interval of length 2o which is located symmetrically. Thus, the case of the
Cantor set itself is when « = 1/3.

oL(1—=e) oL =)

FIGURE 9. Generalized Cantor set €.

Calculate the cardinality, the measure and the dimension of the set %,.

8.6. Hausdorff dimension of sets defined by continued fractions. We return now to continued
fractions. Let m > 2 be an integer and let

E({1,2,...,m}) ={lao,a1,a2,...] : 1 < a; < m,Vi}.
This set is very similar to the sets S,, we considered in Theorem 7.2.1. In fact, E({1,2,...,m}) =
11", i 4+ Sp41 and so it is clear that
u(E) =0, |E|=2%.

We would like to calculate dimy(E({1,2,...,m})). It turns out to be difficult and so we will
only approximate this dimension based on theorems we have already mentioned.
To begin with, the minimal element of E is

) m+ v m?+4m
min  (x)=[1,m1,m,...] = a,=
x€E({1,2,...,m}) 2m

and the maximal element is

=m1ml,...|]=A, =
xEE(?ll,%,).(..,m})(X) e, 1, m ] " 2

Let
Dy = [am, Am).
Let
A
si(x) =i+ = i=1,2,...,m,
or, in terms of continued fractions,
Si([ﬂo,al,az,. . ]) = [i,ﬂlo,al,az, . ]

We show that the s; are an IFS on D,,;; E({1,2,...,m}) is the attractor of this system. In fact, this
requires justification, but not to distract from the main point, we will address it once we have
completed the calculation.
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e We first show that s, has a fixed point on D,,. Consider the equation f, = a + 1/ f,. Such
an f, is a fixed point of s,. We calculate that

a+va*+4
fa == f & Dm
In terms of continued fractions, f, = [4,4,4,...] € E C Dy,.

e Secondly, we show that each s, is contracting on D,,. Indeed, since
sh(x) = —1/x2,

we have

0< A= inf {[s;(0)]}, a,” = sup {|s;(x)|} <1,
x€Dp x€D,,

and so, by the mean-value theorem,
Vx,y € Dp,  Ay21x =yl < [sa(x) = sa(y)] < a2 [x —yl.

It follows that each s; preserves D, and so {s1, ...,y } is an IFS on Dy,.
We may apply Theorem 8.5.1 and conclude

IYm < dimg(E({1,2,...,m})) <T,,
where 1, and T', are the solutions to the equations

mA" =1, ma, 2 = 1.

Namely,
log(m) ' ey
@) Tiog(dyy < dima(E{L2,...,m}) < 73 cns.

The upper bound is uninteresting, it is greater than 1 for all m. However, the method can be
improved to provide better lower bounds and non-trivial upper bounds.

The dimension of E({1,2}) in particular gained a lot of attention. The world-record for cal-
culating its dimension seems to be

dimg (E({1,2})) = 0.531280506277205141624468647368471785493059
1090183987798883978039275295356438313459181095701811852398...

and was obtained in 2018 by Jenkinson and Pollicot. The lower bound we were able to obtain is
a bit better than 0.344. Here is the table of the lower bounds coming from Equation (7) (values
truncated, not rounded).

1 \2 3 4 5 6 7 8 9 10
034483 04121 044025 04553 04647 0A711 04756 04790 04816

Tn

Let
E(c0) = U E({1,2,...,m}).

The set E(o0) is very close to the set S we considered in Theorem 7.2.1. To be precise, E(c0) =
[lsen+ a0 + S. It is thus clear that they have the same dimension and the same measure

p(E(e0)) = 0.
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On the other hand, letting m — oo in the lower estimate in (7), we find

dimpy(E(c0)) = dimpy(S) > %

This is rather satisfying, because we always believed S is large and complicated ©
The truth is even more satisfying.
Theorem 8.6.1 (Jarnik). 7 dim(S) = 1.
We mention a very general and powerful theorem.
Theorem 8.6.2 (Ramharter). 181et A CINT bea subset, finite or infinite. Let
E(A) = {[ao,a1,a2,...] 1 a; € A, Vi}.
Let y and v be the real numbers defined by

Z [m] ™" =1, Z mV =1,

meA meA
where [7i] denotes the periodic continued fraction [m,m,m,...] = ZE-ts VZ'”ZH. Then,
u <2dimg(R) <wv.

Exercise 8.6.3. % Use Ramharter’s Theorem to prove that dimy(S) > 0.9, say, where S is the set
of all real numbers for which the partial quotients of their continued fractions take only finitely
many values. The theorem is not powerful enough to imply that dimy(S) = 1, but it can be
used for a great many examples of sets defined by conditions on continued fractions.

We have seen that the Cantor set ¢ and the sets S, in Theorem 7.2.1 have real presence; in spite
of being of measure 0 they have positive Hausdorff dimension. Another such evidence are the
following theorems:

Theorem 8.6.4. Let € be the Cantor set then
C+¢={x+y:xycé}=][02].
Exercise 8.6.5. % Prove Theorem 8.6.4.
In contrast with the exercise, the next theorem is much harder."”

Theorem 8.6.6. Let M > 4 be an integer and let Spy = {[0,a1,a2,...] : a; < M, Vi}. Then

—M+VM?2+4M
SmM+Sm = + i * ,—M+ VM2 +4M| .

In particular, as the length of the interval S4 + S4 is greater than 1, this theorem implies the
following;:

Theorem 8.6.7 (M. Hall). Any real number r can be written in the form
r=n+[0,a1,az,...]4+1[0,b1,by,...], ne€Z,1<a;b <4Vi.

17y Jarnik, Zur metrischen Theorie der diophantischen Approximationen, Prace Matematyczno-Fizyczne 36 (1928-
1929), 91-106.

18gee G. Rambharter, Some metrical properties of continued fractions. Mathematika, 30 (1983), 117-132. The statement
here follows from Theorem 1, equation (40) and comments following it. For a more accessible proof, see T. W. Cusick,
Continuants with bounded digits. III. Monatsh. Math. 99 (1985), no. 2, 105?109.

OThe proof can be found in the book Rockett & Sziisz, Continued Fractions.
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8.6.1. The issue with E({1,2,...,m}). Finally, we come back to a point we left vague in the cal-
culation above; namely, our claim that E({1,2,...,m}) is the attractor for the IFS system con-
sidered above. The issue is that although E({1,2,...,m}) = U ,s;(E({1,2,...,m})), it is not
immediately clear that it is a closed set. If it is, then it is the unique compact attractor. There are
three options to resolve this issue.

The first is to show that indeed E({1,2,...,m}) is closed, by showing that its complement
is open. This is not immediately clear, as Falconer claims. A point 6 in the complement is, for
example, an irrational number one of whose partial quotients, say a;, is bigger than m. It is then
indeed not hard to see that any real number close enough to 8 will also have the same a;. To see
that one uses that the sets we called E (kll kzz ::: ktf ) are intervals with rational end points and so 6
cannot not be one of these end points.

However, a point 6 in the complement could also be a rational point, which can very well be
an end point of the aforementioned intervals, and the situation is then less clear. In this case one
has to show that any r close enough to 6 would have to have arbitrary large partial quotients
and thus lie in the complement of E({1,2,...,m}). That is true but requires an argument.

But, there is another option altogether. Let A = E({1,2,...,m}) for ease of notation. First
one argues that in our situation if A = U;s;(A) then also A = U;s;(A), just because the s; are
bi-Lipschitz. And clearly A = U;s;(A) is the unique compact attractor.

Now if we show A C A C AUQ then, since dimy(A) = dimy (A U Q) (that follows easily
from Theorem 8.1.4), also dimp(A) = dimpy(A) and we can just estimate dimy (A). Now,

(8) A=ny{lao,a1,...,an,...]:1<a;<m,i=1,2,...,n}
and each set {[ap,a1,...,ay,...] : 1 <a; <m,i=1,2,...,n} is a finite union of sets of the form
E(klllé::: y) and so {[ag,a1,...,ay,...] : 1 < a; < m,i =1,2,...,n} is contained in a finite

union of closed intervals with rational end points. Thus, we can replace the intersection (8) by
an intersection of sets that are each a finite union of closed intervals with rational end points.
That larger intersection is closed. What we have added, in the end, is at most some rational
points (that arise as end points of intervals) to our set A.

The third option is to check that E = ﬁ,‘f’:OSk(D), directly from the definition of E and the
description of the s; in terms of continued fractions. Since each S¥(D) is closed, it follows that E
is closed too.

9. IN CONCLUSION

The subject of continued fractions is rich and has many applications to different areas of math-
ematics. Developing functions into continued fractions is a subject that we did not really discuss,
but it is a subject that is both ancient and of current research in optimization and numerical anal-
ysis. There are many other generalizations of continued fractions, but even the simplest kind
of continued fractions, those that we have discussed in detail, offer many interesting problems
and continue to be a very active field of research. In particular, their applications to transcen-
dence theory and to dynamical systems are still actively researched. The MathSciNet search for
“continued fractions in title” returns 3650 hits on January 2020, out of which 391 are from 2016
or later.

In spite of all this progress there are some outstanding problems just waiting for a brilliant
solution. For example, recall the set S we studied in Theorem 7.2.1, the set of all real numbers
x in (0,1) whose partial quotients are bounded by some bound, which may depend on x. It
is conjectured that any number in S that is not rational, or quadratic, is transcendental. If you
are interested in learning more about this aspect, a good place to start may be the article B.
Adamczewski, Y. Bugeaud and L. Davison, “Continued fractions and transcendental numbers.
Numération, pavages, substitutions.” Ann. Inst. Fourier (Grenoble) 56 (2006), no. 7, 2093-2113.
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EQUATIONS OVER FINITE FIELDS

10. INTRODUCTION

In this chapter we follow closely

Kenneth Ireland and Michael Rosen, A classical introduction to modern number theory. Second
edition.

It is an excellent book, but the material required to prove the main results we are interested
in is spread over many of its chapters. The exposition we offer here is a more concise path
towards those goals than the book itself. For an introductory text about algebraic geometry, we
recommend

William Fulton, Algebraic curves. An introduction to algebraic geometry.

Our main topic in this chapter is the study of the number of solutions to a system of polyno-
mial equations over a finite field. Let IF be a finite field, for example IF,, and suppose we are
given m polynomials with coefficients in FF in n variables, f1(x1,...,%4), ..., fu(x1,...,%,). We
are interested in counting the solutions to the system of equations:

fl(xll---lxn) :01

fr'n(xl,...,xn) =0.
Namely, we want to find
tV(F) = t{(a1,...,an) € F": fi(a1,...,a,) =0,Vi=1,...,m}.
If IL is a field containing IF, then it likewise makes sense to ask about
V(L) =8{(ay,...,a,) €L": fi(ay,...,a,) =0,Vi=1,...,m}.

Let us make our discussion more systematic by carefully explaining which fields IL we want
to consider. Recall that for two fields F C IL one defines [IL : [F] = dimg(IL), which is either a
positive integer or co. It is called the degree of IL over FF.

Let p be a prime and let F, be the field of p elements; IF, = Z/pZ. Let IF, be an algebraic
closure of IF, (see §11.1 for a more thorough discussion). Then: (1) for every integer n , there is a
unique subfield of IF, with p" elements that we denote FFp». (2) We have an inclusion F,» C IF
if and only if m|n, and then [Fpr : Fpn] = n/m. 3) F, = Uy Fpn.

It is a fact that every finite field of p" elements is isomorphic to IF,». Thus, to study finite fields
of characteristic p, we might as well restrict our attention to subfields of F,.

It follows from the above that if FF is any finite field contained in IF,, then for every positive
integer s there is a unique field Fj;) C TF, containing FF, such that [Fi : F] = s. Otherwise
said, the lattice of finite subfields of E, is exactly like the lattice of positive integers INt with the
divisibility relation.
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Asabove, let fi(x1,...,x,),i =1,...,m, be polynomials in n variables with coefficients in a finite
field F C IF,. Let V(IF|) denote the set of solutions in Fg:

V(Fg) ={(a1,...,an) :€ Fr cfilay,.,a0) =0,j=1,...,m.}

One is interested in §V(IFf ). This quantity is obviously of interest to number theory and alge-
braic geometry, but also to cryptography, coding theory and combinatorics, to name a few other
areas. Pierre Deligne got his Fields Medal in 1978 for proving very precise information about
the behaviour of the numbers §V ().

It turns out that it is better to work in a projective space and with homogeneous polynomial
equations defining smooth, i.e. non-singular, projective varieties V over IF. We discuss all these
concepts below, but let us assume for time being that we know what they mean. We define the
zeta function of V, {y(T), as the series

a0 co(r) = oxp (£ 2F ).

s
s=1
This looks a bit intimidating at first sight, but note that the zeta function is designed so that

dlog Zy(T) = i gV (Fg) - T
s=1

So, {v(T) is a jazzed-up version of a generating series for the sequence of integers
ﬂV(IF[S]), S = 1,2,3, oo

As usual in math, the definitions are justified by the theorems we can prove about them.

10.1. Weil’s conjectures. In 1949, André Weil made his conjectures about {y(T) in a short but
seminal article’’; an article that influenced greatly the development of algebraic geometry and
number theory. Some parts of his conjectures were proven by A. Grothendieck (“Functional
equation”) and B. Dwork (“Rationality”), but the hardest part (“Riemann hypothesis”) was
proven by Deligne.

20 A, Weil, “Numbers of solutions of equations in finite fields”, Bulletin of the American Mathematical Society, 55 (5):
497-508.
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Weil’s conjectures.  Assume that V is a non-singular irreducible projective variety of dimen-
sion d over a finite field IF; with g elements.

(1) (Rationality) The function {y(T) is a ratio of polynomials with rational coefficients.

Py (T)P5(T) - - - Py_1(T)
tviT) = lljo(T);)z(T)...lzédzT) € Q(T).

In fact, for every i, P;(T) € Z[T]| and P;(0) = 1. We always have,
P(T)=1-T, Py(T)=1-¢T.

(2) (Functional equation) For a suitable integer E?!, and a suitable sign € € {+1}, we have
q & &

gv(qdefl) — equ/ZTECV(T).

(3) (Riemann hypothesis) Write
PZ(T) = H(l — (XZ']'T), Kij e C.
j
Foralli,j
Joii| = "2,

(4) (Cohomological interpretation) This part provides information about the degrees of P; in
terms of the cohomology of V. We will make an effort in §16 to give some idea, even if
rather vague, regarding what this is all about.

An important consequence of the Weil conjectures is that they provide precise information about
the numbers {V (IF( ). Indeed,

Y 2V(Fy) T = dlog Cv(T)
s=1

d
= i(—1)"+1 dlog P(T)
i=0
d .
11) =Y (-=1)"Y" dlog (1 —a;(T))
i=0 i
iy i
- ;)(—1) ; 1-— IXijT

d .
=Y (-1)'Y (14 a T+ aiT> +...).
i=0 F

Thus, the knowledge of the a;; gives us formulas for §V (IF|,)) for every s. In particular,

1V (F) = Y (—1)ay;.

i,j

21E is the Euler characteristic of V, a certain cohomological invariant of V that we do not describe here.
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11. SOME PREREQUISITES

We provide some background here concerning finite fields, projective space, affine and pro-
jective varieties.

11.1. Finite fields - a short summary. Let p be a prime and let IF, be a field with p elements.
For example, IF, = Z/pZ. In fact, any such IF,, is (uniquely) isomorphic to Z/pZ.
(1) Every finite field F contains some [F,; p is unique and is called the characteristic of IF.
In [F, we have
p=1+---+1=0,
—_—
p—times
and consequently, foreveryz € F, pz:=z+---+z = (1+---+1)z = 0 (the sums are
p-times). Since for 1 < i < p — 1 one has p|(¥), we deduce from the binomial formula
that we have (x +y)” = x” + y?, and, by iterating, for any power q = p° of p we have
(xty)?=2T+yl, q=p"
(2) Let [F : Fy] = s then {F = p° =: q. If L D F is a finite field and ¢ = [L : IF] then {LL = 4.
(3) Theset F* = IF\ {0} is a cyclic group of order 4 — 1 under multiplication. Every element
in IF is a solution of x1 — x = 0. Thus, if IF, is the algebraic closure of F,, then, for every s,
there is a unique subfield of F, with g = p® elements. Namely, the set of solutions of the
polynomial x7 — x = 0 in IF,. Moreover, any two fields with g elements are isomorphic.
(4) The lattice of subfields of IF, is the same as the lattice of positive integers with division.
Fp <> s, [Fps C Fps & s[sy; cf. the diagram in (9).
(5) The Frobenius map
p:F, = F, ¢x) =2t
is an automorphism of fields. That is, it is bijective and ¢(x +y) = ¢(x) + ¢(y) (by the
binomial formula in F), ¢(xy) = ¢(x)¢(y), and ¢(1) = 1. We have

Fp ={x€F,:¢°(x) :=(po---0¢)(x) = xP=x}
N——
s—times
(6) Let F = F)» = F; and L = F;) = [F+. Define the trace map

Trp p(x) = x+ x4 ...x7

and the norm map
Nmy p(x) = x-x7 - x7
Then,

o Try /p(x) is an F-linear surjective map
Try p: L — .
e Nmy /p(x) is a surjective homomorphism of groups
Nmy /p: L™ — F*.

Indeed, it is not hard to prove that the trace is additive and the norm is multiplica-
tive. To prove that the image lies in IF in both cases, it is enough to prove that
¢S(x+xq_|_n_xqtil) — x+xq+_"xqt71, (Ps(x.xq.. .xqtil) — x.xq. . .xqt71
Note that ¢°(x) = x7, and x7 = x, for x € L, so the statements about the images are
true. Since, for f € IF we have f7 = f, it follows that the trace is linear over [F. The
only remaining point is the surjectivity or the trace and norm, which we leave as an
exercise.
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Exercise 11.1.1. Prove that the trace Try /r and norm Nmy /p are surjective maps onto IF and F*,
respectively.

11.2. Projective space. Let IF be any field. We denote elements of Frtl by vectors (xo, ..., X,).
We define an equivalence relation on IF"*1 \ {0} by decreeing that for any « € F*,

(x0, -+, xn) ~ (axq, ..., 0xy).
We denote by
[x0: -1 xy]
the equivalence class of (xo,...,x,).
As (xo,...,x,) is not the zero vector, it defines a line through the origin in F"*1; to wit,
{a-(x0,...,xy):a € F}.

Any (yo, ..., Yn) equivalent to (xo, ..., x,) defines the same line, and vice-versa. Thus, the equiv-
alence classes are in bijection with lines through the origin in F**!. For example, for P! (R) we
have the following diagram, showing that IP}(RR) is the quotient of the circle by the automor-
phism x — —x.

FIGURE 10. The projective line over IR.

The collection of equivalence classes is called the n-dimensional projective space over F:
P"(F) = {[x0: - : x,] : x; € Fnotall zero}.

Lemma 11.2.1. There is a natural partition

P*F)=F"T[F '] -] [F.
Proof. We prove that by induction on n. For n = 0, P°(IF) consists of just one point so IP*(FF) =

IF?, where I’ is the 0-dimensional vector space over F, but we just think about it as a set with 1
point. For n = 1 we have

PY(F) = {[xo: x1] : x1 # 0} ] [{[x0: 0] : xo # 0}
={lvo:1]:yo € F} [T{[1:0]}
=F] [F°.
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The point of this calculation is that [1 : 0] = [xg : 0] for all xop # 0 and [yo : 1] = [ayo : «] for all
« # 0. Now, inductively,

P"(F) = {[xo:x1: - : X s x4 # 0} [T{lxo: - :xu1:0] € P*(F)}
={lvo:yri:yn1:1] i € B} [{lxo: -+ : xua] € PP H(F)}
=F'[[P"'(F)

:F”H]F”—lu...u]lzo_

0

On the affine space F", which we often denote A" (IF), we can define functions using polynomial
functions f(xq,...,x,) € F[xq,...,x,]. On the other hand, if we consider any polynomial in

f(xo0,x1,...,%4) € Flxg,x1,...,%,] and try to assign it a value at an element [ag : --- : a,] €
IP"(FF) by saying that the value is f(ag, a3, ...,a,), this is not well defined - the value depends
on the representative (ag, ay,...,a,) for [ap : a; : - - - : a,]. For example, take f(xo,x1) = xo + 1.

Then, f(1,1) = 2. But the point [1 : 1] = [2 : 2] in P}(F) and f(2,2) = 3. So, evaluating
polynomials on IP"(IF) is not a well defined operation.

Let us then restrict our attention to homogeneous polynomials. Namely, polynomials that
are the sum of monomials of the same degree, For example xox7 + 3xpx1x is homogeneous
polynomial of degree 3. Let d be a non-negative integer and consider I = (i, ..., i,), a vector of
non-negative integers such that |I| := iy +i; + - - - + i, = d. Denote xl = xg’xll1 .- x, whichis a
monomial of degree d. Then, the general form of a homogeneous polynomial over [F of degree d
is

fxo,x1,...,%,) = Z arx!,
I=(ig,-..rin), | I|=d
where a; € F and the summation is over all I with non-negative integer coordinates, such that
|I| = d. Now, although the value of such an f at a point [ag : --- : a,] € P"(F) is still not
well-defined, the statement f(ag,...,a,) = 0 is well-defined. That is, if f is homogeneous of
degree d then f(aay, ..., aa,) = (xdf(ao,...,an). And, as « # 0, whether f(ay,...,a,) = 0, or
not, is a statement independent of the particular representative (ay, ..., a,) for the equivalence
class [ag : - - - : a,] chosen for the evaluation of f.

11.3. Affine and projective varieties. Polynomials and homogeneous polynomials can be used
to define algebraic varieties in affine space and projective space. We define these notions and
discuss the connection between them.

11.3.1. Affine varieties. Let IF be a field. We change slightly our notation for A" (FF), writing
AH(IF) =F" = {(&lo,. . .,an_l) ta; € IF}

Let fi(xo,...,x4—1), i = 1,...,m, be polynomials in the n-variables xo,...,x,_1. The affine
variety V = Z(f1, ..., fm) is defined by the vanishing of all fi, ..., f;;. Namely, it has points

V(F) ={(ao,...,an-1) € F": fi(ao,...,a0-1) =0,i=1,...,m}.
Note that if IL is any field containing IF, it makes sense to talk about
V(IL) = {(ﬂo,. . .,Elnfl) clL": fz'(ﬂlo,. . .,ﬂnfl) =0,i=1,.. .,}’I’l}.

So, in a sense that we will not formalize here, the variety V is more than just its points V(IF).
Such a variety V has a well-defined notion of dimension. Unfortunately, it is a bit tricky to
define, so we will not do that here. It is defined in Fulton’s book, and in any comprehensive
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text about algebraic geometry. Often the dimension is just n — m, where m is the number of
polynomial equations used to define V in A"; this happens if the equations are “sufficiently
generic”, but this is not always the case.
The variety V is called non-singular, or smooth, if for every a = (ao,...,a,-1) € V(LL), for

any L D T, the rank of the matrix

ofi >

=—(a

(5r@)

In fact, mostly we will interested in varieties V defined by a single non-constant polynomial
equation f(xo, ..., x,_1) of degree d and V is just the solutions to this polynomial. Such a variety
is called a hypersurface of degree d. Many of the concepts mentioned above simplify in this case:
the dimension of V' is always n — 1 and it is non-singular if and only if the vector

(@ geh@) £o

9x0 Y Ox,q

is n — d, where d is the dimension of V.

for any a € V. Hopefully, you have seen the exact same criterion in the context of manifolds in
a course in calculus or differential geometry.

For every field IL, V(IL) is the solutions to this polynomial in IL. Consider for example the
equation x% = xS’ +axo + b, where a,b € F are some constants. The variety V it defines, if

non-singular, is called an elliptic curve.

11.3.2. Projective varieties. Let [F be a field. Let fi(xo,...,x,), i = 1,2,...,m, be homogeneous
polynomials, possibly of different degrees. They define a projective variety V such that for
every field L DO F,

VIL)={a=ap:a1:---:a,) € P"(L): fi(a) =0,i=1,2,...,m}.

We are using the same notation V' as in the affine case. If we need to distinguish between the
two we will use V3 and VP, Note that

Vproj — (Vaff _ {0})/ ~

That is, the projective variety defined by fi,..., fi in P"(F) is the equivalence classes of the
non-zero points of the affine variety defined by fi, ..., f;, in A"*1(F).

Let f(xo,...,x,—1) € F[xo, ..., x,—1]. We define the homogenization of f, denoted f[h], to be
the homogeneous polynomial in F[xy, . .., x,_1, X,] given by the formula:

4
Xy Xy

In practice, this is a simple operation: just add a suitable power of x, to each monomial of f

so as to get a homogeneous polynomial of degree equal deg(f). For example, if f(xo,x1) =

x% - le” — ax1 — b then f[h](xo, X1,X2) = x§x2 — xff - uxlx% — bxg. Note that

M(xo, ... x0-1,1) = fx0,. ., Xn_1).

From this we get the following:

VA (i, fm) ={(ao,...,an_1) € A" : fi(aq,...,au_1) = 0,Vj}
vPRI(F, ) ={lao s any s € P £ (ag, a0 1,a0) = 0,7}
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And, under the decomposition P" = A" ]| P"1 of Lemma 11.2.1, we have

Ve, ) AT = VAR (f L ).

Therefore, VP ( fl[h], o f ]) is a projective variety extending V3 (f;,..., f,). #
For example, consider the elliptic curve f(x,x1) = x(z) — x:lJ’ —ax; —band f [h](xo, X1,X2) =
x%xz — x% — uxpc% — bx%.
e If x, # 0, we may assume x = 1 and the solutions for f (] are [x0 : x1 : 1] where (xo, x1)
are solutions to f.

e If x; = 0, we get one additional solution, one not lying in A2, which is the point [1 : 0 : 0].

: Luoio)

S
C

FIGURE 11. An elliptic curve in IP2.

Finally, a projective variety V of dimension d in IP" (coming from the affine variety of dimension
d+11in A™*! defined by the same polynomials) is non-singular, or smooth, if the rank of the
following matrix is n — d at every pointa = (ay,...,a,) # (0,0,...,0) lying on V:

Thus, VPOI(fy,..., fu) C P" is smooth if and only if Vaff( fi .-, fm) € A" is smooth, except
possibly at (0,0, ...,0).

In fact, in most of this chapter we will be concerned with the following key example. Let IF be a
field of characteristic p. Suppose that p t m and «y, ..., «, € F are all non-zero. Let

f(xo,...,xn) = aoxg' + -+ - + Xl

The projective variety V that it defines is a hypersurface of degree m and dimension n — 1. It is
non-singular, because

(af i i) — ( m—1 m—1 m—l)

— meXx meqx e, MAX
oxo  dx1” " oxy, o L "

is zero at a point (ay, ..., a,) implies that a; = 0 for all i. But, the point [0 : 0 : --- : 0] isnot a
point in the projective space.

Our goal is to understand the zeta function of V.

22A word of caution: VPl ( fl[h], cee, f,g’ ]) need not be the minimal projective variety containing V2f(fy,..., fu).
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12. SOME EXAMPLES OF ZETA FUNCTIONS

Before continuing to develop tools to study the number of points on hypersurfaces, let us look
at some very particular examples. One of those examples, the Grassmannian, was in fact among
the examples Weil originally provided for his general conjectures.

12.1. The zeta function of IP". The projective space P" considered over F is the simplest pro-
jective variety. It is defined by the empty set of polynomials, oz, if you wish, by the zero polyno-
mial, and it is smooth. The decomposition of Lemma 11.2.1 gives us

1— p(n+1)s

" (Fps) =14p°+-- +p» = —p

Before calculating {p» we note the following identities:

= sTs . ) (XT)S B B .
exp (s;x s) = exp (Z S > = eXp(—log(l —xT)) =T

where we used log(1+1t) =t — % +£-%
Now,

12.2. The zeta function of the Grassmann variety G, ,. Recall that the projective space IP" !
has the interpretation as parametrizing lines through the origin in A”. Let 0 < m < n be an
integer. For a given field L. we may want to parameterize all the m-dimensional subspaces of
A". The case m = 1is solved by the projective space - an algebraic variety such that for every I,
P"~1(IL) is in natural bijection with the 1-dimensional subspaces (lines through the origin) in
A"(IL). It turns out, and this is one of the most basic constructions in algebraic geometry, that
for every m there is a projective variety Gy, ,, called a Grassmannian, that parameterizes m-
dimensional subspaces of A"; that is, for every field I, G, ,(IL) is in natural bijection with m-
dimensional subspaces of A"(IL) = IL". Moreover, G, , is non-singular of dimension m(n — m).
The case Gy, is just P" 1.
Let P = P, , be the subgroup of GL,, such that P(IL) consists of matrices M of the form

A B
M - ’ A S GLm(IL:),B S Mm,nfm(l;), D S GLnfm (IL:).
0 D

Exercise 12.2.1. Show that for a field IL there is a natural bijection
GL,(L)/Pyn(L) <> Guu(L).

This bijection is associating to a right coset M - Py, ,(IL) the m-dimensional subspace of A"
spanned by the first m-columns of M.

Using the bijection of the previous exercise, if IL is a finite field we can count the number of
points in Gy, (IL).
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Exercise 12.2.2. Let IL be a finite field with g elements. Prove that

n

GLy(L) =T (" —q"") =: c(n),

i=1
c(n)
Gmnu(L) = .
W (L) = oyt — mygrtm
Verify the formula for the case of the projective space.

In general, writing the zeta function of G, , based on this formula requires some more combi-
natorics, in particular the introduction of the Gaussian binomial coefficients. Let us then only
state one more example before moving on.

Exercise 12.2.3. Prove that G, 4, considered as a variety over IFy, has the following zeta function:

1
{0 = T-na—pn - TR0 - P pT)

As another example, unrelated to Grassmannians, you may try and solve the following.

Exercise 12.2.4. Calculate the zeta function of the projective surface xpx; — xox3 = 0 over F, in
P3.

