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ABSTRACT. After reviewing some fundamental results from calculus in Banach spaces, we
give a justification to the method of characteristics for first order equations.
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1. VECTOR-VALUED CALCULUS

Let I C R be an interval, and let X be a Banach space. We want to develop a basic calculus
for functions f : I — X. First of all, let us define the uniform norm

1flloe = sup [lf(®)]], (1)
tel
where || - || denotes the norm in X, and the corresponding space of bounded functions
B(LX)={f:1 = X :[[flloc < o0} (2)

We denote by C(I,X) the space of continuous functions on I having values in X. Then the
space of bounded continuous functions is defined by

Cy(I,X) = BC(I,X) = B(I,X)nC(I, X). (3)

For f € C(I,X), the norm ||f(¢)| is a continuous function of ¢ € I. Therefore if I is a closed
interval we have C (I, X) = Cy(I, X).

Ezercise 1. Show that Cy(I, X)) is a Banach space under the norm || - ||co.

If for a function f: I — X and a € I, there is some A € X such that

f#) = fla) =AMt —a)+o(|t —al), as t—a, (4)
then we say that f is differentiable at a € I, and write
. d
f'la) = fla) = @) = 6

dt
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which is called the derivative of f at a. In case a is an endpoint of I, the limit in (4) should
be understood as a one-sided limit. If f is differentiable everywhere on I, then f’ is clearly a
function on I having values in X. So the following definitions make sense

CHI,X)={feC,X): feCtI,X)},
CHI,X)={feCy(,X): f € CF (I, X)}.

Now we want to introduce the Riemann integral. A partition of an interval [a,b] is a
sequence p = {t;}7, satisfying

(6)

a:t0<t1<...<tn:b (7)

and we say that p is tagged by & = {& 1} if & € [ti—1,t;] for i = 1,...n. Given a tagged
partition (p, &), the Riemann sum of f € B([a b], X) with respect to (p,f) is defined by

Zt—tzl &) (8)

Then we say that f is Riemann integrable on [a, b] if S, ¢(f) has a limit in X as [p| — 0, where
|p| is the width
lp| = max |t — ti-a]. 9)

If f is integrable, we take its Riemann integral over [a,b] to be

b
[ rat= tim 5,09 (10)

a b
/b f(t)dt:/a f(t)dte. (11)

Since there is no risk of confusion we simply drop the adjective “Riemann” from integrability
and integral. We have a simple criterion on integrability, in terms of the quantity
n

osc(f,p) = Y (ti — ti—1)osc(f, [ti1, 1)), (12)

i=1

We also have the convention

which could be called the oscillation of f over the partition p, where

osc(f, [tim1, ti]) = sup [[f(§) = fF(m)ll; (13)
EMElti—1,ti]
is the oscillation of f over the interval [t;_1,t;]. Note that a function f is continuous at ¢
if and only if osc(f,[r,s]) — 0 as r 7t and s \ ¢, and that if f is continuous, then the
oscillation osc(f, [r, s]) is a continuous function of r and s.

Lemma 1. A function f € B(la,b],X) is integrable over [a,b] if for any € > 0 there is a
partition p such that osc(f,p) < e

Proof. Note that if p’ is a refinement of p, i.e., if p C p/, then osc(f,p") < osc(f,p) and

1Spe(f) = Sprer(f |<Z i = tizn)osc(f, [ti-1, ti]) = osc(f, p), (14)

=1

for any sets of tags £ and &', respectively, of p and p’. Let pg, p1, ... be a sequence of partitions
with oscillations tending to 0. Replacing p; by the common refinement p; Upg, we can assume
that p; C pj4+1 for all i. Then from (14) we see that the Riemann sums corresponding to the
sequence {p;} converge to some element x € X, independent of how the partitions are tagged.
The convergence can be established first for some particular tagging of the sequence {p;},
and then be extended to arbitrary tagging by (14). Now we need to show that as long as the
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width is small, any tagged partition gives rise to a Riemann sum that is close to z. Let (¢, )
be a tagged partition with |g| small. Let ¢’ = q U py with k large. We tag ¢’ by 1’ such that
n' coincides with 1 on the subintervals common to both ¢ and ¢/, meaning that

1500 () = Sy (NN < D lal ose(f, 1) < 2#pilal | flloo, (15)
I

where the sum is over all subintervals I of ¢ satisfying I N py # @, and #p; denotes the
number of nodes in p;. Given € > 0, we choose k so large that ||S,, .(f) — z| < e. Then if |g|
is so small that the right hand side of (15) is less than ¢, we get

1Sq:(f) = 2l < WSqn(f) = oy (NI + 1Sgrp (f) — 2| < 2, (16)
establishing the claim. O
The following lemma produces a large class of integrable functions.
Corollary 2. Functions in C([a,b], X) are integrable.

Proof. Since C([a,b],X) C B(la,b], X), it suffices to produce a sequence of partitions with
oscillations vanishing in the limit. The oscillation osc(f, [s, t]) is a continuous function of (s, ?)
on the closed triangle {a < s <t < b}, and osc(f, [t,t]) = 0. Hence the modulus of continuity
w(d) = max; osc(f, [t,t + d]) is a continuous function of 6 with w(0) = 0. This means that for
any given € > 0, there exists a partition p of [a, b] with osc(f,p) < e. O

Note that the proof shows that a continuous function on a closed interval is uniformly
continuous, in the sense that w(d) — 0 as 0 0.
Obviously, integration is a linear operation. A few more simple properties are as follows.

Lemma 3. If f : [a,b] — X is integrable, then we have the additivity

/ f(t)dt = / f(t dt+/ f(t) c € [a,b], (17)
and the bounds

H/f Ot < (b — )| floe.  and H/f (1) dt]| < /||f Wlld.  (18)

Moreover, if {fn} is a sequence of integrable functions on |a,b] converging uniformly to f in
[a,b], then f is integrable and

lim fn t)dt = / ft) (19)

n—o0

Proof. The additivity (17) and 1nequahtles (18) are true because they are true when the
integrals are replaced by the corresponding Riemann sums. For any partition p (with any
tag), we have

b b
| / falt)dt = S,(f)] < | / Fa®) At = Sy (F)] + 1, (fa) — Sp(f)]
a a (20)

b
<I [ a0yt = S04+ 0= )l fll
which implies that f is integrable and that the limit (19) holds. O

For X and Y Banach spaces, let L(X,Y") be the space of bounded linear operators between
X and Y. That is, the space L(X,Y’) consists of linear operators A : X — Y, for which the
operator norm

p 14zlly.

Al =
xEX H ||

(21)
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is finite.
Ezercise 2. Show that L(X,Y") is a Banach space under the operator norm.

Lemma 4. If A:[a,b] - L(X,Y) is continuous, and v € X then we have

/a " A di = < / " A) dt> .. (22)

Similarly, if f: [a,b] — X is continuous, and A € L(X,Y") then we have

[ ova=a( 1)

Proof. We only prove (22). By linearity, we have S,(Az) = S,(A)z for Riemann sums. The
claim follows from the fact that S,(Az) converges to the left hand side of (22) in Y, while
Sp(A) converges to the integral in right hand side of (22) in L(X,Y). O

Theorem 5 (Fundamental theorem of calculus). a) If u € C'([a, b], X) then

b
u(®) — ula) = / or (24)
b) If f € C([a,b], X) then the function

= /xf(t) dt, x € [a,b], (25)
satisfies F € C'([a,b], X) and F' = f on [a,b].

