
Lecture1 7

Restriction and Support

Definition 1. Let u ∈ D ′(Ω) and consider ω ⊂ Ω open. The restriction u|ω ∈ D ′(ω) of u to ω is
defined by:

< u
∣∣
ω
, φ >=< u, φ >, ∀φ ∈ D(ω).

Theorem 1. Let u ∈ D ′(Ω). The following hold:

a) u
∣∣
Ω

= u.

b) If σ ⊆ ω ⊆ Ω is open, then
(
u
∣∣
ω

) ∣∣
σ

= u
∣∣
σ

.

c) Let {ωα} be an open cover of Ω, then u
∣∣
ωα

= 0 =⇒ u = 0.

d) Let {ωα} be an open cover. Suppose uα ∈ D ′(ωα) satisfying

uα
∣∣
ωα∩ωβ

= uβ
∣∣
ωα∩ωβ

,∀α, β =⇒ ∃u ∈ D ′(Ω) s.t u
∣∣
ωα

= uα, ∀α.

Proof. d) Let φ ∈ D(Ω), K = suppφ compact and consider a partition of unity {χα} of K subordinate
to {ωα}.

< u, φ >:=
∑
α

< uα, χαφ > .

Suppose {ξβ} another partition of unity, we have∑
β

< uβ , ξβφ > =
∑
β

< uβ ,
∑
α

χαξβφ > (1)

=
∑
α

∑
β

< uβ , χαξβφ > (2)

=
∑
α

∑
β

< uα, χαξβφ > (3)

=
∑
α

< uα,
∑
β

ξβχαφ > (4)

=
∑
α

< uα, χαφ > (5)

To establish continuity, consider K ⊂ Ω compact, φ ∈ D(K),

| < u, φ > | ≤
∑
α

| < uα, χαφ > | (6)

≤
∑
α

Cα‖χαφ‖Cmα (K) (7)

≤
∑
α

C ′
α‖φ‖Cmα (K) (8)

≤ C‖φ‖Cm(K). (9)
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Definition 2. Let u ∈ D ′(Ω). The support of u,

supp u = Ω\
⋃
{ω ⊂ Ω open : u

∣∣
ω

= 0}
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