12.3. Elliptic curves. Let p > 2 be a prime and let g a power of p. Consider an elliptic curve,
say yz =x34+ax+b,abecF:= IF,, or, rather, its projective model in P2 with coordinates x, Y,z

E: y*z— (¥ +axz? +bz°) = 0.
If we think about x as chosen randomly from IF;, there are g such choices and we don’t see any
compelling reason for x> + ax + b to be a square, or not be a square, in F,. Thus, let us accept

that with probability about 1/2 the quantity x> + ax + b is a square in IF; and then, unless it is
zero, there will be two y € IF, such that y* = x° + ax + b. This heuristic suggests that

§E(Fq) ~q.

Let us see what the Weil conjectures predict. We have
Py(T)
Ce(T) = .
D=
The cohomological interpretation tells us in this case that deg(P;) = 2. Write then
P(T) =1 -aT)(1-BT), apecC |a=[B]=/1.

Referring to our calculations in Equation (11), we have
Z ﬂE(IF[S}) LT = E "+ Z E]”+1tn - Z a Z ﬁn—th.
s=1 n=0 n=0 n=0 n=0

We conclude thus that

(12) fE(F)) =14q— (a4 pB), HE(Fp) =1+4"— (a®+p?).

There are two interesting conclusions from this:

Hasse bound: HE(F;) — (9 +1)| <2/
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suggesting that our heuristic was spot on. The Hasse bound was known much before the resolu-
tion of the Weil conjectures and predates Weil’s conjectures. In fact, already when Weil proposed
his conjectures, he was able to support them by proving them for all smooth curves, not just el-
liptic curves.

Another interesting observation is that §E(IF;) and $E(IF2) determine (g, because this data
allows for solving for the pair «, B.

Example 12.3.1. Let p = 3 and consider the elliptic curve y*> = x® — x over [F3. Let’s calculate its

zeta function. We should remember that we are counting projective solutions and so we always
have the point at infinity O = [0 : 1 : 0]. The squares over FF3 are 0,1. Checking one x at the
time, we find:

E(F3) = {0g, (0,0), (1,0), (2,0)}.
As 2 is not a square, we can take for the field of 9 elements the following model:

IFo = IF3[t]/ (t* — 2).

The squares in Fj are (a + bv/2)? = a® + 2b* + 2ab\/2. Every element in F3 is a square in Fo.
Takinga = 1and b = 1 or b = 2, we see that also v/2 and 21/2 are squares too. Altogether, there
are 4 = (9 — 1)/2 squares in F; and so the squares in Fg are {0,1,2, V2, 2\@}

If x = a+ by/2 then x* = a® +2b%\/2 = a +2bv/2 and so x> — x = b\/2, which is always a
square and is zero precisely when b = 0. Therefore, E(IF9) is equal to 1 (the point at infinity) +
6 X 2 (coming from all the points x = a + b2 with b # 0) + 3 (coming from the points x = a).
Altogether,

8E(IFg) = 16.
This still satisfies the Hasse bound for g = 9, but just barely.

From the two calculations we conclude that

a+p=0 a’+p>=—6.
Thus, without loss of generality, &« = /=3, = —+/—3. Therefore,

1+ 37>
(e = 72— —aT
(1-T)(1-3T)
We can now easily find the number of points of E over any finite field or characteristic 3. For
example,

HE(Fp7) =1+27 — (& + B°) =28,  HE(Fa) =1+81— (a* + B*) = 64.

Remark 12.3.2. Here is an important remark. It turns out that for elliptic curves one has more
information about the roots of (. Namely, for elliptic curves over IF; we also have that

ap =q

This allows us then to find (¢ just by calculating §E(IF,;)! For the example above, we find w4 = 0
and af = 3, and from this we find that e = /-3, = —v/—3.

Exercise 12.3.3. Find the number of projective points of the elliptic curve y> = x*> — 1 over Fs.
Use it to calculate the cardinalities of IE(IFs.),[E(FFs3), E(Fs:); write the zeta function of E as a
ratio of explicit polynomials.
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12.3.1. The group law on an elliptic curve. Let y* = x> +ax + b,a,b € F be an elliptic curve over a
tield F, finite or infinite. We assume, thus, that this is a non-singular curve. This is the case if and
only if the characteristic of IF is not 2 and the polynomial f(x) = x® + ax + b is separable (has
3 distinct roots in an algebraic closure FF). This is not the most general form of an elliptic curve,
as one can also consider equations of the form y? + ayxy + asy = x° + ax> + a4x + ag,a; € F
(which is necessary for fields of characteristic 2), but it will suffice for our purposes. It is better
to consider the projective version

E: v’z =x>+axz® + b2,

in which just a single point is added: [x : y : z] = [0 : 1 : 0]. Denote this point Of.

One reason elliptic curves form such an important part of number theory is that there is a
group law on elliptic curves, making the solutions E(IL), for any field I. O F into an abelian
group. Of course, if IL is a finite field E(IL) is a finite abelian group, but in general E(IL) is often
infinite. A celebrated theorem states the following;:

Theorem 12.3.4 (Mordell-Weil). Let IF be a finite field extension of the rational numbers Q. Then E(IF)
is a finitely generated abelian group.

There is a huge volume of literature concerning the possible structure and rank of the groups
E(IF), especially for IF O Q and for F a finite field, and many open problems, one of which is the
question whether for every integer N there is an elliptic curve E over Q such that E(Q) has rank
at least N. The largest known N is currently (February 2021) N = 28, a result due to N. Elkies.

The structure of abelian group on E can be explained as follows (the proof that it is a group
law is not easy, especially the associative property, and we will not discuss it here®): Since E
is a cubic curve in IP?, by Bezout’s theorem, any line in IP? intersects E in 3 points. The group
law is defined in such a way that 3 points P, Q, R with coordinates in FF, lying on the same line,
sum up to O in E(FF). The point O is the zero point for this group law, and if P = (x,y) then
—P = (x,—y). (The formula for the inverse is more complicated if we work with the more
general equation for an elliptic curve.) To calculate P + P use the tangent line at P; the third
point of intersection R = (x,y) is —(P + P) and (x, —y) = P + P.

23The book by Joseph H. Silverman, The arithmetic of elliptic curves. Graduate Texts in Mathematics, 106, is an excellent
and canonical reference.
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In Example 12.3.1, we see that E(IF3) consists of 4 points that are each equal to their inverses.
Thus, as a group E(IF3) & (Z/2Z)?. 1t is more laborious, but one can prove by hand that
E(Fg) = (Z/4Z)?. To get more examples, it is better to use PARL For example, one finds
E(Fyy) X Z/14Z x Z./27Z,E(Fg) = (Z/8Z)>.

The group structure of E(IF), when F is a finite field is important to elliptic curves cryptog-
raphy. In those applications one would like E(IF) to be a cyclic group, or almost a cyclic group.
For example, one of the curves recommended by NIST in 2013, is a certain elliptic curve E over
the field IF, with

p =212 - 2% 1 = 6277101735386680763835789423207666416083908700390324961279

such that E(IF,) is a cyclic group of prime order
6277101735386680763835789423176059013767194773182842284081.

12.4. A few words about the Sato-Tate conjecture. Let E be an elliptic curve over Q, say y?> =
x3 + Ax + B, and assume, for simplicity, that A,B € Z. For a prime p, denote by A,, B, the
reduction of A, B modulo p. For all primes, but finitely many, we have that the reduction of E
modulo p

E,: Y= x3+Apx+Bp,
is an elliptic curve. Namely, it stays a non-singular equation. Consider the quantity
_ BE(F) —(p+1)
2./p

This is the normalized error relative to the expected number of points, which is p + 1. Using the
Hasse bound we see that

err(p) :

err(p) € [-1,1].
We can therefore write
err(p) = cos(0,), 0<6,<m.

It is natural to ask how this error behaves as the prime p varies. The Sato-Tate conjecture pro-
vides an answer to that. To simplify its statement we assume that E does not have “complex mul-
tiplication”, a property we will not define but remark that it exclude only a “handful” of curves.
The Sato-Tate conjecture was proven by Laurent Clozel, Michael Harris, Nicholas Shepherd-
Barron, and Richard Taylor in 2008. In fact, they proved a much more general result, but we will
not cite it here.

The Sato-Tate conjecture. The statistic of 8, is given by the following distribution. Let
0 <a<p<m Then,
#Hp<N:a<9,< B
[RALEELLLEL R 2/ sin? 6 d6.
N—oo #{p < N} 7T Jua

Exercise 12.4.1. What is the probability that |E,(IF,) — (p +1)| < \/p?

There is another statistics, “orthogonal” to the above, that one may consider. This is the question
known as “Sato-Tate on average” and it asks, for a fixed prime p, how does 6, behave when we
vary Ap, B,. Both the generalization of the Sato-Tate conjecture and its averaged version are
subjects of ongoing research.
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13. GAUSS SUMS

Gauss sums are examples of so-called trigonometric, or exponential, sums. They were intro-
duced by Gauss who made good use of them to prove the law of quadratic reciprocity, to be dis-
cussed later on, and to study cyclotomic fields, which are fields of the form Q(e*™/") obtained
from Q by adjoining an n-th complex root of unity. There are many more kinds of trigonometric
sums and they make an appearance in many branches of number theory, for example in count-
ing the number of points of varieties over finite fields, and so their study is important. In fact,
one of the applications given by A. Weil and P. Deligne of the Weil conjectures is to estimate
trigonometric sums. A simple example appears in Exercise 76.

Let IF be a finite field, F = IF;,q = p®, p prime. Recall the trace map Trg/f, that we will simply
denote Tr, unless confusion is possible. It is a surjective additive map,

Tr: F — FF,.
Similarly, we let Nm denote the norm map Nmgj,, which is a surjective homomorphism,
Nm: F* — [F}.

We remark that there is a unique isomorphism between IF, to Z/pZ, determined by 1 +— 1
(mod p) and thus, for all practical purposes, we may think of IF, as Z/ pZ.

13.1. Characters. Let (), = e?™/P; it is a p-th complex root of unity. Define i as

. _ 7Tr(x)
p:F—C,  ypx)=0,".
If F = Z/pZ, then ¢ is just the function

a — e¥ep,

The function ¢ will be used throughout this chapter. It is sometimes referred to as an additive
character and should not be confused with the multiplicative characters that we discuss below
(those we will mostly denote by x). Note that ¢ mixes “apples and oranges”: {; is a complex
number and Tr(x) is an element of the finite field IF,. But, as said, we can identify Tr(x) un-

ambiguously with a residue class mod p, and since (¥ = 1, the value ggr(") is well-defined. It
doesn’t matter which integer representative we took for the congruence class mod p.

Lemma 13.1.1. The function 1 has the following properties:

(1) Y(a+B) = p(a)p(B). That is, P is a group homomorphism from IF, viewed as a group under
addition, and C*, viewed as a group under multiplication. In fact, it has image in

pp:={zeC:zF =1},

which is a cyclic group of order p generated by (.
(2) 3 € F such that Y(a) # 1 and so 1 is surjective onto .

(3) Laer p(a) = 0.

Proof. (1) follows immediately from the additivity of Tr, and (2) from the fact that Tr is surjective.
To prove (3), choose B such that () # 1. Then,

P(B) Y wla) =Y wla+p) =Y va),

welF welF welF

because when a varies over IF so does a + 8. Thus, ¥,y ¢(a) = 0.%* O

24Variants of this trick for proving that a certain sum is equal to 0 will be used over and over below.
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Let J,, denote the Kronecker é-function. Namely, 6y, = 1if x = yand 6y, = 0if x # y.

Corollary 13.1.2. Let x,y € IF. We have

LY plalr —y)) = by,

Proof. When x = y this follows from ¢(0) = 1. When x # y, a(x — y) ranges over all elements
of F as a ranges over IF, and so Y, cp P (a(x —y)) = Lpcp P(a) = 0. O

By a character x of IF we mean a group homomorphism:
x:F*—=C*, x(xy) = x(x)x(y)-
The simplest example is provided by the trivial character,
e:F* —-C*, e(x)=1VxeF~.

O

We extend yx to FF as follows:

Note that although F is not a group under multiplication, the identity x(xy) = x(x)x(y) still
holds for all x,y € IF.

Example 13.1.3. Assume that F = F,. Define the Legendre symbol (5) Let a be a congruence
class modulo p.
. 1, a is a square, and a # 0;
() = { —1, aisnotasquare, and a # 0;
P _
0, a=0.

Sometimes, to improve type setting, we will want a more compact notation. We will then use A
to denote this character:

The behaviour of this function as a ranges from 1 to p is rather hard to predict. Here is a table of

the some values of (%)

prime|l 2 3 4 5 6 7 89 10 11 12 13 14 15 16 17 18 19 20 21 22
3 1 -1

5 1-1-11

7 1 1-11-1-1

11 1-1111-1-1-11-1

13 1-111-1-1-1-111-11

17 1 1-11-1-1-111-1-1-11-1 11

19 1-1-11111-11-11-1-1-1-11 1 -1

23 1111111 11-1-111-1-11-11-1-1-1-1

TABLE 1. The Legendre symbol
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Suppose now that p # 2. Then, the homomorphism F* — F*, x — x2, has kernel {£1}, hence
the image, the squares in F* are a subgroup of F* with (p —1)/2 elements. Let us denote it
F*2. Tt follows that IF* /[F*?2 is a group with two elements, and the Legendre symbol is an
isomorphism

F*/F*? > {£1},  aws <:}> .
In particular, the Legendre symbol is a character. This has interesting applications. For example,
it implies that the product of two non-zero non-squares is always a square, and the same for
their ratio.

Lemma 13.1.4. Let x be a character of F*.

(1) If x # € then Y, x(t) = 0.
(2) If x = e then Yyer x(t) = q.

Exercise 13.1.5. Prove Lemma 13.1.4. (Compare with the proof of Lemma 13.1.1.)

Suppose that x1, x» are characters. Then xi)2 is a character too. Indeed, for x,y € F* we
have, by definition of x1x2,

(x1x2) (xy) = x1(xy)x2(xy) = x1 () x1(W)x2(x)x2(y) = (xixz2) (x) - (xaxz) )
However, when we view x1, x2 as extended to [F, some care is needed. If x1x2 = € and, say,
x1 # €, then (x1x2)(0) = €(0) = 1 # x1(0)x2(0). That is, the extension of x1x2 to FF is done
as the extension of the character xix2 on F* to F, and its value at 0 may be different than

x1(0)x2(0).
We also note that if we let x ! be defined on F* by x!(a) = x(a) ! thenwe have yx ! =€

and

x(a) = x(a)7" = x(a),
because any character on [F* takes values in roots of unity. Because of this identity, we also use
the notation f for the inverse:

x=x"

Proposition 13.1.6. The characters of F* form a group under multiplication. This group is naturally
isomorphic to the multiplicative group pg_1 of complex roots of unity of order q — 1. In addition, if
a € F*, a # 1, then there a character x such that x(a) # 1.

Proof. We have just explained that the characters form a group. Let g be a generator for the
group IF*. Any character x is uniquely determined by x(g). Indeed, any element of IF* is of the
form g¢" for some integer 1, and

x(8") = x(g)".
Furthermore, as g7~ ! = 1, we must have x(g) € pig-1.
Conversely, given a (g — 1)-st root of unity , define a character x by

x(g") =a".
This shows that we have a bijection between characters and elements of p;_1:

x = x(8)-

By definition of the product of characters this bijection is an isomorphism of groups.
Given an elementa # 1 of IF, we can writea = ¢" forsome 1 < n < g — 1. Taking the character
corresponding to { = exp(27i/(q — 1)), we have x(a) = " = exp(2nmi/(q—1)) # 1. O
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Let us denote the group of characters of F* = F* by X;. It is a group under multiplication,
where (x1x2)(a) := xi1(a)x2(a) for a € F*. The identity element is . Once we have chosen a
generator g for F*, we have an isomorphism

Xq = ,uq—l-

It will also be useful to denote by x; the character corresponding to € ;1 under this isomor-
phism;
xg(g") ="
For every integer n we denote by X, [n] the elements of order dividing 7 in X:
Xyln] ={x e Xy : x" = €}.
This is a group whose order is gcd(n,q — 1); in particular it has order n if n|(g — 1). Indeed, in
this case

Xq[n] = {x;: ¢ € pn}-
We now have the lemma dual to Lemma 13.1.4.

Lemma 13.1.7. Let a € [F*. Then:
(1) Ifa # 1 then ¥y, x(a) =0.
(2) Ifa=1then Yy cx, x(a) =g —1.

Proof. The second statement is clear. For the first we use a trick we have seen before. Choose
some Yo such that xo(a) # 1; such x exists by Proposition 13.1.6. Then,

xo(a) Y x(a) =) (xox)(a) =Y x(a),

X€Xy XEXy XEXy

and this implies }, cx, x(2) = 0. We have used the fact that if G is a group, and g is any element
of G, then {gx : x € G} = G and applied it for G = X, ¢ = Xo. O

13.2. The equation x" = a. Our purpose in this section is to show that there is a connection
between characters and counting the number of solutions to equations over F. Although the
case we consider here is very simple, the idea is absolutely fundamental to everything that
follows.

Proposition 13.2.1. Let n|(q — 1) be a positive integer and let a € IF = F,. Denote by
N(x" =a)

the number of solutions to the equation x"* = a in IF. Then,

N(x" =a) = ¥ ex,m x(a)

Proof. If a = 0, N(x" = a) = 1. On the other hand, for every x # ¢, x(0) = 0. Therefore,

Z x(0)=¢€(0) =1=N(x" =a),
X€Xq[n]

and we get the equality we want.
Suppose then that a # 0. Note that p, (IF), the group of n-th root of unity in F,

pn(F) = {u € F* :u" =1},

is a cyclic group of order 1, because n|(q — 1) and F* is a cyclic group of order g — 1.
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If a is not an n-th power in [F then N(x" = a) = 0. On the other hand, if 4 is an n-th power
in IF then N(x" = a) = n, because if b" = a is one solution then all other solutions are of the
form (bu)" = a, where u € u,(FF) and there are precisely n of them. We need to show that
Lxex,ln] x(a) has the same behaviour.

In the second case, a = b", a # 0, we have

Y x= Y x()= Y x'b)= Y eb)=n

XEXy[n] )(EXq [n] XEXy[n] XGXq[n]

Consider now the first case: a # b" for any b. Consider x;, where { = exp(27ti/n). Suppose
that x7(a) = 1. Let us write 2 = g" for some r. Then

xc(a)=70=1
But this implies n|r and so that a is an n-th power, which is not the case. Therefore,
Xe(a) #1.
Note that x7 = xg» = x1 = €. Thatis, x; € X,[n]. We can now perform what is by-now an old
trick:
Y. x(@)= ), (xex)@)= ) x(a
XEXq[n] X€Xq[n] x€Xq[n]
and we conclude that }, cx () x(a) =0. O

Example 13.2.2. Suppose that p is odd. Then X, being cyclic of even order g4 — 1 has only one

element of order 2. Since
(Nm(a))
ar—(—-,
p

cannot be the trivial character (as Nm is surjective and p is odd), it is a character of order 2 and

we find that
o (50))

Now, if F = IF, this is clear from the definition of the Legendre symbol. But, in general some
thought is required to see directly why this is true.

Consequently,

Exercise 13.2.3. Assume that p is an odd prime, 4 = p°. Prove the formula N(x?> = a) = 1+
(Nn;( )> for IF; by proving that a is a square in IF,; if and only if Nm(a) is a square in [F,.

13.3. Definition and first properties of Gauss sums. Let[F = [F;, g = p®, be a finite field with g
elements of characteristic p. Let ¢ be as in §13.1. Let x € X, be a character of IF* and let a € .
The Gauss sum associated to x and a is defined as

X) =) x(t)yp(at
teF
The special case of 2 = 1 is the most important. In this case we just use the notation g()). Thus,
= ) x(®p(t)
teF

We remark that g, () is a complex number, which is a sum of roots of unity, but not a root of
unity itself; in fact, we shall prove that if x # € its absolute value is ,/g.
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Example 13.3.1. A good case to keep in mind is when IF = F,,. Then,

27

gx) =Y xer ", ) =Y x(t)er ™.

The next proposition explains why g() is the central definition.

Proposition 13.3.2. The Gauss sums have the following properties:

x@@h)-g(x) a#0,x#e

_)q a=0x=c¢€,
8(X) 0 a=0,x #¢
0 a#0,x=ce.

Proof. If a # 0 we have
= ZI)FW)IIJ(O = Z]Fx(at)w(at) = x(a) ZI)FWW(W) = x(1)8(x)-

Thus, if a # 0, g.(x) = x(a~1)g(x). This prove the first case. To prove the last case we need to
show that if 2 # 0 and xy = € then
=) ylat) = ) (t) =

teF teF
but this is Lemma 13.1.1 (3). As ¢(0) = 1, the two remaining cases follow directly from
Lemma 13.1.4. U

Theorem 13.3.3. If x # €,
|92 (X)| = V/4-

Proof. As a # 0, x(a) is a root of unity and so, using Proposition 13.3.2, it is enough to prove
la(x)| = \/q. The proof is based on evaluating A := Y, ga(X)8(X) in two different ways.
On the one hand, using that ¥ = x ! and Proposition 13.3.2,

A=) 0.(0e(x) = L s()e)x(@ Hx@™) = (g -1ls(0)>

aclF acF~
Note that ¢(at) = ¢, Te(at) — § p . Thus, on the other hand, from the definition of g,(x), we
have
=) x()y(at) =} x(H)p(—
telF telF

Thus, using Corollary 13.1.2,
A=Y Y xxWplax —ay) = Y, x(xy )géry = (9 —1)g.

x,y€F acF x,y€F*

Comparing the two expression for A, the proof is complete. O

Corollary 13.3.4. We have

g(x) = x(=1Dg(x), and g(x) e(x) =x(-1)-q.

Proof. We know thatg( )o(x) = g. But,
ZIFX Dy (t) = x(- Z]Fx = x(=Da(x) = x(-a(X),

where we used that x(—1) € {£1} so ¥(—1) = x(—1). The Corollary follows. O
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Remark 13.3.5. View Q as a subset of C. The formula g(x) = x(—1)g(f) is a special case of an
action of an automorphism of Q, viz. complex conjugation, on Gauss sums. A reader familiar
with Galois theory should work out the general case.

Theorem 13.3.3 shows that the Gauss sum, which is a sum of g roots of unity, and so could a priori
have absolute value as large as g, actually has absolute value /g (unless x = €). There is a lot
of cancellation going on. Consider the case when g = p and y is the Legendre symbol. Then the

theorem says that
‘Z( > Zma

On the one hand, this supports our statement that the Legendre symbol < ) behaves “errati-

=./p.

cally” as a varies (and cf. Table 13.1.3). On the other hand, if the behaviour was truly random,
one would not expect the Gauss sum to have absolute value ,/p on the nose, but rather to have
absolute value about /p, with the exact value ,/p occurring very rarely.

Another remarkable evidence to the random behaviour of %) is the Polya-Vinogradov in-

equality that we state here only for the Legendre symbol, although it holds in much greater
generality.

Theorem 13.3.6 (Polya-Vingoradov). For any integers m < n,

£ ;) < ree

Proof. For the proof, it is more elegant to change notation and work with a sum from m ton — 1.
Let A denote the Legendre symbol. Multiplying the left hand side by |g(A)| = ,/p we need to
show that

A)‘ < plogp.
Using that A(a) = A(a™!) for a # O 2 we get A(a)g(A) = go(A), and this is also true for a = 0.
We thus need to study the sum Zﬂ n 9a(A). Using the definition of the Gauss sum, we have

n—m _ q

telF, a=m teFy m telFy

where we put 8; = ¢™/? and summed the geometric series. We next use the following identi-
ties (for the second one use e = cos(6) + isin(f)):

0 _1=e?@e? —e) =e?.2isin(h).

As A(t), Bt are roots of unity, we obtain,

(=m=1) - sin(7tt(n —
T aw|=| Tamg o
‘ ‘t = s1n(7'ct/p ‘ < |sin(7tt/p)| nt/p |

It remains to estimate the last sum.

25The reader will note that, except for here, never do we need to know what A is, except that it is not trivial. Exam-
ining the proof, with A replaced by a general character x € X, shows that if we multiply instead by g(%), the proof
goes through. Thus, the proof applies to any x € X,.
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Let (x) denote that difference between x and the closest integer. Namely, it is the minimum
of |x — n| as n ranges over Z. Using the periodicity of | sin(x)| and that it is symmetric about 0,
we see that the last sum is equal to

(p=1)/2 1
erm T2 L TR

However, for 0 < x < 1/2, we have sin(7rx) > 2x (we leave that as an exercise), and so we have
the estimate

—-1)/2 1 (P—l)/Z 1
Z * | sin( t/p ; 2t/p t:zl t
The only remaining pomt is to show that
(p-1)/2 1
Y, 7 <log(p).
t=1
We leave that as an exercise (compare 1/x with log((2x+1)/(2x — 1))). O

Note that this theorem bounds the number of consecutive a’s such that a is quadratic residue
mod p (and similarly, for non-quadratic residue). A stronger bound and a stronger inequal-
ity were found by D. A. Burgess.”® Interestingly, Burgess’ proof uses the Weil conjectures for
curves over finite fields, more specifically the Riemann hypothesis part; see Exercise 76. As we
remarked before, Weil was able to prove his conjectures for curves at the time he stated them.

Exercise 13.3.7. Consider the case of IF, and let A(a) = (%) be the Legendre symbol. Suppose
that p { a. By considering two ways to evaluate the sum Zﬁ;é (1 + (%)) e2an/p  prove that

-1
4 2rian?

g(A) = Zoe Z

13.4. Quadratic reciprocity. The law of quadratic reciprocity was conjectured by L. Euler and
A.-M. Legendre, and proven by C. F. Gauss who supplied several proofs for it and referred to it
as Theorema Aureum (“golden theorem”). There are many proofs known for the law of quadratic
reciprocity. Here we will show how the theory of Gauss sums may be used to prove this law.
Let us first state it.

Recall that for a prime p we have the Legendre symbol (%), which is equal to 1 if a is a

non-zero square in IFy, 0 if 2 = 0, and —1 otherwise. See Example 13.1.3
The law of quadratic reciprocity. Let p # g be odd primes. Then

(B)(3)-coe+

The law of quadratic reciprocity has two additional complementary statements: Let p be an odd
prime. Then,

()=

26p, A, Burgess, The distribution of quadratic residues and non-residues. Mathematika 4 (1957), 106-112.
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The statement concerning (%) is not that easy. But the first statement is not too hard to prove.

More generally, for a € Fg,a # 0, prove that a is a square in F if and only if a'r =1.

The law of quadratic reciprocity is really quite astounding at first sight. For example, if p = 1
(mod 4) then it states that p is a square mod g if and only if g is a square mod p. It is hard to see
how a statement about something happening mod g could be related to something happening
mod p.

Example 13.4.1. Let us answer the question whether the equation
x> +28=0 (mod 113)

has a solution. Of course, a solution exists if and only if —28 is a square modulo 113. Namely,
since 113 is a prime, if and only if (ITZE?) = 1. We have,

(52) 58) (6) () -0 ()~ (9)- )

Thus, a solution exists; in fact, two.

Exercise 13.4.2. How many solutions do the following equations have?

(1) ¥*4+120 =0 (mod 257).
(2) x> —x—1=0 (mod p), where p > 5 is a prime.

Exercise 13.4.3. Find a prime p > 2 such that 1,2,3,4,5,6,7,8,9,10, 11 are all squares modulo p.
You may use a computer for some of the computations.

13.4.1. Proof of the law of quadratic reciprocity. Let p # q be odd primes and let

t
o= (1)
p
be the Legendre symbol.

Claim: A(a) = a'z (mod p).

This is true for a = 0. Note that for a # 0, (a?~1/2)2 = gP~1 = 1 (mod p) and so in any case
(aP=1)/2) € {£1}.

Fora # 0, as F is cyclic, the subgroup of squares F*2 in F* is a cyclic subgroup as well. It
is of order (p — 1) /2 and so it is equal to all the elements of IF* whose order divides (p — 1) /2.
Thus, a is a square modulo p if and only if a(P~1)/2 = 1 (mod p). This proves the Claim.

Now to the proof of Quadratic Reciprocity. To simplify notation, put

p—1
r=s) =% (5)a =,

t=0

The main idea of the proof is to calculate 7 in two ways. One using Corollary 13.3.4; the other,
calculating it mod g, using the definition of -y as a sum and the binomial formula modulo g.
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First, apply Corollary 13.3.4 to the character A and note that since A is of order 2, A = A~};
thatis, A = A. We thus find,

-1 - §
= (P) p= (-1 2 =p"

The following computations are done in the ring
Zi) =zo2i e 9 Zf Q) cC,

modulo the principal ideal (q) = qZ[,].
As 9% = p*,also v? = p* (mod q), and thus we have

7= ()2 = (B (mod ),
and this implies
7! = (Z) 7 (mod g).

On the other hand, still calculating mod q and using the binomial formula mod g, we find

7= (tgp <;> Ci,)q = %:F (;) o =g4(A) = (g) g(A) = (Z) v mod (q),

where we have used that A is quadratic and so A(g) = A(g~1).
Now, note that v is not a zero-divisor in Z[{,]/(¢). In fact, as 4> = =+p is invertible mod (q),
so is y. Comparing the two expressions for 7, we conclude that

(2)- ((—1><:-1>/2p> _ (<—1>Z’”/2> () = 0= () = (1) mod @)

But this is a mod g congruence of integers in {£1} and g > 2. So we can deduce that as integers

A (2)= ()

which is the law of quadratic reciprocity.

13.4.2. An application of quadratic reciprocity. The Fermat numbers are integers of the form
F,=2"+1, neN.

If they are prime they are called Fermat primes. Fermat primes are interesting for example
because of the problem of constructing regular polygons in the plane using only a compass and
straightedge; a problem that dates back to ancient Greece. A theorem usually proved in a first
course about fields is that a regular n-gon can be thus constructed if and only if

n= kalpz e Pry
where the p; are distinct Fermat primes and k any non-negative integer. The first Fermat num-
bers Fy, ..., F; are
3, 5, 17, 257, 65537,
and are primes. However,
F5 = 641 x 6700417.

