POISSON PROBLEMS

TSOGTGEREL GANTUMUR

ABSTRACT. In these notes we will study the Poisson equation, that is the inhomogeneous
version of the Laplace equation. Our starting point is the variational method, which can
handle various boundary conditions and variable coefficients without any difficulty.
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1. VARIATIONAL METHOD

Consider the following Poisson problem

{Au+f:0 in Q,

1
u=20 on 0}, 1)

where 2 C R" is a bounded domain, and f is a given function. We begin by reformulating the
problem in the Sobolev space setting as follows. Assume f € L?(f2), and consider the problem
of finding u € HE(Q) satisfying

/vu-vv = / fo  forallve HY(RQ). (2)
Q Q

Note that the homogeneous boundary condition is reflected in the requirement u € H&(Q) We
call (2) the weak formulation (or the variational formulation) of (1).

Exercise 1. Show that if u € €%(Q) satisfies (2) then Au + f = 0 almost everywhere in Q.

To get some insight on (2), we write it as
a(u,v) = F(v) for all v € HY (), (3)
where a : H} () x H}(2) — R is the bilinear form given by

a(u,v) = /QVu -V, u,v € Hi (), (4)
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and F : H}(Q) — R is the linear functional defined by

Fo)= [ o, veHi®). (5)
Q
Both a and F' are clearly continuous, because
|a(u, v)| < [|Vul[2]| Vol 2 < [lull g flv] g, (6)
and
[F)] < [[fllezllvllez < 1 flezllvll g, (7)

by the Cauchy-Bunyakowsky-Schwarz inequality. This means in particular that F' is an element
of the (topological) dual of H{(£2), which we denote by H~1(Q) = [H}(Q)]'. In addition to
continuity, the bilinear form a enjoys strict coercivity (also called H}-ellipticity)

a(v,v) > c|v|3, for all v € H}(Q), (8)

with some constant ¢ > 0, which is immediate from the Friedrichs inequality. Since a is
symmetric, strict coercivity and continuity imply that a defines an inner product on H&(Q)
which induces an equivalent norm. With these preparations at hand, we can now interpret
the problem (3) in the following way: Given an element F from the dual space of H}(f2), can
we represent F' as the inner product a(u, -) with a fixed element v € H}(2)? The affirmative

answer to this question is precisely the content of the Riesz representation theorem.

Theorem 2 (Riesz representation theorem). Let H be a (real) Hilbert space, and let H' be its
dual, defined as the space of continuous linear functionals on H. Then for any f € H' there
exists a unique element z € H such that f(z) = (z,x) for all x € H, where (-,-) denotes the
inner product of H.

Proof. We will use the variational method that has been applied in the existence arguments of
the preceding chapter. Let f € H’', and let

E(z) = (z,z) — 2f(x), x € H, 9)

and consider the problem of finding a minimizer of £ over H. We have

— = inf F 10
oo < p:= inf E(x) < oo, (10)

because E(0) = 0, and
E(z) > |l]* = cllzll = (]| - ¢) =, (11)
with some constant ¢, by boundedness of f. Let {z;} C H be a minimizing sequence, i.e., let
E(z;) — p. (12)

From the parallelogram law, we infer

Ti+ xR T+ Tk
(zj — mp, x5 — k) = 2(xj, 25) + 2wk, ) — 4~ 5 2 5 )
xj+xk) :Uj-l-xk)

= 2B (x;) + 2B (1) — 4E( .

+4f(z;) +4f(ze) — 8f( (13)
= 2E(z;) + 2E(xg) — 4E(@)
< 2E(z;) 4+ 2E(xy) — 4p — 0,

meaning that {z;} is a Cauchy sequence. Hence there is z € H such that z; — z.
IThere is another result called Riesz representation theorem that is about representing linear functionals

on a space of continuous functions as measures. The current version can be called the Riesz representation
theorem for Hilbert spaces.
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We need to show that E(z) = p. To this end, we have

p < E(2) = E(x)) + (z,2) — (w5, 25) + 2f(25) — 2f(2)
= E(zj) + (z + j,z — x5) + 2f (25 — 2) (14)
< E(zj) + ||z + x|z — 251l + cllz; — 2.

As j — oo, we have F(x;) — p and ||zj — z|| = 0. Moreover, we have ||z + z;|| < M for some
constant M, independent of j. This shows that E(z) = pu.
Next, we need (z,x) = f(x) for all z € H. Fix x € H, and for ¢t € R small, consider

E(z+1tx) = (z,2) + 2t(z,z) + t*(z,z) — 2f (2 + tx)

15
= E(z) +2t((z,z) — f(z)) + t2(x, ). (15)

If (z,2) — f(z) # 0, we can choose ¢t small enough and with an appropriate sign, so that
E(z 4 tx) < E(z). Since this is impossible, we conclude that (z,z) = f(z).

Finally, let y € H satisfy (y,z) = f(z) for all z € H. Then (y — z,z) =0 for all x € H, in
particular, (y — z,y — z) = 0, and therefore y = z. This completes the proof. ]

In light of the Riesz representation theorem, the following is immediate.
Theorem 3. In the above setting, there exists a unique u € Hj(Q) satisfying
a(u,v) = F(v) for all v € HY(Q). (16)
In other words, the Poisson problem (1) has a unique weak solution.

We can also solve the same problem with an inhomogeneous Dirichlet condition without
much difficulty. We formulate the problem as follows. Let g € H'(Q) be given, and find
u € {g} + H(Q) satisfying

a(u,v) = F(v) for all v € Hy(9). (17)
Recall that the (affine) set {g} + H(?) is by definition {g + v : v € H}(Q)}.
Corollary 4. For any g € H'(QQ), the preceding problem has a unique solution.

Proof. We will reformulate the problem as a problem with homogeneous Dirichlet condition,
therefore reducing it to the known case. Let w € H}(£2) be the unique function satisfying

a(w,v) = F(v) — a(g,v) for all v € H} (). (18)

Such a function exists because the map v+ F(v) — a(g,v) is in [H} ()]’ as can be seen from

[F(v) — alg, 0)| < [[flle2llvllg + gl vl g (19)
It is obvious that u = w + g € {g} + H}(Q) and a(u,v) = F(v) for all v € H}(Q). The
uniqueness part is left as an exercise. O

Exercise 5. Give a weak formulation of the problem

{—Au +tu=f inQ, (20)

u=yg on 0},

and then show that a unique weak solution exists if ¢ > ¢, where ¢ < 0 is a constant.
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2. ESSENTIAL AND NATURAL BOUNDARY CONDITIONS

Let f € L?(2) and ¢t € R, and consider the problem of finding u € H'(2) such that

/(Vu - Vo + tuv) = / fo for all v € H'(Q). (21)
Q Q

What we did is that we took the problem (2), added the term tuwv inside the integral, and
replaced the space H}(2) by H*(Q). The bilinear form a : H'(Q) x H'(Q) — R defined by

a(u,v) = / (Vu - Vo + tuv), (22)
Q
is symmetric and continuous, and linear functional F : H'(€2) — R defined by

F(v):/va, (23)

is continuous, meaning that F' € [H'(Q)]’. Moreover, it is easy to see that if ¢+ > 0 then
a(u,u) > min{1, t}|ullf,  uwe H(Q), (24)

i.e., a is strictly coercive in H'(§2). Hence by the Riesz representation theorem, the problem
(21) has a unique solution u € H(Q).

Let us try to identify the classical problem corresponding to (21). Since 2(Q) C H*(Q), if
we assume u € €2(Q), then taking arbitrary v € 2(f2) in (21) implies that

—Au+tu=f a.e. in (). (25)

We see that replacing the space HE(2) by H'() in the variational formulation has no effect
on the differential equation to be satisfied in the interior of the domain at the classical level.
If anything has changed, it must have something to do with the boundary condition. To
probe what is happening at the boundary, in addition to u € €%(£2), suppose that Q has a
%' boundary, and that u € €'(Q). Then taking into account that €*(Q) ¢ H(Q), for any
v € €HQ), we have

OZ/Q(VU'VU—Ftuv—fU):/an@Vu—i-/Q(—Au—i-tu—f)v:/691)8,,11, (26)

where we have used (25), and 0, is the (outward) normal derivative at 0€2. It is not difficult
to conclude from here that d,u = 0 on 092. So we identify (21) as a weak (or variational)
formulation of the equation (25) with the homogeneous Neumann boundary condition.