Proof. a) Consider the function

glr,s) = u'(r) - =), (26)
s—r
on the triangle {a < r < s < b}. This is continuous, and can be continuously extended to
{r = s} as g(r,r) = 0. Hence

g(h) = max lg(r.r + B, 1)
is continuous for h > 0 and ¢(0) = 0, which is to say that
u(t+h) —
o' () — (""—UH < (28)

uniformly in ¢.
Let us take a partition p of evenly spaced points in [a, b], with each subinterval tagged at
its left endpoint. Let h = |p| be the length of each subinterval. Then we have

n

1S, () — [u(b) |—H2hu io1) = > (ult) —ulti—)) ||

i=1

< ZhHu'(ti) - ui_hMH (29)
i=1

<> hg(h) =
=1

which shows that S,(u') — u(b) — u(a) as h — 0. Since u' is integrable this limit must be
equal to the integral.
b) By additivity, for any a < x < y < b we have

_ / iy ar. (30)
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On the other hand, we have
Yy
[ 1@t = -0 (31)
Taking the difference of the two expressions, we infer!
y
1F(y) = F(z) = (y —2) f(2)|| < / 1f (@) = f(@)]| dt < (y — z)osc(f, [z, y]),  (32)

which shows that

F(y) - F
Fly) = Flx) — f(z) as Yy — . (33)

y—x
To treat the right endpoint b, we take y = b, replace f(x) in (31) by f(y), and send z — y in
the end rather than y — . H

2. BANACH’S FIXED POINT THEOREM

A distance function, or a metric, on a set M is a function p : M x M — R that is symmetric:
p(u,v) = p(v,u), nonnegative: p(u,v) > 0, nondegenerate: p(u,v) =0 < u = v, and satisfies
the triangle inequality: p(u,v) < p(u,w)+ p(w,v). Then a metric space is a set with a metric.
If a sequence {u,} in M satisfies p(uy,u) — 0 as n — oo for some u € M, we say that the
sequence converges to u, and write u,, — u in M. It is obvious that convergent sequences are
Cauchy, meaning that p(u,,umy,) — 0 as n,m — oco. In general, however, Cauchy sequences
do not have to converge in the space, as can be seen from, e.g, the example M = Q and
p(x,y) = |x — y|. If the metric space M is such that every Cauchy sequence converges to an
element of M, we call it a complete metric space. A mapping ¢ : M — W between two metric
spaces is called continuous if u, — w in M implies ¢(uy) — ¢(u) in W. With o denoting the
metric of W, if

o(o(u), ¢(v)) < kp(u,v),  w,v €M, (34)

with some constant k£ € R, then we say that ¢ is Lipschitz continuous. In this setting, ¢ is
called a nonexpansive mapping if k < 1, and a contraction if k < 1.

Theorem 6. Let M be a non-empty, complete metric space, and let ¢ : M — M be a
contraction. Then ¢ has a unique fized point, i.e., there is a unique u € M such that ¢p(u) = u.

Proof. Uniqueness follows easily from nondegeneracy of the metric. For existence, starting

with some ug € M, define the sequence {uy,} by u, = ¢(u,—1) for n = 1,2,.... Then this
sequence is Cauchy, because
p(un,un+1> = p(¢(un—1)7 ¢(un>) < kﬂ(un—la un) <. < knp(u()a u1)7 (35)
and so
_ k™ p(ug, u
plotn ) < i, i) 44l 1, ) < (K A7 plag, ) < T L))

for n < m. Since M is complete, there is u € M such that u,, — wu, which is a good candidate
for the fixed point we are looking for. Indeed, we have

plu, ¢(u)) < p(u, un) + p(d(un—1), ¢(u)) < p(u, un) + kp(un—1,u) = 0, (37)

as n — oo, showing that u = ¢(u). O

IThis argument was suggested by Joshua Lackman.
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Proof due to Dick Palais. The argument (36) can be replaced by the following more symmet-
ric one. For any u,v € M, we have

p(u,v) < p(u, ¢(u)) + p(p(u), ¢(v)) + p((v),v) < p(u, d(u)) + kp(u, v) + p(d(v),v), (38)

implying that

(1= B)p(n,0) < plus 6(u)) + p(6(), ). (39)
Using this in combination with (35), we get

(1 - k)p(uTH um) < p(una un+1) + p(’U,m+1, um) < (kn + km)p(uﬂv u1)7 (40)

hence {u,} is Cauchy. O

Remark 7. If the map ¢ depends on some parameter continuously, then the fixed point ob-
tained by the preceding theorem also depends continuously on the parameter. This can be
seen as follows. Let us = ¢s(us) and uy = ¢¢(ug), with both ¢s and ¢; contractions. Then
from the triangle inequality we have

p(us, ur) < p(s(us), ds(ue)) + p(@s(ue), de(ur)) < kp(us, ue) + p(@s(ue), de(we)), — (41)
hence
(1 = k)p(us, ur) < p(ds(ur), pe(ur)), (42)

meaning that if ¢4(uy) and ¢y(us) are close then so are ug and uy.

Remark 8. The continuous dependence on parameters can be updated to differentiability if
there is enough structure. Let us assume that M is a closed subset of a Banach space X,
and let {¢;} be a one-parameter family of contractions on M, with the contraction factor k
bounded away from 1 uniformly in ¢. Suppose that u; = ¢¢(u;) are the fixed points and that
up is a point interior to M. We also assume that ¢.(u) is differentiable at {t = 0,u = up} in
the sense that there exist A € X and a bounded linear operator A : X — X such that

di(up + tv) = Po(ug) + At + tAv + o(Jt|), (43)
as t — 0. For t # 0 small, the difference quotients A; satisfy

ut —uo _ o (uog + tA) — do(uo)

At = = ‘I)t(At) (44)
t t
The map P, is a contraction on its domain because
[t] - ([ @(z) — @e(y)l| < [|@e(uo + 2t) — Pr(uo + yt)|| < kt] - |z —yl. (45)
Moreover, from the differentiability condition we have
Oy(x) > X+ Az, as t—0, (46)

for any = € X, so ®o(xr) = A+ Ax is a contraction by continuity. Hence there exists a fixed
point Ag € X of &g with Ay — Ag as t — 0, and of course A is the derivative of u; with
respect to t at t = 0. We can continue in this manner. For instance, the continuity of the
derivative Ay with respect to some parameter would follow if A and A depend continuously
on that parameter.
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3. INVERSE FUNCTION THEOREM

Let X and Z be Banach spaces, equipped with the norms || - ||x and | - ||z, respectively,
and let U C X be an open set. Then a mapping f : U — Z is called Fréchet differentiable at
z e Uif

fx+h) = f(x)+ Ah+o(||h||x), as X>h—0, (47)

for some bounded linear operator A : X — Z. We call Df(x) = A if it exists, the Fréchet
derivative of f at x. If Df(x) exists for each z € U, then Df can be considered as a map
sending U to L(X, Z), the space of bounded linear operators between X and Z. We can now
define the space C!(U, Z), as the space of functions f : U — Z satisfying the condition that
Df exists everywhere in U, and Df : U — L(X, Z) is continuous.

The following results are fundamental.

Theorem 9 (Inverse function theorem). Suppose that Df € CY(U,Z), and that Df(x) is
invertible. Then there is an open neighbourhood V' of x such that f :'V — Z is injective, and
that f~1 e C*H(f(V), X).

