AN ELEMENTARY INTRODUCTION TO DISTRIBUTIONS

TSOGTGEREL GANTUMUR

ABSTRACT. Textbooks on PDE usually introduce distributions as linear functionals satisfy-
ing certain properties, without saying much about where those conditions come from. The
reason is that it would become a book by itself if one starts with the general setting of
topological vector spaces. We take here an intermediate approach, that regards families of
seminorms on vector spaces as the primary objects to generate topologies.
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1. INTRODUCTION

It is well known that differentiation of functions is not a well behaved operation. For
instance, continuous, nowhere differentiable functions exist. The derivative of an integrable
function maybe not locally integrable. A related difficulty is that if a sequence f; converges to
some function f pointwise or uniformly, then in general it is not true that f; converges to f’ in
the same sense. In order to use differentiation freely, one has to restrict to a class of functions
that are many times differentiable, and in the extreme this process leads us to smooth and
analytic classes. The latter classes alleviate the aforementioned difficulties somewhat, but
they are too small and cumbersome for the purposes of studying PDEs. The idea behind
distributions is that instead of restricting ourselves to a small subclass of functions, we should
expand the class of functions to include hypothetical objects that are derivatives of ordinary
functions. This will force us to extend the notion of functions, a process that is not dissimilar
to extending the reals to complex numbers. The analogy can be pushed a bit further, in
that by using distributions, we end up revealing deep and hidden truths even about ordinary
functions that would otherwise be difficult to discover or could not be expressed naturally in
the language of functions. A precise formulation of the theory of distributions was given by
Laurent Schwartz during 1940’s, with some crucial precursor ideas by Sergei Lvovich Sobolev.
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To explain what distributions are, we start with a continuous function v € C'(R) defined on
the real line R. Let C¥(R) denote the space of k-times continuously differentiable functions
with compact support, and define

Tu(p) = / up, e CHR). (1)

We required ¢ to be compactly supported so that the above integral is finite for any continuous
function u. It is clear that T, is a linear functional acting on the space C¥(R). Moreover,
this specifies u uniquely, meaning that if there is some v € C(R) such that T,(¢) = T,(¢)
for all ¢ € C¥(R), then u = v. If we replace the space C(R) by the space L (R) of locally
integrable functions, the conclusion would be that u = v almost everywhere, which of course
means that they are equal as the elements of L{ (R). So we can regard ordinary functions as
linear functionals on C*(R). Then the point of departure now is to consider linear functionals
that are not necessarily of the form (1) as functions in a generalized sense. For example, the
Dirac delta, which is just the point evaluation

is one such functional. In order to differentiate generalized functions, let us note that
Tutp) = [wo=- [us' = -Tle),  weCk®), Q

for any differentiable function u, and then make the observation that the right hand side
actually makes sense even if u was just a continuous function. This motivates us to define the
derivative of a generalized function 1" by

T'(¢) == -T(¢'), ¢ e€CiR). (4)

If we want to get more derivatives of T', we need k to be large, which leads us to consider the
space C2°(R) of compactly supported smooth functions as the space on which the functionals
T act. This space is called the space of test functions. A distribution (on R) is simply a
continuous linear functional on C2°(R), the latter equipped with a certain topology. In order
to describe this topology, we need some preparation.

2. LOCALLY CONVEX SPACES

In this section, we will discuss how to introduce a topology on a vector space by using a
family of seminorms.
Definition 1. A function p: X — R on a vector space X is called a seminorm if

i) p(z +y) < p(x) +ply) for z,y € X, and
ii) p(Ax) = [A|]p(z) for A € R and =z € X.

It is called a norm if in addition p(z) = 0 implies = 0.
The property i) is subadditivity or the triangle inequality, and ii) is positive homogeneity.

Lemma 2. Let p be a seminorm on a vector space X. Then we have
a) p(0) = 0
b) p(z) >

c) |p(z) — ( )| <p(z—y), and

d) {x € X : p(z) = 0} is a linear space.

Proof. Part a) follows from positive homogeneity with A\ = 0. Then we have

0=p(0) = p(z —z) <p(z) + p(=z) = p(z) + p(z), ()
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which gives b). While c) is obvious, d) is a consequence of

0 < plax + By) < |alp(z) + |Blp(y), (6)
for a, € R and z,y € X. O

Let X be a vector space, and let & be a family of seminorms on X. Then given a finite
collection p1,...,pr € & and given € > 0, let us call the set

By (p1,....op) ={z e X pi(x —y)<e,i=1,...,k}, (7)
the semiball of radius €, centred at y, corresponding to the seminorms p1, ..., pk.

Definition 3. Let X be a vector space, and let & be a family of seminorms on X. Then
we define a topology on X by calling A C X open if for any x € A, there exists a semiball
By c(p1,...,pk) C A with p1,...,pp € & and € > 0. We say that (X, Z) is a locally convex
space (LCS).

The open sets in (X, &) are precisely those which are the unions of semiballs. It is easy to
verify that X itself is open, intersection of any two open sets is open, and that the union of
any collection of open sets is open. The empty set is open, because any element of the empty
set, of which there is none, satisfies any desired property. Therefore the preceding definition
indeed defines a topology on X, making it a topological space. Note also that the topology
on X does not change if we replace a seminorm p € & by another seminorm p’ satisfying
p(z) < ¢p'(x) for x € X and for some constant ¢ > 0.

Remark 4. The reason we called X a locally convex space is that it agrees with the same
notion from the theory of topological vector spaces. A topological vector space is a vector
space which is also a topological space, with the property that the vector addition and scalar
multiplication are continuous. Then a topological vector space X is called locally convex if
A C X is open and if z € A then there is a convex open set C' C A containing x. We
choose not to go into details here, and use families of seminorms as primary objects to specify
topological properties of X. This simplifies presentation and gives a quicker way to achieve
our aim, and moreover does not lose generality, because of the (nontrivial) fact that any
locally convex topological vector space has a family of seminorms that induces its topology.

Recall that a sequence {zp} C X is said to converge to x € X if for any open set w C X
containing x, we have x; € w for all large k. In terms of seminorms, this is equivalent to
saying that p(xp —x) — 0 for any p € Z.

Lemma 5. a) Let Y be a normed space, and let X be as above. Then a function f : X — Y is

continuous if and only if for any x € X and any € > 0, there is a finite collection p1,...,px €
Z and § > 0 such that

2 € Bes(pr--opk) = f(@) = f2)lly <e (8)

b) In addition to what has been assumed, suppose that f is linear. Then f is continuous if
and only if there is a finite collection p1,...,pr € & and a constant C > 0 such that

IF@)lly = Cmaxpi(z), — zeX. (9)

Proof. Recall that a map is called continuous if the preimage of any open set is open. Suppose
that f is continuous. Then for any e > 0 and y = f(x) with € X, the preimage of B, C Y
contains a semiball By 5(p1,...,pr) with 6 = 6(e,x) > 0. In the other direction, let U C Y
be open and let x € f~1(U). Then with y = f(x) € U, there exist a nonempty ball B, . C U,
and a nonempty semiball B, 5(p1,...,px) such that f(B,s(pi,...,pr)) C Bye. This means
that f~(U) is open.



4 TSOGTGEREL GANTUMUR

For b), the condition associated to (9) immediately implies the condition associated to (8)
by linearity. Now suppose that we have the condition associated to (8). Hence there is 6 > 0
and py,...,pr € & such that

z € Bos(pr,--..pr) = [If(2)|ly <1 (10)

Note that z € By s(p1,...,pk) is equivalent to p(z) := max; p;(z) < 6. Let x € X, and define
z = %(x)x. Then we have p(z) = % < 0, leading to
)
T

L= f )y = m!\f(x)lly, (11)

which is (9) with C' = 2. O

Remark 6. The preceding lemma can easily be extended to the case where Y is a LCS
endowed with a family 2 of seminorms. For instance, part b) would read: f is continuous iff
for any ¢ € 2, there is a finite collection p1,...,pr € & and a constant C' > 0 such that

q(f(x)) < C’mzaxpi(x), r e X. (12)

Notice how the quantifiers differ on the domain and the range of the function. If X C Y
as sets, by taking f : X — Y to be the inclusion map f(zr) = x we derive the following
criterion: the embedding X C Y is continuous iff for any ¢ € 2, there is a finite collection
P, ..., Ppr € & and a constant C' > 0 such that

q(z) < C’m?xpi(x), z e X. (13)

Remark 7. Part b) of Lemma 5 is valid for checking continuity of seminorms ¢ : X — R,
because of their positive homogeneity and the property in Lemma 2¢). So a seminorm ¢ on
(X, Z) is continuous iff there is a finite collection p1,...,pr € & and a constant C' > 0 such
that
q(z) < Cmaxp;(x), z e X. (14)
7

Comparing this with the previous remark, we conclude that the embedding X C Y is contin-
uous iff the restriction of every seminorm of (Y, 2) to X is continuous on (X, 2).