At this point (February 2021), there are no more known examples of Fermat primes. P. de Fermat
thought that F, are always primes, but it is known that Fs, F;, . . ., F3 are composite. The largest
Fermat number known to be composite (October 2020) is Figp33954; this was discovered by Ryan
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Propper.”’ In fact, the experts suspect that there are no Fermat primes, besides those listed
above.

One might wonder why one takes the special exponent 22" and not just 2". The answer is
provided by the following Proposition.

Proposition 13.4.4. Assume that 2" + 1 is prime. Then m = 2" for some n.
Proof. Suppose that m = pM, with p an odd prime. Then, from the factorization x” +1 =
(x+1)(xP" 1 —xP724 ... +1), we find
2" +1) = 2M)P +1=2M + 1)(2(17*1)1\/1 oM oy 1),
and therefore 2" + 1 is composite. 4

Our purpose now is to explain how one tests whether Fermat numbers are prime. With start
with the Lucas-Lehmer test for primality

Theorem 13.4.5 (Lucas-Lehmer). Let n be a positive integer. Suppose that there is a positive integer a
n—1

such that a"~! = 1 (mod n), but for every prime divisor p of n — 1 we havea » # 1 (mod n). Then,

n is prime.

Proof. We work in the group (Z/nZ)*, which is the group of units of the ring Z/nZ; it is a
group under multiplication and its order is, by definition, ¢(n). Here ¢ is Euler’s function:

p(n) =8{1 <i<n:gecd(in)=1}.

It is clear from the definition that ¢(n) = n — 1 if and only if n is prime.

Let a be as in the statement of the theorem. If d|a then d|a"~! = 1 + kn, for some k. It follows
thatif d > 1, d t n. That is, the condition on a implies thata € (Z/nZ)*.

We claim that the order of a is precisely n — 1. If not, the order of a is some integer m where

n—1
m is a proper divisor of n — 1 and thus m|”—;l for some prime p. It then follows thata ¥ =

(am)”"f;r’1 = 1. Contradiction.
Since the order of an element divides the order of the group, and since the order of (Z/nZ)*
is ¢(n), we conclude that (n —1)|@(n). This implies that n — 1 = ¢(n) and so that n is prime. [J

Theorem 13.4.6 (T. Pépin’s test). The Fermat number F, is prime if and only if
312 = 1 (mod F,).
Proof.
Exercise 13.4.7. (a) Prove that F, =5 (mod 12) for n > 1. (b) If F,, is prime, n > 1,prove that

3)--

Since for F,, prime, (%) = 3(F-1)/2 (mod F,), we have 3(F:-1)/2 = _1 (mod F,) and we find

the “only if” direction.

Conversely, suppose that 3"~1)/2 = —1 (mod F,).Then (1) 371 = 1 (mod F,), and (2) for
any prime divisor p of F, — 1, we have 3»~1)/P -£ 1. (The only p is 2, of course.) We apply the
Lucas-Lehmer primality test and conclude that F, is prime. U

27From http:/ /www.prothsearch.com/fermat.html, compiled by Wilfrid Keller.
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The point of this theorem is that in practice one can calculate 3(F*~1/2 (mod F,) very rapidly.
We have

2 922 a2)\2 2kl a2kN\2
3,3,3 —(3),...,3 —(3),...

Thus, we only need to do about 2" squaring operations, done nod F,, to find 3(F=1/2 (mod F,).
On the other hand, brute force search for a divisor of 22" + 1 would require trying all integers
up to V22" = 22" which is exponentially bigger than 2".

For example, try running PARIon x = Mod(3, 65537);for(n=1, 15, x = x"2);print(x)
and on x = Mod(3, 4294967297);for(n=1, 31, x = x"2);print(x) to verify that Fy is
prime and Fs is composite. Even for F; = 2128 + 1 = 340282366920938463463374607431768211457
the computation is essentially instantenuous.

Besides the nice connection to ancient problems in geometry, the Fermat numbers illustrate
an important point. Finding large primes is not easy, and for that numbers that are of a special
form are useful. This is a problem of much relevance to cryptography.

The problem of factoring an integer is a hard problem, believed to be not in the complexity
class P. In contrast, the problem of deciding whether a given integer n is a prime or not is in
the complexity class P, meaning there is a polynomial time algorithm to decide it. Clearly, this
algorithm only provides the answer yes/no to the question “is n prime?” and not the factoriza-
tion of n. This result, published in 2004, created quite a sensation and is due to Agrawal, Kayal
and Saxena.”® However, there is a big difference between an algorithm that is theoretically in P
and actual real-life verification. For integers of a special form, and Fermat numbers are a good
example, there are tailor-made fast methods to prove, or disprove, primality.

14. THE PROJECTIVE VARIETY aoxy + a;xy' + - +ayx;’ =0

Our main objective in this section is to study the number of points on a very particular non-
singular projective hypersurface. We are interested in the quantity

N(apxy' + a1xi + - - - + aux;’ =0),

where the a; are non-zero scalars of a finite field IF = IF; and the number of solutions is calculated
in the projective space IP"(IF). Some times, since the equation could be also thought of as an
equation in A"T!(IF), we will emphasize and write

NP (goxl + a1 + - - 4+ a,x™ = 0), N (apxl + ayx” + -+ a,x" =0),

to distinguish between the two. A basic observation is that

aff
neroj - N7 -1
g—1
Indeed, any solution (xy, ..., x,) to the affine equation, except for the zero solution, defines a
solution [xg : --- : x,] to the projective equation, and the map (xo,...,x;) — [x0 @ -+ : X,] is

(g—1):1.

The final answer to the problem will be a complicated formula involving Jacobi sums which
generalize Gauss sums. To assist the reader a “cheat-sheet” is provided in Appendix A. To
motivate and explain the main idea, we begin with some examples.

28 M. Agrawal, N. Kayal and N. Saxena: PRIMES is in P. Ann. of Math. (2) 160 (2004), no. 2, 781-793.



COURSE NOTES - MATH 346 & 377 81
14.1. A motivating example. Let p > 2 be a prime, ¢ = p°, and let A(®) be the generalized
Legendre symbol for a € [F;:

1, a # 01is a square in IF;
A8 (@) ={ -1, a+#0isnota square in IF;;
0, a=0.

We have seen that A(®) is a character of (exact) order 2, and, in fact,

A9 (a) = (W) ,

The notation A(%) is convenient for typographical reasons, but a more suggestive notation is

G) = ()

Note that we have

in the Field IFq.

Example 14.1.1. N(x*> +y? = 1) over F,.

We perform the calculation below. The final answer gives the main term g and an error term

expressed in terms of the extended Legendre symbol (namely, the character A(®)). Of course, at
a later point we would want to justify using the terminology “error term” by showing that it is
actually small than the “main term”.

N(x*+y*=1)= Y N(x*=a)-N(y?=b)
a+b=1

-5 (+6))0-6))

()50 £ 6
ANCITNG

S AOROE

(s)
In the calculation we used that, by Lemma 13.1.4, ), ( %) = 0. Note the error term:

Fo (4)7 (2)°

Example 14.1.2. N(x* + % = 1) over Fy, g = p%,3|(9 — 1).

The interesting case here is when 3|(g — 1), in the sense that when 3 f(g — 1) the answer is much
simpler. Show the following.
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Exercise 14.1.3. Show thatif g =2 (mod 3) then
N+ =1) =q4.

Assume then that ¢ = 1 (mod 3). Then X, = p,_1 is a cyclic group whose order is divisible
by 3 and so X;[3], the subgroup consisting of characters x of IF;‘ such that x> = €, is a cyclic
group of order 3. Say,

X8 ={e,x.x*}, xX’=e
Proposition 13.2.1 says that
N(x* = a) = e(a) + x(a) + X*(a).
We use that to calculate N (x> +y° = 1).

NP +y=1)= Zb: N(x*=a) -N(y® =b)
a+b=1

2 2
=) ( xi(a)) (in(b)>
a+b=1 \i=0 i=0

2
=Y. Y X(@x(b)

i,j=0 a+b=1
2 . .
=g+ Y, )Y X(ax(b)
ij=0  a+b=1
(i) £(0,0)

Once more, note the expressions that appear in this formula:

Tarb=1 X' (@)X ()

14.2. Jacobi sums. Motivated by the two examples just discussed, we introduce Jacobi sums.

Let x1,..., x¢, be characters of IF, extended to IF;. Now g = p°, where p is any prime, including
the prime 2. Define two Jacobi sums by the following formulas. (The first definition is classic,
the second convenient; we follow Ireland & Rosen here).

(14) Jxu--oxd =Y, xilt)-xe(to),
bt t=1

(15) Jo(xu--oxe) =Y. xi(t)---xe(to).
bttt =0

In both definitions the t; € IF;. Note that for any permutation ¢ € S, we have

](X(T(l)f s /Xa(é)) = ](Xlr e /XK)/
and similarly for Jo. Finally, we remark that the case ¢ = 1 is allowed but then

(16) JxX) =1, Jo(x) = oxe
(namely, Jo(x) = 1if x = €, and 0 otherwise).

Revisiting the examples above, in this notation we have the formulas:
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Example 14.2.1. N(x? +y? = 1) over [F, g = p*, p odd.

(s)
NGE ¢ =1) = g + 100, A0 = (5) .

Example 14.2.2. N(x® +y° = 1) over IF;, g = p*, 3|(q — 1). Let x be a generator of X,[3]. Then,

2 . .
N+ =1)=q+ Y JK.X)
i,j=0
(i,/)#(0,0)

14.2.1. The relation between | and Jo. The next proposition establishes some first properties of
Jacobi sums and shows that the introduction of the Jacobi sum variant ] is mostly for notational
convenience.

Proposition 14.2.3. The Jacobi sums of ¢ characters have the following properties:

(1) J(e,...,€) =Jole,...,e) =q" L
(2) If at least one, but not all, of the x; equals €,

](Xlw--r}(() = ]O(Xll---/XZ) =0.
(3) If x¢ # € then

0, X1X2: Xe €
]0 X1, X2) =
( ! ) {Xf(_1>(q_1)]()€1117(€1)1 X1X2° " X¢e = €.

Example 14.2.4. Using the second property of the Proposition we find the simplified formula

N+ =1)=q+T00x) +2](x xX*) + T(A XP).

Proof of Proposition 14.2.3. The case ¢ = 1 is immediate. Assume therefore that £ > 2.

The first part is clear; it amounts to N(ty + -+ -+t = a) = qé_l, for « = 0 or 1, and this is in
fact true for any a € IF,.

For part (2), by symmetry we may suppose that x; = € and x; # €. Then, fora = 0 or 1, we
have

xi(t)-xe(t) =Y, xa(h) - xe—1(te—1)
t1+-+tp=a t1,ete—q

:<2X1(t1)> < )3 Xz(fz)"')(z—l(fe—l))

2,0 toq

=0,

by Lemma 13.1.4.

For part (3) we have the following calculation. Note that in the first equality below we may
assume that s # 0 because, as x; # €, x¢(0) = 0. In the second equality we use the substitution
t; = —st; and then x;(t;) = x;(—1)x;(s)x;(t;). In the last equality we use again Lemma 13.1.4.
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Jo(xt, - x0) =) < Y. x(h)-- 'Xél(t£1)> - Xe(s)

s#0 \t1+-+tp_1=—s

=(x1-xe-)(-1) Y Yoo Oaxem))xa(t) - xe—a(t ) | - xels)

s#0 \ Hj+-+t,_;=1

=(x1---xe-1)(=1) (2()(1 . 'Xz)(5)> J(X1, - Xe-1)

0, Xl"'?(f?éei
xXe(=1)-(g=1)-T(x1,---,Xe-1), X1+ Xt =€

14.3. Gauss and Jacobi sums. Our main goal here is to produce a connection between Gauss
and Jacobi sums. The formulas and proofs are rather mind-numbing, so a word of motivation
might be required. We have seen that Jacobi sums appear in the context of counting the number
of solutions N for an equation over a finite fields. However, their definition is involved and, at
this point, it is not clear if the terms in N that involve Jacobi sums should be regarded as error
terms, or main terms. Namely, we would like to have an estimate on the size of Jacobi sums.
When we connect Jacobi sums to Gauss sums, we’d be able to use the estimates we have on
Gauss sums to conclude estimates for Jacobi sums and thereby for N. This strategy goes a long
way and can be used for much more general systems of equations then the simple equations we
are considering. And, vice-versa, estimates coming from Weil’s conjectures, allow to produce
estimates to general trigonometric sums, and in particular for Jacobi sums.?

Theorem 14.3.1. Assume that x1, ..., x¢, £ > 2, are all non-trivial characters in X, i.e. not equal to €.
(1) If x1-- - x¢ # € then

a(x1) - 9(xe) =T(xa, - xe) - 9(xa - xe)-
(2) If x1---x¢ =€, then

a(x1) - o(xe) =q-xe(=1) - J(x1, -, Xe-1),

and

(3)
](XL .- -/Xg) = _Xé(_l) ’ ](Xll .- -17(571)'
Proof. We begin with (1).

PA good introduction to these high-powered techniques is the article by Nicholas M. Katz, Sommes exponentielles
Astérisque, 79 (1980). Unfortunately, it assumes much background from the reader. This text also adds Fourier
analysis into the mix; a point of view that provides a much more conceptual understanding of Gauss sums, as
Fourier transforms, and Jacobi sums as a scaling factor between the product and convolution of characters.
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alx) - o) = (tle(tl)l;,(tl)) (;Xe(te)t,b(te)>
= Y, xi(t) - xe(t) (b +- -+ to)
=Y v X xt)xelt)

selF b+ +Ep=s
=Y 0 Y xh)-xelt)

sEFx bt t=s

=Y 96 xa-x0)ls) Y. xalh) - xel(te)

selFX ti+ette=1

=Y () x0) ) (x - xe)

selFx

=g(x1- - xe) - J(x1, -+ X0)-

The justification for the equality marked by 1 is that Jo(x1,-..,x¢) = 0 by Proposition 14.2.3.
Proceeding to (2), we will use (1) for x1...x/—1 = )(Zl = X¢ # €. We have,
g(x1) - 9(xe—1) = a(x1 - xe—1) - J(x1, - xe—1) = 8(Xe) (X1, - -, Xe—1)-

Multiply this equality by g(x,) and use that by Corollary 13.3.4 g(x/)g(%¢) = x¢(—1)g to con-
clude

g(x1) - o(xe—1)a(xe) = axe(=1)J (X1, Xe-1)-

We now prove part (3). We consider the case ¢/ = 2 and ¢ > 2 separately. In the case ¢/ = 2, let
x = x1 7 €. Then,

Jxux) =Txx =Y x(@x'(b)= Y. x(a/b).

atb=1 a-+b=1,b#0
Note that b is determined by a and the condition b # 0 amount to a # 1. Also note that the
image of F — {1} under the map a — a/(1 —a) is F — {—1}. Therefore, we find that
JOox™) =Y xa/(1=a)) =} x(c) = Y x(e) = x(-1) = —x(=1) = —x(=D]J (x)-
a#1 c#—1 c
For future reference we record this:

(17) Joox ™) =—-x(-1), x#e

Suppose now that ¢ > 2. In proving part (1) we calculated that

g(x1)---o(xe) = Y 9ls) Y. xa(t) - xelto)

selF t1+--+tp=s

Now we find, using calculations as in part (1) and x1--- x¢ = 1:

g(x) - o(xe) =Jo(xr, - xe)+ Y, wis) Y. xi(t)---xelte)

sEFX bt tp=s

=Jo(x1,-- - x0) + T (X1, x0) Y, ¥(s)

seFx
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Now, using Lemma 13.1.1 and Proposition 14.2.3, it follows that

g(x1) - o(xe) =Jo(x1, - xe) = J(x1,- - -, Xe)
:Xf(_]')(q - 1)]()(1/ .. -IXKfl) - ](Xlr .. ~/X€)'
Using part (2), it follows that

qu(_]')](Xll .. -/Xﬁfl) = Xﬂ(_l)(q - 1)](X1/ . -/X(fl) - ](Xlr ce /Xﬂ)/
and from which that
J(x - xe) = =xe(=D)J(x1, - Xe-1)-

14.3.1. Absolute value of Jacobi sums. As a corollary of Theorem 14.3.1 we get the following infor-
mation about the size of Jacobi sums.

Corollary 14.3.2. Assume that x1, ..., x¢ are non-trivial characters of IF,.

(1) If x1-- - x¢ # € then

‘](Xl, .- '/XZ)‘ = q(ffl)/z‘

(2) If x1- - x¢ = € then

’](Xl,. . .,Xg)) _ 202

and
‘]0(?(1/ .- -,Xg)‘ =(q— 1)q(£72)/2‘

Proof. The first claim follows from part (1) of Theorem 14.3.1 and the estimate |g(x)| = /7 for
X # €.

The first estimate in part (2) follows from parts (2) & (3) of the same Theorem. The second
estimate follows from Proposition 14.2.3 and the first claim. D

14.4. Application of Jacobi sums to p = a* + b*>. We use Jacobi sums to deduce a classical
theorem of Fermat concerning which primes can be written as a sum of squares. Note that
2 = 12 + 12 and a prime p congruent to 3 mod 4 cannot be a sum of two squares since any
square mod 4 is either 0 or 1. Thus, the only interested case is for primes that are congruent to 1
mod 4.

Theorem 14.4.1 (P. de Fermat). Let p = 1 (mod 4) be a prime then p is the sum of two square
integers:

p=a*+ 1.
Proof. As p =1 (mod 4), X, is a group of order divisible mod 4 and so there is a character x of
IF¥ of order 4. Such a character necessarily takes the values {+1, +i}. Now,

Jx0) = ). x(t)x(t) =a+bi

h+t=1

for some integers a, b. But, by Corollary 14.3.2,
2
f+V=U%MI=ﬂ
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It will be a mistake to think that this is the technique to prove similar statements about primes
appearing as quadratic expressions in integers. The right techniques come from algebraic num-
ber theory.>” Nonetheless, a similar argument can be used to solve the following exercise.

Exercise 14.4.2. % Prove thatif p =1 (mod 3) then for suitable integers a, b
p =a*—ab+ b

14.5. Application of Jacobi sums to N(x? + - - - 4+ x7 = 1). Assume that p > 2. Let us use our
results about Jacobi sums to understand better the number of solution to the quadraric affine
hypersuface x§ + - - - + x7 = 1 in F,. Recall the notation ( 13) of the extended Legendre symbol

(%) v that we also denote here temporarily x (because of typographical reasons), and recall

also Example 13.2.2. We have then

N2+ +x2=1)= Y Nol=a) - N(xlP?=a)

:u1+..§+r=1 (1+ (,2><S>) <1+ (,;Q(s))

= Z ](Xil,...,xi[).
(z'],,_.,ié)e{O,l}g

If some i; = 0, but not all, then J(x™,...,x") =0 by Proposition 14.2.3. As well, J(e, ..., e) =
q“l. Thus,
NEi+-+x=1)=q"+](x - X)-

In the Jacobi symbol, x appears ¢ times and so we need to distinguish two cases:
-1 (-1

e If / is odd, part (1) of Theorem 14.3.1 gives [(x,...,x) = (¢(x)?)2 = x(-1)24g 7,
where we have used also Corollary 13.3.4.

~
N‘\
-

e If /iseven, then, by the same results, we have J(x, ..., x) = %(g()()z)g = —x(-1)%g=".

Theorem 14.5.1. Suppose that p is an odd prime. Let q = p° and x the extended Legendre symbol A(5).
The number of solutions to x2 + - - - + x3 = 1 in F, is:

¢ odd
gz, [Leven.

Nl

-1 (-1
1) =2 7z,

N+ +22=1)=¢q"1+ x=1) 1
—x(=1)2g2

We have ¢ = p° and x(a) = a'T . If s is even, x(—1) =1, while if s is odd, x(—1) = (—1)%1
Thus, in both cases x(—1) = (—1)5(’75 “. That is, the formulas in the Theorem are completely

explicit and depend on the parity of s, the parity of £ and p (mod 4).

Exercise 14.5.2. Prove that for p =1 (mod 3) we have
N( +y>=1) = p—2+2Re(J(x, X)),
where we are considering solutions over IF, and ) is a non-trivial cubic character. Your starting

point should be Example 14.2.4.

30 An excellent book in this direction is David A, Cox, Primes of the form x? 4+ ny?. Fermat, class field theory, and complex
multiplication.
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In the exercise, the exact answer remains unclear since although we know the absolute value of
J(x, x) (which is ,/p), we do not know its real part.

Exercise 145.3. Let A = 2ReJ(x,x). Prove that J(x,x) = a + bw where w = —%¥=3 and
a,b € Z. Conclude that A = 2a — b and 4% — ab + b? = p. Furthermore, prove that if we let
B = b/3 then

4p = A? +27B%

In the last exercise, in fact one can prove that B is an integer and A =1 (mod 3), but this is a bit
subtle. Furthermore, one can show that there is a solution in integers to

4p = A? 42787,

satisfying A = 1 (mod 3) and this determines the solution uniquely up to replacing B by —B.
Thus, modulo these missing pieces, one concludes a theorem of Gauss.

Theorem 14.5.4 (Gauss). Let p = 1 (mod 3) be a prime number. There are integers A, B such that
4p = A2+ 27B% and A =1 (mod 3); moreover, this determines A uniquely. In terms of these,

N +y’=1)=p-2+A.

Exercise 14.5.5. For p = 7,13 calculate by hand the points on x° 4+ > = 1 over F,, as well as A
and verify Gauss’s Theorem.
Using Gauss theorem, find the number of solutions for the equation x> + y* = 1 for p = 97.

Exercise 14.5.6. Does it ever happen for p = 1 (mod 3) that N(x® +y® = 1) = p?, what about
N(x®*+y° = 1) = p — 1? Suppose that p and p — 2 are primes, can it happen that the number
of solutions to x> + 1> = 1 mod p is the same as the number of solutions mod p — 2? Explain
how to find large p for which A is close to 2,/p (and thus N(x*> + > = 1) is very close to the
maximum possible number of points allowed by the Hasse bound p +2,/p).

14.6. Application of Jacobi sums to N(a;x{' + - - - + a,x = b). We now apply Jacobi sums to

the more difficult problem of calculating N (ale1 + .- +a,x" = b). The answer is complicated,
but it gives a very good estimate.

In considering the equation alel + -4 a,x}" = b, we make the following assumptions:

e a;,bcF,,a; #0foralli.
e /i|(g—1) foralli.

Exercise 14.6.1. The second condition is made for convenience only. More precisely, let d; =
ged(4;,q — 1). Prove that

N(a]Xfl + e+ ﬂrxf’ = b) = N(ulxllil = arx;ir — b)

(Use that if (r,q — 1) = 1, the map x ~— x" is an isomorphism of groups F;* — ;")

We begin our analysis “as usual”, making use of Proposition 13.2.1.
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N(ﬂlel-i- S axlr =b) = ) bN(mxl =t)---N(g,xl = t,)
t1+ +tr

= L Ny'=t)Nu=t)
a1t1+---+a,tr=b

= ) ( )3 Xl(tl)) ( ) Xl(tl))
ajty+---4art,=b X1€Xq[f]] Xlexq[fl]
_ y ( Y m(tl)---xr(n)) -
xXq[lr]

(Xl,‘..,Xy)qu[Zl]X“' ajti+---+art,=b

We next express the expressions appearing the parentheses in terms of Jacobi sums. We distin-
guish two cases.

e Forb =0,

xith) - xet) =xa@) - xlah) Y xalh)x(t)
ayty+---+a,t,=0 4 +t=0

=x1(a;") - xe(ay ) Jo(xa, - xr)-

We recall that by Proposition 14.2.3 Jo(x1, - - ., Xr) is equal to:
O g Lifx==x=¢
(2) 0, if some x; = €, but not all;
(3) 0,if some x; #eand x1---Xxr # €.

Let us introduce the notation

Xgll]" = Xql] \ {e}-

We conclude that
(18) N(ale1 4+ 4 ar xbr = )
=q" Z xi(ay 1) “Xr(a;l)]O<X1z---er)-
(Xlw-/?(r)exq[éﬂ*X"‘quwr]*
X1 Xr=F€
e Forb # 0,
xi(t) - x(t) =0n- - x)®xalar ) - x(a ) Y xa(t) - x(t)
mb+-tart,=b b tt=1

=(x1-x)®O)xalar ) - xe @ DI (xa - x0)-

Similar consideration give us that for b # 0,

(19) N(ale1 + - taxl =b)

:qril—i_ Z (Xlxr)(b))ﬁ(alil)Xr(a;l)](X1/;Xr)
(X1err) EXg[01] X - X X [6]*

Combining Equations (19) and (18) with Corollary 14.3.2 we deduce the following estimates;
one can clearly improve them, by estimating better the number of characters involved in the
sums in the equations, and also whether the characters multiply to €, or not.
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Proposition 14.6.2. We have the following estimates on the number of solutions for the equation alel +
cee arxf’ = b over IF,.

(20) N(apcf1 4+ daxl =b)— qr’l‘ < {

14.7. Application of Jacobi sums to N (aox{' + a;x}' + - - - +a,x] = 0) in projective space.

A consequence of the results proven above is the following theorem.

Theorem 14.7.1. Let m|(q — 1), a; € F* = F. Consider the number of solutions to the equation
apxy + - +apx, =0

in IP"(IF); we denote it NP™ (apx}' + - - - + ayx™ = 0). Then,

NP (goxll + -+ a,x" =0) =g" 1+ 4" 2+ +1
1

+— Y xolagDxalar) - xu(an ) Jo(xo X1 - Xn)
Xi€Xq[m]*
X0oX1""Xn=F¢€
:qn—l_’_qn—Z_’_”'_’_l
1 - B _
+- Y xolagHxa(arh) - xnlay Da(xo)e(x1) -+ 9(xn)
T xexgm)*
XoX1 " Xn—=F€

Proof. To relate the Theorem to previous results, note that any solution (yy, ..., y,) in A"(TF),
except the zero solution, is a projective solution [yo : - - - : y,]. And, furthemore, any such projec-
tive solution arises precisely from (g — 1) affine solutions; to wit, (Ayo, ..., Ay,), A € F qX. That is,
the number of solutions NP™ to agx[l' + - - - +a,x!" = 0 in the projective n-space IP" is gotten from
(Naff(a0x6"+---+anx;7=0)71)

the number of solutions N in affine n + 1- space A"*! by the formula =)

Applying (18), this number is

qg" —1 1 ) .
-1 + -1 XO(aO )Xﬂ(an )]0(X0/~'~/Xn)~
1 q (X05otn) X [m]* - x Xy [m]*

X0+ Xn=¢€
The second expression is obtained from Proposition 14.2.3, combined with Theorem 14.3.1. [

Exercise 14.7.2. % Prove that
NP (aqyfl + - + ayylt = 0) — (P~ ()| < f(m) - "7 .

where
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15. RATIONALITY OF CERTAIN ZETA FUNCTIONS

Our goal in this section is to prove the rationality of the zeta function of hypersurfaces of the
form

a0x81+..._|_gnxr"l1:0, aiGIFX,m|(6]—1).

As we have seen before, the condition that m|(g — 1) is not serious and clearly also the case
where some of the a; = 0 can be dealt with easily by reducing to a problem with less variables.

Given Theorem 14.7.1, which applies equally to FF or to a finite extension F(;) of IF (because we
can view the g; as lying in [F|)), what remains is to understand how the formulas change under
passage from the field IF to an extension Fj,. The field [F|;) has 4° elements and the character
groups X and X, are not the same and neither are the Gauss and Jacobi sums. But, this is
really the extent of the problem. The part of relating the different Gauss sums is rather involved
and we will not do it here, referring the reader to Ireland & Rosen, Chapter 11, §4; After doing
the rest of the analysis, we will be able to prove the following theorem.

Theorem 15.0.1. Let F = F;, m|(q — 1) and ay, ...,a, € F*. Let V be the projective variety in IP",
n > 1, defined by the equation

apxy + - - +auxy =0.

Then,
p(T)=V"
21 T) = ’
- V= EoTa g AT
where P(T) is the polynomial
_1\n+1
@ I (1= e e ) aGo)ata) o) T)
Xi€Xq[m]*
X0X1'"Xn=€

15.1. A criterion for rationality. To prove rationality of zeta functions, we first note a simple
criterion for a power series of the form arising in the definition of {y to be rational.
Lemma 15.1.1. A power series

[ee]

I(T) = exp(}Y %Ts), N, eC
s=1

is rational, in the sense that it is of the form

(T =110 -aT)/T[Q-BT)

i j
for some a;, B; € C, if and only if, for all s,

N; = Zﬁ; — Za?.
j i

Proof. This is a computation we have essentially done before. To begin with, assume that {(T) =
[T:(1 —a;T)/T1T;(1 — B;T). Then, on the one hand,

(o]

dlog{ = Z N, 7571,

s=1
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and, on the other hand,
dlogézdlog( 1—04T> dlog( (1-B;T ) :Zdlog(l—zxiT)—Zdlog(l—ﬁjT)
' j

—Y Yy T ZD 71 Z(Zﬁ?)Ts’l—i(Za?)TH,
L

s=1 =1 j s=1 s=i

hence the formula for N;.

Now, note that two functions f, g with dlog f = dlog g satisfy dlog(f/g) = 0 and this implies
that f and g differ by a scalar. If f and g are both functions whose Taylor expansions start with 1,
such as is the case with the zeta function and with the function]T;(1 — &;T)/ [;(1 — ;T), then
f = g. Thus, the argument can be reversed! U

15.2. Relating X, and X;s. LetF| be a degree s extension of IF. Since we may view 4; as lying in
I, we may apply Theorem 14.7.1 to find the number of projective solutions N; to the equation
apxy' + -+ -+ apxy’ = 0in [Fg. The answer is

23) N; = NP (aoxll + - + apx = 0)
) . 1 . . .
=g DG = Y xolagDxa(art) - xa(ayDe(xo)s(xa) - 8 (xn)-

)(,'Equ [m]*
XoX1 " Xn=¢€

Note that the characters x are now characters of IF|y, a field with g4° elements, so they are
elements of X, a group that changes with s. Thus, our first task is to relate X; and Xgs.