Proof. Given z € Z close to f(z), consider the map ¢ : U — X defined by

$(y) =y +[Df()] 7 (=~ f(y)), (48)

which has the property that ¢(y) = y if and only if f(y) = =.
If y,y' € U are close to x, then we have

oy) — o) =y—y +[Df @] (fW)— F)
=[Df@)] ' (f&) = fy) + Df(@)(y —¢)) (49)
= [Df(x)] " (Df(x) = DfW)(y—y) +o(ly —¥llx),

where we have used the fact that

fW) = fly) =Dfy)y —y) +ollly — ¥'llx)- (50)

By the continuity of y — D f(y) as a function having values in the space of bounded linear
operators between X and Z, this shows that we can choose a closed neighbourhood B C U
of x, with the property that ¢ : B — X is a contraction.

Now for y € B, we have

$(y) —z = [Df()] " (z — f(y) + Df(z)(y — x))
= [Df(2)] 7' (z = f(z) + f(z) + Df(2)(y — z) — f()) (51)
= [Df(2)] 7' (z = f(2)) + o(|ly - z||x),

meaning that there is a closed neighbourhood B’ C B of x and an open neighbourhood E of
f(z), such that ¢ : B' — B’ as long as z € E. Hence the Banach fixed point theorem implies
that ¢ has a unique fixed point in B’, that is, f : B’ — F is invertible.

Finally, we look at the differentiability of f~' : E — B’. Let y € U be sufficiently close to
x that D f(y) is invertible. Then with ¢ € U sufficiently close to y, we have

FW) =)+ DY —y) +ollly —ylx), (52)
and hence
[DfWI W) = F©) =y —y+ollly — yllx)- (53)
This implies the existence of a constant C such that

ly' —yllx <CIfFW) = fWllz, (54)
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for all ¥ in a small neighbourhood of y. Taking this into account, and writing z = f(y) and
' = f(y'), from (53) we infer

FHE) =71 + [DFWITH(E = 2) + ol = 2ll2), (55)
which means that D f~1(2) exists and is equal to [Df(y)]~!. In particular, f~! is continuous

in a small neighbourhood of f(x), and therefore Df~1(2) = [Df(f~1(2))]~! is continuous as
a function of z in a small neighbourhood of f(x). O

Corollary 10 (Implicit function theorem). Let X, Y and Z be Banach spaces, and with
A C X XY an open set, let g € C1(A,Z). Moreover, assume that the point (a,b) € A has
the property that g(a,b) = 0 and that Dyg(a,b) is invertible, where Dyg(x,y) is the Fréchet
derivative of y — g(x,y), with fired x. Then there is an open set U C X and a function
h € CYU,Y) with h(a) = b, such that g(x,h(z)) =0 for allx € U.

Proof. We apply the inverse function theorem to the function f(z,y) = (z, g(x,y)). O

There is a weaker and more easily accessible derivative, called Gateaux derivative, that
plays an important role in calculus of variations. This is simply the Banach space version of
the directional derivative. We define the Gateaux differential of f : U — Z at x € U in the
direction a € X, to be Df(z,a) = ¢’(0) if the latter exists, where

9(t) = f(z + at), (56)

is a function of ¢t € (—¢,¢), for some € > 0. Assuming that D f(z,a) exists for all a € X and
for all z € U, the totality of all Gateaux differentials of f defines a function (z,a) — D f(z,a)
on U x X. There is no obvious a priori structure on this function, except to say that D f(x,a)
is homogeneous in a, i.e., Df(z,at) = tD f(z,a) for any ¢t € R.

If f is Gateaux differentiable at « and the map a — D f(z,a) : X — Z is a bounded linear
map, we call it the Gateauzr derivative of f at x. Obviously, Fréchet differentiability implies
the existence of the Gateaux derivative. In the other direction, we have the following result,
which gives a practical way to get a handle on Fréchet derivatives.

Lemma 11. Suppose that the Gateaux differential of f exists at each x € U as a bounded
linear map A(x) : X — Z, and that A : U — L(X,Z) is continuous. Then f is Fréchet
differentiable in U, with Df = A.

Proof. We assume 0 € U and will show that f is Fréchet differentiable at 0 € U. The
continuity of A : U — B(X,Z) at 0 means that for any £ > 0, there is a small ball B; C U
centred at 0, such that x € Bs implies

[A(z)y — AQO)yll < ellyll, (57)
for all y € X. Pick € > 0, let = € Bs with ¢ as above, and define g(t) = f(xt). We compute
§'(t) = lim f(xt + xe) — f(xt)

e—0 £

= Df(at,x) = A(zt)x, (58)

for 0 <t < 1. We have

1 1
f(x) = g(1) = f(0) + /0 g'(t)dt = £(0) + A(0)x +/0 [A(zt)x — A(O)z]dt, — (59)

and hence

|f(z) = £(0) = A(0)zl| < sup [[A(zt)z — A(0)z] < el], (60)
showing that f is Fréchet differentiable at 0 with D f(0) = A(0). Note that we could have set
f(0) =0 and A(0) = 0 in the beginning to simplify the formulas. O
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Example 12. Let Q2 C R™ be a bounded domain. We apply the preceding lemma to show
that

f(u) = /Q ul?, (61)

is Frechet differentiable in the space LP(Q2) with 2 < p < oo. First, we have to compute
the Gateaux derivative. Since |u + tyP = |ul? + tp|u[P~2urp + o(t) pointwise, we expect the
Gateaux derivative to be

D) =p [ v, (62
We need to justify the limit when i) € LP(Q2). From Taylor’s theorem we have
u+ P = [uf” + tplufP 2w + 5%p(p — 1) |u + sty P22, (63)
where 0 < s <1 is a function on 2. We can use the inequality
(a4 b)* < max{1,2° '} (a® 4 b%) for a,b>0, a>0, (64)
to estimate
3°p(p = Dlu + stp|P~2> < C(E[ulP~292 + [tP|4[P), (65)

with some constant C' > 0. This implies that

u+ t|P — |ulP _ _ _
| [ R ez <€ [ Qo202+ et
< Clellully~ 21 + Cle~ 1

(66)

proving that (62) is indeed the Gateaux derivative of f. Here || - ||, denotes the L9-norm, and

in the last line we have used the Holder inequality with the exponents z% and £.

For fixed u € LP(Q2), the map 1 + D f(u, ) is clearly linear, and bounded on LP since
D f (u, )| < pllullh~ |l (67)

by the Holder inequality with the exponents 1% and p.

Now we will show the continuity of u — Df(u,-) : LP — (LP)’, with the latter space taken
with its norm topology. For any constant a > 0, the function g(x) = |z|*z is continuously
differentiable with

g'(z) = (a+1)|z|" (68)
implying that

y
|z — [y|*y| < (a + 1) / [tdt| < (a + 1) max{|z|*, |[y|"}z — yl. (69)
x
Using this, we have

P ) — F(0,8)] < p / =2 — [ofP=20] - 4]
“ (70)

<op=1) [ (4ol = ol ol
Finally, it follows from the Holder inequality with the exponents %, p, and p that

[f(u,9) = f, )] < plp = 1) (lullZ™ + [0l572) lu = ollp - 1], (71)

which establishes the claim.
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4. ORDINARY DIFFERENTIAL EQUATIONS

Let X be a Banach space, and let 2 C X be an open set. Let I C R be an open interval
with 0 € I, and let f : Q@ x I — X be a continuous map. We consider the initial value problem

(i

where x € () is given, called the initial datum. If f does not depend on t explicitly, i.e., if
f(y,t) = f(y), then the initial value problem is said to be autonomous.

Definition 13. A classical solution of (72) is a function u € C'(I, X) satisfying (72). On
the other hand, a strong solution of (72) is a function u € C(I, X)) satisfying

=z+ / flu tel. (73)
Lemma 14. A function u € C(I,X) is a strong solution of (72) if and only if it is a classical
solution of (72).

