ASSIGNMENT 8 - MATH235, FALL 2007

Submit by 16:00, Monday, November 12 (use the designated mailbox in Burnside Hall, 10"
floor).

1. Let F be a field and let

R = 0 agp as|:ay €l
0 0 ass
Let
I ={(a;;) € R: a1 = aze = agz = 0}.
Prove that R is a subring of M3(IF), I is an ideal of R and R/I 2 F x F x F.

2. Prove a Chinese Remainder Theorem for polynomials:

Let F be a field and let f(x), g(x) be two non-constant polynomials that are relatively prime, ged(f, g) = 1.

Prove that
Flz]/(fg) = Flz]/(f) x Flz]/(9)-
(Hint: mimic the proof of the Chinese Remainder Theorem of integers.)

3. Let R and S be rings and let I<1R, J<1S be ideals. Prove that
(RxS)/(IxJ)=(R/T)x (S/J).

4. Using the Chinese remainder theorem, find the solutions (if any) to the following polynomial equations
(for example, in (4), write the solutions as integers mod 30 and so on):

(1) 15z = 11 in Z/18Z.

(2) 15ac =12 in Z/63Z.

(3) a: =371in Z/63Z.

(4) 22 =4 in Z/30Z.

5. Let f( )_$2—26F19[ ]
(1) Prove that f is irreducible and deduce that L := Fig[z]/(2? — 2) is a field.

(2) Find the roots of the polynomial t? — ¢ + 2 in the field L.

(3) Prove that h(x) = x® — 2 is irreducible over F19. Prove that it is also irreducible in L.

(4) Find 21 — 2 in Fyg[z]/(23 — 2) as being represented by a polynomial of degree at most 2 (hint:
7l = (zd) -x). Use this to rapidly calculate ged(z!? — x, h(z)) and conclude also in this way that
h(zx) is irreducible over Fqg.

6. Write that following permutations as a product of disjoint cycles in Sy and find their order:

(1) o720, where o = (1234)(68) and 7 = (123)(398)(45).
(2) O'TO'T o= (123), = (345)(17).

3) o — (123456789), 7 — (12)(345)(6789).

(4) 0170, o = (123456789), T = (12345)(6789).

7. Which of the following are subgroups of 547

,(12)(34), (13)(24), (14)(23)}.
, (1234), (13), (24), (13)(24) }-
,E423) , (432), El (43),(23)}.

1
1 4),
1 );
1,(123), (231), (124), (142)}.
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