Given a character xy € X, consider the function x"®) defined as®
X E =€, x®(a) = x o Nmgp(a).
Lemma 15.2.1. The map x — x'*) is an injective group homomorphism
Xq ‘% qu.
Under this injection, X, [m] is identified with Xgs [m].

Proof. First, x*) is a character, i.e., group homomorphism, because it is the composition of group

homomorphisms. We also need to verify that (x1 )(2)(5) = ng) ng) and, indeed,

(1x2)®) (x) = (x1x2) (Nmg, /5 (x)) = x1 (Nmg, /5 (x))x2(Nmg, /5 (x)) = (7287 ().

The map x — ) is injective because NmIF[S] /F is a surjective homomorphism IF[XS] — F*. Since
both X,[m] and X [m] have m elements, we conclude the last statement of the lemma. O

Note that for x € F we have

X (x) = x(Nmg, /5 (%)) = x(x°) = x(x)".

s)
31This explains our notation for the extended Legendre symbol. We denote it A(®), or (5) ( .
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Thus, we may write,
24) N, = NP (aoxl + - - - + a,x = 0)

— — 1 S - S — S — S S S
—g D11+ = Y kPP D @ e e () - o)

Xi€Xq[m]*
X0oX1 " Xn=F€

- s(n— 1 —1\s —1\s —1\s
DEAURE AR - DI G Sl I O A R DR IOC )
1€Xq[m]"
o e

15.3. The Hasse-Davenport relation and the rationality of {y. The next task is to relate the
Gauss sums g(x(®)) and g()x). The result in known as the Hasse-Davenport relation and we refer
for the proof to Ireland & Rosen, Chapter 11, §4.

Theorem 15.3.1 (Hasse-Davenport). We have
s(x¥) = —(-1)°s(x)".

Substituting in Equation (24), we find that
(25) Ny = NF(agxl + - +apxt = 0)

=g e () Y <<—1>"“>S<;>S;co<aol>s S A COMET A

Xi€Xqm]*
XoX1 " Xn=F€

We have written N; exactly in the form suitable to apply the Rationality Criterion (Lemma 15.1.1).
Theorem 15.0.1 has thus been proven:

p(T)=V"
(1=T)A=qT)--- (1= g*'T)’

Cv(T) =

where P(T) is the polynomial

(—1)"+! -1 1 ~1
I (P-m%)xwﬂ () gmmmnmmM»ﬂ.
Tl !

Exercise 15.3.2. ¥ Prove that {y provided in Theorem 15.0.1 satisfies the Weil conjectures.

15.4. Some additional examples. The results we have developed so far already provide rather
nice answers for the two exercises given further below. However, to have a really definite for-
mula the following additional information is needed.

Assume p is an odd prime and recall that Legendre symbol on IF:

a
Aa) = <>, aclF,

% 14

This is a character of order 2 and so,
- -1
a0 = a(Wa(h) = x(-1)-p = (1)

Thus, g(A) is equal to +,/p if p = 1 (mod 4) and is equal to +i,/p if p = 1 (mod 4). The
following theorem of Gauss settles this point.
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Theorem 15.4.1 (Gauss).

_ Ve, p=1 (mod 4);
s {i\/ﬁ, p=3 (mod 4).

Exercise 15.4.2. Give an explicit formula for NP (x3 + - - - 4+ x2 = 0).

Exercise 15.4.3. Give an explicit formula for NP (agx3 + - - - + a,x3 = 0).

In contrast, it is very hard to determine exactly cubic Gauss sums, let alone Gauss sums for
general characters — even in the case when 3|(p — 1) where we are dealing with a Gauss sum of
a character of IF,. Let x be a character of exact order 3 of IF;, then, by Theorem 14.3.1,

J(x0) = 8(x0)*/9(x*)-
But x> = x ! = x and so, applying Corollary 13.3.4 and noting that x(—1) = 1, we find that

8(x)®
p
We have seen that J(, x) can be found by finding integer solutions to the equation
4p = A% +27B?,
such that A = 1 (mod 3) (that arose in the study of the number of solutions to x> + y3 = 1; see

Theorem 14.5.4). However, finding the exact expression to g()) from this is not easy, although
known.*

J(x x) =

Exercise 15.4.4. Still using the notation A for the Legendre character. Let « be any non-trivial
character of IF;. Prove that
J(Aa) =Y a(1—#).
telF
(Hint: use N(x? = a) =1+ A(a).)

Exercise 15.4.5. Consider the equation y*> = x> + 4, where a € F} is fixed and p > 3. Find an
expression for N(y? = x® + a). This expression will involve J(A,a) where « is a cubic character.
How does this compare with the expression for the zeta function of the projectivized curve
y?z = x% 4 az*®?

Exercise 15.4.6. Let p > 2 be a prime and consider an equation of the form

C: v’ = f(x),
where f is a separable polynomial in IF, [x] of the degree 2g + 1.

e Prove that this is a non-singular curve in AZ.

e Check that the corresponding projective curve in P2, obtained by homogenizing y> —
f(x) is singular if g > 1. However, one can show that there is a projective non-singular
curve C (living in some higher dimensional projective space) that contains C and such
that C \ C consists of a single point which is moreover defined over IF,,. The genus of C
is ¢ and that implies that

P (T)

(1=T)(1 = pT)’

Ce(T) =

327 convenient modern reference is D. Schipani and M. Elia, Gauss sums of cubic character over Fpr, p odd. Bull.
Pol. Acad. Sci. Math. 60 (2012), no. 1, 1-19.
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where P; € Z|[T] is a polynomial of degree 2¢ and constant coefficient 1.
Assuming all that show that

t
ity =p+ ¥ (19),
teF, \ P
and deduce the estimate due to Burgess

5 () <2

teF,

Exercise 15.4.7. Leta,b,c € F,, p > 2,0 # 0, b? — 4ac # 0. Determine the zeta function of the
affine equation:

ax® + bxy + cy? = 0.

16. COHOMOLOGY AND THE WEIL CONJECTURES

Very often a non-singular projective variety V over a finite field arises as the reduction of
a non-singular projective variety in characteristic zero. Indeed, given a set of polynomials
fi(xo,...,xs) € FFy[x], one can find a finite extension IL of Q, I. C C, and polynomials F;(x, . . ., x,)
whose coefficients are algebraic integers of IL, namely, they lie in O} (the ring of algebraic inte-
gers of L) and a prime ideal p of Oy such that O /p = [F; and the polynomials F; reduce to f;.
Denote by V the variety defined by the F; and assume it is irreducible and non-singular. Let 4
denote its dimension. A good case to keep in mind is when IF; = Z/pZ,; in this case, we simply
lift the coefficients of f;, which are mod p congruence classes, to integers. Quite surprisingly this
method doesn’t always work. Some of the first examples were given by Serre®. There are also
examples of non-singular projective surfaces in IP° that cannot be lifted to characteristic 0. But
let us assume that our situation is favourable and a lift exists.

The complex points V(C) of V are a compact topological manifold. As such, one can associate
to V(C) cohomology spaces {H'(V,Q)}?4 . In fact, such cohomology spaces are associated to
any topological manifold. These are finite dimensional rational vector spaces constructed by
topological means. They satisfy H’(V,Q) = H*(V,Q) = Q. They have various properties
that make their computation almost axiomatic. And, they are functorial: a continuous map of
manifolds f: V — W induces linear maps f;: H(W,Q) — H'(V,Q), for all i. In particular,
each such linear map has a trace Tr(f;").

Suppose that f: V — V is a map that has finitely many fixed points. The Lefschetz trace
formula gives

d
(26) # fixed points of f = }_(—1)"Tr(f}").
i=0

Consider for example, an elliptic curve E: y> = x3 + ax + b and its projective model zy?> =
x3 4 az?x + bz3. Consider the map P + f(P) := —P, or in coordinates (x,y) + (x, —y). This
map has precisely four fixed points {(¢,0) : £ +at+b =0} U{[0: 1: 0]} and they comprise
E[2]. We also have H(E,Q) = H?(E,Q) = Q and H'(E,Q) = Q2 One can prove that f acts

33J-P. Serre, Exemples de variétés projectives en caractéristique p non relevables en caractéristique zéro. Proc. Nat.
Acad. Sci. U.S.A. 47 (1961), 108-109. but see R. Vakil’s article for extensive history and ultimate bad news: R. Vakil,
Murphy’s law in algebraic geometry: badly-behaved deformation spaces. Invent. Math. 164 (2006), no. 3, 569-590.
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as multiplication by —1 on H!(E,Q) (and so its trace is —2) and as the identity on H’ and H>.
Thus, the alternating sum of traces is 1 — (—2) + 1 = 4, in agreement with Lefschetz’s formula.

Weil’s idea was that perhaps such a cohomology theory exists also for varieties over finite
fields. Initially, such cohomology theories were called Weil cohomology theories, but today
they are known by the names of the techniques used for their constructions; for example, étale
cohomology, crystalline cohomology, etc. The existence of such theories was proven later by A.
Grothendieck and his school, with assistance from J.-P. Serre and P. Deligne.

How is all this connected to Weil’s conjectures? Let IF; = IF s be a finite field and let ¢ (x) = x”
be the Frobenius map. Weil observed that much in the same way that IF; is the fixed points of
¢° on IF,, the F; = IF;s points of V, could be thought as the F,, points of V that are fixed points
for ¢°, where ¢ is now the Frobenius morphism on IP" given by

P(xg:- 1xy) = (xb o).

Let i = ¢°. In a good cohomology theory, one should then have the formula

2d .
(27) fV(IF,) = § fixed points of p = ) _(—1)'Tr(y;}),

i=0
where ¢ are the maps induced by ¢ on H {(V)*. Many properties then follow: for example, the
functional equation property is a consequence of Poincaré duality for cohomology. Likewise,
the rationality of the zeta function follows readily, with

deg(P;) = dim(H'(V)) = dim(H'(V)).
The “Riemann hypothesis”, though, is still a very hard fact.

For example, for the projective space itself we have that H*(IP") are 1-dimensional for i =
0,1,...,n and all other cohomology groups vanish. This leads to {p: = (1—T)(1—p71")-~-(1—p”T)' For
an elliptic curve (which is a curve of genus 1), and more generally for a curve C of genus g, we
have H°(C) and H?(C) are 1-dimensional, H'(C) is 2¢-dimensional and all other cohomology
spaces vanish. A lot is known also about the cohomology of hypersurfaces and that is, on some
conceptual level, in agreement with the fact that for very special hypersurfaces we were able to

find the zeta functions.

17. IN CONCLUSION

Weil’s conjectures have influenced greatly the development of number theory since their for-
mulation in the middle of the 20-th century. Weil's idea, that such properties of zeta functions
of varieties over finite fields, will follow formally from the construction of good cohomology
theory for varieties over finite fields, together with reasonable conjectures as to the action of
a power of the Frobenius homomorphism on such a cohomology theory, impacted the devel-
opment of whole new theories in algebraic geometry, most notably étale cohomology and de-
formation theory. It continues to inspire much research: for a start, use of other cohomology
theories is still being investigated™. Next, the topic of variation of zeta functions for families
of varieties that vary in terms of some continuous parameters — for example, an elliptic curve

34We are being deliberately vague about the coefficients as to avoid the introduction of yet another mystery. One
needs to choose a prime ¢ # p; the H' (V') are constructed as Q-vector spaces, where Q, is the field of ¢-adic numbers.
355ee for example, Kiran S. Kedlaya, “Fourier transforms and p-adic “"Weil II””, Compositio Mathematica 142 (2006),
1426-1450, and “Counting points on hyperelliptic curves using Monsky-Washnitzer cohomology”, Journal of the Ra-
manujan Mathematical Society 16 (2001), 323-338. See also, Alan Lauder, “Deformation theory and the computation
of zeta functions”, Proceedings of the London Mathematical Society, Vol. 88 Part 3, (2004), 565-602.
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y?> = 23 +a(t)x + b(t), where a(t), b(t) are functions of ¢ and ¢ varies over some parameter space
—is an active area of research, as is the understanding the variation of a zeta function of the re-
duction mod p of variety defined over the integers, say. Here, again, a good example to keep
in mind is the reduction of an elliptic curve y2 = x3 4+ ax + b, where a,b € Z, modulo various
primes, where the most impressive result we have is the Sato-Tate conjecture. Analogues of
such questions for general varieties are unknown and are again related to recent and current
research that tries to prove that the statistics of the variation of the zeta functions, a statistics
that generalizes the Sato-Tate distribution, are controlled by the theory of random matrices for
a certain algebraic group determined by the family and the parameter space.

The cases we have dealt with in this part of the notes are very special and we could have
dealt with them using ancient knowledge — Gauss and Jacobi sums. Yet, the final result giving
the zeta function as a rational function where the polynomials have roots defined in terms of
such sums is rather intricate. And, to date, our understanding of Gauss and Jacobi sums is not
complete; this topic too remains a topic of current research.



98 EYAL Z. GOREN, MCGILL UNIVERSITY

LATTICES, GEOMETRY OF NUMBERS AND CODES.

18. INTRODUCTION

In this part of the course we discuss lattices in Euclidean space, linear binary codes and a
connection between the two. We shall see various applications of lattices to number theory and
to sphere packing. The proofs of some results, results that have the advantage of explaining the
bigger picture, are unfortunately outside the scope of an undergraduate text, but their impor-
tance and elegance are such that it is worthwhile to include them even if no proof is offered.

The best advice to appreciate this chapter is to realize that we really don’t understand higher-
dimensional spaces. Questions like the best way to pack n-dimensional oranges, that are rather
clear for the 2-dimensional case, seem clear but extremely hard for the 3-dimensional case, are
largely beyond reach at the moment. Such questions cannot be approached from a naive point
of view; sophisticated tools are needed.

For lattices, a canonical reference is the resource book:

J. H. Conway and N. J. A. Sloane, Sphere packings, lattices and groups. Third edition. Grundlehren
der Mathematischen Wissenschaften, 290. Springer-Verlag, New York, 1999.

It is not self-contained in the sense that many, perhaps most, of the results are not proven, but it
has an extensive bibliography. The various applications of lattices were collected from a variety
of resources, from books to research articles. Likewise, the material concerning binary codes
was collected from many sources, so it is hard to suggest one particular reference. That said,
some references we have often consulted are

J.-P. Serre, A course in Arithmetic, Graduate Texts in Mathematics, 7, Springer verlag.

N. J. N. Sloane, weight enumerators of codes, in Combinatorics, Proceedings of the NATO Ad-
vanced Study Institute, 1974.

N. D. Elkies, Lattices, Linear Codes, and Invariants, Part I & II, Notices AMS 47 (2000), no. 11
& 12.

19. BILINEAR FORMS, QUADRATIC FORMS AND EUCLIDEAN LATTICES
19.1. Bilinear forms and quadratic forms. A function
(x,y): R" xR" — R,
is called a symmetric bilinear form if it satisfies the following properties for all x,x’,y,y’ €
R" & € R:

D (x,y) = (¥, x).
2) (x+x,y) = (x,y) + (X, y) and (x,y + V') = (x,y) + (%, ¥').
3) (ax,y) = a(x,y) = (x,ay).

By choosing a basisu = {u; : i = 1,...,n} for R” we can represent (x,y) by a symmetric real
matrix

B = (bij) = ((ui,uj))ij
that has the property
(x,y) = "[x|uBx]u,
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where we consider vectors in R” as column vectors, and where [x], = f(x1,..., x,) is the vector
of coordinates of x relative to the basis u: x = xquq + - - - + x,U,.
The matrix B is not uniquely determined. If we change the basis u to a basis v, and let M be
the change of basis matrix so that [x], = M]x]y, then
(x,y) = "[x]uB[x]u = "[x]v'MBM][x]y,

and so the matrix relative to the new basis is 'MBM. We say that B and ‘MBM are similar
bilinear forms over IR.

To a symmetric bilinear form (x,y) we can associate the function
7: R" - R, gq(x)=(xx),
which is a quadratic form. Namely, it satisfies
(1) q(ax) = a?q(x).
(2) The function (x,y) — 3(q(x +y) — q(x) — q(y)) is bilinear.

Indeed, starting from (x,y), the function in (2) is just (x,y) again. But, conversely, given a
quadratic form g, if we let

(xy) = 3(g0c+y) — 9(x) — 9()

we get a symmetric bilinear form such that g(x) = (x,x). As before, choosing a basis u, and
defining a matrix B = (b;;) as above, allows us to express g explicitly. If [x]y = H(x1,...,x,) then

q(x) =Y _bijxix;,
ij
which is a quadratic function in the variables {x;}. Hence the name.

If the symmetric bilinear pairing is positive definite, i.e. (x,x) > 0 with equality only if x = 0,
then the quadratic form takes values in R>( and the value 0 is obtained only for x = 0, and
vice-versa. We will refer to such quadratic forms as positive.

19.2. Euclidean lattices. For v € R" and r € R>( we denote the open and closed balls of
radius r centred at v by

B(v,r) ={u e R": |lu—v| <r}, Blor]={uecR":|u—-o9| <r},

respectively. If we need to emphasize the ambient space, we shall write B,(v,r) and B,[v, 7],
respectively.
Let us denote w, = vol(B,(0,1)) then

2
(28) w] =2, W =71, Wy, = wn_zg.

(See (5) for a closed formula.)

Recall that an abelian group A is called free of rank 7 if there are elements ay,...,a, in A
such that any element of A can be written as ) ; n;a; for some uniquely determined coefficients
n; € Z; otherwise said A = @, Za;. Equivalently, A = Z".

A lattice . C IR”" is a free abelian group of rank n which is discrete: there exists an € > 0
such that

ZNB(0,e) ={0}.
Note the following: suppose that ¥ = @ ,Zv;. If there exists a basis {u;} for R" such that
{u;} C & then {v;} is a basis for R” too. We emphasize that when we speak of a lattice in R"
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we always assume it has rank #; some authors refer to such a lattice as a “full lattice”, but we
will not use this terminology.

Exercise 19.2.1. % Let £ C R" be a free abelian group of rank n. Then, .Z is a lattice if and only
if . contains a basis of R".

The exercise provides us with a simple method to construct lattices. Let {vy,...,v,} be a basis
for R", equivalently, the matrix A = (v1|vy|...|v,) isin GL,(R). Then £ = @, Zv; is a lattice;
the matrix A is called a generator matrix for .#. Conversely, given a lattice .Z' choose a basis
{v1,...,v,} for Z so that & = @' | Zv;. Then (v1|v2] ... |v,) is in GL,(R).

If we choose a different basis {uy, ..., u, } to .Z, then there is an invertible matrix M € GL,(Z)
such that (uq|uz|...|u,) = (vi|va]...[vy)M. (This just means that if M = (m;;) then u; =
mi101 + Mp10 + - - - + M0y, etc.) And so, instead of the matrix A we get the matrix AM. We
conclude the following:

lattices with GL,(R)
a given basis

|

lattices GL,(R)/GL,(Z)

19.2.1. Examples. Here are some very basic examples of lattices.

(1) Z". We can also think about this lattice as corresponding to I, € GL,(IR), but note
that the columns of any matrix A € GL,(Z) also form a basis of Z". The Gram matrix
associated to I, is just I,, but the Gram matrix associated to A is tAA, which could be

. . 123
a very complicated matrix. For n = 3, for example, we can take A = (8 ! %) to get
123
B = (2 58 )
3814

(2) Identify C with R? so that a + bi < (a,b), as usual. Let w = emi/3 = _1%@ be
a third root of unity. Then 1,w are a basis for C over IR, and the corresponding real
vectors (1,0) and (—3, ?) are basis for R2. The lattice that we get, which corresponds

to the ring Z[w] = Z + Zuw, is called the hexagonal lattice; it has a generator matrix
_1
< ! %32 ) . (Incidentally, doing the same with the ring of Gaussian integers Z[i], produces

the lattice Z2.)
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Here is another example. The details are left as an exercise.

Exercise 19.2.2. Letd > 0 be an integer which is not a square. Consider the ring
Z|Vd) = {a+bVd:abcZ)}
Prove that the map
a+bVd— (a+bVd,a—bVd) € R?,

realizes Z[v/d] as a lattice in IR?. What is the intersection of this lattice with the circle x* +y? = 1?
the hyperbola xy = 1?

19.3. Lattices and quadratic forms. Let . be a lattice in R" and choose a basis {vy,...,v,} for
it. Let B = (b;j) = ({v;,vj));; be the matrix of inner products of the basis vectors. Then B is a
symmetric positive definite matrix. Changing the basis amount to changing the matrix B by

B 'MBM, M € GLy(Z).

Thus, to any lattice there is associated a similarity class of positive definite symmetric matrices.
A matrix B defined this way is called a Gram matrix for the lattice .Z.

Conversely, given a positive definite symmetric matrix B, we can define a lattice .# such that
B is a Gram matrix for .Z. Indeed, as B is a positive definite symmetric real matrix, there is a
matrix A = (uq|-- - |un) € GL,(R) such that

B="!AA.

Let . be the lattice ®_; Zu;.

Note that there is a little snag, though. The matrix A is unique only up to matrices N such
that 'NN = [,,. Namely, up to an orthogonal matrix N € O,(R). And the lattice associated to
NA is usually different than .2

To remedy this we introduce the notion of isometric lattices. Two lattices .77, % in R" are
called isometric if there is an orthogonal matrix N such that N4 = .%. Note that if u = {u;}
is a basis for .4} then Nu := {Nu;} is a basis for .% and the Gram matrices for these bases are
equal. Indeed, (Nu;, Nuj) = 'ui NNu; = 'ujuj = (u;,uj). Thus, in fact, we can associate to an
isometry class of lattices a similarity class of positive definite matrices {MBM : M € GL,(Z)}.
And, conversely, to a matrix B we can associate an isometry class of lattices by writing B = 'AA,
as above. We summarize all that by the following diagram:
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lattices with GL,(R)
a given basis

i

lattices GL,(R)/GL,(Z)

|

lattices up to 0, (R)\GL,(R)/GLy(Z)

isometry /

similarity classes of
positive definite
matrices

19.4. Discriminant, co-volume, and dual lattice.

19.4.1. Let A be a generator matrix for a lattice ., with columns uy,...,u,. We define the
fundamental parallelepiped of .Z as

n
P={Yru:0<r<li=1,...n}
i=1

By a well-known property of the determinant,

vol(P) = |det(A)|.
We define the co-volume of .Z to be

covol(.Z) = vol(P) = | det(A)|.
For later use we also define
PO = {iriui 0<r<1l,i=1,...,n}
i=1
Note that P and P have the same volume, P is the closure of P, and (as we will prove below)
R"= ] A+ P°
re’

On the other hand, P and A + P may intersect, but only along their boundaries.

19.4.2. Let.Z C IR" be a lattice. Define its dual lattice as
Lt ={veR": (v,0) € ZVIl € L}
In general, the relation ¥ C .& + need not hold; if it does, .Z is called an integral lattice.

Exercise 19.4.1. Let .Z be a lattice with a generator matrix A. Show that . is integral if and only
if its Gram matrix b = 'AA has integer entries.

Exercise 19.4.2. Let A be a generator matrix for .#. Prove that 'A~! is a generator matrix for £+

Exercise 19.4.3. Let £ be an integral lattice and let £ C ¥ be a sub lattice. Prove that .,S,”ll Dyt
and [ £t = [ £ L] Hint: if [+ L] = m then covol(#) = m - covol(£).)
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19.4.3. Let % be a lattice and choose a basis, and thus a Gram matrix B, associated to .Z. The
Gram matrix B is well-defined up to B — 'MBM, M € GL,(Z). Note that det(!MBM) =
det(B) det(*M) det(M) = det(B) det(M)? = det(B). Thus, det(B) is a well defined invariant of
the lattice, called its discriminant;

disc(.¥) = det(B).

Note that
disc(.#) = covol(.Z£)>.

19.4.4. Suppose now that .Z is an integral lattice. Thus, .Z C .. We have
covol(L) = [Z+ : Z] x covol(L1);
on the other hand, using Exercise 19.4.2,
covol(.Z) = |det(A)|, covol(L+) = |det(A™1)|.

We conclude that
disc(Z) = |det(A)?| = [£* : &].

Exercise 19.4.4. Calculate the discriminant and the dual lattice of the following lattices.

(1) £ =2"

(2) Letmbe a positive integer, £ = {(a1,...,a,) € Z" : Y ;' 1a; =0 (mod m)}. (The lattices
one gets for m = 2 are called the D, lattices.)

(3) £ = the hexagonal lattice.

(4) Let d > 1 be a square free integer. Consider the ring Z[v/—d|. Under the identification
of C with R? it becomes a lattice ¥ C R2. Write a generator matrix and a Gram matrix
for .Z; find the discriminant and the dual lattice. Is this an integral lattice?

Exercise 19.4.5. % A lattice is called self-dual, or unimodular, if ¥ = #~*. Show that the only
unimodular lattice in R?, up to isometry, is Z2.

Exercise 19.4.6. Consider the quadratic forms g(x) = x>+ y? and q(x) = x> — xy + y*. Find
lattices in IR? with these quadratic forms (namely, that they have a Gram matrix with associated
quadratic form given by 7).

Exercise 19.4.7. Let (x,y,z) € R3 and consider the abelian group generated by (1,0,0), (0,1,0)
and (x,vy,z). Namely, Z(1,0,0) + Z(0,1,0) + Z(x,y,z). What are the conditions for it to be free
of rank 3? What are the conditions for it to be a lattice? What are the conditions for it to be an
integral lattice? a self-dual lattice?

20. MINKOWSKI’'S LATTICE POINT THEOREM

Let .Z be a lattice in R", say .2 = ®}'_;Zv;. We have defined above the fundamental paral-
lelepiped P and the “half open” parallelepiped P°:

n
PO={Y ru:0<r<li=1,...n}
i=1
As remarked before, P, which is the closure of P° has the same volume as P°, and

(29) R'"=J[ A+P°
Ae”
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Hod b -t
7~ = 1 7/_/1/‘ "~ T - 77/‘/‘
/7 /////I ,,/’//: o
A /IS
N
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Indeed, as {v;} form a basis, any x € R" can be written as x = x101 + - - - + x,v,,, with x; € R.
Then, for A = [x1] -v1 + - + |x,] - vy € £, we have

xe A+ 20
Moreover, suppose that (A1 + 2°) N (A + 2°) # @, then (A + 2°) N 2° # @, where A =
A — Ay = mv1 + - - - + 4,0y, for some integers a;. This implies that for some 0 < r;,5; < 1 we

have (a1 +7r)v1+- -+ (ay+1y)vy = 5101+ - - +spv,andsoa; = s;—r;, Vi. As —1 <s;—r; < 1
the only possibility is that 2; = 0, and so A = 0. Therefore, the claim in (29) holds true.

AsetS C R"is convexif x,y € S = ax+ (1 —a)y € Sforany 0 < a < 1. Namely, if the
line segment between any two points of the set is contained in it. A set S C IR”" is centrally

symmetric if x € S = —x € S. Note that if S is convex and centrally symmetric then x,y €

S = lx— 1y € S. We will use this in the proof of Minkowski’s theorem.

Theorem 20.0.1 (H. Minkowksi). Let . C R" be a lattice and let K be a centrally symmetric convex
bounded set™. If
vol(K) > 2" - covol (%),
then
JAeKkKnNng, A#NO.

Remark 20.0.2. As £ is discrete, it is easy to conclude that if K is closed and bounded, we can
replace the strict inequality by vol(K) > 2"covol(.¢) and the theorem still holds true.

Proof. Suppose that this is not the case. Namely, that for all A # 0in .Z, one has A ¢ K. Let
k=% -K={% -x:x€K}.

Then, forall A # 0, A € .Z, we have

(30) A+x)NKk=0Q.

Indeed, otherwise 3x,y € K such that A + 3y = 1x and that implies A = 1x — 1y, which is a
vector in K, since K is centrally symmetric and convex. Contradiction.
We claim that
vol(x) < covol(.Z),

and this is a contradiction since vol(x) = % vol(K).
To verify the claim note that

(31) k=]]xn(A+2% = ] «xn(ri+ 27,
AeY Ay

forsome Aq,...,A; € &, as k is bounded.

36The boundedness condition is superfluous and can easily be removed.
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Consider the sets (kN (A; + 2°)) — A; = (x — A;) N PY; they are contained in P°. We claim
that they are disjoint. If not, for some A; # Aj, (k — A;) N (k — A;)) NPY # @, and so (k — A;) N
(k — A;) # @. Translating by A; we find

kN (k+ (A —Aj)) #9,
which contradicts (30). Therefore,

vol(x) = ivol(K N+ 2%) = ivol(;{ N A+ 2% — A)
i=1 i=1
= vol(UL_, (k — A;) N P%) < vol(PY).

O

20.1. Applications of Minkowski’s theorem: short vectors. Let £ C R” be a lattice. Suppose
that r"w, > 2"covol(.¥), where w, = vol(B,(0,1)). We apply Minkowski’s theorem to the
closed ball B,[0,r]. Minkowski’s theorem implies that there is a A € ¢ such that A # 0 and
IA]] < r. We deduce the following.

Corollary 20.1.1. Let £ C R" be a lattice. £ contains a non-zero vector of length at most
.| covol(Z)

Wn

2

Remark 20.1.2. Note that for n >> 0, w, is very small. Thus, dividing by w;,, increases the quantity
under the root. Plotting the volume w, as a continuous function of n one finds the following

graph:
s .
/ \
O
//

2 /

/
/
/
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n
Exercise 20.1.3. Prove that w, > (%) and deduce that . contains a non-zero vector of length

at most
Vn - (covol(Z))M™.

20.2. Applications of Minkowski’s theorem: small values of quadratic forms. Consider a pos-
itive definite symmetric bilinear form

B(x,y) = thy, B € M, (R), symmetric, positive definite.
Write B="'AA, A = (v1]...|vs) € GL,(R) and let .Z be the lattice £ = ®"_,Zv;. Then
covol(.Z) = |det A| = det(B)'/2.

