
Lecture1 2

Topological Space X: Basic Notions

Lemma 1. A collections of subsets of X, σ ⊂ 2X , is a base if and only if:

i) σ is cover of X.

ii) ∀A,B ∈ σ, A ∩B is the union of elements from σ.

Proof. Define τ = {union of elements from σ}. Then,

(∪αAα) ∩ (∪βBβ) = ∪α ∪β (Aα ∩Bβ) .

A ∈ τ ⇔ ∀x ∈ A, ∃B ∈ σ s.t x ∈ B ⊂ A.

Let Y ⊂ X. relative topology τY = {A ∩ Y : A ∈ τ}.

X1, X2 product topology with base σX1×X2
= {A1 ×A2 : A1 ∈ τ1, A2 ∈ τ2}

A ⊂ X is nbhd of x ∈ X if B ∈ τ such that x ∈ B ⊂ A.

N (x) the set of nbhd’s of x.

X vector space. A ⊂ X is balanced if λA ⊆ A, ∀λ, |λ| ≤ 1. In other words, x ∈ A =⇒ λx ∈ A.

Theorem 1 (cf. [RUDIN] §1.14, 1.15). Suppose X topological vector space, 0 < r1, r2 < ..., rn →
∞. V ∈ N (0)

a)
⋃
n rnV = X (V is absorbing).

b) ∃U ∈ N (0) open such that U + U ⊂ V.

c) ∃U ∈ N (0) open balanced such that U ⊂ V.

d) ∃U ∈ N (0) closed such that U ⊂ V.

e) K ∈ U compact =⇒ K bounded.

f) V bounded =⇒ {r−1n V } is local base of X.

Proof. a) x ∈ X. Define λ 7→ λx : R→ X continuous. e

=⇒ A ⊂ R, open, A 3 0 s.t A · x ⊂ V
∃s > 0 s.t |λ| < s λx ∈ V =⇒ x ∈ λ−1V, rn > λ−1

b) + : X ×X → X∃A,B ⊂ X open such that A+B ⊂ V. U = A ∩B.

c) · : R×X → X∃ρ > 0, ∃A ∈ N (0) s.t Dρ ·A ⊂ V, Dρ = {|λ| ≤ ρ}.

=⇒ λA ⊂ V =⇒ U =
⋃
|λ|≤ρ

λA ⊂ V.

d) U ∈ N (0) balanced U + U ⊂ V. U − U ⊂ V. x ∈ U .
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(x+ U) ∩ U 6= Ø.
∃y, z ∈ U s.t x+ y = z =⇒ x = z − y ∈ V.

e)
⋃
n rnV ⊇ K =⇒ ∃m s.t K ⊂

⋃m
n=1 rnV = rmV.

Note: bounded means ∀U ∈ N (0) ∀t > 0 s.t K ⊂ tU .

f) U ∈ N (0). ∃s > 0 s.t V ⊂ sU =⇒ V ⊂ rnU if rn > s.

=⇒ r−1n V ⊂ U

Corollary 1. X topological vector space, M ⊂ X open subspace. Then M = X.

Proof. M ∈ N (0) =⇒ x ∈ X, ∃λ > 0 s.t x ∈ λM = M.

Definition 1. Hausdorff property

x, y ∈ X,x 6= y : ∃A,B open s.t x ∈ A, y ∈ B, A ∩B = Ø.

X is Hausdorff TVS: {x} is closed (x ∈ X).

Lemma 2. Suppose {0} is closed in TVS X. Then X is Hausdorff.

Proof. X\{y} is open. ∃V ∈ N (0) s.t V ⊂ X\{y}. y /∈ V. ∃U ∈ N (0) balanced, such that U +U ⊂ V.
y /∈ U + U ⊂ X\{y}.

a, b ∈ U =⇒ a+ b ∈ X\{y}. (1)

=⇒ a+ b 6= y (2)

=⇒ a ∈ U 6= y − b ∈ y − U = y + U (3)

=⇒ U ∩ (y + U) = Ø. (4)
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Lemma 3. X topological space, E Hausdorff TVS. f : X → E continuous. If f = 0 on dense subset
Y of X, then f ≡ 0 on X.

Proof. f−1({0}) closed. f−1({0}) ⊃ Y.

=⇒ f−1({0}) ⊃ Y = X

Example
Riemann integral: I : Co(R)→ R continuous.

‖u‖L1 =

∫
|u|. L1(R) = Co(R).

the extension of I is Lebesgue integral.

Definition 2. seminorm p : X → R (X vector space)

i) p(x+ y) ≤ p(x) + p(y)

ii) p(λx) = |λ|p(x)

norm :

iii) p(x) = 0 =⇒ x = 0.
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