Exercise 6. Show that if u € €!(Q) satisfies

/ vo,u =0, (27)
o0
for all v € €1 (Q) then d,u = 0 on 9.

Remark 7. Note that the boundary term that arises from integration by parts in (26) naturally
has lead us to the Neumann boundary condition. In variational terminology, such boundary
conditions are called natural boundary conditions. If we were dealing with the Dirichlet
boundary condition as in the previous section, on the contrary, the boundary term in (26)
would be 0 because of the restriction v € HZ () as opposed to v € H(Q2). In this case, the
boundary term vanishes by design of the underlying Hilbert space H&(Q), and the associated
boundary conditions are called essential boundary conditions. Finally, we remark that the
correspondences natural — Neumann and essential — Dirichlet do not always hold. For instance,
in some formulations the Dirichlet boundary condition arises as the natural boundary condition.
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3. WEAK, STRONG, AND CLASSICAL SOLUTIONS

In all cases considered so far, we have functions u € H'(2) and f € L?(f) satisfying

/(Vu - Vo + tuv) = / fo for all v € 2(Q). (28)
Q Q

Note that if (28) holds, then it holds also for all v € H}(€2) by density. The differential equation
associated to this is —Au 4 tu = f in . As for the boundary condition, it is determined by
the following additional information:

e For the homogeneous Dirichlet condition, we have the requirement u € H}(€2).
e For the homogeneous Neumann condition, (28) holds also for all v € H*(Q) \ H ().

We have encountered at least two different notions of solutions: Weak and classical. Here we
want to formalize those concepts and introduce one more notion of a solution.

Definition 8. A classical solution of —Au+tu = f in  is a function u € €(0) that satisfies
the same equation pointwise in . In particular, this would imply that f € € ().

Bear in mind that in the preceding definition we are concerned with only the differential
equation, that is (supposed to be) satisfied at each point of the interior of the domain. When
we are solving the boundary value problem, i.e., at the stage where we want to establish
the existence of a solution, it is necessary to consider both the differential equation and the
boundary condition at the same time. However, once the existence is known, when we want to
study the properties of solutions, it is often possible and convenient to separate the two. Here
we would like to consider conditions that are generalizations of the differential equation alone.
In doing so, it is preferable to avoid global conditions, such as u € H'(), which requires in
particular the square integrability of u over Q. Therefore it would be ideal if we replace H! by
its local version, the same way %'(€2) is the local version of the space of bounded continuous
functions on Q. To this end, we let H\ (Q) = {u € L3() : pu € H (), Vo € 2(Q)}.

loc
Definition 9. We call u € HL _(Q) a weak solution of —Au + tu = f in Q if u satisfies (28).

This notion makes sense even for f € L2 ().

It is always true that classical solutions are weak. Moreover, under the assumption that
u € €3(Q) and f € €(Q), u is a classical solution if and only if it is a weak solution.
Now we generalize the definition of Sobolev spaces to higher order cases. We let

H*(Q) = {u € L}(Q) : 0% € L*(Q), |a| <k}, (29)
equipped with the norm

e = (3 107, (30)

|la|<k

i = (X I0%ul2). @1

|a|=k
Furthermore, we define HF (Q) = {u € L3(Q) : pu € H*(2), Vo € 2(Q)}.

Definition 10. We call u € H2 () a strong L? solution of —Au + tu = f in  if the same

. . . . . 2
equation is satisfied as an equality in the space L; .(£2).

and the seminorm

It is obvious that classical solutions are strong, and strong solutions are weak. Moreover,
under the assumption that u € €%(Q2) and f € €(Q), u is a classical solution if and only if it
is a strong solution. Similarly, under the assumption that u € HZ (Q) and f € L (), u is a
strong solution if and only if it is a weak solution.
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The above discussion leads to the question if and when we can guarantee that a weak solution
u, initially only known to be in Hl (2), is indeed in HZ () or even in 4*(Q), so that the
weak solutions we have constructed in the previous sections are in fact strong or even classical.
To see that it is not a completely absurd hope, think of the ordinary differential equation
y" = f, which has the property that if f € €* then y € ¥**2. Now if we assume that the
equation Au = f has a similar property, and that its weak formulation inherits enough of its
structure, then it is reasonable to expect that f € HE () implies u € Hﬁf(ﬂ), and that
f € €%(Q) implies u € €¥T2(Q), for a weak solution u € HL _(£2). In what follows we will show
that this expectation is realized for the H* spaces. However, it turns out that the statement in
the €* spaces is not true. We interpret this fact as the €* spaces not being well suited for
studying the Laplace operator. What we can establish are conditions on f (that are slightly
stronger than f € €*) that imply u € €++2.

4. FINITE DIFFERENCES

In this section, we will establish a convenient criterion for determining whether a function is
in a Sobolev space, which will then be used in the upcoming sections to study the Sobolev
regularity of weak solutions to (28). Let & C R™ be an open set and let f be a function defined
on 2. Then we define the finite difference operator A, for h € R™ by

Anf(z) = f(x+h) = f(z), (32)

where we assume that [z, x4+ h| C , with [z, z + h] denoting the line segment connecting x and
x + h. Hence Ay maps functions on €2 to functions on the subset Qp = {z € Q: [z,x+ h| C Q}.
It is clear that

e f is uniformly continuous in €2 if and only if [|Ap, f[|Lec(,) — 0 as h — 0.
e f is Lipschitz continuous if and only if [|Ay, f|| f(q,) < c|h| Vh, with some constant c.
o If [[Anfllpe(q,) = o(h) as h — 0 then f is constant.

Since ¢'(Q2) N LP(Q) is dense in LP(Q) for 1 < p < oo, and we have [|Ay f|zr(,) < 2l fllzr()
for f € €(Q2) N LP(QY), the difference operator Ay, can be uniquely extended to a continuous
operator Ay : LP(Q) — LP(€). Alternatively, and with the same result, we can define
Apf = for,— ffor f e LP(Q), where 75, is the translation operator given by 7,(z) = x + h.

It will turn out that the condition ||Apf[|z2(q,) = O(h) characterizes the Sobolev space

H'(2). Hence in a certain sense, H'(Q) is the L?-equivalent of the Lipschitz space €% (12).
For generality, we will prove this characterization in the LP setting.

Definition 11. We define W*?(Q) = {u € LP(Q) : 0% € LP(Q), |a| < k}, for 1 < p < oo
and k € Ng.

Note that we have Hk(Q) = Wk72(Q) and LP(Q) = WOJ?(Q).
Lemma 12. If f € WHP(Q) with 1 < p < oo, then |Anf| o,y < 1RV e for b € R™

Proof. For n € S"~ ! and f € €1(2), by the fundamental theorem of calculus, we have

)~ @I < [ 195G+ 9lds < ( / \Vf<x+ns>\pds)”. (33)

Taking the p-th power and integrating, we get

t t
1A fIE, < 7! / / V5 (e + ns)Pdsde < 7! / / Vi)Pdyds,  (34)
Qe Jo 0 Ja

which immediately leads us to the claim. O
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In the converse direction, for p > 1, the decay condition [|Ac,f||» = O(t) implies the
existence of 0;f and the membership 0;f € LP(Q2). Here e; is the i-th standard unit vector.

Theorem 13. Let f € LP(Q) with 1 < p < oo, and assume that || Ac,if| e,y < Mt for all
small t > 0. Then the weak derivative 0;f exists and it satisfies ||0;f || rpq) < M.