Proof. Suppose that u € C1(I, X) is a classical solution. Then for any 0 < ¢t € I, we have
u € C'([0,t], X), and hence by the fundamental theorem of calculus (Theorem 5a)

(t) — & = u(t) — u(0) = / ds—/ flu (74)

Similarly, for any 0 >t € I, we have u € C1([t,0], X), and so

0 t
2 — u(t) = u(0) — u(t) = / W (s)ds = — / Flu(s), s) ds. (75)
t 0
Now suppose that v € C(I,X) is a strong solution. Then obviously u(0) = z, and since
[t — f(u(t),t)] € C(I,X), Theorem 5b) gives u € C1(I, X) and v/ (t) = f(u(t),t)fort € I. O

Now we want to establish local existence and uniqueness theorems for the initial value
problem (72). To this end, we need the following notion.

Definition 15. A map f : Q x I — X is called locally Lipschitz in the first variable, if for
any r > 0 and any closed interval J C I, there is C, ; > 0 such that

[f(z,t) = fly, D) < Crsllz—yll,  xyeQrtel (76)
where @, = {z € Q: ||z| <, dist(z, X \ Q) > 1}.
Theorem 16 (Local existence, Picard-Lindelof, or Cauchy-Lipschitz). Assume that f is lo-
cally Lipschitz in its first variable. Then for any r > 0 there exists an open interval I 3 0 such

that for initial data x € Q,, the initial value problem (72) has a strong solution u € C(I,X)
that depends on x continuously.

Proof. With T'> 0 and J = [T, T, consider the map ¢, : C(J, X) — C(J, X), defined by

bu(u)(t) = 7+ /0 F(u(s),s)ds,  ted. (77)

Obviously, w is a strong solution on J iff u = ¢,(u). Our plan is to show that ¢, is a
contraction on some closed subset of C'(J, X) so that we can apply the Banach fixed point
theorem.

Suppose that u,v € Ug, where Ug = C(J,QRr) for some R > r. Then we have

[¢2(1) = ¢e(v)[loc < I/0 1f (u(s), 5) = f(v(s),s)ll ds| < TCr,yllu— vlloc, (78)
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and similarly

Jo0(0) =l < | [ I u(s). 9] < / I u).5) = Fz )] + | [ 175

STCrllu—= zlloc + Tl f (2, )lloo <2TCr R+ T f(2,)llc0;
(79)

where z € @, is fixed independently of x.

We see that for any R > r, by choosing T' > 0 small enough we can ensure that ¢(u) € Ug
for u € Ug, and that ¢ is a contraction on Ugr. Note that the constant Cr ; does not grow
when we shrink the interval J = [-T,T]. Since Uy, is a closed subset of a Banach space, it is
a complete metric space (with the metric induced by the norm), and hence an application of
the Banach fixed point theorem gives the existence of u € Ug satisfying u = ¢(u).

Now suppose that v € Ug satisfies v = ¢, (v), where ¢, is given by (77) with « replaced by
y € Q. Then we have

[ = vljoo <l =yl + [[do(u) = ¢o(v)llco < [l =yl + Ellu = v]oo, (80)

with some 0 < k < 1, where we have used ¢,(u) = = + ¢o(u) and ¢y(v) = y + ¢o(v). This
implies that

lu = vlleo < T llz = yll, (81)
which is the desired continuity result. O

Note that in the preceding theorem we have constructed a local solution that depends on
x continuously. If we try a bit harder, we can extract a local uniqueness result from this
theorem, but we want to apply a more robust uniqueness argument. To this end, we need the
following important inequality.

Lemma 17 (Gronwall’s inequality). Lety and b be continuous functions on [0,T] with b > 0,
and let A be a real constant. Assume

y(t) < A +/ b(s)y(s)ds, t€[0,T]. (82)
0
Then we have .
y(t) < Aexp/O b(s)ds, t€0,7T). (83)
Proof. Let
g(t)y=A +/0 b(s)y(s)ds, and  z(t) = g(t)exp ( —/0 b(s)ds). (84)

Then we have

((iit (A —i—/o b(s)y(s) ds) =b(t)y(t) < b(t) (A +/0 b(s)y(s) ds) =b(t)g(t), (85)

Z(t) =g t)exp (— /0 b(s)ds) — g(t)exp (— /0 b(s)ds)b(t) < 0. (86)
This implies z(t) < A and
(1) < 9(0) < Aexp [ () s, (57)
0

which completes the proof. O
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Theorem 18 (Uniqueness). Assume that f is locally Lipschitz in its first variable. If I} 5 0
and I 5 0 are two intervals and uy € C(I1, X) and uy € C(I2, X) are two strong solutions of
(72), then up = ugy on Iy N Is.

Proof. Let T > 0 be such that T' € I; N Iy. Then for ¢t € [0,7] we have

[ur () — ua ()| = H/O (f(us(s),s) = f(ua(s), s)) ds|| < CR,[O,T]/O [[ur(s) —ua(s)l|ds, (88)

where R is such that uy,us € C([0,T],Qr). Now Gronwall’s inequality applied to the function
y(t) = [|u1(t) — ua(t)|| gives u1 —ug =0 on [0,T]. The case T' < 0 is the same because under
the substitution v(t) = u(—t), the problem u' = f(u,t) becomes v' = —f(v, —t). O

Definition 19. Let u; € C(I;) and uy € C(I2) be two solutions of (72) over I; 3 0 and
I5 5 0, respectively. Then wu; is called an eztension of ug if Iy D Iy and ui|r, = us.

Remark 20. Let w3 € C(I1) and ua € C(I2) be two solutions of (72). Then the function

u € C(I1 U Iy) defined by
u(t) _ ul(t), te Il, (89)
U,Q(t), t e I,

is an extension of each of u; and us. Note that u is well-defined thanks to Theorem 18. To
see that the claim is true, if t € I} U I then [0,t] C I; for some i € {1,2}, and so we have

t t
u®) = uit) =2+ [ fluitshds =zt [ fuls)s)ds, (90)
0 0
meaning that u is a strong solution of (72) on I U Is.

Definition 21. A maximal solution is a solution that does not have any proper extension.
The interval on which a maximal solution is defined is called a mazimal interval of existence.

Theorem 22 (Maximal solutions). Assume that f is locally Lipschitz in its first variable.
Then for any initial datum x € Q, the initial value problem (72) has a mazimal solution, and
moreover the maximal solution is unique.

Proof. Let {I,} be the set of all intervals such that there is a solution u, € C(I,, X) of the
initial value problem (72), where a runs over some index set. Let I = I(z) = |, la, and
define u € C(I, X)) by

u(t) = uq, (1), tel, (91)

where oy € {a : t € I,} for each t € I. Note that for each ¢t € I, the set {a : t € I,} is
nonempty, hence the existence of «; satisfying oy € {a : t € I, } is guaranteed by the axiom of
choice. Moreover, u is well-defined thanks to Theorem 18, and by applying the same argument
as in (90), we see that u is a solution to (72). By construction, u cannot be extended to a
larger interval of existence, hence its maximality.

