
We showed the spectrum of a strongly elliptic operator with homogeneous Dirichlet boundary
conditions is discrete.

(A− λI)u = f ⇐⇒ u− (t+ λ)Rtu = Rtf, t large.

If {µk} is the spectrum of Rt, then

λk =
1

µk
− t.

0.1 Self-Adjointness

A : Dom A ⊂ X → X

〈Au, v〉 = 〈u, v∗〉 ∀u ∈ Dom(A). (∗)

If Dom(A) is dense in X, then v∗ is unique (for given v).

v ∈ Dom A∗ ⇐⇒ ∃v∗ s.t (∗) holds, A∗v = v∗.

Go back to differential operators:∫
Au · v =

∫ ∑
aα,βD

αu ·Dβv =

∫
u ·A∗v, u ∈ Dom A, v ∈ Dom A∗.

If aα,β = aβ,α, A ⊂ A∗ (symmetric) and∫
u ·A∗v =

∫
u ·Av,

then,
A∗ = A =⇒ Rt = R∗t .

Theorem 1. Suppose A strongly elliptic and its Friedrich Extension is self-adjoint. Then A has a
complete orthonormal system of eigenfunctions {vk} in L2 and corresponding to real eigenvalues {µk}
satisfying λk →∞.
{vk} are also complete in H0(Ω), and orthonormal with respect to innerproduct

a(·, ·) + t(·, ·)L2 .

Moreover, vk ∈ C∞(Ω) and vk ∈ C∞(Ω) if ∂Ω ∈ C∞. Also, v ∈ Cω(Ω) if ∂Ω ∈ Cω and coeff A are
in Cω(Ω).

Proof.
Avk = λkvk =⇒ λk 〈vk, vk〉 = 〈Avk, Avk〉 ≥ c‖vk‖2Hm − c1‖vk‖L2 ,

λk → +∞.
a(vk, vj) = λk(vk, vj) = λδk,j .

v ∈ Hm
0 (Ω), a(v, vk) = 〈v,Avk〉 = λk(v, vk)

implies if a(v, vk) + t(v, vk) = 0, then (v, vk) = 0.

(A− Iλk)vk = 0 =⇒ regularity.
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0.2 Functional Calculus

X Hilbert, A : Dom(A) ⊂ X → X self-adjoint, having a complete orthonormal set of eigenfunctions.

Avk = λvk.

Lemma 1. Au =
∑
k λk 〈u, vk〉 vk, u ∈ Dom(A)

u ∈ Dom(A) ⇐⇒
∑

λk 〈u, vk〉 vk

converges if and only if ∑
|λk 〈u, vk〉 |2 <∞.

Proof. u ∈ Dom(A) :

Au =
∑
〈Au, vk〉 vk =

∑
k

λk 〈u, vk〉 vk.

(⇐)

Cu :=
∑

λk 〈u, vk〉 vk,

u ∈ Dom(C) ⇐⇒ series converges.

u ∈ Dom(A)

=⇒ Cu = Au,

=⇒ A ⊂ C, (1)

=⇒ C∗ ⊂ A∗ = A, (C ⊂ C∗) (2)

therefore A = C i.e Dom(A) = Dom(C),

〈Cu, v〉 =
∑

λk 〈u, vk〉 〈vk, v〉 = 〈u,Cv〉 .

—
Let f : R→ R. Define

f(A)u =
∑
k

f(λk) 〈u, vk〉 vk

u ∈ Dom f(A) if and only if
∑
|f(λk) 〈u, vk〉 |2 <∞.

Lemma 2. Dom f(A) os dense in X, f(A) is self-adjoint.

Proof.
f(A)uk = f(λk)vk =⇒ vk ∈ Dom f(A) =⇒ denseness.

C = f(A), C ⊂ C∗. u ∈ Dom C∗.

〈u,C∗v〉 = 〈Cuk, u〉 = f(λk) 〈vk, u〉

C∗u =
∑
〈vk, C∗u〉 vk =

∑
f(λk) 〈vk, u〉 vk, convergent.

=⇒ C∗ ⊂ C.

2



—
f : R× I → R, I ⊂ R. e.g e−tA.

f(x, t) = e−xt

f(A, t)u =
∑
k

f(λk, t) 〈u, vk〉 vk.

Theorem 2. Let u0 ∈ X. Assume ∑
|ck 〈u0, vk〉 |2 <∞, (∗)

Ck = ‖f(λ, ·)‖C0(I), f(λ) ∈ C(I), ∀λ ∈ R.
Then,

u : t 7→ f(A, t)u0 is continuous on I.

If in addition, f(λ, ·) ∈ C1(I), ∀λ and∑
|dk 〈u0, vk〉 |2 <∞, dk = ‖f(λk, ·)‖C1(I)

then, u ∈ C1(I, λ) and ut(t) = ft(A, t)u0.

Proof.
ak = 〈u0, vk〉

‖f(A, t)u0 − (A, s)u0‖2 =
∑
k∈N
|f(λk, t)ak − f(λk, s)ak|2

≤
∑
k≤N

|f(λk, t)− f(λk, s)|2|ak|2 + 2
∑
k>N

c2ka
2
k

using (∗), the expression goes to 0 as t approaches s.

0.3 Application to Heat Equation

ut +Au = 0, u(0) = u0

assume λk →∞. Solution is u(t) = e−tAu0. By definition

u(t) =
∑

e−tλk 〈u0, vk〉 vk

(agrees with separation of variables)

Ck = sup
0≤t≤T

e−λkt ≤ max{1, e−λ1T , λ := smallest λk

=⇒ u ∈ C0([0, T ], X)

dk = sup0≤t≤T |λke−λkt| ≤ C · λk. If u0 ∈ Dom(A) then u ∈ C1([0, T ], X).

ut = −
∑

λke
−λkt 〈u0, vk〉 vk

Au =
∑

λke
−λkt 〈u0, vk〉 vk

=⇒ ut +Au = 0, u(0) = u0

dk,ε = sup
0<ε≤t≤T

∣∣λke−λkt
∣∣ . 1

ε
, u ∈ C1([ε, τ ], X), ∀u0 ∈ X.

λe−λε .
1

ε
.
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