Proof. Let K C € be a compact set, and let ¢ € Pk, where Zx = {¢p € 2(Q) : supp ¢ C K}.
Then we have

/Q Acifip = /Q (f(x + ext)p(x) — f(2)p(x))dz = — /Q FAui, (35)

for sufficiently small ¢ > 0, which implies

A, A,
[ ool <1 [ S5el vl [ 555 i)
A

(36)

_ et
<t A vy lell oy + 111z || tt — 050 || oo

where ¢ is the Holder conjugate of p, i.e., it is given by % + % = 1. Now by using the bound
|Ac;ef||zr < Mt and sending ¢ — 0, we obtain

\/Qfaiso\ < Ml Lagy- (37)

It shows that if we define the linear map T : Zx — R by

T = /Q forp, (38)

then it is bounded in the L9-norm: |T'y| < M ||| Lq(k). Since P is dense in LI(K), the map
T extends? uniquely to a continuous map T : LI(K) — R. Moreover, the resulting map is
linear, and satisfies the same bound |T'p| < M||¢| ek for ¢ € LI(K). In other words, T is
in the topological dual of L4(K), and from the duality between LP and L4, we conclude that
there exists g € LP(K) with ||g||zr < M such that

/ gp=Tp = / foip, for all p € Zk. (39)
K Q

Hence, —g is the weak derivative of f in the interior of K. In order to turn it into a global
result, let K1 C Ky C ... C Q be a sequence of compact sets such that J,, K, = Q. Let
gm = 0;f in the interior of K,,, and suppose that we extended g, by 0 outside K,,. Moreover,
let us work with an arbitrary but fixed representative of g,, € LP(2), for each m. Then by
uniqueness of the weak derivative it is clear that g, agrees almost everywhere in K, with all
gr. with & > m, and hence the pointwise limit ¢ = lim g,,, exists almost everywhere in €2, which
of course represents the weak derivative 0;f in Q. Finally, since ||gm|/zr < M for all m, the
monotone convergence theorem guarantees that ||g||r» < M. O

Remark 14. This proof would not work for p = 1, because L!(£2) is not a dual space.
Exercise 15. Show that if [|[Ay f||z» = o(h) then f is a constant function.
Lemma 12 and Theorem 13 give the following characterization of WP,

Corollary 16. For 1 < p < oo, we have f € WYP(Q) if and only if || Anf|» = O(h).

2Alternatively, we can use the Hahn-Banach theorem to extend T
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Remark 17. If we define the generalized Lipschitz spaces
Lip(a, LP(€)) = {f € L*(Q) : sup A" AnfllLr < o0}, (40)
0
then the preceding theorem says that in fact W1P?(Q) = Lip(1, LP(£2)) for 1 < p < co. Hence
informally speaking, the Sobolev spaces are LP-versions of Lipschitz spaces. The spaces

Lip(a, LP(€2)) with 0 < o < 1 are examples of Nikolsky spaces, which in some sense fill up the
gap between LP and WP, Nikolsky spaces themselves are special cases of Besov spaces.

5. INTERIOR REGULARITY

Now we start tackling the regularity problem for the equation (28) head on. To illustrate
the main ideas clearly, we begin with a very simple case. Let {2 C R™ be an open set, and
recall that the support of a function u € L{ _(Q) is defined as

suppu = '\ U{w C Q open : u|, = 0}. (41)

In particular, suppu is a relatively closed set in Q, and u = 0 almost everywhere in Q \ supp .
For a compact set K C €, let us introduce the space Hj, = {u € H'(Q) : suppu C K}. We
have H} C H}(Q) because for u € H} and for all small € > 0, the mollified function u. will
have a compact support in 2. Suppose that u € Hll{ and f € L?(Q) satisfy

/Vu-Vv = / fv  forallve HY(RQ). (42)
Q Q
Recall that with 75, defined by 7,(x) = « + h, we have Ayu = 75u — u, where T7u =uor,

is the pull-back of u by 7,. With K’ C Q a compact set containing K in its interior, since
Tiv € H}(Q) for v € Hy and for all small h € R", it is easy to see that

/ Vrpu- Vo = / Vu-V71iv= / frrv  forallve Hgr. (43)
Q Q Q
Combining this with (42) gives
/ VApu-Vo = / FTA_pv for all v € Hg. (44)
Q Q
Then upon applying Lemma 12, we have
}/QVAW'VU\ < [fllz@llA-nvliz2) < (Rl 220 IVOll 12(0), (45)

for all small h and for all v € Hgs. Now we put v = Apu, which is justified because Apu € HL,
for small h, and get

IVARull2) < [BI[f]lL2(0)- (46)
This in particular implies that
| Ae;t05ull2(0) <t fllz2(0) (47)
for all small ¢ > 0, which means by Theorem 13 that the weak derivative 0;0;u exists and
10:0jull L2(0) < I fllL2(0)s (48)

for all i,j. To conclude, if u € H} and f € L*(Q2) satisfy (42), then we have u € H%(Q2) with
|[ul w2 (@) < n|lfl r2(q)- This is not fully satisfactory as it involves the unreasonable assumption

u € H}<7 but the result can easily be generalized as follows.
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Lemma 18. Let u € HL (Q) and f € L% (Q) satisfy

loc

/ Vu- Vo = / fv  forallve 2(Q), (49)
Q Q
and let n € 2(Q2). Then we have
/ V(nu) - Vv = /(nf —2Vn - Vu — uln)v for all v € H}(Q). (50)
Q Q

Hence the result we have established just before this lemma shows that nu € H*(Q), and
V()2 < nlinfllrz +2nlVn - Vull 2 + nlulm] 2. (51)
In particular, we have u € HZ ().

Proof. We have V(un) = uVn + nVu in the weak sense because
/ nud;p = / udi(np) — / updin,  p € 2(Q). (52)
Q Q Q

Thus for v € 2(Q), we can write

/ V(nu) - Vv = / (uVn+nVu) - Vv = / uVn - Vu+ Vu- (V(nqv) —ovVn)
:/an-Vv—i—fnv—vVu-Vn,
Q
where we have used the formula nVv = V(nv) — vVn in the second equality, and (49) in the

last line. The reasoning (52) with n replaced by 9;n leads to 9;(ud;n) = ud?n + dind;u in the
weak sense, which then implies that

/ uVn - Vv = — / (uAn + Vn - Vu)v. (54)
Q Q

Plugging this into (53) establishes (50) for v € 2(2). Since the both sides of (50) are continuous
in the H(Q) norm as functions of v, it is clear that (50) holds for all v € HE(Q). O

Now we establish a higher regularity result. It shows that at least in the H* scale, the
solution is as regular as it is allowed by the right hand side f.

Theorem 19. Let u € H. (Q) and f € HE () satisfy

loc
/ (Vu- Vo + tuv) = / fo forallve 2(Q), (55)
Q Q

where t € R is a constant. Then u € H{f)JCFQ(Q), and we have the recursive estimate
-1 -2
|U‘H’“+2(B) < ’f‘Hk(B/) +cr ‘U|H’€+1(B’) +cr ‘U|H"‘(B’)7 (56)

where B = Br(x) and B' = Bry,(z) with R > 0 and B’ C Q, and c is a constant that depends
only onn and t.

Proof. Testing in (55) with 0%v instead of v, we write
/ Vu-Vo%v = /(f — tu)0%v for all v € 2(0). (57)
Q Q

If we temporarily assume that u € Hljotl(Q) for some j < k, then for all multi-indices o with

la| < j, we have 0%u € H{ (€2), and

/Qfa%:(—l)al/g(aaf)v, and /Qvu.va%:(—mal/ﬂvaau-w;, (58)
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hence

/ Vo*u - Vv = / (0%f —to“u)v for all v € 2(Q). (59)
Q Q

Now Lemma 18 implies that 9%u € HZ (), that is, u € HljotQ (€2), and repeated applications
of this argument with j = 0,...,k implies u € H{f}tQ(Q)

For the estimate (56), consider a function n € Z(B’) such that 0 <7 <1 everywhere, n =1
in B, and 7||Vn||r= + r%||An||L~ < C for some constant C' that does not depend on any of R
and 7. Then an application of (51) finishes the proof. O

6. SOBOLEV’S LEMMA

In the previous section, we have established an H* regularity result, i.e., that f € H, loc
implies u € Hllf;Q, for weak solutions of —Awu + tu = f. In this section, we would like to
investigate what this result implies in terms of the €% regularity of u, i.e., if and when we have
embeddings of the sort Hllf)c () C €™(2). We first look at the case m = 0 and a special class
of domains, called cones.