For uniqueness, suppose that u; € C(I;) and uy € C(I2) are two maximal solutions of
(72). Then by Remark 20 we can construct an extension u defined over I U I5. However,
by maximality of u;, we get Iy = I, and similarly, Iy = I. This gives I} = I, and hence by
Theorem 18 we conclude u; = us. O

Theorem 23 (Blow-up criterion). The mazimal interval of existence is necessarily open, i.e.,
it has the form I = (a,b) for some —oco < a < 0 < b < co. Moreover, if b < oo, then u(t)
eventually escapes any Q, ast /b, i.e., for any r > 0, there is b/ < b such that u(t) € Q, for
all t € (b',b). Similarly, if a > —oo, then u(t) eventually escapes any Q, as t \ a.
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Proof. Suppose that I N [0,00) = [0,b] for some b > 0. Then u(b) € Q, for some r > 0 by
continuity. Hence the initial value problem

V() = fu(t),b+1), v(0) = u(b), (92)

has a solution on some [—¢,¢e] with ¢ > 0. The function ¢ — wu(b + t) satisfies the same
equation for ¢ < 0 with the same initial datum, so u(b+1t) = v(¢t) for —e <t < 0. This means

that if we define
t t<b
wity =" s (93)
v(t—b) b<t<b+e,

it solves (72) on [0, b + ¢], which contradicts the maximality of b.

The second part can be proven by essentially the same argument. Suppose that b < oo,
and let {t;} be a sequence satisfying ¢ " b. Assume u(ty) € @, for some constant r > 0.
Then by the local existence theorem, u can be continued up to time t; + T for each k, with
T > 0 independent of k. Finally, choosing k large enough that t; + 7T > b, we contradict the
maximality of b. O

Example 24. Let X = R, and consider the initial value problems ¢’ = y and y’ = y?, with
y(0) = g. The solution of the first problem is y(t) = ge!. Obviously, we have in this case
T = oo, i.e., the solution is global in time. Note that the solution is unbounded, because
y(t) — oo as t — oo. The second problem is solved by y(t) = %gw which blows up as
t—>T = é, if g #£ 0. This is an example of a finite time blow up. More generally, nontrivial
solutions to the initial value problem 3’ = y'*® blow up in finite time as long as a > 0.
On the other hand, the problems iy = ylogy and 3y = y(logy)loglogy have global in time
t

solutions, even though they would grow like e and e , respectively. One can add more
iterated logarithms without making the solution blow up in finite time, but any of those
logarithms cannot be raised to a power greater than 1. For example, nontrivial solutions to
the problems ' = y(logy)*t* and 3’ = y(logy)(loglogy)' ™ blow up in finite time, as long
as a > 0.

The preceding example indicates that if there a quadratic term in the equation, then there
is a possibility of finite time blow up. However, if the unknown is a vector function, there can
be many ways nonlinear terms does not cause blow up. The following example illustrates one
such mechanism.

Example 25. Let X = R3, and consider the Lorenz system

2 = oy — )
y=z(p—2)—y (94)
2 =uwy— Bz

where o, p, and 8 are positive parameters. We write ¢ = (z,y,2) € R3, and denote by
f(€) € R3 the vector in the right hand side of (94). Note that f is a quadratic expression in
the components of £&. The map f : R3 — R3? is locally Lipschitz, since

|f(&1) = f(&)] < (0 +p+ |yl +|z1])|z1 — 22| + (0 + 1+ [22]) [y1 — y2| + (B +|22])[21 — 22|, (95)

where |- | denotes the Euclidean norm in R", and & = (x;, yi, ;) for i = 1,2. Therefore, given
any & € R3, there is a unique maximal solution ¢ € C'((a,b),R?) of the initial value problem
(94) with the initial condition £(0) = £y. We want to prove that the solution is global in time,
by using the blow-up criterion from Theorem 23. Suppose that b < co. Then for t € [0,b),
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we have
SIED = 2(aa’ +yyf + 22') = ~205° + 2(0 + pay — 27 — 2527
<(p—0)a?+ (0 +p— 297 — 2822 < (o + D),

(96)

where the term —zzy coming from the second row of (94) cancelled with the term zyz coming
from the third row. Note that these two terms were the only potential sources that would give
faster than quadratic growth in the right hand side (quadratic growth is harmless because we
have (|¢|?)’ in the left hand side). Now an application of Gronwall’s inequality gives

£(1)]2 < &2t < Jgo|2el P, (97)

The right hand side is clearly finite for any b < oo, so it cannot happen that |£(t)] — oo as
t /' b. By Theorem 23 this means that b = co. Similarly, we can get a = —oo. To conclude,
even though f is quadratic, since £ is a vector, interactions between different directions result
in a cancellation that prevents finite time blow up from happening.

Example 26. Let K € L'(R), and let A : Cy(R) — Cy(R) be defined by

(Au)(x) = /R K(y)u(z — ) dy. (98)
The map A is Lipschitz, since
[Au — Av|loo < |K |1 m)llw — vlloo u,v € Cy(R). (99)

Therefore, given any ug € Cy(R), there is a unique maximal solution u € C*(I, Cy(R)) of the
initial value problem

u' = Au, u(0) = wo, (100)

with I = (a,b). We want to prove that I = R, i.e., the global solvability of the problem, by
using the blow-up criterion in Theorem 23. Suppose that (100) has a solution on [0, ). Then
for t € [0,b), we have

t t
[[u(t)lloo < [luolloo +/0 [ Au(s)loc ds < [uolloo + HKHLl/O [u(s)]loo ds;, (101)

which in combination with Gronwall’s inequality implies that
[u(®)lloo < lluolloo exp(t[l K1) < [Juolloc exp(b] K| 1) (102)

The right hand side is clearly finite for any b < oo, so it cannot happen that ||u(t)|cc — 00
ast /' b. By Theorem 23 this means that b = oc.

5. FLOwW MAPS

Given initial datum z € X, let u, € C(I;, X) be the maximal solution of the initial value
problem (72), where I, is the maximal interval of existence corresponding to x. Then we
define the flow map to be ®4(z) = uy(t) for t € I,. Note that for any fixed ¢, ®; is defined on
only a part of €, which is nonempty if ¢ is small.

Theorem 27 (Group property). For autonomous systems, i.e., if the right hand side f does
not depend on t explicitly, we have

o =id, and Dy, = PyodD,, (103)

whenever they make sense.
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Proof. We will prove &3 = ®;0P,. Let x € X and let t,s,t+ s € I,. Denote u(t) = ®pys(x)
and v(t) = ®4(Ps(x)). Then we have

_ d(I)t+5(:II) _ dq)t+5(117)

/ — (P = 104
() = <2 - P @, 0) = (o), (104)
and u(0) = ®4(z). On the other hand, we have
d®, (D (x
v(t) = 2Dy, (0,2))) = o). (10)
and v(0) = ®4(x). We see that u and v satisfy the same equations, with the same initial data.
Hence by uniqueness, we have u(t) = v(t). O

Theorem 28 (Continuity). For any x € Q and t € I, there exists 6 > 0 such that ®; is
defined on Bs(x) = {y € X : |ly — z|| < 0}, and @, : Bs(x) — Q is continuous. In fact, the
maps @, : Bs(x) — Q, for T € [0,t], are all Lipschtiz continuous, with the Lipschitz constants
bounded independently of T.