Definition 8. Let (X, &) be a locally convex space. We define the following notions.

o {1} is Cauchy if for any p € &, p(z; — x) — 0 as j, k — oc.
e A C X is bounded if for any p € &, sup,c 4 p(x) < oo.

A straightforward but useful observation is that every Cauchy sequence is bounded. Indeed,
if {z,} is Cauchy then, with an arbitrary p € &, for a sufficiently large j we have p(z;—z) < 1
hence p(k) < p(j) + 1 for all k£ > j.

Definition 9. The family & of seminorms on X is called separating if for any = € X \ {0},
there exists p € & such that p(z) # 0.

The significance of this is that if (X, &) is a LCS with & separating, then the topology
of X is Hausdorff, meaning that for any z,y € X distinct, there are open sets A C X and
B C X with x € A and y € B. Indeed, let p € & be such that § := p(x —y) > 0. Then
A={zeX:p(z—1z) < %} and B={ze€ X :p(z—y) < %} satisfy the desired properties.

Theorem 10. A locally convex space (X, P?) is metrizable if & is countable and separating.

Proof. Let & = {p1,p2, ...}, and let {ax} be a sequence of positive numbers satisfying o, — 0.
Then we claim that

A1) — max agpr(r —y)

P Ty "
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defines a metric that induces the topology of X. First observe that the maximum is well-
defined, since pi/(1+ pr) < 1 and o — 0. Also, because ay > 0 for all k, d(z,y) = 0 implies
pr(z —y) = 0 for all k, which then gives x = y by the separating property. The triangle
inequality for d follows from the elementary fact

a b c
<b = < b.ec>0 16
a<hte s (@bhe20) (16)

which can easily be verified, e.g., by contradiction.
For each k, we have

pr(z —y) o
1+ pr(z —y) =dle=3) a7)

which tells us that any semiball contains a metric ball. To get the other direction, let € > 0,
and let n be an index such that o < ¢ for all k¥ > n. Then we have

akpr(z — y)
_) < _RPRANY J) - _
dz —y) <&+ max 4 gy Py S max pi(z —y), (18)
where o = max . This means that the semiball B, .(p1,...,py) is contained in the metric
ball Bi1a)e(z) ={y € X :d(z —y) < (1+ a)e}. O

Remark 11. In fact, the converse statement is also true: If (X, £?) is metrizable then & is
countable and separating. For a proof, we refer to Walter Rudin’s Functional analysis.

3. EXAMPLES OF FRECHET SPACES

In this section, we study some important examples of Fréchet spaces, which will serve as
stepping stones to test functions and distributions.

Definition 12. A Fréchet space is a locally convex space that is metrizable with a complete,
translation invariant metric.

An equivalent definition can be obtained from the fact that a locally convex space is metriz-
able if and only if its topology is induced by a countable and separating family of seminorms.
Let us recall the multi-index notation, which is a convenient shorthand notation for partial

derivatives and multivariate polynomials. A multi-indez is a vector o = (aq,...,a,) € Ny
whose components are nonnegative integers. Then we use
% =it and 0% =00"...00", (19)

for multivariate monomials and partial derivatives. The length of a multi-index « is defined
as |a| = a1 + ...+ ay, which corresponds to the total degree of a monomial or the order of a
differential operator.

Given an arbitrary set A C R™, let C(A) be the space of continuous functions on A. That
is, u € C(A) iff

u(z) = A%iyrr_lm u(y), for all z € A. (20)

If A is compact, all functions in C(A) are bounded, which is not the case if A is open.
Generalizing C'(A), we let C™(A) be the space of functions all of whose m-th order partial

derivatives are continuous on A. In particular, C°(A) = C(A). The space of infinitely
differentiable functions (i.e., smooth functions) on A is defined as
C®(A) =[C™A). (21)

Remark 13. An often used alternative notation is &(2) = C*°(Q2) and &™(Q2) = C™(Q).
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Let K C R™ be a compact set. Then C'(K) has the natural Banach space topology induced
by the uniform norm

lulle(ry = sup [u(z)],  we C(K). (22)
zeK
Moreover, the space C™(K) is a Banach space with the norm

ullcmxy = max 10%ul|co(ky, u € C™(K). (23)

|al

We equip C*°(K) with the family {p,, : m =0,1,...} of seminorms
pm(p) = lellem ks m=0,1,..., u € C(K). (24)
Lemma 14. The space C*°(K) is metrizable and complete, i.e., it is a Fréchet space.

Proof. The space C*°(K) is metrizable by Theorem 10, since {p,, } is countable and separating.
Let {¢r} be a Cauchy sequence in C°°(K). This means that {¢y} is Cauchy in C™(K) for
each m. Hence by completeness of C™(K), for each m there exists 1, € C™(K) such that
Pm @k —¥m) — 0 as k — 0o. Since po(v) < pp(v0) for any ¢ € C™(K), we have 1, = 1y for
any m. We conclude that ¢y € C*°(K) and that ¢ — 1 in C*°(K) as k — oo. O

Next we turn to function spaces defined on open sets. Let €2 C R™ be an open set. We
equip C(€2) with the topology of locally uniform convergence, i.e., the topology induced by
the seminorms

() = llellow), (25)
where K runs over the compact subsets of €). That this topology is metrizable can be seen as
follows. Suppose that K1 C Ky C ... C 2 are compact sets and Uj K; = Q. Such a sequence
{K;} can be constructed easily, for instance, by

1.
K; ={z € Q:dist(z,00) > =} N By, (26)
J

where

Bj ={x e R": |z| < j}, (27)
is the open ball of radius j, centred at the origin. Obviously, if K C () is compact, then
K C Kj for some j. Hence pi(p) < pr;(p) for all ¢ € C(£2), meaning that we can use the
family {pr; : j = 1,2,...} to generate the topology of C(f2). This family is countable and
separating, and metrizability follows. Introducing the seminorms

pik(e) = llellerx;) (28)
we topologize C™(Q) by {pjm : j € N}, and topologize C*(2) by {p;r : j, k € N}.
Lemma 15. Let 0 < m < co. Then C™(Q) is a Fréchet space.

Proof. The proof is similar to the proof of Lemma 14. Let {¢;} be a Cauchy sequence in
C™(§2). Then by completeness of C"(Kj), for each j there exists ¢; € C™(K;) such that
@i — ; in C™(K;) as i — oo. Since pjr(¢) < pjr1x(¥) for any ¢ € C*(K;;1) and any
j and k, we have 1; = 9;11|k, for any j. This means that the function ) defined on Q by
Y(z) = Yj(x) if x € K; \ Kj_1, with the convention Ky = @, will satisfy ¢ € C™(2) and
Y|k; = v; for all j. So by construction, p;(¢; — 1) — 0 as i — oo for any j and any k, with
the restriction k¥ < m if m < oo. O

Similarly to the construction of C™(2), we can introduce local versions of LP-spaces, as
L7 .(9) = {u : © — R measurable, u|g € LP(K) for any compact K C Q}. (29)
Here we assume 1 < p < oo, and equip it with the seminorms

4 () = llellLr(x;,)- (30)
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Relying on the completeness of LP(K), one can easily show that LT () is a Fréchet space.
We end this section by considering function spaces with restrictions on where a function
can be nonzero. If ¢ : 2 — R is a continuous function, we define its support as

supp ¢ = {z € Q0 : p(x) # 0}. (31)
Note that x € Q is in supp ¢ if and only if x has no open neighbourhood on which ¢ vanishes.
For K C R™ compact, we define the space

Ik ={p € C(R") : suppp C K}, (32)

and endow it with the seminorms

Note that this topology is the one induced by the embedding Zx C C*°(K).