Applying Corollary 20.1.1, we find that .# contains a vector x = xjv1 + - - - + x,v, such that
x; € Z and
.| covol(Z)? .| det(B)
P <4 =5 =4~z
n n
But,
X1
nﬂﬁzuxw=uhna@mA<;>:B@J>
Xn

Thus, the following theorem follows.

Theorem 20.2.1. Let B be a symmetric positive-definite real bilinear form on R". Then, there is a non-
zero vector x = (xy,...,xy) with integral coordinates such that

B(x,x) < 4{| de:}(zB)'

20.3. Applications of Minkowski’s theorem: sums of squares. We apply Corollary 20.1.1 to
obtain another proof of a theorem of Fermat that we previously proved using Jacobi sums.

Theorem 20.3.1 (P. de Fermat). Let p =1 (mod 4) be a prime. There are integers x,y such that
p=x"+v.

Proof. We construct a sublattice .Z of Z?. Choose u € Z such that u> +1 = 0 (mod p). Such
exists because p =1 (mod 4). Let

Z={(x,y) €Z*:y=ux (mod p)}.

£ is a lattice and, in fact, has a basis (1,u), (0, p). Therefore, covol(.Z) = det (4 5) = p. As
wy = 11, Corollary 20.1.1 tells us that there is a non-zero vector (x,y) € £ such that

4
24y =yl < F <2p.

But,
x2—|—y2 =(y—ux)(y+ux) =0 (mod p),
and it follows that x? + 12 = p. O

Exercise 20.3.2. Prove that if p > 2is a prime, p =1 (mod 3), then p is of the form x? + 3.
Exercise 20.3.3. Prove that if p > 2is a prime, p = 1 (mod 8), then p is of the form x* + 2y>.
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Theorem 20.3.4 (J. L. Lagrange). Every positive integer n is a sum of 4 squares. That is, 3x,y,z,w € Z
such that

n:xz—l—yz—i—zz—i—wz.

The proof we give uses the Hamilton quaternions. We take some time to discuss this important
object.

20.3.1. The Hamilton quaternions. To begin with, we define the Hamilton quaternions H as a
real vector space of dimension 4, with a basis 1,1, j, k, where i, j, k are formal symbols. Thus,

H=R®Ri®Rj® Rk
That is, the elements of H are formal sums
{a+bi+cj+dk:ab,cdecR}.

There is a natural real vector space structure on H (and, in particular, addition). To define
mulitplication, it is useful to realize H as a subset of M, (C). If we let

1=("), i=(2), i=(4", k=(7),
then
bi di
a+bi+cj+dk <— Ao ewd
—c+di a-—"bi

This bijection respects the vector space structure and we can endow the quaternions with mul-
tiplication using multiplication of matrices. In particular,

ij=—ji=k jk=i, ki=j iP=7=kK=-1

We also gain this way two functions:

a+bi cH+di
Tr:H— R, Tr(a+bi+cj+dk):=Tr = 2a,
—c+di a—bi
and
a+bi c+di
Nm: H — R, Nm(a+ bi+ cj + dk) := det =a*+ b+ +d%
—c+di a—"bi

It follows that if z,z» € H then
Tr(z1 +z2) = Tr(z1) + Tr(z2), Nm(z1z2) = Nm(z7) Nm(z3).

Exercise 20.3.5. Prove that the map H — H,z — z* := Tr(z) — z is an anti-involution. Namely,
it satisfies

(z1+22)* =21 +25, (z122)" = z327].
Prove also that Nm(z) = zz*. (Suggestion: think in terms of matrices.)
Exercise 20.3.6. Prove that H is a non-commutative division ring (for any x # 0 there is a y such

that xy = yx = 1). One reason this is interesting is that there is no commutative division ring of
dimension 4 over R, but here we see that there is a non-commutative division ring.
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Consider the subset Z[i, j, k] := Z © Zi ® Zj ® Zk; it is easy to see that this is a subring of H.
The assertion that an integer 7 is a sum of 4 squares is equivalent to saying that n is a norm of an
element of Z[i, j, k]. This will be a key point for the proof of the 4-squares theorem.

Exercise 20.3.7. The Hurwitz quaternions is the subset of H given by
1+i+j+k
2
={a+bi+cj+dkeH:abcdeZ orabedecZ+3}.

Prove that the Hurwitz quaternions form a subring of IH. Prove that Nm is still integer-valued
onZ [i, ], LZ;]H{] .

Z[..1+i+j+k

i,], > ]:{a+bi+cj+d :a,b,c,dEZ}

20.3.2. Proof of the 4-squares theorem. An integer n is a sum of four squares if and only if  is a
norm of a quaternion in Z[i, j, k]. Since the norm is multiplicative, it follows that if both 17 and
ny are sums of 4 squares, so is n1n;. (This is rather laborious to verify by hand!) Therefore, it is
enough to prove that every prime is a sum of 4 squares. We note that 2 = 1% 4+ 12 + 0? 4 02 and
so we look at a prime p > 2.

Claim: There exists integers u, v such that
u> +0* = -1 (mod p).

Indeed, mod p, u? takes pT_l + 1 values, as does —1 — v2. As there are only p congruence classes
mod p, there must be a value taken by both u? and —1 — v2. That proves the Claim.

Let £ C Z* be the lattice’” spanned by the columns of

1 0 0 O
0 100
u v p 0
-v u 0 p

Another presentation of .# is as the column vectors
{(a,b,c,d) € Z* :c =ua+vb (mod p),d=—va+ub (mod p)}.

From the generator matrix we see that covol(.#) = p?. Since wy = 72/2, we conclude from
Corollary 20.1.1 that there are (a,b,¢,d) € £ such that
2

| p? 42
@+ b+ +d* < fngz — g‘P<@-

On the other hand, modulo p,

@+ b+ +d* =a® + b + (ua + vb)* + (—va + ub)?
= (14 u? +0?)a* + (1 + u? + 0*)b* = 0.

37\We may keep thinking about . as contained in Z[i, j, k], but at this point there’s no advantage in doing so. We
may simply view .Z as a sub lattice of Z* in R*.
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Thus, p|(a* + b? + ¢ + d?) and it follows that
p=a®+b*+c*+d
U

20.4. Applications of Minkowski’s theorem: Diophantine approximations. We will now use
Minkowski’s theorem, or rather Corollary 20.1.1, to give another proof of Dirichlet’s Theo-
rem 4.2.1, slightly reformulated.

Theorem 20.4.1 (Dirichlet). Let 6 € R. For every Q € IN, there exists integers p, q, not both zero,
such that 0 < q < Q and

1
0—pl <—=.
99 —pl <3
Proof. Let
K={(xy):~Q- 3 <x<Q+y 6y < 5)
={(xy): g SX< 5 X y_Q.

We note that K is a convex, centrally symmetric set in R? and

vol(K) = (2Q+1)é :4+é >4

1
}/ K
-Q-z »Qi-z/

-1/a

For . = Z?* we have covol(.#) = 1 and so vol(K) > 2%covol(.Z). Applying Minkowski’s
Lattice Point Theorem 20.0.1, we conclude that K contains a non-zero integer vector (g, p); as K
is centrally symmetric, we can always arrange that g > 0.

Exercise 20.4.2. % Prove the following generalization of Dirichlet’s theorem, by constructing a
suitable convex symmetric set in R, Let6y,..., 6, be real numbers and let Q € IN™. There
there are integers py, ..., ps, 4, not all zero, such that 0 < g < Q and

1 .
1g6; — pi| < Qi Vi.

20.5. Applications of Minkowski’s theorem: short solutions to congruences. Letz ¢ Z", z =
(z1,...,2zn) be a primitive vector, i.e. gcd(z1,...,2z4) = 1. Let N > 2 be an integer. We are
interested in finding non-identically-zero integer solutions to the congruence

a1z1+ -+ ay,z;, =0 (mod N)
that are as small as possible in the sense that
(a1,...,an)||e := max{|a;| :i=1,...,n}

is small.
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Consider
< =A{(ar,...,a0) €Z":) 0jzi=0 (mod N)}.
Note that as . 2 (NZ)", £ is a lattice. Moreover, its index in Z" can be calculated after
reduction modulo N,
Z": % =[(Z/N2Z2)": ¥ (mod N)].
To calculate this index, we view all vectors as columns vectors. The first fact that we need is left
as an exercise:

Exercise 20.5.1. Prove that there is a matrix M € GL,(Z) whose first column is *(zy, . .., z,).

In the notation of the exercise, the condition defining . modulo N is

0=) az = (ay,...,a,)(M(1,0,...,0)) = ((a1,...,a,)M)"(1,0,...,0).

That is, M induces a bijection between . modulo N and the subgroup {(0,bs,...,b,) : b; €
Z./NZ} that has index N in (Z/NZ)". Therefore, [Z" : #] = N, and it follows that

covol(.¢) = N.
On the other hand, consider the ball of radius r relative to the norm || - ||c,
K(r) ={(x1,...,x,) € R" : max{|x;|} < r}.
It is simply the cube [—7,7]" and has volume 2"+". If 2" = 2"covol(.¥), that is, if r = N'/",
then by Corollary 20.1.1 there is a non-zero vector (ay,...,a,) € £ NK(r). Namely, a non-zero

solution to the congruence mod N such that |a;| < N/" for all i. We proved the following
theorem.

Theorem 20.5.2. Let (z1,...,2,) € Z" be a primitive vector. For any N € IN there is a non-zero
integer solution (ay, ..., ay,) for the congruence

az1+ - +a,z, =0 (mod N)

such that
|€ll‘| < Nl/n.

Example 20.5.3. Suppose that (z1,z2) = (—49,46). We have the solution (46,49) which is a
solution modulo N for every N. Let N = 31. Compared to v/31 ~ 5.57 this a big solution. Even
noting that this solution modulo 31 is congruent to (15, —13) we get a solution (15, —13) mod 31

that is large compared to v/31. The theorem says that there is solution (a1,a7) modulo 31 with
la;] <5.Indeed, —1 x —49 +5 x 46 = 279 =9 x 31, s0 (—1,5) is a solution modulo 31.

Exercise 20.5.4. Derive a similar theorem for the norm || (x1, ..., x,)|1 = |x1|+ - - - + |xx|. Namely,
in this case we are trying to minimize the total amount of memory needed to store the solution
in its entirety and not minimize every x; separately. Makes sense!

21. SUCCESSIVE MINIMA

21.1. The shortest vector problem. Given a lattice .Z C IR", what is the shortest non-zero vec-
tor in the lattice? Can we find, efficiently, this vector? This problem, which is of theoretical
and computational importance, is also currently of great technological importance. The recent
activity towards developing post-quantum cryptographic tools (for example, developing pro-
cedures for encrypting documents, digitally signing documents, or sharing a secret over open
channels) that can withstand attacks by (still putative) quantum computers has put problems
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concerning lattices at the forefront; some of the strongest contenders for such procedures are
based on hard computational problems concerning lattices, of which the short vector problem
(SVP) is an excellent example.

Minkowski’s theorem, or rather its direct corollary, Corollary 20.1.1, gave us an estimate: Let
Z C R" be alattice. .Z contains a non-zero vector of length at most

.| covol(Z)
wy

2

While promising, consider the case where n = 1000 and the bound for the length is 30, which
is not that bad (cf. Exercise 20.1.3). Without further information, to find such a vector we might
need to run over all vectors with 0, £1 coordinates among which 30 or less are not 0, for example;
a back of an envelop calculation shows that this requires checking possibly up to 23% different
vectors, probably more, which is completely out of the question. Finding a short vector, even
if it has relatively small length, is a very hard computational problem! It is believe to be NP
hard. That means that by solving this problem one would be able to solve any problem in the
complexity class NP, although one cannot determine at this point whether the problem itself is
in ND, or perhaps even harder.

One beautiful example of a cryptographic tool using that hard computational problem is a
construction due to M. Ajtai and is known as Ajtai’s hash function. A hash function f is a
function

f:{0, 13N — {0,1}",

where N > n. Such functions have a variety of applications in cryptography and computer
science and we will not get into that here, but provide only one motivation. Our discussion will
be very naive, but it will provide the gist of the role played by hash functions in cryptography.
Imagine that you have a very large set of data (grades of students, bank accounts, a genome
mapping, ...) and that you want to verify periodically that this data was not compromised,
either by intention or due to natural causes. One method is to keep comparing bit-by-bit the file
at present time with a recent secure copy of the file. Another option is to apply a hash function
to both the secure copy and the current file; a hash function that produces, say, a string of one
hundered 0/1 bits. If the result is the same, then, with high probability, the files are identical.
Now, based on either statistical arguments, or imagining a scenario with an adversary interested
in modifying just a particular part of the data (e.g., adding two zeros to the balance in their bank
account), for such applications one wants the hash function to be very sensitive to small changes,
one also wants it to be infeasible to reverse-engineer a data file that would hash to a given value.

The following is a variant on Ajtai’s hash functions; it is very close to the way these functions
appear in the literature. We explain the connection afterwards.

Ajtai’s hash function. Fix a reasonably large integer N, say N = 2°°. Fix a primitive vector
(z1,...,24) € 2",

where 7 is, say, 500. Construct a function
n
h.:{0,1}" - Z/NZ, h.(a) =h.((ay,...,a,)) =Y aizi (mod N).
i=1

If N = 2% any elements of Z/NZ can be uniquely written as Y72 €;2,&; € {0,1} and so we
can also view the output of k. as a vector in {0, 1}, namely, a string of fifty 0/1 bits.

For cryptographic applications we want this function to be collision resistant. Namely, it
should be infeasible to find a # b such that h,(a) = h,(b).
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If h,(a) = h,(b) then h;(a — b) = 0 (mod N) and note that ||a — b||cc = 1. Thus, if one can
find collisions, one can find a very short non-zero solution to the problem

ac?Z" mz1+ - +ay,z;, =0 (mod N);

in fact, a solution with infinity norm 1.

In the literature one finds the following variant. Let A be an integer matrix with n rows and m

columns that is primitive. That means that the subgroup L C Z" spanned by the columns of A

is free of rank m and is saturated: if for a non-zero integer m and a non-zero vector v € Z" we

have mv € L then v € L. It is equivalent to the statement that one can complete A to a matrix in

GL,(Z) (cf. Exercise 20.5.3), and also to the statement that the Z" /L is torsion-free (hence, free).
One associates to A a hash function

ha: {0,1}" — (Z/NZ)™, a—aA (mod N).
Let us denote the columns of A by zy, ..., z,. Using the bijection
(Z/NZ)" — Z/N"Z,  (ti,...,tm) = t1 + 6N+ £, N1,
we find that the vector hy(a) = (a-z1,...,4 - zy) corresponds to a - z; +a - zoN + a - z, N1
which is just
a- (zl,sz,...,N’”_lzm) (mod N™).

Note that if the original matrix was primitive, this is still a primitive vector. Thus, the hardness
of the more general Ajtai hash functions is computationally the same as in the case we first
presented.

Ajtai,38 and then Ajtai-Dwork, Goldreich-Goldwasser-Halevi, and others, have improved
more and more on the security of such schemes. In particular, they proved that the ability to

find collisions for all the hash functions h, implies that ability to find, approximately (namely,
to a good precision), a short basis for any lattice. This latter problem is known to be NP hard.

21.2. Minkowksi’s theorem on successive minima. Let .# be a lattice in R". Let us introduce
notation and denote by 1 (Z) the length of a shortest non-zero vector in .. That is,

#1(Z) = min{||v|| : v € £, v # 0}.

Note that y1(.Z) is also the shorted possible distance between two distinct vectors in ..
More generally, fori = 1,2, ...,n define the successive minima of . by

1i(Z) = inf{r : kg (Span(.£ N B[0,r])) > i}.

In words, p1(.Z) is the minimal real number r for which we can find a non-zero vector of length
rin Z; (%) is the minimal real number r for which we can find two linearly independent
vectors of length < rin .Z; u3(¢) is the minimal real number r for which we can find three
linearly independent vectors of length < r in .Z, and so on. It is easy to see, using that . is
discrete and the balls are closed, that we can replace “inf” by “min” in the definition.

We make some simple observations:

(1) From the definition,
0<m(L) S pp(Z) < < pu(Z) < 0.
(2) From Minkowski’s Theorem (cf. Exercise 20.1.3),
11(Z) < V/n-covol(L)V/",

3BM. Ajtai, Generating Hard Instances of the Short Basis Problem, ICALP 1999: Automata, Languages and Program-
ming pp 1-9, LNCS, volume 1644.
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The following theorem, sometimes called Minkowski’s Second Theorem, of Minkowsk’s Suc-
cessive Minima Theorem, provides information about the successive minima.

Theorem 21.2.1 (Minkowski). The successive minima satisfy the following inequalities:

. 1/n
covol (L) < (Hy,(éf)) < a]12/n - covol(L)Y" < /i - covol (L)1,
i=1

n

In the proof we will need to use Hadamard’s inequality, which is the following.
Let A be a n x n real square matrix with columns vy, ...,v,. Then

| det(A)| < TTllwill-
i=1

To prove this statement, we first note that we can rescale the columns and thus assume that
each column is a unit vector. Under these conditions, we need to show that |det(A)| < 1.
Equivalently, that det(AA) < 1. The advantage is that M = A A is a real symmetric positive
definite matrix with diagonal entries 1. Let A4, ..., A,, be the eigenvalues of M; they are real and
positive. Then, by the inequality of arithmetic and geometric means, we have

Mt A 1

det(M)" = (Ay--- M) - = _Tr(M) =1,

and thus det(M) < 1.

We now prove Minkowki’s theorem.

Proof. Let xq,...,x, be vectors in . such that ||x;|| = u;(-Z). We begin with the lower bound.
On the one hand, for Q = {}" ; a;x; : 0 < a; < 1} we have

vol(Q) > vol(P),

where P is a fundamental parallelepiped for .#. This is true, because the lattice .’ spanned by
{xi}_,, which might be a proper sublattice of ., satisfies, on the one hand, covol(.¢”) = vol(Q)
and, on the other hand, covol(.¢’) = [.Z : Z'|covol(¥) = [ : Z']vol(P). Let A be the
generator matrix for .#’ with columns x, ..., x,. Hadamard’s inequality states that vol(Q) =
|det A| < TT" ||x;||. But this product is simply [T ; u#i(-Z).

The upper bound is harder. We first apply the Gram-Schmidt process to the vectors x1, ..., x,
to obtain a basis,
f1/ cecy fYZ/
to R". This basis has the following properties:

(1) {%1,...,%,} is an orthonormal set.
(2) Vi, Spang (%1, ..., %;) = Spang (x1,...,x;).
(3) &1 = x1/||x]]-

Since {%;} is an orthonormal basis, for any y € R" it holds that

n

y=Y (%) % |yl* =} (v%)%
i=1

i=1
Consequently, the set {y € R" : Y7, (y, %;)2 < 1} isjust the closed unit ball B, [0, 1]. We conclude

that the ellipsoid
I R
=<qyeR": )’ m <1
i=1 i
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has volume

vol(T) = py -+« pn - Wh.

Key point. T contains no non-zero vector of .Z.
Proof. Lety € £,y # 0. Let 1 < k < n be the maximal integer such that

e < Jlyll.

Hence, if k < n, ||y|| < pgi1-
We claim that y € Spang(x1,...,x). This is clear if k = n. For k < n,if y & Spang(x1,..., %)
then

rk(Spang (B[O, [[y[[]nZ)) = k+1,

and that contradicts the definition of j 1. Therefore, y € Spang(xy,...,x;) and so

y € Spang (%1,..., %).

(Y oy (B5)s Ly,

i Hi i=1
and thereforey ¢ T. O

Now,

=N

1
)= PT%HJ/HZ >1,

The key point implies, by Minkowski’s theorem, that vol(T) < 2"covol(.¥) and so the inequality,

2 n
Uy <\/ﬁ> < ppecpn - wy < 2"covol(Z),

from which the upper bound follows (we have also used the bound on w, provided in Exer-
cise 20.1.3). [l

Exercise 21.2.2. Find the successive minima and covol(.Z) for the following lattices. Write nu-
merically the quantities in Minkowski’s lattice point and successive minima theorems.

(1) ¢ = Z ® Zi identified with Z2.

Q L=Z0Zw,w="Y3 cC=R

(3) £ = Span,((1,0), (r1,2)), where rq,r, are non-negative real numbers and r, > 1. (For
2 find only an approximation.)

Exercise 21.2.3. The D, lattices. The D, lattice in R" is defined as
n
Dy ={(x1,...,xs) €Z":) x; =0 (mod 2)}.

i=1

Compare Exercise 19.4.4. Find its successive minima. Find also §{x € D, : ||x|| = p1(Dy)}.
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22. MORE EXAMPLES OF LATTICES
The following lattices are classical.
The lattices A,,. Forn > 1, let
An={(x0,x1,...,%,) €Z" T :xo+ -+ x, =0}

Ay is a free abelian group of rank 7 in R"*! and a basis for it is provided by

-1 0 O 0
1 -1 0 0
M= 0o 1 -1 0
o o o0 --- -1
o o o --- 1

Ay, is not a lattice per ce, because we always demand that a lattice has full rank in the ambient
space. But A, lies on the hypersurface H = {}_x; = 0}, and by choosing an orthonormal set
Y1,...,Yn in H, we can identify H, together with the inner product, with R" with the standard
inner product by sending Y a;y; to }_a,e;, {e;} being the standard basis for R". Thus, without
specifying this explicitly, we will think about A, as an n-dimensional lattice.

Exercise 22.0.1. Show that A, is identified this way with a lattice that is, up to scaling and perhaps
rotation, the hexagonal lattice.

The Gram matrix B of A, is 'MM, and a calculation gives

2 -1 0 0
-1 2 -1 0
B 0o -1 2 0
0O 0 0 2 -1
0 0 0 -1 2

Exercise 22.0.2. Prove that covol(A,) = v/n + 1. Prove that y;(A,) = v/2 for all i. Find

tlx € An:flx]| =}
(Compare this with the lattice Z" that also has all its successive minima equal but for which
tH{xeZ": ||x|]| = m} =2n)

Exercise 22.0.3. Is it true or not that A3, properly rescaled, is isometric to D3? What about A4 and
Dy?

The lattices AZ.  This is another notation for the dual lattice A;-, where the dual is calculated
in H 2 R", and not in R"**!1. Otherwise said,

Ay={x€eH:(x,y) € ZVy € A,}.
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Exercise 22.0.4. Find a generator matrix for A};. Determine covol(A}) and prove that u1(A}) =
v/1/(n+1) and that it is achieved 2n + 2 times if n > 2 and 2 times if n = 1.

The lattice Es.  The lattice E¢ can be constructed as a sublattice of the lattice Eg we will con-
struct later. But we can also present it explicitly. It lies in the codimension 2 subspace of R®
given by ) x; = 0 and x; + xg = 0. A generator matrix is provided by

O 0 0 0 0 %

-1 0 0 0 0 %
1 -1 0 0 0 %
O 1 -1 0 0 %
o 0 1 -1 0 —%»
o 0 0 1 -1 %
0O 0 0 0 1 %
0O 0 0 0 0 -%

Exercise 22.0.5. s Write down the Gram matrix and calculate covol(Es). Show that u; (Eg) = v/2
and it is achieved by 72 vectors — this is called the kissing number of the lattice. (Note that for
Z° this number is 12, for Ag it is 42 and for Dg it is 60.) The lattice E¢ is known to achieve the
highest kissing number among all lattices in R®, D4 and D5 hold the record in their respective
dimensions, and A, and Aj in theirs.

23. THE SPHERE PACKING PROBLEM

The sphere packing problem ask for the densest packing of solid identical spheres in R". Here
“sphere” means a closed ball B, [v, r] of some radius r > 0. By a packing we means a subset &
in R" such that
P = Uie1Bylvi, 7],
over some countable index set I and so that for i # j, B,[v;, r| intersects B, [v;, 7] at most along
their boundaries. Note that
vol(By[v;, r]) = " wy,
where w, = vol(B,[0,1]) and is given in Equation (5).
We define the packing density as
. vol(ZN[—N,N|")
MZ) = Jim NN
and we will assume it exists. The sphere packing problem is then to maximize A(.%?). Note that

A(Z) is invariant under rescaling; namely, we may assume r = 1, but it will be convenient to
allow a general r.

Y
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23.1. Lattice packing. Our main focus will be on lattice packing. Let . C R” be a lattice and
let r > 0 such that Uyc #B[A, 1] is a packing; it is called a lattice packing. The maximal r such
that this is still a packing is called the packing radius. We shall denote it p(.¢). Clearly,

p(2) = 2ua(2).

We will denote & () the corresponding packing and by A(.¥) its density. Another customary
notation is the centre density,

5(L) = ML)/ wy.

Lemma 23.1.1. We have

) - YB3 (),
covol(.Z) 21 covol(-Z)’

and

0L) = o Vscfil):z)

The idea of the proof is quite clear, so we will state it and omit the details. For a very large N, the
number of translated fundamental parallelepiped contained in [—N, N|" is obtained as roughly
the ratio of the volumes: (2N)"/covol(.Z). It is also essentially the same number of translated
parallelepiped required to cover [N, N|" and it is also, roughly, the number of balls in Z(.¥)

contained in [—N, N]" and the number of balls intersecting non-trivially [—N, N]".This produces

vol(ZN[—N,N|")
vol([—N,NJ")

the limit on N the formula in the lemma.

an estimate for from which N disappears by cancellation and yields by passing to

It is not clear at all that the best packing densities can always be obtained from lattice packing.
Here is the state of the art (February 2021):

(1) n = 1. This is true and trivial. In this case A(Z) = 1,6 = 3.

(2) n = 2. This is true and non-trivial. The result is due to A. Thue. In this case the lattice
is the hexagonal lattice, A(.¥) ~ 091, = 21 . That is, the area covered by the discs

amounts to about 91% of the total area.

P
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(8) n = 3. This is true and extremely hard. The result is due to T. Hales, who gave two
proofs. The second one is in collaboration with S. Ferguson and is computer assisted.
In fact, there is more than one lattice achieving this density, one being the fcc, or D3,
lattice. There are also non-lattice packing achieving the same density (for example, the
hcp packing) but they, too, are formed by laying one layer of the hexagonal lattice on top
of itself
The (now proven) conjecture that the best packing is obtained by the fcc lattice is
known as Kepler’s conjecture.

‘DD DD
- DDD :DDD
- BDDD - DDD

face-centered cubic (fcc) hexagonal close-packed (hcp)
(also called cubic close packed (ccp)) two repeating layers ABABAB...
three repeating layers ABCABC....

Why is this a difficult problem?? Perhaps the following will give a clue. In the best
lattice packing each sphere touches precisely 12 adjacent spheres, but a thirteenth ball
very nearly fits. In fact, this problem is known as the kissing problem and it asks how
many spheres can touch a given sphere in R”. In IR? the number is 6. In IR? the number is
known to be 12, but in Newton’s times this was an issue of a controversy, with Newton
siding with “12” camp. The solution to the kissing problem is known in dimension 4
(24), 8 (240) and 24 (196,560), but in no other dimensions. The lattices responsible for
these kissing numbers are D4, Eg and Ay (see below and Exercise 21.2.3). It is worth
noticing that the kissing number of Z* is 8, while for Dy it is 24.

However, the fact that in R one can very nearly fit an additional sphere suggests the
idea that by somewhat upsetting a lattice packing one might be able to do better. In high
dimensions, already in dimension 10 in fact, there are examples of packings that beat the
best currently known lattice packing.

(4) In general one has Roger’s bound, illustrated in the figure below (taken from Conway &
Sloane) for the function log, (6) + ozn(24 — n). It is valid for any packing, lattice or not.

We notice in dimensions 1,2, 3,8 and 24 very good candidates coming from lattices.

(5) n = 8. This is true. Marina Viazovska proved in 2016 that the Eg-lattice achieves the best
density in R8. The Eg lattice has A ~ 0.25367 , § = 0.0625.

(6) n = 24. This is true. Cohn, Kumar, Miller, Radchenko and Viazovska proved in 2017 that
the Leech lattice Ay achieves the best density in R**: A(Aj4) &~ 0.001930, §(Ayq) = 1.
The Leech lattice is named after John Leech who discovered it in 1967%

(7) K. Ball proved in 1992 that the best A(Z?) is at least 2n - 27" This was improved in 2012
by A. Venkatesh:

v
A2P) > %n -loglog(n)-27".

3ohn Leech, “Notes on sphere packings.” Canadian J. Math. 19 (1967), 251-267.
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2" DENSITY
| 10g,8 + gen (24-n)

o Aag

Ko DIMENSION n

pey b b b b b by oo b b e Jag g by byagl

0 4 8 42 16 20 24 28 32 36 40 44 48

On the other hand, it is known that
A(@) < 270.599011.

Example 23.1.2. Let us calculate the density of the lattice Z". Since u1(Z") = 1, we have
o(Z") =1/2.

vol(B,[0,1/2])  wy
AZ") = a2 7el) T

(Z") vol([0,1]"?) 2n

Using the estimate w, > 2np =12 we get that A > n~"2 = (1/n)"/2. But note that this is very
small compared to the upper bound 270590 = (1/211980)1/2_(In fact, we can easily prove that
there are always lattices with A > (1/4)"/2; see Proposition 23.1.3.)

4

So, for example, in dimension 8 we have wg = 7*/4! and A(Z") = 2%!/ while A(Es) = 5

Namely, the Eg packing is 16 times more dense than the square packing!

Proposition 23.1.3. For every n, there is a packing with density A > 27",

Proof. Consider any packing &, lattice or not, by balls of radius r such that one cannot add any
ball of radius r to the packing. Without loss of generality r = 1. Suppose that

P = UjeBlv;, 1].
We claim that
R" =22 := Ujc;B[o;, 2).
Indeed, if x ¢ B[v;, 2] for any v; then
|lx —vi| >2,Viel

That implies that B[x, 1] N B[v;, 1] = @, Vi € I and so we can add B|x, 1] to #2. Contradiction.