Lemma 20. Let w be an open subset of the unit sphere S"~1, and let

Q=Q(w,h)={t:{cw, 0<t<h} CR", (60)
with some h > 0. Suppose that k > 5. Then we have
[u(0)| < cllullgrgy,  for allu € €(Q), (61)

where ¢ = c(k,n, |wl|, h).

Proof. First, let us derive the Cauchy formula for repeated integration in one dimension. Suppose
that f € C®(R) is a function satisfying f(h) = f'(h) = ... = f*~D(h) = 0. Then by repeated
integration by parts, we have

h / o h " __1 h " 234
_/Of(t)dt_/of(t)tdt_ 2/0f ()t=dt = ...
(—DF  h (F) (o1
k;—1)!/0 F® @) dr,

which is the claimed formula.
Now we pick ¢ € Z(By,) with ¢(0) = 1, and set v = ¢u. Moreover, fix £ € w and put
f(t) = v(&t) for t € [0, h]. We estimate f()(t) as

(62)

PO = [[€01+ - +&0a)"0](€0)] < n* max ov(D), (63)
and by the Cauchy formula, we get
h
)] = 11(0)] < = < [ aenean (64)
where .
gu(e) = gy mex [0l weQ (65)

Then integrating over £ € w and changing the integration variable from (£,¢) € w x (0,h) to

x = ¢t € Q, we infer
)| < |// grlgtytEdean 1§_| 3 ar@lel e
2

1
< —|lgkllr2 </ x2(kn)d$> ,
Sl ([ 1o
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where the last integral is finite since 2k > n. Namely, we have
[6(0)] < clol gy = clouleo): (67)
with ¢ = ¢(k, n,|w|, h), concluding the proof. O
Now arbitrary m and a quite general class of domains can be treated with ease.

Definition 21. A domain Q C R" is said to have the cone property if there exists a cone
@ = Q(w, h) as in the preceding lemma, such that each x € Q is a vertex of a cone @, C
congruent to @ (in other words, one can place @ in 2 by moving its vertex to = and by suitably
rotating around x).

Theorem 22. Let 2 C R" be a domain having the cone property, and let k > 5 +m. Then
we have

[ullgm) < cllullgr) — for ue€™(Q) N HYQ), (68)
where ¢ = c(k—m,n, |w|, h). In particular, H*(Q) < €™(Q), the latter is the space of functions
whose derivatives of order up to m are continuous and bounded in Q.

Proof. Let u € €™(Q2) N H*(2). Then for x € Q and for « satisfying |a| < m, we have
10%u(z)| < || 0%ul| gr-m(q,) < cll0%ull gr—m ) < cllull gr @), (69)

with ¢ = ¢(k —m,n,|w|, h), which implies (68).

Now suppose that u € H¥(Q), and let {u;} C €>(Q) N H*(Q) be a sequence satisfying
uj — u in H*(Q) as j — co. Then an application of (68) to the difference Uj — Uy, implies
that {u;} is a Cauchy sequence in 6,"(£2). Hence by the completeness of €,"(12) there is
w € €, (2) such that u; — w in € (). In particular, we have u = w almost everywhere. [

Corollary 23. If f € H{Z;Q(Q) with k > % +m and k > 2 then any weak solution u € HY (Q)
of —Au+ tu = f satisfies u € €™ (). In particular, f € €°°(Q) implies u € € ().

Note that an element of €™ (2) does not necessarily have a continuous extension to (2. As
such a property is important in classically satisfying a boundary condition, before closing the
section, we present a sufficient condition for the embedding H*(Q) C €™ (Q2) to hold. Here
%™ (Q) is the space of €™ () functions whose derivatives of order up to m have continuous
extensions to Q.

Definition 24. A domain © C R" is said to have the strong cone property if there exist a cone
Q = Q(w, h) and constants A > 0 and p > 1, such that each pair y, z € Q with |y — z| < % is
the vertices of the cones @, C {2 and (), C €2 congruent to (), and

|Qy N Q=N Br(y) NBr(2)] = Aly — 2", (70)
where r = ply — z|.
Theorem 25. Let Q C R™ be a domain having the strong cone property, and let k > 2 4+ m.
2
Then we have HF(Q) < €™(1).

Proof. We will prove the case m = 0 only. Without loss of generality, assume that y = 0, and
that @ = Qy. Let Q' = QN B, (y), and Q, = Q. N B,(z). Then for v smooth and z € Q' NQY,,
we have

u(0) — u(2)] < |u(0) — w(@)| + u(z) —u(z)], (71)
and integrating this over Q' N Q,, we get

QN Qu(0) - u(2)] < / [u(0) — u(a)|dz + / u() — u(z)|dz

Q'NQY Q'NQYL

< |u(0) — u(z)|dx + /Q’ lu(z) — u(z)|dx.

Ql

(72)
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We pick ¢ € Z(By,) with ¢ =1 in By, /9, and set v = ¢u. Moreover, put f(t) = v({t) for § € w
and ¢ € [0, h]. Then the first integral on the right side of (72) may be estimated as

— " / n—1 n—1 ﬁ " / n—1
[0 —utwjar < [ 7 i taapre < it o

Now from the Cauchy formula

h h
101 gy [ POl < o [T ()

we infer

r r r h
[ s < o= [ir®mptans oL [Croor-te, @

and plugging this into (73) we get

u(0) — u(x)ldz < e /Q ou(@) el 4 / ge(@)al " e, (76)

v Q@
where ¢ = (k,n) is a constant and gi(x) = \Icryﬁ)li |0%v(z)| for x € Q. For the first term on the
right hand side, we have

1
[ aolat s < ol ([ 14 an) " < Pl (1)

provided that & — § > 0, where ¢ = ¢(k, n, |w|) is a constant. For the other term, we have

1
2

/ gr(@)|z|* "z < gkl r2(q) </ ’x\Q(k_"_l)dx> < "2 gl ), (T8)
Q\Q’ QA\Q'’
ithk—2<1,and
e h
/ gx(@))z*" Lz < clog » lgellz2(@). (79)
Q\Q’ r

if Kk — § = 1, where in both cases ¢ = c(k,n, |w|) is a constant.

The second integral on the right hand side of (72) can be estimated in the same way, and
we conclude for y,z € Q with |y — z| < %, that
1
lu(y) —u(z)| < cly — 22 ||ull gr (), (80)
if n is odd and k = [§] + 1, and

lu(y) —u(z)] < cly — z[log Hllullmm), (81)

if n is even and k = % + 1, with ¢ = ¢(n, |w|, A). In any case, this implies that H" functions

are uniformly continuous, and hence can be extended continuously to the closure of 2. O

Remark 26. The preceding proof shows that H*(Q) < ¢+ [21=1e(Q), for o = 3 when n is
odd, and for any a < 1 when n is even.
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7. ANALYTICITY

We know from Corollary 23 that if f € €°°(£2) then any weak solution v € HL () of
—Au+tu = f satisfies u € €>°(Q2). In this section, we want to investigate the question whether
or not f € C¥(2) would imply u € €¥(£2). As before, let 2 C R™ be a domain. Recall that a
function f € €°°(Q) is called (real) analytic in Q, and written f € €« (Q), if for any y € Q the

Taylor series

9°f(y) o
@) =S @ -y, (52
[0
converges in an open set containing y. We need some preliminary results to characterize
analyticity by local growth estimates on derivatives.