The question arises if there exists any infinitely differentiable function with compact sup-
port. This is something we should check since a nonzero analytic function cannot have compact
support, and being smooth is apparently only slightly weaker than being analytic. We claim
that the function ¢ on R™ defined by

e V=) for |z < 1
= ’ 34
o {0 for x| > 1, (34)
is in C°°(R™). It is clear that ¢(z) — 0 as |z| /1. As for the derivatives, we have
-1/(1—=[?)
o) = PO ol <1, 3

(= [Pl
where p is some polynomial. From this it is also clear that 0%p(z) — 0 as |z| /1. So
¢ € C®°(R™). If K contains an open ball, we can fit infinitely many open balls inside K.
Then scaling and translating ¢, we can place them in K so that their supports are contained
in K and do not intersect with each other. This implies that Pk is infinite dimensional. The
space Zk is also Fréchet, since it is a closed subspace of C*°(K).
For any integer m > 0 we can also introduce
7% ={p e C™(R") : suppy C K}, (36)

and endow it with the subspace topology inherited from C™(K'). Then Z}} is a closed subspace
of C™(K).
4. THE INDUCTIVE LIMIT TOPOLOGY

In this section, we will establish some basic properties of the so-called inductive limit
topology on the space of test functions.

Definition 16. Let {2 C R” be an open set. Then we define the space of test functions by
29Q) = | Z«, (37)
KeQ
where we used the notation K &€ {2 to mean that K is compact and is a subset of (2.

Note that if K1 C Ky C ... C £ are compact sets and (J,,, K, = €, then
2(Q) = 7., (38)

We have discussed a construction of such a sequence in the preceding section.

Our next task is to introduce a topology on Z(f2). In doing so, we want the inclusions
P C 2(92) to be continuous. This means, by Remark 6 that for every seminorm p from
(2(Q2), Z), where & is the hypothetical family inducing a topology on Z(f), the restriction
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plo, must be continuous on k. The family & = {p,,} has the desired property, but the
following remark shows that it would not be a very convenient choice.

Remark 17. 2(Q) is not complete with respect to the topology induced by {p,}. We
illustrate it in the case = R. Take a nonzero function ¢ € Z(R) whose support is small and
concentrated near 0, and consider the sequence

or(@) =)+ 2 (@ —1) +... +2Fp(x — k), k=12,.... (39)

Obviously, this sequence is Cauchy with respect to the family {p,,}, but the support of the
limit function is not compact.

This failure indicates that the family {p,,} has not enough seminorms to prevent Cauchy
sequences from “leaking” towards the boundary of 2. So we can add more seminorms to the
family, and hope that things get better. Having a large family of seminorms will have the
added benefit that it becomes easier for a function f: 2(Q2) — Y to be continuous, meaning
that we will have a large supply of continuous functions on Z(£2). Of course there is a limit in
expanding the family & because of the aforementioned requirement that p|g, be continuous.
These two competing requirements give rise to a unique family &2 as follows.

Definition 18. We define the collection &2 of seminorms on Z(2) by the condition that a
seminorm p on Z(R) is in & iff p|y, is continuous for each compact K C €.

The topology generated by &2 on Z(1) is called the inductive limit topology. Looking back,
this topology is completely natural, given that Z(€2) is the union of {Zk : K € Q}, and that
each Zx has its own topology.

Remark 19. In general, if X1 C Xo C ... are locally convex spaces, then the inductive limit
topology on the union X = ; Xj is the finest topology that leaves the embeddings X; — X
continuous. If each of the spaces X; is Fréchet, we call the resulting space X an LF space. If
each X; is Banach, we call X an LB space.

Lemma 20. The topology of Pk is exactly the one induced by the embedding P C Z(Q2).

Proof. Let A C 2(Q2) be open and let K C Q be compact. We will show that AN Pk is open
in Zk. Let y € AN Pk. Let us denote the semiballs in Zx by By . (pm; Zk) etc., and the
semiballs in 2(€Q2) by By -(p) etc. Then there exists p € & such that By .(p) C A with e > 0.
By construction, there exists p,, such that p < ¢p,, on Pk, with some constant ¢ > 0. Hence
By c/e(Pm, k) C By (p) N Zx C AN Pk, showing that AN Pk is open in Pi.

On the other hand, since {p,,} C &, any semiball By .(pm; Zk) in Pk is equal to the
intersection of the semiball By, .(pm) in Z(2) with P, i.e.,

Bye(Pm; Zk) = By e(pm) N Dk (40)
This immediately implies that any open set in Pk can be written as the intersection of an
open set of () with Zk. O

Let us ask the question: Does & have any seminorm that is not one of {p,,}? An example
of such a seminorm is given by
p(p) = supcilo(zj)l, ¢ € 2(9), (41)
J
where {z;} C € is a sequence having no accumulation points in Q, and {c;} is a sequence
of positive numbers. We can easily check that p is a seminorm, and that p|g, is continuous
on Pk for any compact K C (2, so that p € &. Seminorms such as this give a very strong
control near the boundary of Q, because {z;} concentrate towards the boundary and c; can
grow arbitrarily fast. The following result illustrates this phenomenon.
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Theorem 21. The set A C P(R) is bounded if and only if there is a compact set K C €
such that A C Dk and that A is bounded in Py . Recall that the latter means that each py, is
bounded on A.

Proof. Suppose that A is bounded in g for some compact set K C Q. We claim that
continuity of the embedding Zx C Z(Q)) implies that A is also bounded in Z(2). To prove
it, let p € #. Then there is p,, such that

p(p) < Cpmlp), ¢ € k. (42)

By assumption, py,(p) < M for ¢ € A and for some constant M, which implies that p is
bounded on A.

To prove the other direction, suppose that A ¢ Pk for any compact K C €. Then there
exist sequences {¢n,} C A and {z,,} C Q such that ¢(z,) # 0, and that {z,,} has no
accumulation points in €. Let

— s m|o(Tm)|
plp) = W € 72(Q). (43)

Obviously it is a seminorm, and p € & because for any compact K’ C Q there is a constant
C such that

p(e) < Cllelico, v € Dk (44)
However, we have p(¢,,) > m, so p is not bounded on A, leading to a contradiction. [l

Corollary 22. a) The sequence {p;} is Cauchy in 2(Q) iff {p;} C Dk for some compact
K CQ, and ||¢; — okl|lcm — 0 as j, k — oo, for each m.

b) We have ¢; — 0 in 2(Q) if and only if {¢;} C Pk for some compact K C Q, and
llejllem — 0 as j — oo, for each m.

c) 2(Q) is sequentially complete.

Proof. a) If {¢;} C Pk is Cauchy in Zk for some compact K C €, then it is Cauchy in 2(Q)
by continuity of the embedding Zx C 2(Q). Now let {¢;} C 2(Q) be Cauchy in Z().
Since Cauchy sequences are bounded, by the preceding theorem we have {¢;} C Zk for some
compact K C Q. But then {p,,} C &, which means that p,,(¢; — ¢) — 0 as j,k — oo, for
each p,,.

b) Left as an exercise.

c) Let {¢;} C Z2(2) be Cauchy in Z(Q2). Then by a) it is Cauchy in some Zx. But Pk
is Fréchet, so the limit exists in Zx. This limit is valid also in Z(2), since a convergent
sequence in Zj is convergent in Z(12). O

Theorem 23. Let (Y, 2) be a locally convex space, and let f: 2() — Y be a linear map.
Then the following are equivalent.

(a) f is continuous.

(b) ¢j = 0in 2(Q) implies f(pj) =0 in Y.

(c) For any compact K C Q, f: Px — Y is continuous.