Now, for every N, vol(2% N [—N, N|") = vol([—N, N])". When we compare ball-by-ball the
balls B[v;, 2] that contribute to &2 N [—N, N|" we can divide them into two groups:

In the first group are those such that B[v;, 1] is entirely contained in [N, N|". For such balls
vol(B[v;, 1) N [-N,N]") > £vol(B[v;, 2] N [N, N]") (with equality only achieved if B[v;,2] is
entirely contained in [—N, N|", but that doesn’t matter to us).

In the second group are the balls B[v;, 1] that aren’t contained in [N, N|" entirely, but B|v;, 2]
intersects non-trivially [N, N|". These B[v;,2] have the property that the distance of v; from
the boundary of [—-N, N|" is at most 2 and so their intersection with [—-N, N|" is contained in
the difference of the cubes [N, N]" \ [-(N —4), (N — 4)]" (one can do better, but this doesn’t
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matter). Thus, they contribute to the volume at most 2"(N" — (N — 4)"). We can therefore
conclude that

vol(Z N [=N, N]") > 21 (vol(222 A [=N, N]") — 2*(N" — (N — 4)")).

To compute the density we need to divide by the volume of [—N, N]" which is 2"N". We find
that
1 N'—(N—-4)" . 1
- a2n 2nN" N oo 21
O

Exercise 23.1.4. For which n, A(Z") < 27"? What explanation is offered by the proof of Proposi-
tion 23.1.3?

23.2. The covering radius. Let . C R" be a lattice. The covering radius R(.Z) of . is the
minimal real number R such that
R" = Ujec¢B[A R].
In fact, this definition makes sense for any subset .Z of R" if we allow the possibility that
R(Z) = 0. It is can be expressed in terms of Voronoi cells.
Let S be a subset of R". For every pointin s € S its Voronoi cell is the subset

V(s) = {x e R": |x —s|| < ||x — ], Vt € S}.

Alternately, for every t € S, t # s draw that half space of points closer to s than to t, or of equal
distance. It is one of the two half-spaces created by the hyperplane perpendicular to the interval
from s to t and passing through its middle point. Then V(s) is the intersection of all these half-
spaces. It is a convex closed set and the collection of Voronoi cells covers IR" with intersections
only along their boundaries. If one imagine cell-phone towers positioned at every point of S,
the covering radius determines the strength of signal required so that there is full-coverage and
is the minimal R such that Vs € S, V(s) C B[s, R].

For lattices, the picture that we get is more organized. All the Voronoi cells are polyhedra and
are all congruent to each other, each the intersection of finitely many (closed) half-spaces. Let V
be the Voronoi cell of 0. We have the following interpretation. The packing radius is

1
p(.Z) = radius of the largest ball around 0 contained in V = P (2),

while the covering radius is

R(%) = radius of the minimal ball around 0 containing V.
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Proposition 23.2.1. R(.Z) > . (Z).

Proof. Suppose that R = R(.Z) < 3uu(.Z). We construct a set of linearly independent vectors
v1,...,0, in £ such that
loill < 2R +¢,
where € = %yn(f) —R>0.As2R+€e =R+ %‘un < py this contradicts the definition of .
Let vp = 0 and construct v; inductively. (One may take v; a vector of length p1(.Z), but the
proof works also for i = 1.) Assume that vy, ...,v;_; were already defined. Let
Hi,1 = SpaI’IIR(Ul, e ,’Ui,l).

Let t; € R" be a vector perpendicular to H;_; such that ||t;|| = R + €.

By the definition of R, there is a lattice vector v; € B[t;, R]. Note that v; ¢ H;_; (the orthogonal
projection of t; on H;_1, which is of course 0, is also the vector in H;_; closest to t; and that
distance is R + €. As the distance of v; from ¢; is strictly smaller, v; cannot be in H;_1). It only
remains to verify that v; is short enough:

[0l < lloi = till + [[ti]] < R+ (R+e) =2R+e.
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Example 23.2.2. The successive minima of Z" are y1(Z") = -+ = u,(Z") = 1 as the standard
basis vectors are all of length 1. Let us find the covering radius of Z". Given x € R” we can find
z € Z" such that |x; — z;| < 1/2,Vi. Indeed, z; = |x1] or |x1] + 1. Then, for z = (z1,...,2,),

lx —z|| < Vn/2.

For x = (1/2,...,1/2) we get equality. Hence,

R(Z") = vi/2 = Vi % Ln(Z").

Exercise 23.2.3. % Prove that for every lattice .Z,

R(Z) < Vit % o pin(2).

Exercise 23.2.4. In light of Exercise 23.2.3, Z" has the worst covering radius, in the sense that
R(Z")
%yn(Z")

lattices Z[v/—d], where d > 0 is an integer and we identify C with R2.

attains the maximum possible. Find this ratio for the hexagonal lattice and the plane

24. CODES

When we talk about codes, this has nothing to do with secrecy, it has nothing to do with cryp-
tography. Codes are an ingenious device created to maintain integrity of data. Here are typical
situations: A rover on Mars transmits pictures to earth over a distance of about 55 million kilo-
metres, when the planets are the closest, using transmission of very limited strength. It is a
certainty that some errors will occur along the way. Bits of data may just be lost, or misinter-
preted as 0 instead of 1, etc. Errors can also occur at the stage of translating the camera feed into
bits for transmission. In another scenario, a scratched DVD is missing some of the data origi-
nally recorded on it. Or a computer code may contain errors simply due to the typing process.
Codes are used to recognize such errors and recover, with a certain degree of confidence, the
original data. In fact, one of the first codes, if not the very first, the Hamming code, was used
by R. W. Hamming precisely to correct errors in computer code. The book by T. M. Thompson,
From Error Correcting Codes Through Sphere Packings to Simple Groups, contains some of the history
of the subject.

As this is not a course in Coding Theory, we shall focus on very particular codes. For us, codes
will be linear codes over the field IF, with two elements, denoted 0, 1. Namely, over Z/2Z. Such
codes are called binary linear codes.
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24.1. Codes: first definitions. A code C of length 7 is a subspace of IF;. Note that multiplication
by scalars is completely degenerate in this case. Thus, a non-empty subset C is a code precisely
when it is a subgroup. In fact, precisely when

x,wyecC=x+yeccC
We define the Hamming distance on IF; by

n
d(x,y) = 4 places where x and y differ = ) _ [x; — yil,

i=1
where [0] =0, |1| = | — 1] = 1 (we mention that as, technically, 0,1 = —1, are congruence classes
and not real numbers so we need to explain what is meant by their absolute value). The weight
of a vector x is

w(x) = d(x,0) = § non-zero entries of x.
The distance of a code C is
d(C) = min{w(x) : x € C,x # 0}.

Note that this implies
u,v € Cu#v=d(uv)>dC).

Being a linear subspace, a code has dimension k. This is equivalent to saying that C contains 2
vectors. Thus, given a code we shall say it is a (1, k, d)-code, meaning it is a subspace of IF7 (it
has length 7), has dimension k and distance d.

Exercise 24.1.1. Prove thatif C is a (n,k, d)-code then
d<n-—k+1.

Given a code C define the dual code C* by

n
ct = {1, .- yn) - inyi =0,Vx = (x1,...,x,) € C}.
i—1

1

Namely, under the natural identification of IF; with its dual space (any (y1,...,yx) € F5 de-
fines a linear functional (x1,...,x,) — Y.I'; x;; or, more succinctly, x — x -y), C* is just the
annihilator of C. Thus, from linear algebra,

dct)y=n—-d(C), (CHt=cC.

Let us also define the Hamming weight enumerator of C as the polynomial in variables x, y
given by

We(x,y) = ) N(m)x""y",
m=0

where
N(m) =14 {x € C:w(x) = m}.

Example 24.1.2. Here are some first examples of codes.
(1) The zero code Z. This is the code

Z={0=(0,...,0)}.
It is a code of type (1,0,0) and
Wz (x,y) = x".
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(2) The universal code U. This is the code Z*; namely,
u=IF;.
This is a code of type (n,n,1) and

Wu(x,y) = (x +y)" = Z <n>x”’”y’”-

m=0

(3) The repetition code R. This is the code {(0,...,0),(1,...,1)}. Itis a code of type (n,1,n)
and

Wr(x,y) = x" +y".
(4) The parity check code P. This is the code R*:

P={(x1,...,xn): Zn:xi =0} ={(x1,...,%n) : Xy :nilxi}.
i=1

i=1

(So, xy, is the parity of the sum of the first n — 1 digits.) It is a code of type (n,n — 1,2) for
n > 2and

Wty = Yo (M) = (e ),

m=0, m even

Given a code C C [F] define the extended code C°* C ]F;‘Jrl by
C*={(xy,.. xn,le (x1,...,x,) € C}.
Thus, the parity check code P of length n + 1 is U*, where U is the universal code in F7.

Exercise 24.1.3. Determine (n(C¢),k(C¢),d(C?)) in terms of (n(C), k(C),d(C)). Determine Wc. in
terms of W¢. Determine (C¢)* in terms of C*.

24.2. How are codes used?  Codes are used to communicate over noisy channels. Imagine for
example a rover on Mars sending data back to earth. This data is a string of zero’s and one’s.

11010010111100101100001....

A

Space and the atmosphere are full of interference, the signal is weak and is sent over many
millions of kilometres. Errors are bound to happen. Let C be an error correcting code of type
(n,k,d). Break the original data into blocks of size k and choose a linear isomorphism

T:F5 — C.
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The transformation T encodes any block of length k as a code word in C. If A is an n X k matrix
whose columns generate C then T is simply T(x) = Ax. Now the blocks of length n generated
this way are transmitted. Only code words are transmitted in this process, and at the receiving-
end blocks of length n are received such that each of them should be a code word. This is the
case if no errors occurred. But this is not always the case.

If a received vector v is not in the code, one looks for the code word closest to it. This is a
well-defined notion as long as at most | (d — 1) /2] errors occur, because then there is unique
code word closest to v and we choose it as the correction of v. However, we should also ask
ourselves how many errors can be detected? Well, if the original code word was vy then, even
if d — 1 errors had occurred between transmission and reception of vy, we can detect that an
error had occured. We therefore say thata (n, k,d) code can detect d — 1 errors and correct up to
|(d —1)/2] errors.

After the stage of detection and repair of errors is completed, the received data is decoded
using T~1: C — IF} and the original data is thus obtained.

Example 24.2.1. Let us use the code C generated by the following vectors
v =(1,1,0,1,0,0,0)
v, =(0,1,1,0,1,0,0)
v3 = (0,0,1,1,0,1,0)
vy = (0,0,0,1,1,0,1)
This is the (7,4,3) Hamming code to be discussed later. The matrix A is

1
(1)
A=1]1
0
0
0

OO ORFRO
ORORROO
RORROOO

If the data we want to send is 0,0,1,0,1,1,1,1,0,1, 1,0 we send instead
A'0,0,1,0) =(0,0,1,1,0,1,0), Af(1,1,1,1) =%(1,0,0,1,0,1,1), A’(0,1,1,0) =%(0,1,0,1,1,1,0).

Suppose that the first word received was u = (1,0,1,1,0,1,0). It is not in the code, but we find
the vector (0,0,1,1,0,1,0), which is in the code, in distance 1 from u. Thus, it is most likely
that u was originally (0,0,1,1,0,1,0).

24.3. MacWilliams’ identity. Our next result is a beautiful identity between the weight enumer-
ator of a code and its dual. To quote Neil Sloane, “This theorem, due to Mrs. F. J. MacWilliams,
is one of the most remarkable results in coding theory”.

Theorem 24.3.1 (F. ]. MacWilliams’ identity). Let C be a code of dimension k. Then

1
We: (xy) = ZWelx +y,x —y).
Proof. Given any function
f:Fy; =R,

where R D Q is a commutative ring, define its Hadamard transform,

fl)y =} (~1)"*f(0).

velF)

The function f is again a function IF} — R. The construction is a special case of a Fourier trans-
form and the following formula is a special case of Plancherel’s identity, but we will give direct
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arguments instead of alluding to Fourier analysis for groups. We claim that

(32) ). fu) 2k ) fw)

ucCL ueC
Indeed, X
Z f Z Z uvf Z f Z )uv)
ueC ueCovel; velF) ueC

Now, if v & Ct, ¥, cc(—1)*? = 0 (it is the sum of a non-trivial character u — (—1)*?, valued in
{#£1}, on the abelian group C and the usual trick proves the claim). Thus, the last sum reduces

to
Z f Z u v — 2k Z f
veCt ueC veCt
which proves (32).
Note that

Wei(x,y) = Y, f(u), where f(u)= eyl e Qlx, y).
ueCt
We therefore want to apply the formula (32) to the function f(u). We apply the Hadamard
transform to f and find

1

f(u) — ZIFW( 1)uvxn w( w — Z_
1

)

U2
1 1 n - n 1 ; 1 t t
f— (_1)ui'le vz Ui u
v1=0 022:0 v,,z_lg i=1 g
Now, if u; = 0, the inner sum is x + y, while if u; = 1 it is x — y. Taking now the product, we
find that .
Flu) = (x+ )" W (x - y)*@ = f(u)(x +y,x —y).
Consequently,
A 1
Wer(x,y) = ), flu Zf(“):?WC(JH‘%X—]/)-
ucCL uec

O

Exercise 24.3.2. A code is called self-dual if C = Ct. Prove that in this case 7 is even and
k(C) = n/2. Prove also that every code word has even weight. Prove that

We(x,y) = Wely, x)-
(This can be proven using the MacWilliams identity.)

Exercise 24.3.3. Prove that for a self-dual code C,
We(x,y) = We(
Let D be the group of matrices generated by
1 (1 1 1 0
V2 (1 1)' (0 1)'

Prove that D is the dihedral group of 16 elements. Prove that if C is a self-dual code then W is
invariant under the group D that acts on polynomials by f(x,y) — f((x,y)A),A € D.

X+y x—y
V2 V2

).
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Prove that the polynomials
¢ =1 +y7, s ="+ 1dxtyt 0

are invariant under D (we will see later that they actually arise from self-dual codes). It is a
theorem of A. M. Gleason that for a self-dual code C, W¢ is always a polynomial expression in

4)2 and (Pg. 40
Exercise 24.3.4. Let C1, C> be codes. The code C; @ C, is defined as
{(x,y) : x € C1,y € Cp}.

If C; is an (n;,k;, d;) code, what is the type of C; & C,? Prove that if C; are both self-dual so is
Cq1 ® Cy. Prove that

WC1€BC2 (x/ y) = WC1 (x/ ]/)WCZ (x, y)
Find all self-dual codes of dimension 2,4, 6 and their weight enumerator polynomials. How do
your examples compare with Gleason’s theorem?

24.4. Cyclic codes. Cyclic codes are a simple method to construct codes. In spite of its simplic-
ity, this method produces surprisingly useful codes.

A code C of length n is called cyclic if
(uo,u1, ..., uy—1) € C = (uy_1,up,...,uUn—2) € C.
Given a vector u = (ug, uy,...,U,_1) associate to it a polynomial
gu(t) = ug +ugt + -+ uy 1"t € Falt].
Example 24.4.1. Let C = (IF%)e = {(0,0,0),(0,1,1),(1,0,1),(1,1,0) }. We see that C is a cyclic
code and the polynomials associated to C are

0, t+1, 1+, 1+t

Proposition 24.4.2. Consider codes of length n.

(1) There is a bijection

{cyclic codes in Fy} «— {ideals of the ring IF5[t]/ (1" — 1)}.
(2) Any ideal of Fy[t]/ (t" — 1) is generated by a unique polynomial g(t)|(#* — 1), g(t) € Fa[t].
(3) The dimension of the code corresponding to g(t) is k = n — deg(g). This code has a basis
{g(t),tg(t), ... 1"~ g(h)}.
Proof. We define
J(C) = {gu(t) : u € C}.

We claim that J(C) is an ideal of IFp[t]/(¢" — 1). First, as Qu,+u, = Qu; + §uy, J(C) is an abelian

group. To prove it is an ideal, it is enough to prove that tg,(t) € J(C) for any u € C. If
u = (up,u1,...,uy—1), thenin the ring F>[t] /(" — 1) we have

(33)  tgu(t) =uot +urt + - Fuy " =uy g Fuot P+ uy ot" =gy,

where u' = (u,_1,up,...,un—2). The vector 1’ belongs to C because C is cyclic.

40p way to prove this result is to calculate the dimension of polynomials of given degree d that are spanned by
polynomial expressions in ¢, and ¢, and on the other hand, calculate the dimension of the invariant polynomials
of degree d using representation theory. The paper Sloane, N. J. A. Error-correcting codes and invariant theory: new
applications of a nineteenth-century technique. Amer. Math. Monthly 84 (1977), no. 2, 82-107, is a nice introduction
to these ideas, although it doesn’t deal with the exact same result we need here.
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Conversely, given an ideal ] of IF[t]/ (#" — 1) associate to it the subset C of F} given by

C={u:g.t)eJ}

Since u1, up € J implies uy +uy € J and gy, 44, = u, + §u,, C is an abelian group. The computa-
tion (33) shows C is cyclic.

The correspondences above are clearly inverses of each other. Note that, in fact, C = J(C) as
abelian groups. This finishes the proof of the first claim.

To prove (2), we first note the surjective ring homomorphism

Eo[t] — Faf]/ (1 — 1).

The surjectivity implies that ideals of IF,[t] / (" — 1) correspond bijectively to ideals of [F[t] that
contain (#" — 1). But, any ideal of F,[t] is principal and so generated by a unique polynomial
g(t) (usually, ¢(t) is determined up to a non-zero scalar, but for IF, this means g(t) is uniquely
determined). The ideal (g(t)) contains (t" — 1) if and only if g(¢)|(+" —1).

We now consider claim (3). Under the identification

C<J(C), u<+ gu

the code C corresponds to J(C)/(t" — 1) in the ring IF»[t] /(" — 1). Since for every polynomial
f(#), dimg, (IF2[t]/ (f(t))) = deg(f), we find that if J(C) = (g(t)),

dimy, (C) = dim, (J(C)/ (" — 1)) = n — deg(g(+)).
Let f(t) = (#" —1)/g(t). There is an isomorphism of vector spaces
Fo[t]/(f(£)) = J(C)/(t" = 1), h(t) — h(t)g(t) (mod £ —1).

The basis 1, t,...,t98/)~1(= ¢*=deg(8)=1) of IFy[t] / (f(t)) is thus mapped bijectively to the basis
{g(t),tg(t),..., t"~98E&)~T1g(t)} of J(C)/(t" — 1), that s, of C. O

Example 24.4.3. Some of the codes we have already seen are cyclic codes. For example:

(1) The zero code Z corresponds to the ideal (#" —1).

(2) The universal code U corresponds to the ideal (1).

(3) The repetition code R corresponds to the ideal (g(¢)) where g(t) = (" —1)/(t —1).
(4) The parity check code P corresponds to the ideal (t —1).

24.4.1. The Hamming code. Our next example is one of the most important codes, certainly his-
torically. It is the Hamming code /77 and the extended Hamming code % = JZ;.

The Hamming code it the cyclic code in F; corresponding to the ideal (1 + ¢ + #3) (note that
(1+t+3)(1+t+#2+t*) =" —1). Itis a code of dimension 4 = 7 — 3 and a basis is provided
by

v1=(1,1,0,1,0,0,0)
v, =(0,1,1,0,1,0,0)
v3=(0,0,1,1,0,1,0)
vy =(0,0,0,1,1,0,1)
As w(v;) = 3, we find d(77) < 3. We claim that in fact d(.7%) = 3.
If 77 has a code word of weight 1, using cyclicity, we may assume that it is

(1,0, . ,0) = €101 + €207 + €303 + €474.
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The first coordinates forces €; = 1 and the second coordinate forces then €, = 1 and similarly,
considering the third and fourth coordinates, we get €3 = 1, €4 = 0. But then the 5-th coordinate
is not 0 and that’s a contradiction.

If 7 has a code word of weight 2, we may assume itis u, = (1,0,...,1,...), where the other
1 appears at the a 4 1 coordinate. Taking a cyclic shift, we get a vector with 1’s in the 2 + 1 and
2a+1 (mod 7) places, whose sum with u; is a vector with 1’s in the first and 2a + 1 coordinates;
we call it uy,. By the same token, we get vectors u,i, with 1’s in the first and 2'a + 1 coordinates.
As1 < a < 6, we can always get either 2ipg+1 =2 (whena = 1,2,4), or 2ipg+1 =7 (when
a = 3,5,6) mod 7. Namely, if 7 has weight 2 it contains either the vector (1,1,0,...,0) or
(1,0,...,0,1). Since the code 4 is cyclic, it always contains (1,1,0,...,0). Writing this vector
as €101 + €202 + €303 + €404, and considering the first coordinate first, then the second, and so on,
wefinde; = 1,6, = 0,63 = 0,4 = 1. But then the seventh coordinate is not zero. Contradiction.

In summary, 7 is a (7,4,3) code.

Exercise 24.4.4. By considering the cyclic shifts of v; conclude that 77 has at least 7 code words
of weight 3. Find a vector of weight 4 and use it to show that % has at least 7 code words
of length 4. Show also that there is a code word of weight 7 (Hint: what polynomial will it
correspond to?). Explain that this is enough to conclude that

W (x,y) = 27 +7x%° + 73y + 7.
In particular, deduce this way that the distance of 7% is 3.

Exercise 24.4.5. Prove that % := 7 is an (8,4, 4) self-dual code with
W (x,y) = x® + 14xty* + 48

Recall that a code C is self-dual if C = C+. Such a code is always even, namely,
w(x) =0 mod 2, VxeC.

One way to see that is to note that for every x € C,
n n
O=x-x=)Y x =) xi=w(x) (mod2).

A self-dual code C is called doubly even (or “type I1”) if
w(x) =0 (mod 4),Vx € C.

Corollary 24.4.6. The extended Hamming code 723 is a self-dual doubly-even code.

Let v € FF; and let r be an integer. By a ball of distance r around v, B[v, r], we mean
Blo,r] :={x € F; : d(x,v) < r}.
What happens if we put balls of radius 1 around each v € J7?

(1) The do not intersect. Indeed, a point ¢ of intersection will show that there exists u,v €
HG,u # v, such that d(u,v) < d(u,x) + d(x,v) < 2, which is a contradiction.

(2) Each ball contains 8 vectors — the centre and the 7 vectors in distance 1 from it.

(3) These 2* balls contain together 2% x 8 = 27 distinct vectors.
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That is, the Hamming code produces a perfect sphere packing in IF}; the union of the balls is
precisely IF5.

A code C of length 7 is called a perfect code if, for an appropriate r, the union of balls of
radius r and centres the codes words in C is a disjoint union equal to IF;. Such codes exist only
forr =0,r =n,r=(n—1)/2withnodd, r = 1withn =2" —1form > 1, and r = 3 with
n = 23. The first three cases are trivial, corresponding to the universal code, the zero code and
the code {0, (1,...,1)}. The case r = 1 is not trivial and the simplest example is the Hamming
code 7. It is not hard to prove that if ¥ = 1 then one must have n = 2" — 1 for some m > 1
and the dimension of the code is then 2" — m — 1; such codes always exist and a particular
construction for every m is given by the so called Hamming codes H,, (where % = Hj3). The
last example is the Golay code to be discussed below.

24.4.2. Cyclic codes and duality. It is natural to ask if the dual code to a cyclic code is also cyclic.
It is easy to see that the answer is yes, just from the defining conditions for a vector to be in the
dual code. But in fact there is more precise answer.

Theorem 24.4.7. Let C C IF} be the cyclic code associated with g(t)|(t" — 1). Let
" —1
g(t)’
The C is the cyclic code associated with f (t).

h(t) = f(t) = tde8hp(1/t).

Proof. Let us write

§(t) = fgiti, d = deg(g(t)) < n,
and -
h(t) = ihiti, e = deg(h(t)) = n—d.
Then -
£t) = z:,) e

Denote C’ the cyclic code generated by f(t). Since k(C') = k(C%), it is enough to show that
C' C C*t. For that, it is enough to show that every basis element # f(t) of C’ is perpendicular to
every basis element t/g(t) of C.

Now, in general, under the bijection IF} < F,[t]/(#" — 1), under which

1
a=(ap,...,a0-1) <> &a = y_ ait’,
i=0

we have thata - b = agby + a1b; + - - - + a,,_1b,,_1, which is the coefficient of "1 in the product
(ag+art+ -+ ap 1t" D (bt L H bt P 4 by ) = ga(t) -t gy (1/8).

Note that this is calculated in IF,[t]/(¢" — 1) and so whenever the product g,(t) - "~ 1g;,(1/t)
is divisibly by t"—1,a- b = 0. Therefore, we need to calculate the coefficient of "1 in the
polynomial t/g(t) - #"~1t~'f(1/t). But this just some power of ¢ times g(t)h(t) = t"* — 1. O

Exercise 24.4.8. Prove that a cyclic code C associated to g(t) is self-dual, if and only if (in the
notation of Theorem 24.4.7) g(t) = f(t), and necessarily #n is even. Prove that if n = 2r then
1+ t" defines a cyclic self-dual code.
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Exercise 24.4.9. Find all self-dual cyclic codes of length 2,4, 6,8, 10.
Exercise 24.4.10. % Find all self-dual cyclic codes of length 14.

24.5. The Golay code. Let a be a root of 1 in [F; of order 23. We claim that « € F,1 and not
to any smaller field. First, 2! — 1 = 2047 = 2389 and so all roots of unity of order 23 lie in
Fyi. As [Fpu : IFy] = 11 there are no intermediate extension between these two fields. Thus, the
minimal polynomial g(t) of « over [F, must be of degree 11 and divide > — 1. It accounts for
only 11 of the 22 primitive roots of unity of order 23. Any root of unity not among them is a root
of an additional polynomial k() of degree 11 such that /(t) is irreducible and divides t** — 1. It
follows that the factorization of t** — 1 into irreducible polynomials is

22— 1= (t—1)g(t)h(t).

On the other hand, one may verify that of two following polynomials divides t** — 1. Thus,

we conclude that for a suitable choice of «,
gy =1+t++t+ 7+ 0+, h() =1+ 2010+ +10 41,

The cyclic code defined by g(t) is called the Golay code %3. We let %4 = ¥;,. The Golay
codes are still being used by Voyager I and II in transmitting data back to earth over a distance
of about 20 billion kilometres at this time! (March 2021). They are truly remarkable and we shall
see some evidence of that.

The following theorem gives some properties of the Golay codes. I don’t know a proof that is
not massively computational, so we will not provide a proof here.

Theorem 24.5.1. The Golay codes have the following properties:
(1) %3 isa (23,12,7) code, which is perfect.
(2) %aisa (24,12,8) code, which is self-dual and doubly even.
(3) The weight enumerators of these codes are

W, (x,y) = x2 4 253x10y7 + 506x%® + 1288x12y + 1288x11y!12 4 506x8y'° + 2532716 + ¢,

and
Wag, () = 224 + 7591048  2576x12y12 4 7502816 4 24,

Assuming that %3 indeed has distance 7 and so is a (23, 12,7) code, let us check that it is perfect.
First, the number of points in a ball of radius 3 in ]F%3 is

23 23 23 1
1 =2,
The number of vectors in %j3 is 212. As balls of radius 3 with centres in %; do not intersect

(d(%3) = 7), the number of points in their union is 211212 — 223 — ﬁ]F%3. This shows that the
Golay code %3 is perfect.

Exercise 24.5.2. One thought regarding error-correcting is that we may just send every block
of size k twice. Consider this for the Golay code. This idea suggests that instead of using the
Golay code which is of length 23, we can use the code C of dimension 24 which is a variant on a
repetition code.

C={(xx):x€F?} cF3
Discuss the advantages and disadvantages of this idea.
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Exercise 24.5.3. The Golay code %3 turns out to be also a special case of a quadratic residue code
(as is the Hamming code .777). We don’t enter into the general theory of such codes here, but it
implies that the Golay code is also the cyclic code generated by

(The meaning of that is that the ideal generated by f(¢) in Fp[t]/(#* — 1) is the same as the one
used to define the Golay code.) It also implies that the Hamming code is also generated by

t4 12 4

25. LATTICES AND CODES

What comes next is a rather astounding connection between codes and lattices. The link,
called Construction A, is so simple that one hardly suspects it will yield anything interesting,
but, in fact, the opposite is true! This construction is due to Neil J. A. Sloane.

25.1. Construction A of Sloane. Let C be a code in IFj. Define a lattice

L(C)CczZ", L(C)={veZ":veC (mod2)}.
This method is called Construction A of Sloane. Note that L(C) 2 (2Z)" and therefore is a
lattice. Note also that any lattice L such that (2Z)" C L C Z" arrises this way. We define

1
A(C) = —=L(C).
(©) 7 (©)
Before studying the properties of this construction, we recall the notion of kissing number.
Given a lattice . C RR" recall that its kissing number 7(.%¢) to be the number of spheres in

the lattice packing that touch the sphere at the origin. Otherwise said
(L) =t{ve Z: vl = m(L)}.
Easy examples are
1(Z?) =4, 7(Z")=2n, 7(Hexagonallattice) =6, t(FCC lattice) = 12.

We will soon see an easy way to describe the FCC lattice.

Theorem 25.1.1. Let C be an (n,k,d)-code. Then

(1) A(C) is a lattice in R".

(2) disc(A(C)) = 22k,

(3) A(C)+ = A(CH).

(4) A(C) is a self-dual lattice of type Il (i.e., for all x € A(C), ||x||> = 0 (mod 2)) if and only if C
is a self-dual code of type II.

(56) Assume that C is not the zero code. For T denoting the kissing number, p denoting the packing
radius and N (m) denoting the number of code words of weight m, we have

29N(d) d<4 g d<4
T(A(C)) =< 2n+16N(4) d=4, p(A(C)) = % d=4.

Exercise 25.1.2. Verify Theorem 25.1.1 for the codes Z, U, R, P and Egs.
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Before proving the theorem, we provide some examples that will convince the reader of its

interest.