Lemma 27. A function f is real analytic in @ if and only if for any point y € Q there exist a
ball B = B,(y) with r > 0 and B C §, and constants 6 > 0 and M < oo such that

m!
| fllgm )y < M(Sim for all m € N. (83)

Proof. The “if” part has already been proved in the notes on harmonic functions.

For the other direction, we start by assuming that f € €“(€2). Hence for any given y € €,
the Taylor series (82) converges in a neighbourhood of y. In particular, this means that for
some § = §(y) > 0 possibly depending on y, the mentioned series converges for x given by
x=1y+(6,0,...,d), and since each term of a convergent series must be bounded, there exists
a constant M < oo such that

0% f(y)| < Mo~ 1ol for all «. (84)

This is almost what we want, but we need to remove the possible dependence of § on y. To
address this issue, we consider the power series

HOEDY mi !(y) (z—y)", (85)

67

for z € C", which is just (82) extended to the complex domain. Now because of the estimate
(84), the complex power series (85) converges (absolutely and uniformly) in an open set
containing the closure of the polydisk D,(y) = D,(y1) X ... x D,(y,) C C" for some r > 0,
where D, (y) € C is the disk of radius r centred at y. This means that for each k € {1,...,n}
and for each fixed

(Ctoeos Gty Gty - - -5 Gn) € Dr(yn) X ... X Dy (yr—1) X Dy (yrs1) X ... x Dr(yn) € C*71, (86)

the function (j +— f(¢) is complex analytic in a neighbourhood containing D, (). Let C,(yx)
be the boundary of D, (yg), positively oriented. Then Cauchy’s formula gives

1 / f(Zh---7Zk717§k7zk+17"'72n)
Cr(yk) Ck — %k

fz) =

T 2mi

dd, (87)

for any z € Dy(y1) X ... X Dp(ys—1) X Dy(yr) X Dy(yrs1) X ... X Dy(yn). Hence for any
z € D,(y), we have

1 f(zla"'aznflacn)
f Z)= o an) 88
(2) =5~ . r— (88)
and by applying the formula (87) recursively, we derive

_ 1 . Q) .
i) = (2mi)™ /Cr(yn) /Cr(yl) (G —21) (G — Zn)dgl dn (89)
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Since z is in the interior of D,(y), and so the integrand is analytic in an open set containing
0D, (y), we can differentiate under the integral sign and get

o)=L SO e
IO = G o e (90)

where o +1 = (a1 +1,..., a0 +1). If 21 € Dy jo(yr) and G € Cr(yr), then |G — 2zx| > 7/2, s0
we have the estimate

02 f(2)] < 2"l /)| £ 2o (D, (1)) (91)

for z € D, 2(y). Restricting z to R", we get the desired estimate. O
The next step is to characterize analyticity by the growth of local Sobolev norms.

Lemma 28. A function f is real analytic in Q@ if and only if for any point y € Q there exist a
ball B = B,(y) with r > 0 and B C , and constants 6 > 0 and M < oo such that

k!

£l £ () < M57

Proof. If f € €“(Q2) then by the previous lemma we have for any point y € €2 there exist a
ball B = B,(y) with r > 0 and B C €2, and constants § > 0 and M < oo such that

for all k € N. (92)

!
|fllom(s) < M3z forall meN. (93)
Now by using the trivial estimate
1
1 llm(s)y < I fllemm) - 1B, (94)

we get the “only if” part of the lemma.

To prove the other direction, suppose that we have (92). The ball B clearly satisfies the
cone property, and the parameters |w| and h depend only on the size of the ball B. Hence for
any m € N, Sobolev’s lemma gives

| fllgm )y < cllflgm+rpy < eM(m +p)lo~™"P, (95)

where p = [§] 4+ 1 and c is a constant that depends only on p, n, and the size of the ball B.
For m < p we have

(m +p)! < (2p)! < 2Pp?P, (96)
and for m > p we have
(m+p)! <ml!(2m)? < pPe™ml, (97)
which imply that
| fllgm ) < eM&P2Pp*Pml(6/e) ™, (98)
establishing the lemma. O

Finally, we present here the analytic regularity theorem.

Theorem 29. Let u € H{

loc

fe€€“(Q). Then u € €“(Q).

(Q) be a weak solution of —Au + tu = f, where t € R and

Proof. By Theorem 19, we have u € €>°(£2), so we only need to derive suitable estimates on
the local Sobolev norms. Let B = Br(y) and B’ = Bp,(y) with R >0, p > 0 and B’ C (.
Let Ky = Bryor(y) for £ =0,...,k with r = p/k. Note that Ky = B and K; = B’. Then the
estimate (56) from Theorem 19 yields

lul gri—e(ryy) < 1 le—e-2ry, 0y + () Hul g g,y + (0r) P lulgreeogr,, ), (99)
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for £=0,...,k — 1, where c is a constant that depends only on n and ¢t. We infer
k—2
ul gy < (er) Ml sy + > (er) 2l gecpr
=0 (100)
k—2

_ _ 14
< () Ml + ()M o,
=0

by analyticity of f. Now by noting that &/ < jle¥ for any j € N, we have
k—2

2!
u < (ep)~FeFE|lu N+ cp) 2Rk — o)M=
oy < (co Rl + 3 ) (k=1 5 o
< (ep)FeFRllull i gy + CRI)
for some constants C' and ¢ > 0, which completes the proof. O

8. REGULARITY UP TO THE BOUNDARY

So far we have been concerned with regularity results that are valid in compact subsets of the
domain €. One of the most fundamental theorems in this direction is the fact that f € LZ ()
implies u € HI%C(Q) Such results are called interior reqularity results, and they depend neither
on the smoothness of the boundary nor on the boundary condition. In this section, we want to
study the H* regularity of u in sets of the form © N B where B is a ball centred at a point of
0. A typical result we would like to have is the implication f € L*(QN B) = u € H*(QN B),
although it will turn out that one needs to impose some smoothness conditions on 0f).

We start with the half-space case. Note that the Dirichlet and Neumann boundary conditions

are treated simultaneously.
Lemma 30. Let R? = {z € R" : ,, > 0}, and let V be either H}(R?) or HY(R). Suppose
that w € V and f € L*(R") satisfy

Vu- Vv = fo for allv e V. (102)
R

RY
Then we have u € H*(R™) and |U‘H2(Ri) < 2"||f||L2(R1)-

Proof. Since ;v € V for v € V and for all h € R" with h,, = 0, we have

Vryu- Vo = Vu-V1iv= / friyv  forallveV, (103)
R” R” R™
and therefore
VApu-Vo = fA_pv forallve V. (104)
R™ R?

Then it follows from Lemma 12 that

’/R" VApu - Vol < [l 2@y 1A—roll L2rny < RIILf 2@ [Vl L2y ), (105)
+

for all A with h, = 0 and for all v € V. Now we put v = Apu, which is justified because
Apu € V when h, =0, and get

IVARul| 2wy < [R[l[fllL2@en)- (106)
This in particular implies that

HAEitajuHLz(Ri) < t”f”ﬂ(m), (107)
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fort >0,i=1,...,n—1, and j = 1,...,n, which means by Theorem 13 that the weak
derivative 0;0;u exists and

100yl p2en) < 1 lz2gan (108)
fore=1,....n—1,and j=1,...,n.

In order to make the conclusion u € H?(R"), the only missing ingredient at this point
is to show that 02u € L?(R"). Arguing formally, the equation —Au = f implies —02u =
f+ Z;:ll 8i2u, so if all 8l-2u fori=1,...,n—1arein L? then 2u ought to be in L?. We can
make sense of this formal argument as follows. The equation (102) implies

n—1

/ Onl + Opv = fu— Z ou - O;v for all v € Z(R). (109)
¥ RY i=1 /RY
Then since d;u € H'(R'}), by definition of the weak derivative we have

/ Oiu - 0w = — 0% - v, (110)

R" R"
and therefore

n—1
Opu - Opv = / (f + Z@fu)v for all v € 2(R"). (111)
R% RY i=1

By definition, this means that 92u exists in the weak sense and equal to the expression in the
brackets (up to a sign). Since the expression in the brackets is in L?(R"), we conclude that
d%u € L*(R%), and thus u € H*(R?). O

Remark 31. We observe that the translation invariance of the space V (which is H} or H*)
along the boundary OR’} was important in making the finite difference argument work.