Proof. a) = b). The continuity of f means that for any ¢ € 2, there is p € & such that

a(f(@) <plp),  ©€2(Q). (45)

Since ¢; — 0 in Z(§2), we have p(¢;) — 0, hence ¢(f(p;)) = 0. As ¢ € 2 is arbitrary, we
conclude that f(p;) - 0in Y.

b) = c¢). Let K C Q be compact. If b) holds then for any sequence ¢; — 0 in Pk we have
f(¢;j) = 0in Y. Then continuity of f : Zx — Y follows from the general fact that for a
metric space X and a topological space Y, amap f : X — Y is continuous if whenever x; — x
in X we have f(z;) = f(x) in Y. To prove this fact, supposing that f is not continuous at
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x € X, we want to show that there is a sequence z,, — = with f(z,) /4 f(z). Let U C Y
be an open set such that f(x) € U and that f~!(U) is not open. Hence f~1(U) does not
contain any metric ball B.(z) = {z € X : d(z,z) < €} with ¢ > 0, where d is the metric of X.
This means that for any € > 0, there is z € B.(x) with f(z) € U, i.e., there exists a sequence
Ty — = with f(zy,) € U for all n.

c) = a). We want to show that for any ¢ € 2, there is p € & such that (45) holds. Given
q, let us define the function

pp) =4q(f(®), v ec2(). (46)

It is a seminorm on Z(£2), and moreover for each compact K C €, the restriction p|g, is
continuous since

a(f(9)) < Cpmle), ¥ € %k, (47)
for some C and m possibly depending on K. Therefore p € &2, which clearly implies (45). O

Example 24. The partial differentiation operator 0; : 2(Q2) — 2(2) is continuous, since for
any compact K C ) and any m, we have

pm(ajg)) < pm+1(90)7 ("2S Dk .- (48)

Remark 25. 2(Q) is not metrizable. We illustrate this in the case {2 = R. Pick a function
v € 2(R) with supp ¢ = [—1, 1], and define the double-indexed sequence

1
Ckm(T) = E@(E)j kkm=1,2,.... (49)
It is clear that for each fixed k, the sequence ¢y 1, ¢k 2,... converges to 0 in Z(R). Then
if 2(R) was metrizable, say with metric d, we can extract a sequence mj, ma, ..., such that

©km, — 01in Z(R). This can be done, for instance, by choosing my, sufficiently large so that
d(@k,my,0) < 7, for each k. But it is not possible for such a sequence to converge in Z(R),
because the support of @i, is [—k, k], which eventually becomes larger than any compact
set in R.

Remark 26. We define the space of compactly supported C™-functions

™) = |J 7%, (50)

Ke

and the space of compactly supported LP-functions
LEop(Q) = | LP(K), (51)

KeQ

where in the right hand side, the elements of LP(K) are extended by zero outside K. They
have natural inductive limit topologies, and all the results of the current section apply to
these spaces, with obvious modifications.

5. SUBSPACES OF DISTRIBUTIONS

From now on the space 2(f2) is equipped with its inductive limit topology.

Definition 27. A distribution on € is a continuous linear functional on Z(Q2). The space of
all distributions on 2 is denoted by 2'(€2).

We denote the action u(p) of u € 2'(2) also by (u, ¢). Theorem 23 tailored to distributions
is the following.

Lemma 28. A linear functional u: 2(2) — R is in 2'(Q) iff any of the following holds.
(a) ¢; — 0 in 2(Q) implies u(p;) — 0.
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(b) For any compact K C €, there exist m and C' such that

lu(p)] < Cliellem  for ¢ € Ik. (52)
Definition 29. Let u € 2'(2). If we have
lu(@)l < Cllgllem  for ¢ € T, (53)

with the same m for all compact K C €2, with C' possibly depending on K, then w is said to
be a distribution of order < m. The smallest such m is called the order of u.

The rationale for this definition is the idea that lower order distributions are more regular,
because in general the parameter m in (52) will depend on the compact set K, and will grow
unboundedly as K approaches the boundary of 2. We shall make this intuition more precise
later.

Example 30. For v € C(Q), the functional T, : ¢ — [ u is a distribution of order 0 since
Tu(@)| < vol(K) [[ullcocy llpllco, — for ¢ € i (54)

Similarly, ¢ is a distribution of order 0, and the derivative evaluation ¢ — ¢'(0) is a distribu-
tion of order 1.

Definition 31. Let X be a locally convex space equipped with the family &2 of seminorms,
and let X’ be its topological dual. Then the weak dual topology (or weak- topology) on X' is
the one induced by the family of seminorms &’ = {p, : © € X}, where p,(u) = |u(z)|.

Thus u; — 0 in the weak dual topology of 2'(Q) iff
uj(p) =0 for each ¢ € 2(Q). (55)

We see that this is simply the pointwise convergence. The family £’ is separating, since if
u € X' is nonzero, there is x € X such that u(x) # 0. Hence the weak dual topology is
Hausdorff.

Remark 32. Another natural topology on 2'(Q) is the strong dual topology that is described
by the seminorms pg(u) = sup,c 4 [u()|, where % varies over bounded subsets of 2(£2). This
topology is the topology of uniform convergence on bounded sets (which is a generalization of
locally uniform convergence). It turns out that the weak and strong dual topologies produce
the same bounded subsets for 2’(2), and these two topologies themselves coincide on bounded
subsets of 2'(€2). So in particular, a sequence converges in the weak topology if and only if
it converges in the strong topology. In these notes we will be concerned only with the weak
dual topology.

Example 33. For u € L{ (), the functional T}, : ¢ — [ u is a distribution of order 0 since

Tu(@)] < llullprmyllelico.  for ¢ € Zk, (56)
We have seen that the map u +— T, : Li (2) — 2/(Q) is an injection, so that L{ () can be

regarded as a subspace of 2/(f). Thuslozve will identify T, with u. Then with ﬁfe (Fréchet)
topology on Li () defined by the seminorms {||- |11y : K € Q}, from the above inequality
we infer that u; — 0 in Ll _(Q) implies (uj,¢) — 0 for any fixed p € 2(£2). Hence the
embedding L () C /() is continuous. We can also infer the continuity of the embedding

loc
loc

C(Q) C Z'(Q) either directly or through the continuous embedding C(Q2) C L{. (Q).

Example 34. Consider u;(x) = sin(jz). Then u; — 0 in Z'(R), since for any ¢ € Z(R) we

have
/sin(j:v)w(:):)dx = ;/cos(jx)cp’(x)dx -0 as j — 0o, (57)
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Analogously to 2'(2), we can define the dual spaces &’(2), & (), and 2" (Q2), that are
the topological duals of &(2), &™(2), and 2™(f2), respectively. Recall that &(2) = C*°(Q)
and &£M(Q) = C™(Q2). Here &(2) and &™(Q2) carry their natural Fréchet space topologies,
and 2™ (Q) is equipped with its inductive limit topology.

Remark 35. We have u € 2 () iff for any compact K C 2, there exists C' > 0 such that
u(e) < Cllgllem  for ¢ € T (58)

In light of Definition 29, this reveals that the elements of 2"™(Q)) are distributions of order
at most m. Conversely, if u € 2'() is of order at most m, then for each compact K C Q we
have the bound (58) for ¢ € Zk. This means that the map u : Z(2) — R is continuous when
we take Z(€2) with the subspace topology induced by the embedding 2(2) C 2™(2). Hence
u can be extended to continuous u : 2™(£2) — R in a unique way, because the embedding
2(Q) C 2™(Q) is dense. To conclude, the space 2 (Q) is precisely the subspace of 2()
consisting of distributions of order at most m.

We shall see an analogous characterization of the spaces &’(2) and &’ (2) in a later section.
For now, let us ascertain that they are indeed subspaces of 2'(Q2).