Proof. Without loss of generality, assuming that ¢ > 0, let » > 0 be such that @, contains
an open neighbourhood of the curve ®.(z), as 7 ranges in [0,¢]. Then the local existence
theorem (Theorem 16) guarantees a solution at least on the time interval [0, h] with some
h > 0 independent of the initial condition, as long as the initial condition stays in @),.. We
subdivide the time interval [0, ¢] into smaller subintervals [0, t1], [t1, t2], and so on, until [ty ],
with the length of each subinterval not exceeding h. Let z; = &4, (z) for all 7. First, we choose
dn > 0 such that ®-(Bs,(xn)) C Q, for all 7 € [0,h]. This is possible because ®,(y) is
defined for all y € @, and 7 € [0, h], and

sup |[[®7(x) — @ (y)|| < el —yll, (106)

T7€[0,h]
for some constant ¢ > 0. In the second step, we choose d_; > 0 such that ®(Bs,_,(zn-1)) C
Bs, () for all 7 € [0,h]. We continue this process, until we reach the point x, where we
choose 0 > 0 such that ®,(Bs(z)) C Bs,(z1) for all 7 € [0,h]. Now, by construction,
®; : Bs(x) — Q. is the composition of finitely many Lipschitz continuous maps, which
completes the proof. O

Remark 29. In the setting of the preceding theorem, (7,y) — ®-(y) is (jointly) continuous as
a map sending [0, t] x Bs(z) into 2, since @, : Bs(z) —  is equicontinuous for all 7 € [0, ¢].
That is, for any given € > 0, we can choose p > 0 such that || ®,(y1) — ®-(y2)|| < € for all
Y1, Y2 € Bs(x) with ||[y1 — y2|| < p and for all 7 € [0, t].

Ezercise 3. Consider the initial value problem

{u’(t) = f(u(t),t,\) tel,

(0 — o (107)

where A € B is a parameter, with B = B.(0) an open ball in some Banach space Y. We
assume that f € C(Q x I x B, X) is locally Lipschitz in the first variable, in the sense that
for any r > 0, any closed interval J C I, and any 0 < 0 < ¢, there is C,. ;5 > 0 such that

(2t A) = fy, 6, VI < Crgslle =yl 2y €Qr, t €], A€ Bs(0). (108)

We have a maximal solution u, y € C(I;)) for each z € @ and A € B. Then define the
solution map Wy by Wi(z, \) = uy »(t) for t € I, x. Similarly to the flow map, for any fixed ¢,
W, is defined on only a part of 2 x B, which is nonempty if ¢ is small. Prove the following: For
any € Q and t € I o, there exists § > 0 such that U, is defined on Bs(z) x Bs(0) C X x Y,
and U, : Bs(x) x Bs(0) — € is continuous.
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Theorem 30 (Differentiability). Assume that the system is autonomous, i.e., that the right
hand side f does not depend on t explicitly. and let f € CY(Q, X), with Df bounded on Q,
for anyr > 0. Then for any x € Q and t € I, there exists § > 0 such that ®; € C*(Bs(x),).
Moreover, the Fréchet derivative D®.(y) : X — X is an invertible operator for all y € Bs(x).

Proof. Let € € X, and let
wy (1) = 2EHRE) = Bilz) (109)

for h € R small and nonzero. Our first task is to show that the limit wy(t) as h — 0 exists.
To this end, we compute

sy = (IR D)) St h) f) gy
Thus upon introducing

f(®i(z) + hy) — f(Pe(x))

for y € Bg, t € [0,7], and h € (—&,0) U (0,¢), we can write
wh(t) = Flun(t), h) (112)

Here R > 0 and T € I, are arbitrary, and ¢ = (R, T) > 0 is chosen so that ®:(x) + hy € Q,
for some small » > 0, and for all (y,t,h) € Br x [0,T] x (—¢&, ). We would like to send h — 0
in (112), and use continuity with respect to parameters (the preceding exercise) to imply that
wp(t) has a limit as h — 0.

The first step would be to define the right hand side F'(y, t, h) for points with h = 0, in such
a way that the resulting function is (jointly) continuous in all three variables. We observe
that F'(y,t,h) = Df(®:(x))y as h — 0, hence we set

Continuity of F' on Bgr x [0,T] x ((—&,0) U (0,¢)) is clear from the definition (111). To see
that it is continuous also at points with A = 0, we compute

F(y,t, h) o F(Z,’T, 0) _ f(q)t(x) + hl»}/L) — f(q)t(x)) _ Df(@T(x))z

= Df(®i(z) + 0hy)y — Df(P-(2))z,
for h and y nonzero and for some 0 < 6 < 1, where we have used the mean value theorem.

After deriving it, we note that the final equality is true for h = 0 or y = 0 as well. The right
hand side can be estimated as

IDf(®i(z) + 0hy)y — D f(®r(x))z]]

< |Df(®i(x) + 0hy) — Df (2 (2))llyll + 1D (- (x)l[lly — I, (115)
which makes it clear that the difference F(y,t,h) — F(z,7,0) can be made arbitrarily small
by choosing (y,t, h) close to (z,T,0).

Next, we look at Lipschitz continuity of F' in its first variable. To this end, we note
1F(y,t,0) = F(2,1,0)[| = |Df(@(2))(y — 2)I| < &lly — 2|, (116)

where kK = sup [|[Df(®(z))||. When h # 0, we have
t€[0,T]

(114)

f(@¢(x) + hy) ;f(q)t(w) + hz) = Df(y")(y — 2) (117)

for some y* lying on the line segment connecting ®(x) + hy and ®;(x) + hz, which gives
1F(y,t,h) = F(z, t,h)[| < [ly — =|| Sup IDfI, (118)

F(y,t.h) — F(z,t,h) =
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confirming the Lipschitz continuity of F' in its first variable.

Now we can take the limit A — 0 in (112) with the initial datum w,(0) = &, and conclude
that wp(t) tends to wo(t), the latter being the solution of the same problem with A = 0,
provided that wo(t) exists. Note that wy, exists on [0, 7] for h # 0 by definition (109). To see
that wq exists on [0, T, recall that wy is defined by

wy(t) = Df(Py(x))wo(t), wp(0) =&, (119)

which is equivalent to
t
w(t) = €+ [ DI @)un(r) (120)

This implies that

lwo(t)] < i€l + /O 1DF (@ (@)ll[lwo(r)] dr <[] + /0 lwo(r)ldr,  (121)

leading to the bound
lwo(®)] < ll€lle™, (122)

by Gronwall’s inequality. Hence the equation for wg is solvable at least on [0,7], and we
conclude that the Gateaux differential of ®; exists at x along the direction &, which is given
by D®;(x,§) = wo(t). It is easy to see from (120) that the correspondence & — D®(z,€) is
linear, and in light of (122) we infer that £ — D®(z,€) is a bounded linear operator in X,
meaning that the Gateaux derivative of ¢, exists at x.

Let us denote the Gateaux derivative of ®; at x by J(¢). In order to show that J(t) is
actually a Fréchet derivative, we will show that J(t) is continuous as a function of z, and
apply Lemma 11. From (120) and (122), we get

17(t)§ = J ()]l = H/ Df(®r(z))wo(r) dr|| < re" |t — s[|€]l, (123)

for s,t € [0,T], which shows that J : [0,7] — L(X, X) is continuous. The problem (120) can
be rewritten as

sog=c+ [ Df(éT(w))J(T)5d7=§+< / Df(@(x))J(T)dT> e (29

for any £ € X, where we have used Lemma 4. Therefore, J(t) solves the initial value problem
J(t) = DF@(@)JI(H),  J0) = id (125)

If we consider this as an initial value problem with parameter x, then it is obvious that the

right hand side G(A, t,z) = D f(®.(x))A is Lipschitz continuous in the variable A € L(X, X),

with the Lipschitz constant depending continuously on (t,x), and hence J(t) depends on z

continuously. We conclude that the Fréchet derivative D®;(x) exists and is equal to J(t).
To show that D®,(z) is invertible, solve the initial value problem

K'(t) = —K(O)Df(®(z)),  K(0) =id, (126)

and note that

S (K (1)) = K'(0)(0) + K00

dt
= —K(t)Df(®:(x))J(t) + K(#)Df(@(x))J (t) = O,
and that K(0)J(0) = 0. O

(127)



18 TSOGTGEREL GANTUMUR

6. SEMILINEAR EQUATIONS

Let 2 C R™ be a domain, and let a : 2 — R™ be a vector field in 2. We associate to « a
differential operator A = ). «;0;. Then given a function 3 : & x R — R, we consider the first
order equation

Au(x) = Z a;(x)Ou(x) = Bz, u(x)), x € Q. (128)

We will solve it by the method of characteristics.