Next, we would like to extend the result to domains with curved boundaries. To this end,
we consider a domain whose boundary is given by the graph of a function.

Theorem 32. Let ¢ € 62(R"!), and let Q = {x € R" : z, > ¢p(21,...,2p-1)}. Let V be
either H}(Q) or HY(Q). Suppose that u € V and f € L*(Q) satisfy

/ Vu- Vv = / fv forallv e V. (112)
Q Q

Then we have u € H?().

Proof. Under the coordinate transformation
Yi = T4, i=1,...,n—1, (113)
Yn = Tp — ¢(x17 o ,l’n_l),

our domain becomes the upper half space R’} . However, we cannot apply Lemma 30 directly,

because the equation (112) might change under the transform (113). Indeed, the computation

(114)

Op, o = Oy, U,

{&Eiu = Oyt — Oy - Og,p, i=1,....,n—1,

shows that the situation is not completely trivial. Let us write it as

I -v
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where V, and V, designate gradients with respect to the x and y coordinates, respectively,
and Vo = (010, ...,0n—1¢). All gradients are understood as column vectors. Note that we
have the explicit formula

1 (I Vo
B = (O 1) (116)
For smooth functions u and v, we have
Vet - Vv = (Vyu)T AV, = Z ik Oy, u - Oy, v, (117)
ik
where a;; (i,k =1,...,n) are the elements of the matrix
1 Vo
—_pTp _
A=B B_(—(qu)T 1 ) (118)
Since the Jacobian determinant of the transformation (113) is 1, we infer
/qu-vxv :/ (Vyu)l AV, . (119)
Q R™
This in particular implies that
o [ 1Vl < [ 19al <5 [ VP (120)
Q R Q
for some constants o > 0 and 8 < oo, because
¢HAS =|BE] < plgf* for £€RT, (121)
and
€1* = B~ Be|* < p|Be|* = p'¢T Ag,  for £€R, (122)

where the constants 3 and 3’ depend only on ||V ec(gn-1). Hence, a function w is in
H'(Q) with respect to the z coordinates if and only if u is in H'(R") with respect to the
y coordinates, and an analogous statement holds for the H} spaces. In other words, the
pull-back map corresponding to the transformation (113) extends uniquely and continuously
to an isomorphism between Sobolev spaces. We are going to reuse the letter V' to also denote
the same space with () replaced by R’}. Then we have

Z/ a;k0u - Opv = fo forallv e V. (123)
ik VRY R

From this point we proceed similarly to the proof of Lemma 30. Let h € R"™ be an arbitrary
vector with h,, = 0. Since 7;v € V for v € V, we have

Z/ Ty (@i O5u) Opv = Z/ aipOiu - Opm* v = / frr, v forallveV,  (124)
ik VRE ik U RYE R%

and therefore

Z/ Ap(a;p0iu)0pv = fA_pv for all v € V. (125)
ik R R

Now taking into account that
Ah(aik&u) = a;,0; Apu + Apag - 8,‘7';;’11,, (126)

we infer

Z/ a0 Apu - Opv = / FA_pv — Z/ Apagy - 0itiu - O forallve V. (127)
ik R RY ik “RY
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Then Lemma 12 implies
‘Z/Rn aikO;Apu - 3k’0‘ < ‘h‘HfHL?(Ri)HVUHLZ(Ri) + M\h\HVUHL%M)|’V’UHL2(R1); (128)
ik VRt

for all v € V, where M depends on the Lipschitz norm of a;;. We put v = Apu, which is
justified because Apu € V', and get

a[VApullpzwny < [B[[[f2@n) + MIR|[VulL2@n), (129)

with a > 0 a constant. Since h € R™ is an arbitrary vector with h, = 0, we conclude by
Theorem 13 that the weak derivative 0;0;u exists and

al|0i0jull 2rny < I fllL2@n) + MIVull p2gn), (130)

fori=1,...,.n—1,and j=1,...,n.
Next, we shall show that 02u € L*(R"). The equation (123) implies

/ AnnOnt - Opv = / fo— Z / a;0iu - O for all v € Z(RY). (131)
R% R% itk<2n/RY
Recall that a,, = 1. Since 9;0,u € LZ(R’}F), we have
/ a;,0;u - Opv = / (Okair - Oiu + a;r0;0ku)v, (132)
R7 R%

and therefore

Onu - Opv = / (f + Z (Opa; - Oju + aik&-@ku))v for all v € 2(R%).  (133)
R R% i+h<2n

By definition, this means that 92u exists in the weak sense and equal to the expression in the
brackets (up to a sign). Since the expression in the brackets is in L?(R"), we conclude that

d%u € L*(R%), and thus u € H*(R?). O

Exercise 33. Complete the proof by showing that v € H Q(R:ﬁ) in the y-coordinates implies
u € H?(Q) in the z-coordinates.

9. THE NEWTONIAN POTENTIAL

Roughly speaking, what we have learned from the regularity theory so far is that by solving
the Poisson equation Au = f, we gain exactly 2 orders of regularity in the H* scale: f € H”
implies uw € H*2. A primitive form of such a phenomenon is the following fact for ordinary
differential equations: If 3 solves ¢/ = f and f € €* then y € €*+2. Now if we want to obtain
a regularity result for the Poisson equation in the €* scale, as we already saw, one way is to
use Sobolev’s lemma to trade Sobolev regularity for classical regularity. Schematically, it would
work as follows.

fee® = feH' = weH'? = wyece™ (134)

However, this trade is not very efficient, as we need k+2 > m+ 5 in order to have H k+2 - gm.
For instance, if we want to guarantee u € €2, then we would need f € €* with k > 5. Already
for n = 2 it means k£ > 1, and it gets worse as n increases. So the route through Sobolev’s
lemma in general does not allow any gain of regularity in the €* scale, and in fact it even loses
regularity in higher dimensions.

In this section, we will study the €* regularity question by a direct approach that does not
rely on the H” regularity results. As we will see, the answer turns out to be a bit subtle. The
subtlety is caused by the fact that in general we do not gain 2 orders of regularity in the €*
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scale. It is illustrated by the following example which shows that there is a continuous function
f for which the equation Au = f has no €2 solution in any neighbourhood of 0.

Example 34 (Gilbarg-Trudinger). Let p(z) = x122, so that we have Ap =0 and 0102p =1 in
R2. In addition, let i be a smooth nonnegative function such that 7 = 1 in By and suppn C Bo,
and let {cy} be a sequence satisfying >, ¢, = 0o and ¢, — 0 as k — oco. Define

oo
r) =Y 2 g(2bx), (135)
k=0
where g = np. It is easy to see that u € €1(R?) NE>°(R?\ {0}), but u is not in €%(R?) because

818211 ch 8182g Qk ch, (136)
k=0

blows up at x = 0. Moreover, we have

f(z) = ch Ag)( 2k =: ka(x), (137)
k=0 k=0

for x # 0. We see that the term f, is supported in the annulus {27% < |z| < 2'7%}, and
|| fellze — 0 as k — oo. Hence f € € (R"™). Now assume that v € €%(B.) satisfies Av = f in
Be, for some ¢ > 0. Then u — v € €%(B. \ {0}) is harmonic in B \ {0}. Obviously u — v is
bounded in a neighbourhood of 0, which means by the removable singularity theorem that
u = v in B,. However, u ¢ €2, and so no such v exists.