Let X and Y be locally convex spaces, and let A : X — Y be a linear continuous operator.
Then the transpose A’ : Y’ — X' is defined by

(Ax,y) = (z, A'y), reX, yeyY. (59)

This situation can be described by the diagram

x4y Y.R. (60)
A/y/

In other words, given ¢y’ € Y/, A’y € X' is simply 3/ o A, i.e., the pullback of 3/ under A.
Equip X’ and Y’ with their weak dual topologies. Then for any x € X, we have

po(AY) = [(A'Y,2)| = (¥, Az)| = py(y), (61)
where y = Ax, showing that A’ : Y’ — X’ is continuous.
Theorem 36. In this setting, A’ : Y’ — X' is injective if and only if A(X) is dense in'Y .

Proof. Suppose that A(X) is dense in Y. We want to show that A’y’ = 0 implies 4’ = 0. By
definition, A’y’ = 0 means that y/(Az) = 0 for all z € X, i.e., that A(X) C (v')~({0}). But
the set (y')~1({0}) is closed, so it must contain the closure of A(X), which is Y by the density
assumption. Hence y = 0.

In the other direction, assume that A(X) is not dense in Y. We want to produce a nonzero
element ¢y’ € Y’/ such that A’y = 0. By assumption, there is an element y € Y such that
y ¢ A(X). Consider the quotient Z = Y/A(X) with 7 : Y — Z the canonical projection.
Then since 7(y) # 0, there is 2’ € Z’ such that 2/(7w(y)) = 1. So if we define y/ = 2’ o7, we
get y € Y and ¢/(y) = 1. On the other hand, we have y'(n) = 0 for n € A(X), i.e.,

<A/y/7 x> = <y/7 A:E> = 07 €T E X? (62)

implying that A’y’ = 0. O

Corollary 37. If X is a dense subspace of Y and if the embedding X C Y 1is continuous,
then Y’ is canonically identified with a subspace of X' such that the embedding Y' C X' is
continuous.
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As an application of this corollary, in the following diagram, we arrange several important
function spaces, and derive embedding relationships between their duals.

9 gm 7 duality RM 74 174

-
|

& E™ &9 “mirror” &0 &m &'

The spaces on the right hand side are the duals of the spaces on the left hand side. Each arrow
represents a continuous and dense embedding. The domain €2 in each space is understood,
e.g., 2 = 2(2). Recall that £(Q2) = C*°(Q) and £(2) = C™(2). It can be taken as a
definition that RM (), the space of Radon measures on €, is equal to the topological dual
of 2°(2), the space of continuous functions with compact support in €, equipped with its
inductive limit (LB) topology.

6. BASIC OPERATIONS ON DISTRIBUTIONS

Now we want to extend some basic operations on functions to distributions. This is usually
achieved by means of a simple duality device that can be described as follows. Suppose that
7,7 : 2(Q) — 2(Q) are continuous linear maps, satisfying

/@wwz/wﬂwx bo € D). (64)

Then we define T : 2'(2) — 2'(Q), which is the intended extension of T', by
(Tu,0) = (u,T'¢),  ueZ'(Q),pe Q). (65)
It is easily checked that Tu € 2'(Q), since by continuity of T, ¢; — 0 in 2(Q) implies
T'p; — 0 in 2(€), which then implies that (u,T'¢;) — 0. Moreover, T': 2'(Q) — 2'(Q) is
continuous, because i )
Pe(Tu) = [(Tu, @) = [(u,T"¢)| = py(u), (66)
where v =T'p € 2(Q). If u € 2(Q), then

@Vu@>=<u/Ww>ZU/U(W¢)=i/kTuM9=<Tuw®, (67)

hence T is indeed an extension of T. In fact, T is the unique continuous extension of 7. To
see this, we will use the (nontrivial) fact that 2(Q) is sequentially dense in 2'(Q), i.e., for
any u € 2'(2), there exists a sequence {u;} C Z(Q2) such that u; — v in 2'(Q2). Let 71 and
T be two continuous extensions of 7. Then with u and {u;} as above, since Tiu; = Tou;, we
have
Tlu—Tgu:Tl(u—uj) +T2(Uj —u), (68)
which implies for any ¢ € 2(2) that
[(Thu — Tou, @) | < pe(T1(u — uj)) + pp(Ta(u — uy)) (69)
< Cipy, (u — uj) + Copy, (u — uj),

with some 11,19 € Z(Q), and some constants C1,C2 > 0. Now sending j — oo we get
(Thu — Tou, ) = 0 for any ¢ € 2(R), hence Thu = Tohu.
Let us consider now some applications of this device.
Differentiation: 7" = 0;. As we have already discussed, the operator 9; : 2(2) = 2(Q)
is continuous, and integration by parts gives

/@@wz—/w@% b€ D). (70)
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Hence T" = —9;, and the derivative of u € 2'(Q) is given by

(Oju, ) = —(u,050), @€ D). (71)
For any multi-index «, this generalizes to
(0%u,0) = (=1)Nw,0%), ¢ € 2(Q). (72)

Multiplication by a smooth function: 79 = ai), where a € C*°(€2). One can easily
see that 77 =T, so up to showing continuity of 7" on 2(2), we infer
(au, ) = (u,ap),  u € D'(Q), p € D(V). (73)

The continuity of T': Z(Q2) — 2(1) is left as an exercise.
Translation: (Ty)(x) = ¢ (z + a), where a € R". We take 2 = R". By change of
variables, we have

/w(x—i—a dm—/1/1 o(r — a)dx, v, € D(R"), (74)
so with (749)(x) = ¥ (z + a), we infer
(Tau, @) = (U, T_aqp), ue 7' R"), p € 2(R"). (75)

The continuity of 7, on test functions is left as an exercise.
Convolution with a test function: T4 = a * ), where a € Z(R™). We have

/a*w // a(x — 2)Y(z)p(z)dzdx

= /¢(Zz*gp), ¥, € Z(R"),

where a(x) = a(—z) denotes the reflection through the origin. Again leaving the
continuity question as an exercise, we get

(a*xu,p) = (u,a* @), u e 2'(R"), p € 2(R"). (77)

Example 38. Let € L{ (R) be the Heaviside step function, defined by 6(z) =1 for = > 0
and 6(z) = 0 for z < 0. Then its distributional derivative is given by

O 0) = —(6,) = - /0 " ¢l (2)dz = p(0), (78)

for any ¢ € 2(R). Hence ¢’ = 0.

(76)

7. SUPPORT OF DISTRIBUTIONS

Definition 39. Let u € 2/'(Q2) and let w C Q be open. The restriction ul|, € Z'(w) of u to w
is defined by

(Ulo, ) = (u,0), 0 € D(w), (79)
We say that v =0 on w if ul, = 0.

This gives us a possibility to talk about distributions locally, meaning that we can focus
on small open sets, one at a time. In order for this to be meaningful, we expect some
natural properties to be satisfied by the restriction process. First, let us check if the above
definition indeed makes sense, i.e., if ul, € Z'(w). So let ¢; — 0 in Z(w). Then ¢; — 0
in Z(1), because there is a compact K C w such that ¢; — 0 in Pk. Since u € 2'(Q),
we have (uly, ;) = (u,¢;) — 0, showing that u|, € Z’'(w). Note that the same argument
also demonstrates that the embedding Z(w) C 2(Q) is continuous. However, unless w = (2,
the topology of Z(w) is strictly finer than that induced by the embedding Z(w) C 2(2),
i.e., there are more open sets in Z(w) than those inherited from Z(Q2). The reason is that
for instance, the seminorm p(y¢) = sup jl¢(z;)| with {z;} having no accumulation points in
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w, is compatible with the topology of Z(w), while it is in general not with the topology of
2(Q). This results in the fact that not every distribution in 2’'(w) is the restriction of some
distribution in 2'(2).

The following theorem shows that as far as restrictions are concerned, we can work with
distributions as if they were functions. The properties a)-d) in the theorem are called the
sheaf properties.

Theorem 40. Let u € 9'(Q).
a) ulg = u.
b) (ulw)le = uls for open sets o0 C w C Q.
c) If {wa} is an open cover of 2, then
Vo, uly, =0 = u=0. (80)
d) With {wa} asin c), let uy € P'(wa) is given for each a, satisfying
Uoz‘waﬁwﬁ = uﬁ|waﬂw5 Va, B. (81)

Then there exists a unique u € 2'(Q) such that u|, = uq for each a.