Definition 31. A parametric characteristic curve of A is a map v € CI(IW,Q) with some
open interval I, C R, satisfying

V() = alu(t),  tel, (129)
We call the image [y] = v(Iy) C 2 a characteristic curve of A.

It is immediate from the definition that if v is a parametric characteristic curve of A and
if u is differentiable at the points of [y], then

Sulr() = Y 0 6) = 3 - a2 (8)) = Au((0) (130)

for all t € I,. This transforms the equation (128) into an ODE problem.

Lemma 32. Let o € C1(2,R™) and let u be differentiable in Q. Then (128) holds if and only

if
%U(V(t)) = B(y(0),u(r(¥),  tel, (131)

for every parametric characteristic curve v of A.

Proof. If (128) holds and if v is a parametric characteristic curve, then

%U(V(t)) = Au((t)) = B(v(1),u(v(1))),  tel (132)

On the other hand, let x € Q. Then by ODE theory there exists a parametric characteristic
curve v of A with v(0) = z. Now if (131) holds then we have

Au(z) = Auy(®)hco = S| 560 urO)emo = Bl u@).  (133)

which completes the proof. O

The equation (131) means that once the value of u at some point of 7 is fixed, then the value
of u along ~ is completely determined. Moreover, as long as u is differentiable, it can behave
in an arbitrary fashion in directions transversal to the characteristic curves, since the lemma
says that all (128) requires is (131). So we expect that the space of all solutions of (128)
could be parameterized by a space of functions on a surface transversal to the characteristic
curves. This leads us to the Cauchy problem: We are given a differentiable surface I' C €2 and
a function ¢ : I' — R, and consider the problem

{Au(az) = B(z,u(r)) =€, (134)

u(§) = g(£) el

We assume that I" is noncharacteristic, meaning that «(&) is not tangent to I' at any £ € T
The surface I is called the Cauchy surface, and g the Cauchy data.
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For £ € T', let 7¢ be the parametric characteristic curve with v¢(0) = &, and let I¢ be its
maximal interval of existence (in §2). Then we solve

ve(t) = B(re(t), ve(t)),
{vem) = g(9). (135)

It is possible that the maximal interval of existence of vg¢ is smaller than Iz. Let us call it
J¢ C I. We expect that the solution u should be given by the prescription

u(ye(t)) = ve(t), (136)

as § varies over I' and ¢ runs over .J;. However, there are some obstacles to our program:

e It may happen that one characteristic curve crosses the Cauchy surface I' multiple
times. In this case, there will be « € Q such that @ = y¢(t) = v (') with £ # ¢’, and
hence unless g(§) is compatible with g(¢’), there can exist no solutions.

e It may happen that some of the characteristic curves do not cross I'. In this case
there will be x € Q that is not reachable by any characteristic curve starting at I,
and hence one cannot control the value of u at . This leads to nonuniqueness.

In terms of the mapping ¢(&,t) = v¢(t) that maps some region of the (£, t)-space into €2, the
first obstacle can be described as noninjectivity, while the second one is about nonsurjectivity.
The following lemma says that in a certain sense those are the only obstacles.

Lemma 33. Let I' be a C' surface, and let g and o be C' functions. Let ¥ C T x R be an
open set, such that ({,t) € ¥ implies t € Je. Suppose that the mapping ¢ : ¥ — Q, defined by
@(&,t) = Ye(t), is invertible and that the inverse (&,t) == ¢~ 1 : p(¥) — X is C'. Then the
function u(z) = ve(y)(t(x)) for v € p(X) solves the Cauchy problem (134).

Proof. If n € T then £(n) = n and t(n) = 0, so u(n) = v,(0) = g(n). If x € ¢(¥), then by
assumption there is a unique pair (£,¢) with £ € I and ¢ € J¢. Moreover, by ODE uniqueness
theory any parametric characteristic curve going through x agrees with ~¢, up to a time
translation. Hence Lemma 32 in combination with (135) guarantees that u solves the Cauchy
problem, provided that u is differentiable in Q. But u is C!, as follows from ODE theory,
since £(z) and t(z) are both C' functions by assumption. O

If we have local C''-invertibility, then global injectivity would guarantee global C'-invertibility.
While in general it is hard to say anything about global injectivity, local C'-invertibility can
be approached through the inverse function theorem.

Theorem 34. Let I' be a noncharacteristic C' surface, and let g and @ be C' functions.

a) Let £ € I'. Then there exists a neighbourhood U C Q of €, such that the Cauchy problem
(134) with Q replaced by U and T replaced by T' NU, has a unique solution.

b) Let ¥ C I' x R be an open set, such that ({,t) € ¥ implies t € Je. Suppose that the
mapping ¢ : £ — Q, defined by p(&,t) = y¢(t), is injective, and let (£,t) == o1 : U = T be
its inverse on U = p(X). Then the function u(z) = ve(y)(t(x)) for x € U solves the Cauchy
problem (134), and it is unique in U.

Proof. First of all, from ODE existence theory it is clear that there exists an open neigh-
bourhood of I' x {0} in I' x R, on which ¢ is well defined. Let (£,¢) be a point in that
neighbourhood, and let us compute the derivative of ¢ at (£,t). Note that p(§,t) = ®4(€) for
¢ € I', where ®; is the flow map of the vector field a. We have ®;44(§) = ®(P5(&)) for all
small s. Differentiating this with respect to t gives

0 0 0

5 2+ (8) = 5 Pers(§) = DP(Ds(8)) 5 -Ps(8), (137)
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and putting s = 0, we get

2 .(6) = DR(E)o(e). (138)
It follows that
Dyys(§+ 1) = DPy(E)n + DPi(§)n(§)s + o(|n| + [s]), (139)

for small n € R" and s € R, in particular showing that ¢ € C'. Moreover, by restricting
§ € I'and n € TLT, the latter the tangent space of I' at &, it tells us that

De(&,1)(n, s) = DP(§)(n + «(§)s), (140)

with which we mean the derivative Dy at (§,t) applied to the vector (n,s). Since D®;(&) is
invertible, the invertibility of D¢(&,t) boils down to checking if one can recover the pair (7, s)
uniquely from n+a(§)s. But this is guaranteed by the noncharacteristic condition () & T¢I

Part a) is established, since we can conclude that there is a neighbourhood of (£,0) in T' x R
such that the mapping ¢ on that neighbourhood is continuously differentiable with Dg(&,0)
invertible. Then the inverse function theorem would finish the job.

Part b) is also done, because we have local invertibility of ¢ by the inverse function theorem,
which is updated to global invertibility by the injectivity assumption. O

Remark 35. When can we take ¥ = [ p{¢} X J¢, Le., is it possible to include in U all
points in 2 that are reachable by characteristics starting at I'? This would be possible if
characteristics starting at I' do not return to I' again. Indeed, if ¢(&,t) = ¢(n, s), from ODE
uniqueness theory we would have n = ¢(&,t—s). One case where characteristic are guaranteed
not to return to the Cauchy surface is the case of evolution equations, which read

Apu(z) + Zai(x)aiu(x) = B(z,u(z)), =z, (141)

with the Cauchy surface I' = Q N {x,, = 0}. The coordinate x,, is interpreted as time, and
since a,, = 1, we see that for any parametric characteristic curve, we have v, (t) = t. Hence
v(t) € T' necessarily implies ¢ = 0.