In retrospect, Example 34 is not so surprising because the condition Au = f € ¥ means
only that a particular combination of the second derivatives of u is continuous, while u € €?
means that each second derivative of u is continuous. To see that solving a partial differential
equation does not always gain regularity, consider the equation 9?u = f in R?. Clearly this
equation does not gain any regularity in the y-direction, because, intuitively speaking, it does
not mix things up in the y-direction. That being said, the equations Au = f and 9%u = f are
completely different in nature (when n > 2). The equation Au = f does indeed mix things
up in all directions, and this is the reason why we have good regularity properties in Sobolev
spaces. To contrast, the equation 9?u = f in R? does not gain regularity in the Sobolev scale
(except the obvious smoothing only in the z-direcion). So one could argue that the real surprise
is the Sobolev regularity properties of the Poisson equation. In fact, even in the €* scale the
situation is not so bad. We need to impose on f a condition that is only slightly stronger than
f € €* in order to get u € €*+2. Moreover, this slight flaw can be “rectified” by working in
Holder spaces: If f € €% with 0 < o < 1 then u € €FT2.

Let u € HL () be a weak solution of Au = f in . Then we observe that if v € H} ()
is another weak solution of Av = f in 2, which we explicitly construct or we know a great
deal about, then u — v is a weak solution of A(u — v) = 0 in Q, hence by Weyl’s lemma
u—v € F¥(N) and u — v is harmonic in the classical sense. So the regularity of u is as good
as that of v. A good candidate for v is the Newtonian potential of f:

= /QE(CE —y)f(y)dy, (138)

where we recall that the fundamental solution F is given by

1 2—n
E(z) = (127n)|Sn—1||l" Tfn # 2, (139)
5 log |z| if n=2.
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Remark 35. If we can show that the function v satisfies v € €2(Q)NE(Q) and Av = f € €(Q),
then it gives a way to solve the Poisson problem

Au=f in Q, (140)
U=y on 012,
by Perron’s method. The idea is to solve the Dirichlet problem
Aw =0 in , (141)
w=g—v on 0,

first and then put u = w + v.

For convenience, if it is possible, we extend f continuously to a compactly supported function
in R™. If it is not possible, we perform such an extension after restricting f to a ball whose
closure is contained in 2. Hence in the following, we are going to assume that 2 = R™, and fix
some f € €(R™) with compact support. Note that (138) becomes now

v(z) = A E(z —y)f(y)dy = (E* f)(@). (142)
We begin by making some simple observations.

Lemma 36. We have v € €*(R") and Av = f in R" in the weak sense.

Proof. Since the statements are local, we only consider the restriction of v to a large ball B,..
So for x € B,, we have

v(z)= | EBl@-yfly)dy= | E(-y)fly)dy, (143)

R7 R™

where E(x) = p(z)E(z) with p € 2(Bs,) satisfying p = 1 in By, and 0 < p < 1 everywhere.
This implies that

lollzeo(s,) < NEN I fllze < er?l fllze, (144)

where ¢ depends only on n. Now let us define E.(z)=(1 - p(rz/e))E(x), so that E. =0 in
By and E. = E in R"\ Bs,, and let v. = E. * f. Since E. € 2(R"), we have v. € Z(R").
Moreover, v. — v uniformly in B, because

lo = vellzoo(,) < IIE = Bellpallf oo < e[ fllpee, (145)

meaning that v € €(B,). As r is arbitrary, we get v € € (R").
As a preparation to showing that v is weakly differentiable, for ¢ € Z(R™) we compute

Edjp = lim E(2)0ip(x)dx

Rn e—0 R”\Bg

— _lim ( E(z)p(z)
0B:

e—0

Ty

Zranlg E(z)o(z)dz
Al /R DB Jdr)  (146)

|

=— A E(x)p(x)dx,
R7
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where in the last step we have used the fact that 8;F € L*(R™). Now for ¢ € 2(B,), we have
[ o= [ ([ B nsway)oas
:/ < E(x — y)c‘%cp(w)dx>f(y)dy
n R’n
—— [ ([ 0B - yeta)ds) fw)ay
n R
— [ ([ 2Bt - n)fwa)eds,
B, N Jre

where the use of the Fubini theorem is easily justified, and we have used the computation (146)
in the third step. The expression

w(z) = | 0E (- y)fy)dy = / Oz — y)f(y)dy, (148)
- .

(147)

defines a function w € L*(B,) because
lwll oo s,y < NGBl fllzee < erl| fllze, (149)

where ¢ depends only on n. Hence it follows from (147) that d;v = w in B, in the weak sense.
As r is arbitrary, the convolution (148) defines a locally bounded function w, and d;v = w in
R™. Since &;E is locally integrable, the argument (145) can be adapted to show that w € € (R")
and therefore that v € €1(R").

It remains to prove that Av = f in the weak sense. To this end, recall that

A E(x —y)Ap(x)dr = o(y), (150)
for p € 2(R™) and y € R™. For ¢ € 2(B,) this implies that

[ ove= [ vae= [ (] Be-nrwa)apes

= [ (] B napar) oy

(151)
= [ (] Be—napaar) sy
- [ cwrway,
and since r is arbitrary, the proof is complete. Il
We now start our investigation of the second derivatives of v.
Lemma 37. Let
w@ = [ ABE@-pf)dy  seE c>0, (152)
R™\ B ()
and suppose that w. — w in L] (R™) as e — 0. Then we have
5
0i0;v="Lf+w in the weak sense. (153)
n

Proof. Let us do some preparatory computations. For ¢ € Z(R™) and £ > 0, we have

—/ 0;E(x)0j0(x)dx = 8¢E(:C)g0(x)$jd”_la:+/ 0;0;E(x)p(x)dx.  (154)
R"\ B, 9B, |z R7\ B,
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Since &;E(x) = z;/(]S™ !||z|"), the first term on the right hand side is

Lj -1, _ 1 a1
[ apwe@ e | e@ma (155)
We have
/ ziz;d" e =0, for i # 7, (156)
0B:
by the mean value property of harmonic functions, and
1 Snfl n+1
/ g2d" = / |z|2d" e = & (157)
OB: n JoB. n

Therefore by using ¢(x) — ¢(0) = O(e) for |z| = ¢, we get

/ o(z)rr;d" e = @(O)/ ziz;d" e + / (p(z) — 0(0)ziz;d" o
0B: 0B 0B¢

lsn—l‘gn—i-l 5 (158)
= szj@(o) + 0",
leading to the formula
0ij
— / OE(z)0;0(x)dz = —L¢(0) + / K(x)p(x)dz + O(e). (159)
R"\ B n R™\ B.

Now we fix a ball B, with large radius, and let F be as in the proof of Lemma 36. Then for
v € Z(B;) we have

/BT v 0j¢p = — /B Oiv - 0jp = — /Rn ( - 0iE(x — y)f(y)dy>3jso($)dx
== [ ([, oBa —wposelaraz) flu)ay

e—0

- /n %@(y)f(y)dy—i-iim . </]R”\B ( )K(x — y)go(:v)dx)f(y)dy (160)

—0
_ 0
T n
5 .
=4 | fWe)dy +lim | we(z)p(w)de
R™ E—r Rn
=% [ ey + [ s,
Rn

n n

= — lim 0; —y)0;
iy [ ([ .0, 25 = 90j0()0) fn)y

[ twetnay+im [ ([ oy K= DI (o)

e—0

where we have used (159) in the fourth step. The lemma has been proven. g

We see that an important role is played by the kernel K € €>°(R" \ {0}) given by

5ij‘37|2 — na:ia;j

K(z) = 0,0;E(z) = |2

(161)

The following properties will be useful.
i) Bounds: |K(z)| < c|z|™™ and |VK(z)| < c|z| L.
i1) Cancellation property: fBR\Br K=0forany 0 <7 < R < 00.
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Proving the bounds is straightforward, and the cancellation property may be shown by applying
the mean value property to the function &;;|z|? — nz;z;.