Proof. a) and b) are trivial.
For c), let ¢ € 2(Q), and let K = supp . Let {xa} be a Z(2)-partition of unity over K
subordinate to {wq}. This means that
Xa € Z(12) is nonnegative for each a,
Xea is nonzero for only finitely many c,
there is an open set V' O K such that > xo =1on V, and
e Supp xa C wq for each a.

Note that we use the same index set for {x,} as that of {w,} at the expense of keeping some
unnecessary zero functions in {x,}. We employ the existence of such a partition of unity
without proof. We compute

(,90) = (1, Y Xa®) = D (U, Xa®) = Y _(Uluy, Xap) =0, (82)
showing that u = 0, since ¢ € Z(Q2) was arbitrary.

The uniqueness part of d) follows immediately from c¢). For existence, let ¢ € 2(£2), and
keep the setting of the previous paragraph. We define

U(SO) = Z<uayXaSD>' (83)

o

Before anything, we need to show that this definition does not depend on the partition of
unity {xa}. Let {4} be another such partition of unity. Then we have

D {ta, Xa®) = D> (i, EpXa®) = > _(us,€pxa®) = 3 _(ug, &pep), (84)
o a,f o, B

where in the second step we used the property (81). Linearity can be verified for 1, p2 € 2(92)
by taking a partition of unity on supp 1 U supp ¢2. For continuity, let K C €2 be a compact
set, and let ¢ € Pk. Then by using the fact that u, € 2’'(ws) and xap € Z(wq), we have

u()l <Y [{ta, xa?)| < Y Callxadlloma < Cllpllcm, (85)
« &7

showing that u € 2'(Q). O

Recall that the support of a continuous function is the closure of the set on which the
function is nonzero. In other words, the support is the complement of the largest open set on
which the function vanishes. This latter formulation makes sense even for distributions.
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Definition 41. The support of u € 2'(Q) is given by
suppu = '\ U{w C Q open : u|, = 0}. (86)

Lemma 42. It is easy to check that the following properties hold.

(a) U‘Q\suppu =0.

(b) x € suppu iff x € Q and = does not have any open neighbourhood on which u vanishes.
(c) suppu agrees with the usual notion when w is a continuous function.

(d) suppu is relatively closed in Q.

(e) suppu = @ implies u = 0.

(f) If p € C*°(R) is p =1 in a neighbourhood of suppu, then pu = u.

(9) supp(u + v) C supp u U supp v.

(h) supp(au) C suppa Nsuppu for a € &(Q) and u € Z'(Q).

(i) supp 0%u C supp u.

Example 43. suppd = {0}.

8. COMPACTLY SUPPORTED DISTRIBUTIONS

The following theorem characterizes compactly supported distributions.

Theorem 44. We have &' (Q) = {u € 2'(Q) : suppu € Q}, i.e., the space &' (Q) is precisely
the space of compactly supported distributions in Q. Moreover, &' () = J,,, &™(Q), meaning
that any compactly supported distribution is of finite order.

Proof. Recall that &(€2) is a Fréchet space with the seminorms

P,k (©) = llellem k), K €Q, meN. (87)
Suppose that u € &’'(2). This means that there exists K € Q, m € Ny, and C' > 0 such that
lu(e)l < Cllellomiy, v € E(KQ). (88)

Hence u(p) = 0if supp C Q\K, i.e., suppu C K. This bound also implies that v : &(Q) — R
is continuous in the subspace topology induced by the (dense) embedding &(2) C &™ ().
Therefore v has a unique continuous extension u : &™()) — R, establishing the second
statement of the theorem.

Now suppose that u € 2'(Q2) and that K = suppu is compact. Let p € 2(2) be such that
p =1 in a neighbourhood of K. Then we have

u(p) = u(pp) +ule — pp) = u(pp), ¢ € 2(Q), (89)

because supp(p — pp) C 2\ K. Since u is a distribution there exist m € Ny and C' > 0 such
that

(@)l = [ulpe)| < Cllppllemrry < Cllellomury, v € 2(9), (90)
where K’ = suppp, i.e., the map u : Z(Q) — R is continuous in the subspace topology induced
by the (dense) embedding Z(Q) C &(2). So u has a unique extension u € & (). O

Exercise 45. Prove that & (Q) = {u € 2"™(Q) : suppu € Q}.

The preceding proof shows that for a compactly supported distribution u, the bound (90)
holds with any compact K’ that contains the support of « in its interior. The following example
illustrates the interesting phenomenon that in general one cannot get the same bound with
K’ = suppu. Informally speaking, this means that distributions can “feel” regions slightly
outside of their support.
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Example 46. Let x; =277 for j = 1,2,..., and let K = {0, 21,22, ...}. Obviously K C R is
compact. Consider

u(p) = Z[S@(xj) —¢0),  pedR). (91)
We have u € & (R), since ]
[u(p)| = Z |CCj’”SDIHOO([0,1]) < H‘PIHCO([O,I])7 ¢ € &(R). (92)
J
We also have suppu = K. Now, suppose that

u(@)l < CY eWllcoy: ¢ € ER), (93)
k=0

holds, with some constants C > 0 and m. Let us compute the both sides of the above
inequality for ¢; € &(R) satisfying ¢; = 1 in a neighbourhood of [z;,z1], and ¢; = 0 in a
neighbourhood of [0, z;41]. Since ¢;(0) = 0 we have

u(pj) = Jj. (94)

On the other hand, all gpgk) except the case k = 0 vanish on K, and we get

- k
S 116 lloor) = 1. (95)
k=0

Therefore the bound (93) cannot hold.

Even though in general we cannot get a bound of the form (93) with K = suppu, it is still
true that u(p) = 0 if sufficiently many derivatives of ¢ vanish on supp u.

Theorem 47. Let u € & (Q) and let p € C™(Q) with 0%p =0 on K = suppu for |a| < m.
Then u(p) = 0.

Proof. Let € > 0 be arbitrary, and let p. € Z(K + B:) be a cut-off function satisfying p. = 1
in a neighbourhood of K and |p.||cx < ce™* for all & < m, where K + B. = {z € R" :
dist(z, K) < ¢} and ¢ > 0 is a constant independent of €. We have u(yp) = u(p-p), and hence

u(p)l < e - 10%peplllco < e Y 110%pelleoll O ellcox 5.y

la|<m " la+B|<m (96)
<e Y 0%l cogrer By
|| <m

where the constant ¢ > 0 may have different values at its different occurrences. We have
10%¢llco(k4B.) — 0 as e = 0 for |a| < m, because p € C™(£2). This means that in the sum
on the right hand side of (96), the terms with |a| = m tend to 0 as ¢ — 0. The remaining
terms can be treated as follows. Let y € (K+ B.)\ K, and let x € K be such that |z —y| < 2e.
Fix some «a with |a| < m, and set f(t) = (0%p)(x + t(y — x)). Then taking into account that
f#)(0) = 0 for k < m — |al|, from Cauchy’s repeated integration formula we get

0%(y)| < ¢ sup |F D)), (97)
0<t<1
Since |z — y| < 2e, the chain rule gives
sup |F0m71D @) < ee™ Il om (482 (98)
0<t<1

confirming that the sum on the right hand side of (96) tends to 0 as ¢ — 0. O
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An easy application of this theorem shows that point-supported distributions are nothing
but finite linear combinations of derivatives of the Dirac distribution.

Corollary 48. Let u € &™(2) and let suppu = {0}, where we assume 0 € Q. Then there
exist coefficients aq € R, |a| < m, such that

ulp) = Y aadap(0), @€ C™(Q), (99)

laj<m
that is, u = 5 (—1)1*a,0%5.
Proof. Let ¢ € C™(Q2), and let

Y(x) = p(z) — Z 97¢(0) x“, x € Q. (100)

al

laj<m

We have 0%¢(0) = 0 for |a| < m, and so the preceding theorem implies u(y)) = 0. Conse-
quently, we conclude

ulp) = D =S ulpa) tu) = Y —E0%(0), (101)
|lal<m || <m
where the functions p, € &(£2) are defined by p,(z) = z*. O

9. DISTRIBUTIONS ARE DERIVATIVES OF FUNCTIONS

In this section, we will prove that every distribution is locally a (possibly high order)
derivative of a function. This means that distributions are not much more than derivatives
of functions. The heart of the matter is the following representation of compactly supported
distributions as derivatives of functions.