7. QUASILINEAR AND FULLY NONLINEAR EQUATIONS

By allowing the vector field « to depend on the function value u as well, we arrive at the
following quasilinear equation

Zai(x,u(m))ﬁiu(m) = ap41(x, u(z)), x €, (142)

where o = (@, ..., any1) is considered as a vector field defined on some domain Q C R™+1,
Now it is no longer possible to solve for the characteristics and the solution value separately,
as in (129) and (135). Instead, we need to solve them simultaneously, resulting in curves that
live in the graph of the solution. A graph characteristic of « is a map v € C’l(Ly,Q) with
some open interval I, C R, satisfying

V() =a(r(t), tel. (143)
Ezercise 4. Let o € C1(Q, R"1), and let u be differentiable in €. Suppose that the graph of

w is a subset of Q. Then wu is a solution of (142) if and only if every graph characteristic that
starts at a point on the graph of u stays in the graph of u for at least a short time.

Given a Cauchy surface I' C 2 and initial datum g : I' = R, the Cauchy problem takes the

form
{ZZ ai(z,u(x))Ou(z) = B(z,u(x)) x € Q,

ul€) = g(6) cer, (144)
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and noncharacteristicity of T reads as the vector (a1(&,g()), ..., an(& 9(§))) € R™ being not
tangent to I at any &£ € T'.

In addition to the difficulties we had for semilinear equations with regard to global solv-
ability, we encounter here a new obstacle that is caused by potential multi-valuedness of the
function defined by the graph characteristics. Let us illustrate this phenomenon by Burgers’
equation

Opu + udyu = 0. (145)

Assume that the initial datum g € C'(R) is given. We can take the ¢ coordinate as the
parameter in the characteristic equations, since the equation for ¢ would be ¢ = 1. Hence the

characteristic equations are
{x’(t) = (1), (146)

Z'(t) =0,

where we decomposed the graph characteristics v as v = (z, z). The initial conditions for the
graph characteristic starting at £ € R are z(0) = £ and z(0) = g(£). This is easily solvable
and the solution is z¢(t) = {4 g(§)t and z¢(t) = g(&). So the graph characteristics are straight
lines orthogonal to the wu-axis, with slopes in the zt-plane equal to their u-coordinate, and
the solution can be written implicitly as u(§ + g(&)t) = g(§) wherever it is well-defined. Let
U(t) = {(z,u(z,t)) : © € R} be the graph of u at the time moment ¢. Then from the implicit
formula we see that U(t) = A(t)U(0), where A(t) is the linear transformation of the (x,u)
plane given by

A(t)(z,u) = (x + ut,u). (147)

It shows that the points with higher u-coordinates move to the right with faster rate than
the points with lower u-coordinates. Thus if g has a region where it decreases, as t grows
the graph of g would become increasingly steep in that region, and eventually the upper part
would go past the lower part of the graph, making itself a non-graph. This phenomenon is
called wave breaking or shock formation.

Exercise 5. Let T’ be a C! surface, and let g and a be C! functions. Assume that I is nonchar-
acteristic, and assume that the graph of g is in €2. Then there exists an open neighbourhood
of T' on which there exists a unique C! solution of the Cauchy problem (144).

The most general form of a first order equation is
F(z,u(z), Vu(x)) =0, x €, (148)

where F is a C! function defined on a domain Q of R2"+1. Interestingly, this can also be solved
by a method of characteristics, where the characteristics are now curves in R?**1. Let us label
the arguments of F' by x € R", z € R, and p € R", so that, for example, 0,F means the
derivative of F'(z, z,p) with respect to z, and V,F is the vector consisting of the derivatives
of F(x,z,p) with respect to p1,...,p,. Suppose that u solves (148), and that z = z(t) is a
curve in Q. Let z(t) = u(z(t)) and p(t) = Vu(z(t)). We want to derive equations for the
curve (z(t), z(t), p(t)). First, note that

2 (1) = Vu((t)) - o/(t) = p(t) - ' (1) (149)
Next, differentiating (148) with respect to x; gives
F
0= g.%’ = 81F + 8zF . 8Zu + VpF . 82Vu, (150)

and we have

pi(t) = O;iVu(z(t)) - 2'(t) = OiVu - Vo F = —9;F — 0,F - Ou = —0;F — 0, F - p;, (151)
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where we have made the choice 2/(t) = V,F. Collecting the relevant equations, we conclude

' =V,F
7 =p-V,F (152)
p=—V.F —pd,F.

Now supposing that a Cauchy surface I' C € and initial datum g € CY(T') are given, we
attempt to solve the Cauchy problem of (148) with the initial condition ulp = g in the
following manner. For each £ € T', we solve the characteristic equations (152) with the initial
data 2(0) =&, 2(0) = g(§), and p(0) = h(&), the latter given implicitly by

7-Vg=~h() -7 foral 7eTT, and F(&9(8),h()) =0. (153)

The first condition fixes the component of h(§) that is tangential to I', while the second
condition is supposed to give the normal component. At this level of generality, however, the
second equation may not be solvable for h(), or even if it is solvable, the solution may not
be unique. So we simply assume that it is solvable, and for each &, one of the solutions is
chosen, which we denote by h(§). Given such data, noncharacteristicity of T" is expressed as

VpF(€,9(8), h(§)) & TeI (154)

Under the noncharacteristic condition, one can prove a local existence result for the Cauchy
problem of (148) similar to the semilinear and quasilinear cases. We refer to Evans §3.2.4 for
a detailed proof, and end this section with some examples.

Example 36. Consider the eikonal equation
Vul* = 1. (155)

We take F(z, 2,p) = 3(|p|> — 1), and so V,FF = p, V,F =0, and 9. F = 0. The characteristic
equations are

' =p, 2 =1, p = 0. (156)
Given an initial datum ¢ on a Cauchy surface I', the initial data for the characteristic curve
starting at £ € I' are 2(0) = &, 2(0) = g(§), and p(0) = Vrg(§) + v with [p(0)] = 1, where
v L T,T. We see that if |[Vpg(€)| > 1 then there is no solution, and if |Vrg(£)| < 1 there are
two possible choices for p(0) depending on the direction of v.

Example 37. An important class of first order equations is Hamilton-Jacobi equations, that
are of the form

Owu+ H(z,t,Vu) =0, (157)
where H is a function of 2n + 1 variables, and ¢ is singled out as a time coordinate. To
compare it with the general form (148), we introduce = (x,t) and p = (p, 7). With these
variables, we can write F(z,p) = H(z,t,p) + 7, and we have

V;F = (V,H,1), VzF =(V.H,0,H), and 0,F = 0. (158)
We can use t as the parameter in the characteristic curves, since its equation would be ¢/ = 1.
Moreover, we can eliminate 7 from the characteristic equations because 7 = dyu = —H by
the equation. The end result is
¥ =V,H
p=-V.H (159)

2 =p-V,H—H.

Given an initial datum ¢ on {¢ = 0}, the initial data for the characteristic curve starting at
£ € R" x {0} are 2(0) = &, p(0) = Vzg(¢), and 2(0) = (&)



	1. Vector-valued calculus
	2. Banach's fixed point theorem
	3. Inverse function theorem
	4. Ordinary differential equations
	5. Flow maps
	6. Semilinear equations
	7. Quasilinear and fully nonlinear equations