25.1.1. Examples of Construction A.
(1) For the zero code Z, which is an (1,0, 0)-code, we have

L(Z)=(z)"=2-Z", AZ)=V2-2Z"
For the universal code U = Z+, which is an (n,n,1)-code, we have
1

Lu)=2", AU)=A2)" = 7 A

(2) For the repetition code R, which is an (1,1, n)-code, we have

L(R)=27Z"+2Z(1,1,...,1) = {x € Z" : x; are all even, or are all odd }.
For the parity check code P = R*, which is an (1,1 — 1,2)-code, we have
L(P)=D"={xeZ":) x;=0 (mod?2)}.
For n = 3, L(P) is the FCC lattice.

L(R), n=2

(LP)=Fac =D,)

(3) For the extended Hamming code /% the construction gives the Eg-lattice

A(Hg) = Es.

For us, this is the definition of the Eg-lattice, but this lattice appears often in the theory of
Lie groups and in physics. It has remarkable symmetry. The group of isometries of Eg is
a group with 696,729, 600 elements, generated by certain reflections in the space R8. As
A = 7 and we have an explicit basis for .7 (it is a cyclic code associated to 1 + ¢ + %)
we easily find that a basis for Eg is given by the columns of the following matrix:

1
— X

V2

RHOOOROR
RHOORORRO
—RORORROO
RRORROOO
OO OON
OO ODOONO
OO ONOO
OOOONOOO

Recall that Eg is the best lattice packing, in fact best packing of any sort, in R®. It is
surprising that it has such a simple description. The lattice Eg turns out to be isometric
to the lattice with the following generating matrix - it has the advantage of showing some
of the symmetries more clearly:
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coococococoN
— |
coccooor |
cococor | o
[
coocor |l oo
—_
coor |l coo
—_
cor |l cococo

(4) For the extended Golay code % = %, we get a self-dual lattice of type Il in R?. It is
closely related to the Leech lattice — the lattice which optimizes sphere packing, lattice or
not, in R%. If we let

= {\fv Zvl =0 mod 4)} C A(g24),

then Al is of index 2 in A(%4), hence a lattice, and the Leech lattice is
1
Apg:=A+27Zt, t=-—"—-(-311,...,1).

2V/2

(5) To show to what extent the lattices obtained by Construction A are accessible, we state
here a theorem without proof. Let .2 C R" be an integral lattice and define it theta series
as

where

r(m) =t{ve 2 ||v|*=m).

Theorem 25.1.3. Let ¥ = A(C), and let W be the weight enumerator polynomial of C. Then,
O (q) = We(03(7°),62(4%)),
where

Yo gt ey = Y "

m=—o0 m—=—0o0

Note that
02(07) =29'2(1+ 4" +4% + 9% +...)
(the exponents are four times triangular numbers: i.e. four times a number of the form

M, where m is allowed to be negative). Also,

03(4*) =1+2(" +4°+q° +...)

where the exponents are twice a square.

Exercise 25.1.4. Prove the identity 04,44, = 0.4 04,. Prove that the coefficient of g™ in (6z)* is
positive for every m > 0.

Exercise 25.1.5. Write an expression for @f, in terms of 8, and 63. Use it to find the first minimum
of Eg and its kissing number. Using the generator matrix for Eg now determine all the successive
minima of Eg.



COURSE NOTES - MATH 346 & 377 135

25.1.2. Proof of Theorem 25.1.1. We begin with the last claim. We may work with L(C) instead

of A(C), properly rescaling everything. It is clear that the vectors of minimal length will have

coordinates bounded in absolute value by 2, because we can otherwise add to them a multiple

of 2¢;, where {e; = (0,...,1,...,0) : i = 1,...,n} are the standard basis, staying in the lattice,
1

but reducing the length.
For d > 4, u1(L(C)) is achieved by the vectors {+2e;} and there are 2n of them. So,
1 1 2 V2
PAC)) = 3 1(AC) = 35 = F,  T(AC) =20
For d < 4, since C # Z, u1(L(C)) is achieved, in particular, on the N(d) vectors in C of weight
d, when we think about the coordinates of these vectors as integers 0, 1, thereby viewing them
as vectors in L(C). In fact, all the vectors in

{(£x1,...,£x,) : x; € {0,1}, (x1,...,x4) € C}

have this same length v/d. There are 2N (d) such vectors. Any other vector in L(C) is obtained
from one of these by addition or subtraction of multiples of some 2¢; and, except for the vectors
already taken into account, will have greater length. Therefore,

pAO) = 3ol = 3 VA,

Finally, for d = 4, by similar considerations, u1(L(C)) is achieved on the 2¢N(d) vectors
{(£x1,...,Ex,) : x; € {0,1},(x1,...,x,) € C,w(x) = 4}, as well as on the 2n vectors +2e;.

Thus,
- \2@ T(A(C)) = 16N(4) + 2.
The proof of (2) is rather simple. We have disc(Ac) = covol(A(C))? = 27 "covol(L(C))?. But,

(2Z)* C L(C) C Z",and so covol(L(C)) = 2" kcovol(Z") = 2"~ and (2) follows.
2k on—k

=
—~
>
—~
0O
~—
~—
I
N
-
—_
—~
>
—~
0
~—
~—
I
N =
Sl

For proving claims (3) - (4), we write IF; as columns vectors. Note that the symmetric group S,
acts as isometries of both IF}, that is, it preserves the bilinear form x - y = }_x;; (mod 2) and the
Hamming distance; S, also acts as isometries of IR”, which means that it preserves the bilinear
form x -y = Y x;y;. Thus, we can permute the coordinates if needed. In particular, taking an
n X k generator matrix for a code C of type (n,k, d), after applying column reduction we may
assume that C has a generator matrix of the form

1
g= (;‘) € Myx(Fy),

Claim. The dual code C* has a generator matrix

—Bt
h = S Mn,n—k(]FZ)-
In—k

Proof. As the matrix i above has rank n — k, it is enough to prove that the span of its columns is
contained in C*. Namely, it is enough to verify that hg = 0. Indeed,

for some matrix B in M,,_y i (IF2).
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Corollary. Interpreting B as a matrix with integer entries 0,1, the lattices L(C) and L(C*) have gener-
ator matrices (corrspondingly)

L0 —B' 2I
G=|" ,  H= ‘.
B 2L, Lk O

Let also denote the generator matrices for A(C) and A(C~) correspondingly by

1 1
- G, H;=—H.
V2 !

V2
To show A(Ct) = A(C)* we first check A(Ct) C A(C)*. This amounts to 'H1G; = 3'HG
being an integral matrix. We calculate

ltHGzl —B I, I 0 :1 0 2L, ‘
2 2\21, 0 B 2I, 2\2n, 0

But as we were so successful, namely %tH G = ( 2( I”O’ k ), this calculation implies that A(Ch) =

G1

A(C)t. This is because the last equality means that after permuting the columns of fHj it be-
comes the inverse of G;. By Exercise 19.4.2, it follows that the span of the columns of the per-
muted ! H;, which is the span of the columns of 'Hj, is the dual lattice.

Consider now part (4). The self-duality of C implies n = 2k and

I

I + ‘BB = (Ik tB) (
B

) =0 (mod 2).

Part (3) implies that A(C) is self-dual if and only if C is self-dual, but we may also see that as
follows: A(C) is self-dual of type II if and only if Span, (G;) = Span, (‘G; ') and the diagonal
entries of ‘G G; are even. The condition on the span holds if and only if G; = 'Gy IN for some
N € GL,(Z), which is equivalent to GGy € GL,(Z). A calculation gives

L.+t BB ‘B
tGyGy = [ 2 BB) .
B 2L, 4

Because Iy +! BB = 0 (mod 2), ‘{G;G; is an integral matrix. Its determinant is det(G;)? =
» det(G)? = 1, and so it belongs to GL,(Z). (And, conversely, ‘G;G; being an integral ma-
trix implies that I, +/ BB =0 (mod 2) and that C is self-dual.) Now, the fact that C is of type II
means that the weight of every vector is divisible by 4. In particular, the diagonal entries of

I
I, +! BB = (I 'B) ( k) which express the length of the generators of C, are divisible by 4. It
B

follows that the diagonal entries of {G;G; are even. This concludes the proof.
O

Exercise 25.1.6. Prove that the lattice Eg is a unimodular lattice. Namely, Eg is self-dual and
covol(Eg) = 1. Prove that the same is true for Z%. Prove that the kissing number of Eg is
240, while for Z8 it is 16. This again illustrate how dramatically better the Es -packing is in
comparison to the square packing provided by Z?.
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26. EVEN UNIMODULAR LATTICES

In this section we discuss some striking results about unimodular lattices. Some are rather
hard, for example Niemeier’s Theorem, or the Siegel-Minkowski Theorem, while others, for
example Witt’s theorem, are rather accessible.*!

26.1. Some remarkable theorems concerning even unimodular lattices. A lattice .Z is called
unimodular if it is self-dual; equivalently, if it is integral and of covolume 1. We can obtain
examples of such lattices from self-dual codes via Construction A. Such a lattice is called even,
or type 11, if ||x||* € 2Z for all x € .#. If B is a Gram matrix for ., this is the case if and only
if B has even diagonal entries. An example of an even unimodular lattice is the Eg lattice. If
n = 8n then the orthogonal sum of Eg with itself n times, Eg @ - - - & Eg, shows that there is an
even unimodular lattice of dimension 81 for every n > 1. Remarkably, the converse holds.

Theorem 26.1.1 (E. Hecke). There is an even unimodular lattice of dimension n if and only if 8|n.

Theorem 26.1.2 (L. ]. Mordell). Up to isometries, Eg is the unique even unimodular lattice in RS,

Theorem 26.1.3 (E. Witt). Up to isometries Eg & Eg and Dy, are the unique even unimodular lattices
in R16.

Remark 26.1.4. It's an interesting point that although Eg @ Eg and D are not isometric, they
have the same theta function,

1+480 ) o7(m)g™",
m=1

where for a positive integer r we let 0;(m) = }4,,d" (the sum is over positive divisors of m,
including 1 and m); namely, for every integer m they have exactly the same number of vectors of
length m. It follows that if one considers R'®/Eg @ Egand R'®/ D1+6 the spectrum of the Laplacian
operator on these two manifolds is the same. They have the same harmonics, the same “sound”.
This example, provide by J. W. Milnor, was the first example providing a negative answer to the
question “can one hear the shape of the drum?”.

Remark 26.1.5. The lattices D, are an interesting example. We explain what they are in a series
of exercises. Recall that
Dy ={(x1,...,x,) €Z":) x;=0 (mod 2)}.
Let [4] = (%4,%,...,%) € R". Let
Dy = Dy [ [([*] + D).

Exercise 26.1.6. (1) Prove that D, is a lattice if and only if n is even.
(2) Prove that D; is an integral lattice if and only if 4|n.
(3) Prove that D; is even if and only if 8|n.
(4) Prove that covol(D;/) = 1.
(5) For n even, prove that j11(D,) = u1(D,]) and calculate 5(D;}).

It follows from Mordell’s theorem that Dy = Eg (they are not actually equal). Both have the
theta function

1+240 Y o3(m)g™".

m=1

HThe proof of Witt’s theorem can be found in the book J.-P. Serre, A Course in Arithmetic, GTM 7.
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Exercise 26.1.7. Find the vectors x in Eg ® Eg and D such that ||x||* = 2 (there should be 480 of
them). Prove that in Eg @ Eg they generate the lattice while in Dj; they do not. Conclude that

Es @ Es % D,

Theorem 26.1.8 (H.-V. Niemeier). Up to isometries, there are 24 even unimodular lattices in R?*.

Exercise 26.1.9. Prove that Eg’, Es ® D16, D;l, AN(%4), Aps are examples. (You are not required to
prove they are mutually non-isomorphic although this is true). Here Ayy is the Leech lattice
already defined in § 25.1.1.

In higher dimensions exploring lattices is a bit like exploring star systems in the universe. For
example, it is known that there are more than 80,000, 000 even unimodular lattices in dimension
32. Finding an interesting one is a bit like finding life on another planet.

Theorem 26.1.10 (Minkowski-Siegel). Let

1
M, =) —,
! ; fAut(¥)
the summation extending over all even unimodular lattices in dimension n = 8k, k > 0. Then,

BZk 4k—1 B

e g

where Bs are the Bernoulli numbers.*>

For example, if one calculates the isometry group, also called its automorphism group, of Eg,
namely, all the isometries of R® that map Eg isomorphically onto itself, and finds that its order
is 696729600, one can conclude that Eg is the unique even modular lattice of dimension 8, up
to isometry. Or, conversely, if one allows Hecke’s theorem that Eg is the unique even modular
lattice of dimension 8, up to isometry, then one can calculate the size of its isometry group.

As a final remark, the automorphism groups of lattices turn out to be very interesting ob-
jects. Conway discovered three new sporadic groups, and reconstructed already known spo-
radic groups, from automorphism groups of lattices.

26.2. The Leech lattice. It is rather unfortunate that there is no really simple way to introduce
the Leech lattice. Although many different constructions are known, for example some use
copies of the Eg lattice, some use the Octonions, some use the Hamilton quaternions over Q[v/5],
none is straightforward. Of course, as the Leech lattice is a lattice in IR** one could simply list
a basis for the lattice consisting of 24 vectors, but this is hardly illuminating. The construction
we present at least starts very conceptually, by applying Construction A to the extended Golay
code %4, but then a rather unmotivated tweaking is required.
Recall the (24, 8, 8) extended Golay code %4 = ¥5,. It is a doubly even, self dual code. Let

L= L(g24) = {a € 7% :a mod 2 € g24}.

42The theorem can be found in Conway & Sloane, Chapter 16, but our convention for the Bernoulli numbers is as in
Serre, A course in Arithmetic. For example: By = %,Bz = ;—O,Bg = 5,34 = %,B 66’B6 = 2679310,37 = %
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As the co-volume of A(C) is 1, the co-volume of IL is 2'?, and as A(C) is self-dual, the dual of
L =v2-A(C) is L+ = lIL. Define a new lattice
24
B={vel:) v=0 (mod4)}
i=1

Then, B is a sublattice of IL. The map
L —2Z/4Z, v~ ) v (mod 4)

has image {0,2} and B is its kernel. It follows that [L : B] = 2.

Let

1 1
t==-(=-3,1,1,...,1) € =Z*.
> ) €5

Define
L =B][(t+B).

Proposition 26.2.1. IL has the following properties.
(1) 1L is a lattice and [IL : B] = 2.
(2) %]I: is an even self-dual lattice. The Leech lattice Aoy is defined as

It is thus an even unimodular lattice.

Proof. We first note that v = 2f satisfies ) ;v; = =3 +23-1 =0 (mod 4). To check v € IL we
note that mod 2, v = (1,1,...,1) which is in (9?*)* because very code word in ¥?* is even.
Since ¥4 is self-dual, (1,1,..., 1)ey 24 Therefore, v € B. As —t = t — v, it follows that IL is an
abelian group and so a lattice; furthermore, []I: : B] = 2. We have the following situation:

LXB/I

In particular, covol(IL) = covol(LL) = 2'2.

We now check that Ay is even and integral. We need to show that for all x,y € A4 we have
x-y € Zand ||x||> = x-x € 2Z. This is equivalent to showing that for all x,y € IL we have
x-y €2Zand ||x||> = x-x € 4Z.

Let us think about IL as

L = Ucegy, ¢ +2Z%,
where c is taken to be a vector with coordinates 0 and 1. Every code word in %4 has weight
divisible by 8. Therefore,

B={ct+u:c€%suc2Z?) u;=0 (mod4)}.
i

From this follows

L={et+ctu:ce€%yuc 2224,2u1- =0 (mod4)ec{0,1}}.
i

It is useful to note that t = %(1, 1,...,1) = (2,0,...,0). Using that %, is doubly even, we find
that
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t-t=8, t-c=0 (mod2), t-u=0 (mod2),
c1'c2=0 (mod2), c-u=0 (mod2), u-u'=0 (mod 4).
Thus, for all x,y € IL we have x - y € 2Z and
x-x=(et+c+u) (et4+c+u)=e*t-t+c-c+u-u+2et-c+2t-u+2c-u=0 (mod 4),

the critical point being that c- ¢ = 0 (mod 4) because %4 is doubly even.
We have thus far shown that the Leech lattice A4 is an even integral lattice. As covol(Ap4)

2%COVOI(]I:) = 1, we conclude that Ay is unimodular. O

Let .2 be a unimodular lattice in R”. The packing density of .# is then equal to
(L) " wn

A =

(£) 2"covol(Z)

Thus, all unimodular lattices that have some given y;(.Z) provide the same packing density.

From Niemeier’s result, we know that there are 24 even unimodular lattices in R?#, among

which are A(%;) and the Leech lattice Ayy. The minimum of ||x||? for x € A(%y) is 2 (take a

code word c of %4 of weight 8 and view %c as an element of A(%4); it has norm squared equal

to2 and so y; = V2. Thus A(%y4) and any other even unimodular lattice with y; = V2 will
have the same packing density. For an even unimodular lattice, 11 cannot be smaller. It turns
out that among the even unimodular lattices in dimension 24 there is only one, the Leech lattice,
that has larger y;. In fact, it will have y; = 2.

Theorem 26.2.2. Let Aoy be the Leech lattice. Then
]11(/\24) =2, 5(1\24) =1.

Proof. The statement about the centre density 6(Ap4) is a direct consequence of the statement

about y1 and that Ay is unimodular. Thus, it will be enough to prove that u (L) = 22,
equivalently

=m(L)" x 5.

Vx #0,x €L, |x]|> = 8.

Take firstan 0 # x € B, x = ¢ + u, in the notation of Proposition 26.2.1. Then
XZ(C1+L£1,--',C24+L£24), |ci+ui| > |Ci|.
Therefore, since every non-zero code word in %4 has weight at least 8, we get for ¢ # 0
[ > fle]l® > 8,

and for ¢ = 0, we have

Ix[[* = [[ull*=0 (mod 8),
because u has only even integers entries and, because }_u#; = 0 (mod 4), there is an even num-
ber of them.

Now consider x of the form t + ¢+ u. Then 2x = 2t +2c+2u and 2t = (1,1,...,1) —

(4,0,...,0). As 2x € v/8Ay4 and Ay is an even integral lattice, if ||x||> < 32 then it can only be
16. This implies that the number of non-zero entries of 2x is atmost 16. But, since every entry of
2c 4 2u is even and every entry of t is odd, in fact all 24 entries of 2x are non-zero.

The passage from IL to IL is a process one can try in general (and is studied in Conway & Sloane),
and it is a fair question to ask if one cannot get a lattice with even larger y;. This is a good
question, but the Roger’s bound shows that the answer is “no” in dimension 24 (this argument
doesn’t require the optimality of the Leech lattice proven by Viazovska et al.).
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APPENDICES
APPENDIX A. CHEAT SHEET FOR GAUSS AND JACOBI SUMS
X: IFZ; —CXx ¢(x) _ €erq/1e‘(X) Cp — p2mi/p

ga(x) = Leer x(O9(at)  g(x) = Serx(O9(t)  galx) = x(a Ha(x),a #0,x #e  and go(e) = g; else 0.

o)l =va ifx#e  g(x) =x(-1g(%) 9(x)8(x) = x(~1)q

J(X1, -+ X0) = Ltyeegt=1 X1(t1) - - X0 () Jo(xt -+ Xe) = Ltytetty=0 X1 (£1) - -~ Xe(te)

J(e,...,e) =q"" Jole,...,€) =q"1
Jo(X1,---,Xxe) =0 J(x1,---x0) =0 if 3, -Vi, x; =€
Jo(x1,---,xe) =0 ifx;#eand x1---x¢ # €

Jo(xt, - xe) = xe(=1)(q—=1)J(x1,-- -, xe—1)  ifxe#eandx;---xo=¢€ okt xe)l = (g —1)g 7

T, -xe) = o(TTq xi) " T2 8(xi) Vigi#eand [T xi#e  Jxu--ox)l =47
J(x1 - xe) = =xe(=D)J (X1, Xe-1) Vixi#eand[[_ xi=€ Jxa,--x)l =7

Jxi, - Xxe-1) = %Xé(—l) I a(x:) Vixi #eand[T_ xi=€
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APPENDIX B. SOME USEFUL CONSTANTS
B.1. 7t and e and some square roots. The following values are truncated, not rounded.

7T = 3.14159265358979323846
e = 2.71828182845904523536
V2 = 14142135623, /3 = 1.7320508075, /5 = 2.2360679774

B.2. Volumes of balls. The following table provides the volume w, of the unit ball in R".

n 1 2 4 5 6 7 8 9 10 11 12 16 24
4 2 8 2 3 16 3 4 32 4 5 64 5 6 8 12
vol(Bu[0,1]) 2 @ F % 45 & W5 W 95 1m0 10395 70 X050 7900160

General formulas are given by:

k

T n = 2k even;

Z3edm n=2k+1odd.

and the recursion formula

27T
w1 =2, Wy=T7, Wy = wn_27.

B.3. Bernoulli numbers. The following tables gives the values of the Bernoulli numbers de-

fined by the identity
2k

x X k+1
=1-= -1 B .
er —1 2+k;( ) 2k
There are other normalizations for Bernoulli numbers in the literature. Ours follows Serre in
A course in arithmetic, but note that Conway & Sloane use different conventions in Sphere pack-

ings, lattices and groups.

n ‘ 1 2 3 4 5 6 7 8 9 10 11 12
B 1 1 1 1 5 691 7 3617 43867 174611 854513 236364091
n |6 30 42 30 66 2730 6 510 798 330 138 2730
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EXERCISES

(1) What is the continued fraction [1,2,3,1,2,3,1,2,3,...]?

(2) Let a be a positive integer. What is the continued fraction expansion of the positive root of x> —
ax —1?

(3) Let a be a positive integer. What is the continued fraction expansion of the positive root of x> +
ax —1?

(4) Fill in the following table for e = exp(1). You may use a calculator, or a computer software. (For
1/42 write an approximate decimal expansion.)

[a0,a1,...,an) Pn/Gn  €—pu/qn  1/q% optimal?
[2] 2/1 0.7182818... 1.0 no
[2, 1] 3/1 -0.2817181... 1.0 yes

G|k |V

(5) Using GP-PARI (see https:/ /pari.math.u-bordeaux.fr), or any other mathematical software, or
even an online calculator (but make sure it’s precise enough otherwise you may be lead to a
wrong conjecture), find the continued fractions expansions of

e—1 61/2—1 61/3—1 61/4—1
27 2 ! 2 ! 2 e

Formulate a conjecture.

(6) Let [ag,a1,4az,...] be a continued fraction, where, as usual ag € Z,a; € N*,i =1,2,3,.... Prove
that

Gn = 2ﬂT4~
(7) Prove thatif ag, by € Z, a;,b; € N fori > 1, we cannot have

[do,...,an] = [bo,bl,bz,...}.

(8) Prove that every rational number 6 has a finite continued fraction expansion
0 = [ag,a1,...,any] (a0 €Z,a; € NT,i=1,...,N).
Moreover, prove that this expansion is unique, up to
[a0,a1,...,an] = [ag,a1,...,an-1,1],
ifay > 1.

(9) % Use the arguments appearing in Theorem 2.3.1 in the notes to prove
Theorem 12. Let 0 be an irrational real number. Then, for all # > 0 we have

1

]9 Y .
In(Gns1+qn)

an

(10) Prove that the measure of [0,1] \ Q is equal to 1. Note that this set contains no interval of positive
length.
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(11) Let 0 < w < 1. Find a set S contained in [0, 1] that has measure «, contains no interval of positive
length, and is dense in [0, 1].

(12) % Prove that Q is a field as follows:
(a) In general, if F C L are commutative rings and « € L let

Fla] = {Zn(:)aiai :a; € F}.

Namely, the set of all finite polynomial expression in a with coefficients from F. Prove that
Fla] is a ring. If F is a field prove that it is also a vector space over F.

(b) Prove that @ € C is algebraic over Q if and only if dimg (Q[a]) < 0. If this is the case, prove
that Q[«] is a field and, in fact, Q[a] = Q[x]/(f(x)), where f(x) is the minimal polynomial
of «.

(c) Leta, B € C be algebraic over Q. Prove that dimg(Q/«, f]) < oo, where Q[a, ] = (Q[a])[B]-

(d) Let a, B € C be algebraic over Q. Prove that —«, % (for @ # 0), « + B and «p all belong to
Q[x, B]. Conclude that they are algebraic too.

(13) Prove thatlog(2),10g(3),log(2) + log(3),log(2)/ log(3) are transcendental numbers.

(14) % Use the expansion
_1 1 1 1
to prove that e is not a rational number (which is much easier than proving it’s transcendental!).
(15) Show that there are no inverse implications in Lemma 4.1.1.

(16) Prove that every real irrational number 6 has infinitely many BAF without using Dirichlet’s the-
orem. (Or continued fractions...)

(17) Prove that every real irrational number 6 has infinitely many BAS by using Dirichlet’s theorem.

(18) Analyze the proof of Liouville’s theorem and find a constant C as in the theorem for \@, %, \3@ c
R.

(19) Leto =) "4 ﬁ. Prove that 6 is transcendental.

(20) ¥ Construct a set T of real transcendental numbers such that ‘T‘ > Ngand u(T) = 0.
(21) Find positive solutions for the following equations:

(@) x2 —39y% = 1.
(b) x* —41y> =1.

(22) Prove that there are infinitely many solutions to the equation
x? —39y% = —3.
(Hint: given a solution (a,b) to x> — 39y?> = —3 and a solution (c,d) to x> — 39y?> = 1, show that
one can generate a new solution to x? — 39y?> = —3 by using the product (a + bv/39)(c + dv/39).)
(23) Find a positive solution to the equation x*> — 41y = 5.

(24) % Triangular numbers are the integers 1,3,6, ..., n("; 1) P

Show that there are infinitely many triangular numbers that are squares and find 3 of them be-
sides 0, 1.

(25) % Find five pairs of integers (1, N), 1 < n < N, such that
1+24+---+(n-1)=m+1)+n+2)+---+N.
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(26) Let (a,b) be a solution to Pell’s equation x2— dy2 = 1. Show that for any #, if we define A;, B, as
follows
An + Bn\/g = (ﬂ + b\/a)n,
then A, B, are also solutions to the same equation. Use this to show that if a Pell equation
x?> — dy?> = N has a solution then it has infinitely many solutions.

(27) % Show that there are infinitely many solutions (a, b) to x> — 10y? = 1 such that 7|a.

(28) Let d be an integer that is not a square.
(@) The equation x?> — dy?> = —1 doesn’t always have integral solutions: prove that if d = 0, —1
(mod 4) there are no integral solutions. However, prove that if a solution exists then it is a

convergent to V.
(b) More generally, if —/d < N < 0 prove that every positive solution to the equation x> —
dy*> = N is a convergent to v/d.
(29) Prove that [a, b,c, ] = /n if and only if a > 0,c = 2a, b|c, in which case n = a* + ¢/b.
(30) Find u(S) and u(T) where
S={[0,a1,az,...] 111 =2,a0 =3}, T={[0,a1,ap,...]:a1 =ap}.

For T, the answer should be expressed as an infinite sum to which you should provide non-trivial
(i.e. different that 0 or 1) lower and upper bounds.

(31) Prove that
w(E(L2Z8mM) 1422

TR ) T A Ena+ Iy

it satisfies,
1 2
32 <P<a
independently of k1, ...,k (!)
(32) Prove that u(E (1)) = : =0.1666..., while
> 1
EG3)=)Y o
HE(3) k; (2k+1)3k+1)
The value of this series is numerically close to 0.1685. How well can you approximate this sum?

(33) % LetT: [0,1] — [0,1] be the transformation given on continued fractions by T([0, a1, a3,a3,...] =
[0,a3,a3,...]. Prove that forany 0 < <1,

v(T~H(0,8)) = v((0, ).

(34) Let f(x) = (1) Zi S(;c) =k

frequency of k in the partial quotients of x, namely in the sequence {a;(x)}$2,, is

1 (k+1)2
log(2) log (k(k +2) ) ‘

(35) Let f(x) = a1(x) and deduce that with probability 1,

lim a(x) + - Fan(x) _ o

n— co n

Using the ergodic theorem, deduce that for almost all x € (0,1) the

(36) % What result can we deduce from the Ergodic Theorem if we let f(x) = 1if a;(x) is prime and
f(x) = 0 otherwise?

(37) % Give a proof based on the Ergodic Theorem for Theorem 7.2.1.
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(38) Prove that for every s, H* (U F;) < Y22 H*(F).
(39) Prove parts (1) - (4) of Theorem 8.1.4. You may use Exercise 38.
(40) Let f: R" — R” be a function such that for some & > 0

1f(x) = f)l = allx =y
Then,
H(f(F)) = a”H(F).

(41) Let A be the set of all numbers in [0, 1] whose base 5 expansion only contains the digits 0,2 and
4. Letd = dimpy(A) and assume that 0 < H%(A) < co. Calculate dimp(A).

(42) % Let N > 3 be an odd integer. Let Ay be the set of all numbers in [0,1] whose base N
expansion only contains the digits 0,2,...N —1. Let d = dimy(Ay) and assume again that
0 < H¥(Ay) < co. Calculate limy _; o dimp (Ay).

(43) Let F C R" be a subset such that dimp(F) < 1. Prove that F is totally disconnected. Here is a
suggestion. Suppose x # y are points in F:
e Define
fiR" >R, f(s)=|x—s].
Prove that this function has the property

[f(s) = ()] < lls — |-
Prove that dimy (f(F)) < dimg(F).
Let Z = R\ f(F). Prove that Z is dense in R.
Prove that there is a z € Z lying between f(x) and f(y) and so the sets (—c0,z), (z, )

separate f(x) and f(y).
Complete the proof.