Theorem 49. Let QO C R™ be a bounded open set, and let u € &™(Q2). Then there exists
f € L>®(Q) such that u = 9"t ... om+if.

Proof. By definition, there exist K € €2 and a constant C' > 0 such that
lu(p)| < Cllellem k) = C max [[0%p|co(xy, p € &M(Q). (102)

lal<m
For any ¢ € 2(2), we have
[¥]lco < CllOj9|co, (103)

with some constant C' > 0, because 2 is bounded. Hence assuming that ¢ € Z(2), we can
replace the derivatives in the right hand side of (102) by higher order derivatives so as to
have only one term in the maximum. This term would of course be the norm of 9% with
B =(m,m,...,m),ie.,

u(p)l < Cl%¢lico, v € 2(V). (104)
We want to replace the uniform norm in the right hand side by the L'-norm of a derivative
of ¢. For any ) € 2(Q) and for x € R", we have

y<zx

where y < x should be read componentwise. Using this, we finally get

upl<C [0l pea@) (106)
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now with § = (m + 1,m + 1,...,m + 1). This inequality in particular implies that the
distribution u cannot distinguish two functions o, € 2(Q) if they satisfy 9%p = 9%.
Therefore the map

T(8"¢) := ulyp), (107)
as a linear functional on the space X = {9y : ¢ € 2(Q)}, is well-defined. The following
commutative diagram illustrates the setting.

2(0) ~—=R
aﬁl / (108)
X
Now the estimate (106) simply says that
Tl < Cléllnrw)y,  §€X, (109)

and so we can employ the Hahn-Banach theorem to extend 7' as a bounded linear functional
on all of L'(€2). Hence by the duality between L' and L, there is g € L*(f) such that

6= [o6  ceri@. (110)

Finally, putting £ = 9%p with p € 2(Q) and unraveling the definitions, we get
ule) =T(@0%) = [ 90% = (-1 (2°9.¢) (1)
which means that u = (—1)/#16%g on Q. O

It is not difficult to improve the preceding result so that one can represent any compactly
supported distribution as a derivative of a continuous function.

Exercise 50. Let 2 C R” be a bounded open set, and let u € &™(£2). Show that there exists
g € C(R™) such that u = "2 ... 9m+2g in Q.

Provided that we work locally, the same result can be established for arbitrary distributions,
since one can turn an arbitrary distribution into a compactly supported one with the help of
a cut-off function.

Exercise 51. Let u € 2'(Q2). Show that for any open w C Q with @ € , there exists
g € C(R") and a multi-index « such that v = 0%g in w.

By patching together series of local representations, we get a global representation, giving
a precise meaning to the assertion that distributions are derivatives of functions.

Corollary 52. Let u € 9'(Q). Then there exist a sequence {g;} C 2°(Q) of functions, and
a sequence {a;} of multi-indices, such that u = Z]- 0%g;, and that {supp g;} is locally finite,
i.e., any compact set K C ) intersects with only a finitely many of the support sets supp g;.
In addition, if u € 2" () then we can take all o satisfying o] < m.

Proof. Let {w;} and {o;} be locally finite coverings of {2 by bounded open sets, such that

Q= ij, Q= Uaj, and 0j Cwj; forall j. (112)
J J

Let {p;} be a partition of unity subordinate to the covering {o;}, and for each j, let ¢); € Z(w;)
be a function satisfying ¥; = 1 on 1. Then for any ¢ € Z(2), we have

(09) = Stpsuse) = Ylosutied = Y [ 050 (wi)), (113

J J
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where in the last step we employed the representation from Exercise 50 to pju. The function
g; can be chosen so that suppg; C w;, because we can multiply it by a cut-off function
X € 2(wj) with x; = 1 in a neighbourhood of wj;, and it would not affect the integral in (113).
The proof is established, since any compact set K C 2 intersects only finitely many of w;. [

10. COMPLEX VALUED DISTRIBUTIONS

Let X and Z be complex linear spaces. Recall that a map A : X — Z is called linear (or
complex linear) if

Aoz +y) = Az + Ay, z,ye X, aeC, (114)

and anti-linear (or conjugate linear) if
Alax +y) = aAx + Ay, z,y€ X, aeC. (115)

If X is a complex linear space with a locally convex structure (or more generally, with a
topology), then the space of all linear and continuous maps u : X — C is called the dual of
X, and denoted by X'. Moreover, the space of all anti-linear and continuous maps u : X — C
is called the anti-dual of X, and denoted by X’*. Note that the dual and anti-dual are
themselves complex linear spaces. There is a simple relation between these two spaces. For
amap f: X — C, let us call f: X — C given by f(x) = f(z) the conjugate of f. Then we
have 4 € X' for u € X’ and vice versa. Moreover, since au = @i, the map u +— % : X' — X™*
is anti-linear, which makes it an anti-linear topological isomorphism between X’ and X’*.

Example 53. Let X be a complex linear space, and recall that an inner product on X is a
function (-,-) : X x X — C satisfying the following properties.

e (z,x) >0, and (x,z) =0 = x = 0. (Positive definiteness)

e (z,y) = (y,x). (Hermitian property)

e The map (-,y) : X — C is complex linear for any fixed y € X.

The second and third properties imply that the inner product is anti-linear in its second
1

argument. We equip X with the topology induced by the norm || - || = (-,-)2, making X an
inner product space. The following two maps arise naturally.

e R: X — X' defined by (Ry)(x) = (x,y).

e S: X — X' defined by (Sz)(y) = (z,y).
We see that R sends X into its dual, but R itself is anti-linear. We also see that S sends X
into its anti-dual, but S itself is linear. Moreover, we have Sx = Rx, because

(Sz)(y) = (z,y) = (y, ¥) = (Rz)(y). (116)

If X is complete, i.e., if X is a Hilbert space, by the Riesz representation theorem, both R
and S are invertible. Hence in this case, R is an anti-linear topological isomorphism between
X and X', and S is a topological isomorphism between X and X'*.

A possible definition of complex valued distributions is to regard any continuous linear
functional u : Z(2) — C as a complex valued distribution. Since Z(2) is only a real vector
space, linearity here is understood as R-linearity, and hence with this definition, a complex
valued distribution is nothing but a pair of real valued distributions. Another possibility is
to consider continuous (real) linear functionals u : Z(92,C) — R, where 2(Q2,C) is the set
of complex valued test functions. This will not lead to anything new, since if we consider
2(92,C) as a real vector space, then 2(Q,C) = 2(Q) & 2(2).

More “complex” candidates for complex valued distributions are the complex dual 2'(£2, C)
of 2(Q,C), and the anti-dual 2™(Q,C) of 2(,C). There are four natural ways to embed
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Ll (2,C) into either 2'(Q2,C) or 2*(£2, C), as follows.
(Jou, p) = /ugp = (u, )12, jo: Li.(9,C) — 2'(Q, C) linear,

(J1u, p) = /wp = (u, )12, g1 : L. (9, C) — 2%(Q,C) linear,
(117)
<j2U, QD> = /ﬂgD = <901 u>L27 J2 ¢ LIIOC(Q7C) - -@/(97@) anti-linear,

(Jau, p) = /ugp = (U, )12, j3 : L (9, C) — 2*(Q,C) anti-linear,

where (-, )72 is the (Hermitian) inner product of L?(€, C). Noting that jsu = jou, jou = joi,
and jiu = jou, it takes a little bookkeeping to switch between the different conventions. For
concreteness, in these notes, we are going to consider 2'(Q,C) as the space of complex valued
distributions, and stick to jo as the way to embed Li (£, C) into 2'(£2, C). One must be a bit
careful not to write u(p) = (u, ¢) 2, when regarding a function v € L?(£2, C) as a distribution,
since (jou)(p) = (u, @)r2 # (u, )2 in general. If we want u(p) = (u,@)r2 to be true, then
we must either replace 2'(Q2,C) by 2"*(2,C), as it would be the case for j;, or give up on

linearity of the embedding L (Q,C) — 2/(2,C), as it would be the case for js.