We want to get some insight on when the function w from the preceding lemma is well-defined.
By a change of variables, we have

wi@=[  Ke-gfwd= [ K@ 2 (162)
R™\ B. (z) R\ B.
As before, we confine = to a large fixed ball B,.. If R > 0 is sufficiently large, it holds that
/ K(2)f(z — 2)dz = / K(2)f(z — 2)dz, (163)
R”\ B, Br\Be

and then the cancellation property implies that
w@)= [ K@fe-d= [ KE(@-2) - [ (160
BR\Be BR\BE

Introducing the modulus of continuity

w(f;t) = sup [|[Anfllpoe@ny = sup [f(z) = f(y)l,  (¢>0), (165)
|h|<t lz—yl|<t

we get a control on |we(z)| as

o ()] < /BR\BE K (2)|w(|2])d < c/aRt_”w(f, pldt = c/ER w(J:’t)dt. (166)
So if
1
/O “’({’ Dt < 0o (167)

then the pointwise limit w(x) = ;1_13(1) we(r) exists, and in addition, [|wel|e(p,) < ¢ with a
constant ¢ = ¢(r) independent of € > 0. Hence w, — w in L{. (R™) as ¢ — 0. The condition
(167) is called the Dini condition, and functions satisfying it are called Dini continuous. An
example of Dini continuity is Holder continuity, where we have w(r) = r® with a > 0.

Now that we have a function w € L{ (R™) satisfying 9;0;v = §;;n" ! f + w, in order to get
v € €2 we need to show that w is continuous.

Theorem 38. Let f be Dini continuous and compactly supported in R™. Then w € € (R™).

Proof. Let z,2" € R™ with 0 = |z — 2/| > 0 small. Then we have

lw(z) —w(x')] < | K(z)f(x—z)dz} + | K(z)f(:n'—z)dz’
2| <346 |z| <36

+] K(2)(f(z — 2) — f(a' — 2))dz],
|z|>38

(168)

and the first two terms on the right hand side are bounded by a constant multiple of
36
t
/ Wil t) gy (169)
0 t

which goes to 0 as § — 0. It remains to bound the second term, which we denote by I
henceforth:

I= / K)(f(x —2) — f(2' — 2))dz. (170)
|z|>38
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By making use of the cancellation property of K, we derive

/ K(2)f(a — 2)dz = / K(2)(f(z — 2) — f(x))dz
|z|>36

|z|>36

(171)
= /. Ks(x —y)(f(y) — f(x))dy,
where K;5(z) = K(z) for |z| > 36 and K;(z) = 0 otherwise. The same argument gives
[ K@= [ KEEE -2 - fo)
|z[>36 |z|>36 (172)
= /. Ks(a' —y)(f(y) — f(2))dy,
and hence, with R > 0 is large enough so that suppf C Bp,
I= [ (Koo =9~ Kola’ = 9)(F(0) ~ f()dy
8 (173)

= [ (Ksta =) = Kol =) (5) = f(@)ay.
R
Observe that Ks(x—y) = 0 and Ks(2'—y) = 0 when y € Bys(x), and that Ks(x—y) = K(z—vy)
and Ks(2' —y) = K(2' —y) when y & Bys(x). So for y € Bys(z), we use the bound
[Ks(x—y) = Ks(a' —y)| < |Ks(x —y)| + K@’ —y)[ < ed™, (174)
and for y & Bys(x), we use

|Ks(z—y) — Ks(a' —y)| = |K(z —y) - K(2' —y)| < X IVE(§ —y)| - |z — 2]

<ed max € —y| " < edlx—y| M,
£€z.a']

(175)

because |z — y| < 3|& — y| for £ € [z, '] and y & Bas(z). Note that we are using the letter ¢ to
denote different constants at its different occurrences. The bounds we have yield

_ w(f, ]z —yl)
1] < e5 / w(f o — yl)dy + b i, 1o —yl) 4
lo—y|<46 t6<|o—y|<r |7 —y[" Tt
46 R
< 65_”/ "L (f, t)dt + co wg’ D gy (176)
0 46
46 R
gc/ w(f’t)dt+c5/ W) 4.
.t PP

It is clear that the first term on the right hand side goes to 0 as § — 0. To see that the second
term vanishes as § — 0, write

Bw(ft) P w(f,t) Rw(ft) Pw(ft) ., 6 [Fuw(ft)
5/5 tzdtgd/6 75201t+5/p 75201tg/0 tdt+p/p =t (177)

which is valid for any § < p < R. For any given € > 0, we choose p > 0 so small that the first
term on the right hand side is smaller than €. Then we choose § > 0 so small that the second
term is smaller than €. The proof is established. O

Corollary 39. Let Q C R be an open set, and let u € H}

10c () be a weak solution of Au = f,
where f is Dini continuous in Q. Then u € €%(Q).
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Proof. Let B be a (nontrivial) ball whose closure is contained in €, and let ¢ € 2(2) be such
that ¢ =1 in B. Then ¢f is a compactly supported Dini function because

w(d)f» t) < ||¢||L°°(R")W(fa t) + ||f||L°°(supp¢)w(¢a t)' (178)
Hence the Newtonian potential v = E  (¢f) satisfies v € €?(R") and Av = ¢f in R”. In
particular, Av = f in B, which means that u — v is a weak solution to A(u —v) = 0 in B, and
so u — v is analytic in B. This shows that u|p € ¥?(B). As B is arbitrary, we conclude that
u € 63(Q). O
10. PROBLEMS AND EXERCISES
1. Show that if u € €?(Q2) satisfies (2) then Au + f = 0 almost everywhere in (2.

2. Give a weak formulation of the problem

—A tu = in Q
u+tu=f in Q, (179)
u=yg on 0},
and then show that a unique weak solution exists if ¢ > ¢, where ¢ < 0 is a constant.
3. Show that if u € €1(Q) satisfies
/ vo,u =0, (180)
o0

for all v € €1(Q2) then d,u = 0 on ON.
4. Show that if ||Ay f||zr = o(h) then f is a constant function.

5. Let Q C R" be a domain having the strong cone property, and let k > 5 + m. Show that

H*(Q) = €% 21=1e(Q), for a = 1 when n is odd, and for any a < 1 when n is even.

6. Recall that the Sobolev inequality
lullee < Cllullwre, — uwe 2(RY), (181)
with some constant C' = C(p, q), is valid when 1 < p < ¢ < o0, and % < % + %
a) By way of a counterexample, show that the inequality (181) fails whenever g < p.
b) Show that (181) fails when % > % +1
c¢) Show that (181) fails for p = n and ¢ = oo when n > 2.
d) Derive sufficient conditions on the exponents p, g, k, m under which the inequality

lullwma < Cllullwee, v Z(R"),

is valid.

7 (Gevrey regularity). We say that f € €°°°(Q) is in the Gevrey class G%(Q) with a > 1, if for
any ball B with B C €Q, there exist § > 0 and M < oo such that
(m!)*
I o
We have G*(Q2) € G#(Q) for a < B, and G}(Q) = €¥(Q). Also, it makes sense to define
G*° = C*°. Hence in some sense, the Gevrey classes fill the gap between C* and C*°. Prove

that if f € G*() for some a > 1 then any weak solution u € H. (Q) of —Au+tu = f satisfies
u e GYN).

emB) < M for all m € N. (182)

8. Complete the proof of Theorem 32 by showing that uw € H Q(Rff_) in the y-coordinates implies
u € H%(Q) in the z-coordinates.
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9. Relax the condition ¢ € 2(R"!) in Theorem 32 to ¢ € ¢L1(R"™1). Recall that the
Hélder (or Hélder-Lipschitz) space €%%(D) on a domain D C R? is defined as the space of

functions ¢ € €*(D) for which

P — 98
I@llgropy = > sup|0Pp(z)|+ D sup 07 ¢(x) ?(y)|

0
X
wISkxED 18] kx,yED ‘ y‘

10. Extension of Theorem 32 to higher regularity.
11 (Yudovich). Show that the function u € €°°(D \ {0}) given by

u(z) = 2121 loglog || 2,
satisfies u ¢ €2(D) and Au € €(D).
12. Let p(z) = 23 — 3z123 in R?, and let n and {c;} be as in Example 34. Let

@) =3 a2 (Ag)(2ha),
k=0

< oQ.

(183)

(184)

where g = np. Show that g € €' but that Au = f does not have a €*! solution in any

neighbourhood of 0.
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