(44) Let D be a compact set and let S be the collection of non-empty compact subsets of D. We will
make S into a metric space; the metric is known as the Hausdorff metric. Let § > 0. Define the
é-neighbourhood of a set A € S, denoted Ay, to be the set

As={xeD:3Ja€e A, |x—a| <d}

Using that for a fixed x € D, inf,c 4 {||x — a| } is achieved for some a, € A, by compactness of A,
it is not hard to prove that A; is a closed subset of D, hence in S itself.
Now, given A, B € S, define

d(A,B) =inf{d: A C Bsand B C As}.
(45) Prove that for A;, B; € S,
d(UiL1Ai, UL, B)) < 1I£ia§)§nd(Ai’ B;).
(46) Prove that the attractor E of an IFS is unique in the following sense. If F C D is a compact

non-empty set of D such that S'(F) = F then F = E. (Consider d(E, F) and apply the previous
exercises for A; = s;(E), B; = s;(F).)

(47) Prove that the dimension of the Sierpinski cube is log(20)/ log(3). (See Figure 12. Picture from
Wikipedia commons.)

(48) Consider a set %, which is very similar to the Cantor set. At each step we remove an interval of
length 2« which is centrally located. See Figure 13. Thus, the case of the Cantor set itself is when
« = 1/3. Calculate the cardinality, the measure and the dimension of %;.

(49) % Use Ramharter’s Theorem to prove that dimpg(S) > 0.9, say, where S is the set of all real num-
bers for which the partial quotients of their continued fractions take only finitely many values.
The theorem is not powerful enough to imply that dimy(S) = 1, but it can be used for a great
many examples of sets defined by conditions on continued fractions.
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FIGURE 13. Generalized Cantor set 4.

(50) % Let € be the Cantor set then
C+€¢={x+y:x,yc€} =102

(51) Let IL/FF be a finite extension of finite fields. Prove that the maps trace Try, ,r and norm Nmy, /
are surjective maps onto FF and [F*, respectively.

(52) Let P = Py, , be the subgroup of GL, such that P(IL) consists of matrices M of the form M =
(48),A € GLy(L),B € Muu-m(L),D € GL,_(IL). Show that for a field LL there is a natural
bijection

GL,(IL)/P(LL) <> G,n(L).
This bijection is associating to a right coset M - P(IL) the m-dimensional subspace of A" spanned
by the first m columns of M.

(53) Let L be a finite field with g elements. Prove that

n

$GLa(L) = [T(q" — ") =: c(n),

i=1

_ c(n)
4G (L) = c(m)c(n —m)gmn—m)’

Verify the formula for the case of the projective space.

(54) Prove that the Grassmann variety G; 4, considered as a variety over IF, has the following zeta

function: .

(1-T)(1-pT)(1 - p2T)2(1 = p3T)(1 - p*T)

¢(T) =

(55) Calculate the zeta function of the projective surface xpx; — x2x3 = 0 over [Fp, in P3.
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(56) Find the number of projective points of the elliptic curve y?> = x> — 1 over F5. Use it to calcu-
late the cardinalities of IE(IFx. ), [E(IF53), [E(IF5 ); write the zeta function of E as a ratio of explicit
polynomials.

(57) In the context of the Sato-Tate conjecture, find the probability that
[Ep(Fp) = (p+1)| < V/p.

(58) Prove Lemma 13.1.4. Compare with the proof of Lemma 13.1.1.

(59) Let p be an odd prime and g a power of p. Prove the formula N(x?> = a) = 1+ (Nn;(a)) for IF,

by proving that a is a square in [F; if and only if Nm(a) is a square in IF,,.
(60) Consider the case of F, and let A(a) = (%) be the Legendre symbol. Suppose that p { a. By

considering two ways to evaluate the sum y"_ (1 + (%)) e2mian/p prove that

P*l 2rrian?
g(A) =) e 7
n=0

(61) How many solutions do the following equations have?
(@) 2+ 120 =0 (mod 257).
(b) x> —x—1=0 (mod p), where p > 5is a prime.
(62) Find a prime p > 2 such that 1,2,3,4,5,6,7,8,9,10, 11 are all squares modulo p. You may use a
computer for some of the computations.

(63) Let F, be the n-th Fermat number, n > 1.

(a) Prove that F, =5 (mod 12).
(b) If F; is prime, prove that
S
E) -
(64) Show thatif g =2 (mod 3) then
N +y=1)=q.

(65) % Prove, using a suitable Jacobi sum, thatif p =1 (mod 3) then for suitable integers a, b
p =a®—ab+ b

(66) Letp =1 (mod 3) be a prime. Let x be an order 3 character in X,. Let A = 2Re](, x). Prove that

J(x,x) = a+ bw where w = *1%\/?‘ and a,b € Z. Conclude that A = 2a — band a*> —ab + b* =
p. Furthermore, prove that if we let B = b/3 then

4p = A* 4+ 27B2.
(One can prove that B is an integer — see comments before Theorem 14.5.4.)

(67) For p = 7,13, calculate by hand the points on x> + y*> = 1 over F,, as well as the A appearing in
Exercise 66, and verify Gauss’s Theorem.
Using Gauss'’s theorem, find the number of solutions for the equation x> + y3 = 1 for p = 97.

(68) Does it ever happen for p = 1 (mod 3) that N(x*> + 3> = 1) = p? What about N(x® + 1* =
1) = p — 1? Suppose that p and p — 2 are primes, can it happen that the number of solutions to
x3 +y® = 1 mod p is the same as the number of solutions mod p — 2? Explain how to find large
p for which A, appearing in Exercise 66, is close to 2,/p (and thus N(x® 4+ 3> = 1) is very close to

the maximum possible number of points*® allowed by the Hasse bound p + 2\/p)-

#30ne can show that x3 + y® = 2% is an elliptic curve. This is easier if one allows a more general definition of elliptic
curves that doesn’t insist on describing them by equations of the form y? = f(x).
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(69) Letd; = ged(¢;,g—1),a; € ]qu. Prove the equality for the number of solutions in IF:
N(ale1 o taxl =b) = N(zzlxill + -+ axdt = D).

(70) Prove that

-

NP (aqyf! + -+ + anyt = 0) — S~ (Fy)| < f(m)-q"7
where
fm) = —((m = 1" 4 (=1)"* (m 1))

(71) % Prove that {y provided in Theorem 15.0.1 satisfies the Weil conjectures.
(72) Give an explicit formula for NP©I(x3 + - - - + x3 = 0) in IF,.

(73) Give an explicit formula for NP™ (agx3 + - - - 4+ a,x% = 0) in Fg (a; € F, Vi).
(

74) Let A be the Legendre character. Let « be any non-trivial character of F;. Prove that

J(A ) =Y a(1—#).

teF
(Hint: use N(x?> = a) = 1+ A(a).)

(75) Consider the equation y> = x®> + a, where a € F} is fixed and p > 3. Find an expression for
N(y? = x® + a). This expression will involve J(A, ) where & is a cubic character. How does this
compare with the expression for the zeta function of the projectivized curve y?z = x3 + az3?

(76) Let p > 2 be a prime and consider an equation of the form

C: y* = f(x),
where f is a separable polynomial in [F[x] of the degree 2¢ + 1.

e Prove that this is a non-singular curve in AZ.

e Check that the corresponding projective curve in IP?, obtained by homogenizing y> — f(x)
is singular if g > 1. However, one can show that there is a projective non-singular curve
C (living in some higher dimensional projective space) that contains C and such that C \ C
consists of a single point which is moreover defined over F,. The genus of C is g and that
implies that

_ Py (T)
M= a=na—pmy
where P; € Z|[T] is a polynomial of degree 2¢ and constant coefficient 1.
Assuming all that show that

fC(Fp) =p+ Y, (f(t)> ,

teFp \ P

and deduce the estimate due to Burgess

5 ()

teF,
(77) Leta,b,c € Fy, p > 2,a # 0, b? — 4ac # 0. Determine the zeta function of the affine equation:
ax? + bxy +cy? = 1.

(78) % Let .2 C IR" be a free abelian group of rank n. Then, . is a lattice if and only if .Z contains a
basis of R".
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(79) Letd > 0be an integer which is not a square. Consider the ring
Z[Vd) = {a+bVd:abecZ}.
Prove that the map
a+bVds (a+bVd,a—bVd) € R,

realizes Z[v/d] as a lattice in R2. What is the intersection of this lattice with the circle x> + y? = 1?
the hyperbola xy = 1?

(80) Let .# be a lattice with a generator matrix A. Show that .# is integral if and only if AA has
integer entries.

(81) Let A be a generator matrix for a lattice .#. Prove that A~ is a generator matrix for the dual
lattice #~+. Conclude that (Z+)+ = Z.

(82) Let . be an integral lattice and let . C .& be a sub lattice. Prove that Z- O .+ and [} :
L = [£: £ Hint: if [£ 1 £] = m then covol(#£}) = m - covol(Z).)
(83) Calculate the discriminant and the dual lattice of the following lattices.
(a) £ =2Z"
(b) Let m be a positive integer, £ = {(a1,...,a,) € Z" : Y.} 1a; = 0 (mod m)}. (The lattices
one gets for m = 2 are called the D, lattices.)
() £ = the hexagonal lattice.
(d) Letd > 1be a square free integer. Consider the ring Z[v/—d|. Under the identification of C
with R? it becomes a lattice .# C IR?. Write a generator matrix and a Gram matrix for .%;
find the discriminant and the dual lattice. Is this an integral lattice?

(84) % A lattice is called self-dual, or unimodular, if . = .#*. Show that the only unimodular
lattice in R?, up to isometry, is 72

(85) Consider the quadratic forms g(x) = x? + y? and q(x) = x? — xy + y2. Find lattices in R? with
these quadratic forms (namely, that they have a Gram matrix with associated quadratic form
given by g).

(86) Let (x,y,z) € R? and consider the abelian group generated by (1,0,0),(0,1,0) and (x,y,z).
Namely, Z(1,0,0) + Z(0,1,0) + Z(x,y,z). What are the conditions for it to be free of rank 3?
What are the conditions for it to be a lattice? What are the conditions for it to be an integral
lattice? a self-dual lattice?

n
(87) Let .Z be a lattice in IR". Prove that w, > (%) and deduce that .Z contains a non-zero vector

of length at most

Vi - (covol (L))

(88) Prove thatif p > 2isaprime, p =1 (mod 3), then p is of the form x? + 3.

(89) Prove thatif p > 2isaprime, p =1 (mod 8), then p is of the form x? + 2.

(90) Let H denote the Hamilton quaternions (over R). Prove that the map H — H, z +— z* := Tr(z) —
z is an anti-involution. Namely, it satisfies

(z1+22)" =27 +2z3, (z122)" = 252].

Prove also that Nm(z) = zz*. (Suggestion: think in terms of matrices.)

(91) Prove that H is a non-commutative division ring (for any x # 0 there is a y such that xy =
yx = 1). One reason this is interesting is that there is no commutative division ring of dimen-
sion 4 over IR, but here we see that there is a non-commutative division ring.
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(92) The Hurwitz quaternions is the subset of Hamilton quaternions H given by

14tk

1+i+j+k
Z[ij, : L

2
:{a+m+q+dkeﬂzmaqdezcnmhadez+%}

]:{a—i—bi—i-cj—l—d :a,b,c,dEZ}

Prove that the Hurwitz quaternions form a subring of H. Prove that Nm is still integer valued
on Z[l, j, 1+l-§]+k] )

93) Prove the following generalization of Dirichlet’s theorem, by constructing a suitable convex sym-
g8 y g y
metric set in R, Let 6y, ...,6,; be real numbers and let Q € IN*t. There there are integers
P1,.--,P4,q, not all zero, such that 0 < g < Q and

1 .
|96; — pil < Qi vi.

(94) Letz = (z1,...,2n) be a primitive vector in Z". Prove that there is a matrix M € GL,(Z) whose
first column is f(zy,...,z,). (This is equivalent to showing that z can be completed to a basis of
Z". Consider Z" /Zz and prove first that it is a free abelian group of rank n — 1.)

(95) % Derive a theorem similar to Theorem 20.5.2, but for the norm
1o, eoxn) l = faea] - |2l
Namely, in this case we are trying to minimize the total amount of memory needed to store the

solution in its entirety and not minimize every x; separately.

(96) Find the successive minima and covol(.Z) for the following lattices. Write numerically the quan-
tities in Minkowski’s lattice point and successive minima theorems.
(@) .¢ = Z @ Zi, identified with Z2.
b) £ =Z6Zw, w="2/"cC=R:
(c) £ = Spany,((1,0), (r1,r2)), where r1, r, are non-negative real numbers and r, > 1. (For y;
find only an approximation.)

(97) The D, lattices. The D, lattice in R" is defined as

Dy ={(x1,...,x) €Z":) x;=0 (mod 2)}.
i=1

Compare Exercise 96. Find its successive minima. Find also §{x € D, : ||x|| = u1(Dxn)}.
(98) Consider the lattice A, = {(zo,...,zn) € Z""! : Y1 ,z; = 0}. Prove that covol(A,) = n+ 1.
Prove that p;(A,) = v/2 for all i. Find
t{x € Ap s flx]] = }-
(Compare this with the lattice Z" that also has all its successive minima equal but for which
tx e Z": x| = m} =2n)
(99) Is it true or not that A3, properly rescaled, is isometric to D3? What about A4 and Dy?

(100) Show that the lattice A, can be identified with a lattice in IR? that is, up to scaling and perhaps
rotation, the hexagonal lattice.

(101) Find a generator matrix for A;;, the dual lattice to the lattice A,. Determine covol(A};) and prove
that u1(A;) = \/n/(n+1) and that it is achieved 2n + 2 times if n > 2 and 2 times if n = 1.

(102) % Write down the Gram matrix and calculate covol(Eg). Show that u1(Eg) = +/2 and it is
achieved by 72 vectors — this is called the kissing number of the lattice. (Note that for Z° this
number is 12, for Ag it is 42 and for Dy it is 60.) The lattice Eq is known to achieve the highest
kissing number among all lattices in R®, D, and Ds hold the record for their dimension, and A,
and Aj for theirs.
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(103) For which n, A(Z") < 27"? What explanation is offered by the proof of Proposition 23.1.3?
(104) ¥ Prove that for every lattice .2,

R(Z) < Vi x 5pn(2).

R(Z")
% pn(Z)
maximum possible. Find this ratio for the hexagonal lattice and the plane lattices Z[v/—d], where
d > 01is an integer and we identify C with R?.
(106) Prove thatif Cisa (n,k,d)-code then

d<n-—k+1.

(105) In light of Exercise 104, Z" has the worst covering radius, in the sense that attains the

(107) Determine (1(C¢),k(C¢),d(C®)) in terms of (1n(C),k(C),d(C)). Determine Wce in terms of W.
Determine (C®)* in terms of C.

(108) A code is called self-dual if C = C*. Prove that in this case 7 is even and k(C) = n/2. Prove also
that every code word has even weight. Prove that

We(x,y) = Wely, x)-
(This can be proven using the MacWilliams identity.)

(109) Prove that for a self-dual code C,

X+y x—y
V2 V2

We(x,y) = We( )-

Let D be the group of matrices generated by

1 (11 1 0
V21 1)’ 0 —-1)

Prove that D is the dihedral group of 16 elements. Prove that if C is a self-dual code then W¢(x, y)
is invariant under the group D that acts on polynomials by f(x,y) — f((x,y)A), A € D.
Prove that the polynomials
P2 =24y g ="+ 1aatyt 4
are invariant under D. It is a theorem of A. M. Gleason that for a self-dual code C, W is always
a polynomial expression in ¢, and ¢s.

(110) Let Cq, C, be codes. The code C; @ C, is defined as

{(x,y) :x € C,y € Cr}.

If C; is an (n;,k;, d;) code, what is the type of C; & C,? Prove that if C; are both self-dual so is
C1 @ C,. Prove that

Weyec, (%) = We, (x, ) We, (x, ).
Find all self-dual codes of dimension 2,4, 6 and their weight enumerator polynomials. How do
your examples compare with Gleason’s theorem?

(111) By considering the cyclic shifts of v; conclude that .7 has at least 7 code words of weight 3. Find
a vector of weight 4 and use it to show that J# has at least 7 code words of length 4. Show also
that there is a code word of weight 7 (Hint: what polynomial will it correspond to?). Explain that
this is enough to conclude that

W (x,y) = 27 4+ 7x*y® + 750y + /7.
In particular, deduce this way that the distance of .77 is 3.
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(112) Prove that s = J¢ is an (8,4, 4) self-dual code with
W (x,y) = 2® + 1dxty* + 15,

(113) Prove that a cyclic code C associated to g(t) is self-dual, if and only if (in the notation of Theo-
rem 24.4.7) g(t) = f(t), and necessarily n is even. Prove that if n = 2r then 1 + ¢ defines a cyclic
self-dual code.

(114) Find all self-dual cyclic codes of length 2,4, 6, 8, 10.
(115) % Find all self-dual cyclic codes of length 14.

(116) One thought regarding error-correcting is that we may just send every block of size k twice.
Consider this for the Golay code. This idea suggests that instead of using the Golay code which
is of length 23, we can use the code C of dimension 24 which is a variant on a repetition code.

C={(xx):x € F?} c F3*
Discuss the advantages and disadvantages of this idea.

(117) The Golay code %3 turns out to be also a special case of a quadratic residue code (as is the
Hamming code .7%7). We don’t enter into the general theory of such codes here, but it implies that
the Golay code is also the cyclic code generated by

fO)=t+P4+P 04847+ 124413 4 416 4418,

(The meaning of that is that the ideal generated by f(t) in IF,[t]/(#" — 1) is the same as the one
used to define the Golay code.) It also implies that the Hamming code is also generated by

4 12 4t
(118) Verify Theorem 25.1.1 for the codes Z, U, R, P and Es.

(119) Prove the identity 6 ¢ ¢, ¢, = 04,0 4. Prove that the coefficient of g™ in (67)* is positive for every
m > 0.

(120) Write an expression for @, in terms of 6, and 63. Use it to find the first minimum of Eg and
verify that its kissing number is 240. Using the generator matrix for Eg now determine all the
successive minima of Eg.

(121) Prove that the lattice Eg is a unimodular lattice. Namely, Eg is self-dual and covol(Eg) = 1.
Prove that the same is true for Z8. Prove, using Theorem 25.1.1, that the kissing number of Eg
is 240, while for Z?8 it is 16. This again illustrate how dramatically better the Eg -packing is in
comparison to the square packing provided by Z8.

(122) Recall that D, = {(xy,...,x,) € Z" : Y x; =0 (mod 2)}. Let [5] = (%5,%,...,%) € R". Let
D: = Dy H([l/z] + Dn)-

(a) Prove that D; is a lattice if and only if n is even.

(b) Prove that D;} is an integral lattice if and only if 4|n.

(c) Prove that D;; is even if and only if 8|n.

(d) Prove that covol(D;f) = 1.

(e) For n even, prove that y1(Dy) = u1(D;) and calculate 5(D;! ).
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(123) © The problem of the square pyramid. It was conjectured by E. Lucas in 1875 and finally
proven by G. N. Watson in 1918,* that the only cases where a sum of squares 12 + 2% + - - - 4- 12
is a square of an integer z are the cases where (1,z) € {(1,1), (24,70)}. The origin of the problem
is that when cannon balls are laid in the form of a square pyramid, with 1 ball at the top, 4 balls
in the second layer, 9 points in the third layer and so on. The number of balls is 12 4 22 + - - - 4 n?
and so one asks if the pyramid is a square.

This is a remarkably deep problem. The question is what are the positive integer solutions to
the equation
, nn+1)2n+1)
° 6
Multiply the equation by 24 and put x = 2n,y = 2z to reduce the problem to finding integral so-
lutions to the equation 6y? = x(x + 1)(x +2), and putting u = x + 1 to finding integral solutions
the equation

6y2 =u®—u

The original solutions [#, z] correspond to the solutions [u,y] = [3,2], [49,140], to the last equa-
tion. Clearly there are other integral solutions. For example, [0,0], [1,0], [2, £1].

The equation 6y?> = u® — u defines an elliptic curve E over Q. It turns out that there is an
abelian group law on the set of rational points of E; in fact, this is true for any elliptic curve
dy? = u3 + au + b over Q (the zero point Of is an ideal point “at infinity”, visible as the point
[0 : 1 : 0] when completing the elliptic curve to a projective curve dy?v = u® + auv? + bv® in
the projective plane with coordinates u, y, v). The celebrated Mordell-Weil Theorem says that the
group E(Q), is finitely generated abelian group, hence isomorphic to Z" & T where r is called the
rank of E over Q, and T is a finite abelian group, the torsion group of E(Q).

For the elliptic curve 6y? = u® — u, we change coordinates once more by puttingy = Y /62, u =
U/6 to find the equation Y? = U3 — 36 * U, which is in a form suitable to be tested by PARI.
The points [u,y] = [3,2], [49,140], correspond to the points [18,72], [294,5040] in the coordinates
u,y].

The command E = ellinit([0, 0, 0, 0, -36]) creates the elliptic curve Y2 = U3 —36%
U in PARI. Then ellanalyticrank(E) calculates the rank of E(Q) and returns in our case the
value 1. The command elltors(E) returns the values

(4, 2, 21, [[-6, 01, [0, 0]1],

which means the torsion group has 4 elements, is isomorphic to Z/2Z x Z /27 and is generated
by the two points [—6,0], [0,0]. To find all torsion points we can add these two points using
elladd(E, [-6, 0], [0, 0]) and find the additional point [6,0]. Thus,

Etors(Q) — {OE, [—6, 0}, [0, 0]/ [6/ 0]}

Another powerful theorem due to Gross and Zagier tells us that when the rank of E is 1, as it
is in our case, then a generator can be found by the method of Heegner points. The command

#G. N. Watson, “The problem of the square pyramid”, Messenger of Math. XLYIII (1918), 1 - 22.
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ellheegner(E) calculates this point, which is [12,36], and so
E(Q) = Z - [12,36] + E'"(Q).

One must remember that, for example, 3 - [12,36] means adding the point [12, 36] to itself 3 times
using the elliptic curve group law. You can do that using the command ellmul (E, [12, 36],
3) and find the point [16428/529, —2065932/12167].

From this perspective, the difficulty of Lucas’s problem is that there are infinitely many ra-
tional solutions on the curve Y?> = U3 — 36 = U. In fact, if (n,z) is an integral solution to the
original problem, the point on Y2 =Uul—36xUis given as [6(2n + 1),72z] and, so, in effect we
are looking for positive solutions (U, Y) such that 72|Y and U/6 is an odd integer. This is not an
easy problem. For a modern treatment of a class of similar problems, and literature review, see
M. Bennet, “Lucas’ square pyramid problem revisited”. Acta Arith. 105 (2002), no. 4, 341-347. In
particular the solution by I. Cucurezeanu in “An Elementary Solution of Lucas” Problem”, Jour-
nal of Number Theory 44 (1993), 9-12, is attractive in its simple methods; as the abstract states
“By the method of infinite descent, Pell’s equation, and the quadratic reciprocity law, it is proved
that the equation x(x + 1)(2x + 1) = 6y? has the only nontrivial integer solution x = 24,y = 70.”

(124) © Let n > 2. Let A, B be positive integers. Find a sufficient condition that a positive solution

(x,y) for the equation
x" — Ay" =B,
arises as a convergent x /y for « := 3/ A. Use the factorization
X" — A]/n — (x _ ocy) (xnfl + axn72y + a2xn72y2 4+ lxnflynfl)‘

This is a special kind of a so-called Thue equation. It is know that any Thue equation has only
finitely many integer solutions.

(125) © Let x € X;. Calculate Yoep, 8a(x)-



[a0,a1,a2,...,a4N],3
(-p)*, 81
(n,k,d), 123
Ay, 47,147

Ay, 115

A%, 115

B, 98

B(v,1),99
B[v,7], 99, 129
B, 138
Byu(v,7),99
Byulv, 7], 99
CcL,123

C¢, 124

D,, 114,152
D;f,137
E(pioi)e
Eg, 116

Eg, 118

Gyn, 64

](Xlr cee rXf)r 82
Jo(x1,-- -, xe), 82
L(C), 132

N(x" =a),72
Naff 80,90
NP 80,90
R(Z), 120

Sm, 35

V(]F[S]), 57
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Fly, 56
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Aoy, 118
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Nm, 107
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Xy, 72
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H3(F), 39
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Sxy, 70
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€, 70
8(x), 73

8a(x), 73
A, 70
(5).70
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m(£), 112
pn(IF), 72
Hp, 69

wy, 43,99, 143
Q, 15

9, 69
p(£), 117
A,15

€, 43

©n, 52,147
%3, 131
%4, 131
K, 50
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2(L), 117
(%), 132
Nm, 69
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Tr]L/IF/ 59
9,59, 79
1), 61
|uj, 39
x|, 61

A, 50
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ar(x), 31
d(C), 123
£, 62

hy, 112

hz, 111

q,99

r(m), 134
[¥], 137

affine space, 61
M. Ajtai, 111

hash function., 111
algebraic number, 15
attractor, 46-48

badly approximable, 36
Baker’s theorem, 18

K. Ball, 118

base B expansion, 44
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Bernoulli number, 138, 143
Bezout’s theorem, 67
bilinear form

similarity, 99

symmetric, 98
binomial formula, 59
Birkhoff’s Ergodic Theorem, 37
Borel o-algebra, 15
D. A. Burgess, 76, 95

Cantor set, 43, 46, 49, 54, 148
Cantor’s diagonal argument, 14
Cantor-Bernstein Theorem, 14
center density, 117
centrally symmetric, 104
character, 70
additive, 69
group, 72
trivial, 70
characteristic, 59
L. Clozel, 68
code, 123
(n,k,d), 123
binary linear, 122
construction A, 132
cyclic, 127
distance, 123
doubly even (type II), 129
dual, 123
even, 129
exended, 124
Golay (%3, %4), 131, 134, 138
Hamming (%7, 7¢3), 128,132, 133, 154
length, 123
parity check (P), 124, 128, 133
perfect, 130, 131
repetition (R), 124, 128, 133
self-dual, 126, 153
universal (U), 124, 128, 133
weight enumerator, 123
zero (Z), 123,128, 133
continued fraction
finite, 3
infinite, 3
periodic, 26
contraction, 46
convergent, 3, 7
convex, 104
J-cover, 39
covering radius, 120

degree, 16, 56

P. Deligne, 57

diameter, 39

dimension, 61

Dirichlet’s theorem, 21, 109
B. Dwork, 57

Eisenstein’s criterion, 16
N. Elkies, 67

elliptic curve, 62, 65
Euclidean algorithm, 11
Euler’s function, 79

S. Ferguson, 118
Fermat

number, 78

prime, 78
P. de Fermat, 86, 106
Fibonacci numbers, 8
figurative number, 30
fixed point, 95
fractional part, 5
free abelian group, 99
Frobenius map, 59

C. F. Gauss, 76, 88

Gauss sum, 73

Gauss Theorem, 93
Gelfond-Schneider’s theorem, 17
generator matrix, 100

A. M. Gleason, 127, 153

golden ratio, 4, 9

Gram-Schmidt process, 113
Grassmannian, 64

A. Grothendieck, 57

Hadamard

inequality, 113

transform, 125
T. Hales, 118
Hall’s theorem, 54
W. R. Hamilton, 107
Hamilton quaternions, 107
R. W. Hamming, 122
Hamming distance, 123
M. Harris, 68
hash function, 111
Hasse bound, 65
Hasse-Davenport relation, 93
Hausdorff dimension, 40, 48
Hausdorff metric, 47
E. Hecke, 137
Hermite’s theorem, 17
homogeneous polynomial, 61
Hurwitz quaternion, 108
hypersurface, 62, 63

IFS, 46-48
integer part, 5
iterated function system — see IFS, 46

Jacobi sum, 82
Jarnik theorem, 54

N. M. Katz, 84

K. S. Kedlaya, 96
Kepler’s conjecture, 118
Khinchin’s constant, 36
Khinchin’s Theorem, 36

J. L. Lagrange, 107



lattice, 99
Ap, 115
A}, 115
Dy, 103,114, 133, 151, 152
D;f, 137
Eg, 116
Eg, 118, 133
co-volume, 102
construction A, 132
covering radius, 120
discriminant, 103
dual, 102
FCC, 132,133
full, 100
hexagonal, 100, 117
integral, 102
isometric, 101
kissing number, 116, 132, 152
Leech, 118,134, 138
packing, 117
self-dual, 103, 151
unimodular, 103, 136, 137, 151
A. Lauder, 96
Lebesgue measure, 15
J. Leech, 118
Lefschetz trace formula, 95
Legendre symbol, 70, 76
Lindemann’s theorem, 17
Liouville’s theorem, 23
E. Lucas, 155
Lucas-Lehmer test, 79

MacWilliams’ identity, 125
J. W. Milnor, 137
H. Minkowski
lattice point theorem, 104
successive minima theorem, 113
modular form
theta series, 134
L. ]J. Mordell, 137
Mordell-Weil theorem, 67, 155

d-neighbourhood, 47
H.-V. Niemeier, 138
norm, 59

k-gonal number, 30

open set condition, 48

Pépin’s test, 79
packing
density, 116
lattice, 117
problem, 116
radius, 117
partial quotient, 3
Pell’s equation, 26, 28
fundamental solution, 28
Polya-Vinogradov inequality, 75
polynomial
homogenization, 62
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primitive
matrix, 112
vector, 109
projective space, 60

quadratic form, 99
positive, 99
quaternion, 107

Rambharter’s Theorem, 54
Roger’s bound, 118
Roth’s theorem, 22

Sato-Tate conjecture, 68
J.-P. Serre, 95

N. Shepherd-Barron, 68
Sierpinski’s cube, 51
Sierpinski’s triangle, 50
similarity, 101

Neil J. A. Sloane, 132
sphere packing, 116
successive minima, 112

R. Taylor, 68
theta series, 134
A. Thue, 117
totally disconnected set, 45
trace, 59
transcendental number, 15, 17
transformation
ergodic, 37
measure-preserving, 36
triangular number, 30, 134, 145

R. Vakil, 95
variety
affine, 61
non-singular, smooth, 62, 63
projective, 62
A. Venkatesh, 118
M. Viazovska, 118
von Koch’s snowflake, 50
Voronoi cell, 120

G. N. Watson, 155
weight, 123

A. Weil, 57, 96

Weil cohomology, 96
Weil conjectures, 57
E. Witt, 137

zeta function, 57
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