11. THE FOURIER TRANSFORM

For u € L', we define its Fourier transform by

a(e) = (Fu)(€) = / cETy()dr, £ € R (118)
It is immediate that ||| p < ||ul/z1, and that
1 .
W) = Z,é/e_zg'x@ku(ac)dac — 0, as & — 00, (119)
k

for u € 9. Since 2 is dense in L', and Cj is a closed subspace of L, where Cj is the space
of continuous functions decaying at infinity, it follows that & € Cy whenever u € L!. This is
a variant of the Riemann-Lebesgue lemma.

If in addition @ € L', then (as we will prove below) u can be recovered by

u(z) = /e’f'””ﬂ(ﬁ)df, x € R", (120)

1
(2m)"
i.e., & = (2m)"@, where @ is the reflection @(xz) = u(—z).

Definition 54. We define the Schwartz class to be

S ={1p € C®(R") : pap(¥h) < o Va, B}, (121)
where
Pa,p(¥) = sup. |2*0% ()], (122)

are the seminorms with which we equip .%.

It is immediate that differentiation and multiplication by polynomials are continuous op-
erations in .7.

Exercise 55. Show that .7 is a Fréchet space, and that 2 C . C L! where all inclusions
are continuous, proper, and dense.

Theorem 56. The Fourier transform F . — . is a topological isomorphism with its
inverse given by F Y = (2m)"".F 1. Moreover, for ¢, € . we have
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(a) fq5¢ f¢¢, fgéw (2m)~ fqﬁw and [ ¢p = f(Z)lZ (Parseval’s identity).
(b)¢ b= i) and¢¢ (2m) "G x 1)

(c) 8% (i€)*p and iL‘a’(/) (i9)4).

(d) Ta¢ =e wfqb and ewxw = Taw

(e) = $ and P = 1.

Proof. Let ¢ € .. Then by differentiation of (118) we obtain

0%¢(&) = /eig'x(—ia:)acp(fv)dx, £ eR™ (123)

This shows that ¢ € C*°(R") and that 9%¢ = (—i)'a‘x/o‘Tp. Putting ¢ = (—ix)%p € .7,
integration by parts gives

Pop(¢) = (—i)lP! / e~ 298y (x)d, ¢ eR" (124)

Since 9%y € ., we have ¢ € .. Also, the case a = 0 gives £7¢(¢) = (—i)'ﬁ‘@.
Continuity of % : .¥ — . follows from

E0°p(e)| < jf<1+-tzw-"-l<1—%|x0"*ﬂaﬁw<mﬂda

< C sup (1 + [a])" 0% (x%p(x))].
zeR?

(125)

For the inversion formula, we need to justify the formal manipulation

[ = [ ([ erpmay)as = [ ot ( [ e eoag)ay = cota), (120)

where c¢ is some constant. Switching the integrals would cause no trouble if we introduce the
factor ¥ € . that forces decay in the £-direction:

[emaeveas = [ v [ eroty)as
= [ew)( [ e ueac)ay

/ (W)Y (y — x)dy

/w p(z+y)d

The particular case x = 0 gives the identity [ ¢y = [ 1/1(,0. In order to eliminate ¢ from the
above formula, we would like to take a sequence of 1 converging to a constant function, which
we implement by replacing ¥ (&) by ¥(e§) with &€ > 0 small. Noting the simple scaling law

$o(€) = e(£/) where 1(z) = (cx), we infer
[s@uaesmas= [rit/eet+ iy = [d@e+eaps. (29
Now we take the limit ¢ — 0, and get
w(0) [ O = pl) [ D)y, (129)

by dominated convergence. The constant (27)~" can be verified by taking 1) to be a function
whose Fourier transform is easily computable, e.g., the Gaussian ¢ (x) = e~17* will do.

(127)
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The identity (127) can be written as ggq\/J = ¢) x ¢. Then the substitution ¢ = ¢ leads to
(2m)"pp = 1 * #. We leave the rest of the theorem as an exercise. O

Corollary 57. Let u € .. Then the maps ¢ — u¢p: . = L and p— u*x¢: .S — % are
CONtINUOUS.

Proof. Tt is easy to see continuity of multiplication. Then continuity of convolution follows
from the formula u * ¢ = U¢. U

Remark 58. The Parseval’s identity implies the Plancherel formula: ||i|| 2 = (2m)"/?||u| .

Interpolating this with the bound ||i||fe < ||u||;1 gives the Hausdorff- Young inequality
e < (2m)™ 9] o, (130)

which is valid for 1 < p < 2 and % + % = 1. The Fourier transform of a function v € LP with
p > 2 is in general not a locally integrable function.

12. TEMPERED DISTRIBUTIONS

Definition 59. The topological dual .#’ of . is called the space of tempered distributions.
We equip .’ with its weak dual topology.

Remark 60. Since 2 — . — & with dense embeddings, we have & — %" — 9.
Definition 61. The Fourier transform of u € .’ is defined by
(U, 0) = (u,¢), pes (131)
This definition clearly gives @ € ., as the map ¢ — ¢ is continuous in ..

Example 62. For ¢ € ., we have
B.0) = 1600 =00) = [ o= (L, (132)
hence 6 = 1. On the other hand, from
(Lg)=(19) = /sﬁ = $(0) = (2m)"¢(0), (133)

we infer 1 = (27)"6 (This assertion is equivalent to the inversion formula).

Theorem 63. The Fourier transform is a topological automorphism in ., and satisfies

(a) i = (2@,
(b) 9%u = (i€)* @,

(¢) zou = (i0)*0.
Proof. Continuity of the Fourier transform is obvious from
pe() = (i, )] = [{u, $)] = py(u). (134)
The other two assertions are also straightforward. For instance, we have
(07u, ) = (0%u, @) = (~1)\u, 0°9) = (~1)I°l(u, (=€) ) = (, 8°(i€)"),  (135)
implying (b). O
We end these notes by proving a structure theorem for tempered distributions.

Theorem 64. The following are equivalent.
(a) ue ..
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(b) There exists a finite sequence {ga} of continuous functions satisfying |go ()| < C(14|x|™),
such that u="Y0%gq.

Proof. The implication (b) = (a) is obvious. To prove (a) = (b), let u € .. Then there
exist k£ and m such that

|{u, )| < Cln‘lgx sup (1 + ]a:\ ) |0%p ()], pe.S. (136)
m geR”

Introducing ¢ (z) = (1 + |2|?)*¢(z), we can derive

0%] < Ca(1+ [27)7F ) 0%, (137)
B<a
and hence
|{u, )| < C max sup |0%p(z)], peSs. (138)
la|<m zern

Now, as in the proof of Theorem 49 the supremum can be replaced by an L'-norm:

[(u, )] < C|allgax 0% k(@) 1@y,  w € (139)
Therefore the map
T({0%pk : || <m+n}) = u(p), (140)

as a linear functional on the space X = {(0YY)|q|<m4n : ¥ € F}, is well-defined. Then the
estimate (139) says that

7@ = ¢ max llallo@n,  §€X, (141)
and so the Hahn-Banach theorem guarantees an extension of 1" as a bounded linear functional
on [LY(RM)]N, where N = #{a : |a| < m + n}. Hence by duality, there is g, € L>(R") for
each o with |a| < m + n, such that

= > [oka cemim. (142)
la|<m+n
Finally, putting &, = 0% = 8"((1 + || )kgo) with ¢ € ., we get
we) =T o)) =Y [w0"on =Y [wo(+laPo) (43
which can be further processed to yield
09) = Y [ apgan®®o = 3 (<1 s (0 (0%0) ), (144)
a,f a,B

with some coefficients c,s, |a| < m +n, |8] < 2k. It is straightforward to turn 2”g, into a
continuous function of polynomial growth by integration. O
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