The Yamabe Problem
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Abstract

The Yamabe problem asks if any Riemannian metric g on a compact smooth man-
ifold M of dimension n > 3 is conformal to a metric with constant scalar curvature.
The problem can be seen as that of generalizing the uniformization theorem to higher
dimensions, since in dimension 2 scalar and Gaussian curvature are, up to a factor of
2, equal.

1 Introduction

In 1960, Yamabe claimed to have found a solution to the problem that would later come
to bear his name. Eight years following, however, Neil Trudinger discovered a serious error
in Yamabe’s proof. Trudinger was able to salvage some of Yamabe’s work but only by
introducing further assumptions on the manifold M. In fact, Trudinger showed that there
is a positive constant a(M) such that the result is true when A(M) < a(M) (A(M) is the
Yamabe invariant, to be defined later). In particular, if A(M) < 0, the question is resolved.
In 1976, Aubin improved on Trudinger’s work by showing that a(M) = A(S™), where the
n-sphere is equipped with its standard metric. Moreover, Aubin showed that if M has
dimension n > 6 and is not locally conformally flat, then A(M) < A(S™). The remaining
cases proved to be more difficult and it was not until 1984 that they had been resolved
by Richard Schoen, thereby completing the solution to the Yamabe problem. In order to
gain an appreciation for these developments and the final solution, it is necessary to look at
Yamabe’s approach. First we reiterate the statement of the problem.

The Yamabe problem: Let (M, g) be a C* compact Riemannian manifold of dimension
n > 3 and S its scalar curvature. Is there a metric g conformal to g such that the scalar
curvature S of this new metric is constant?

2 Yamabe’s approach

In this section we will detail Yamabe’s attack on the problem. As we will see, he reduced
the question of finding a conformal metric with constant scalar curvature to that of finding
a smooth non-negative solution to a certain differential equation, the Yamabe equation.
Because Krondrakov’s theorem does not apply directly to the situation presented by that
equation, Yamabe turned his attention to a family of approximating differential equations,
which turn out to be the Euler-Lagrange equations of certain functionals. He proves smooth
and non-negative solutions exist, and, claiming that these solutions are uniformly bounded



and hence uniformly continuous, concludes that a solution Yamabe equation exists. An error
had slipped into his argument however; the uniform boundedness is not true in general, and
an explicit counter-example is found on the sphere.

2.1 The differential equation

Let M be a smooth, connected, and compact Riemannian manifold with metric g. We put
g = e* g with f € C>°(M). In a local chart, let T';; and T';; denote the Christoffel symbols
of g and g respectively (throughout this section, given a symbol associated with (M, g), the

same symbol with a tilde above denotes its counterpart in (M, g)). Let R and S denote the
Ricci and scalar curvatures of (M, g) respectively. Their difference is given by:

Ty — Tij = (g10i f + gri0; f — 9ijOnf) g™

The Ricci curvatures are then related in the following way:

Rjk =Rj — (n—2)Vif + (n—2)V,; fVif + (Vf — (n = 2)|[Vf[*)gjk
from which we derive:
S=e2(5+2(n—-1)Vf—(n—1)(n-2)|Vf]?

where A is the Laplace-Beltrami operator. The above formula simplifies if we put €2/ = (P—2
with p = 2n/(n — 2) and g = ¢P~2g:

n —

~ 1
S =P <4n_2A<p+S<p> (1)

We use the notation a = 42—:; and 00 = aA + S. The above implies that § = ¢?~2g has
constant scalar curvature iff it satisfies the Yamabe equation:

Op = ApP™? (2)

This can be seen as a nonlinear eigenvalue problem. In fact, the equation yp = Ap? depends
heavily on q. When ¢ is close to 1, its behavior is quite similar to the that of the eigenvalue
problem for (. If ¢ is very large however, linear theory is not useful. It turns out that the
exponent in the Yamabe equation is the critical value below which the equation is easy to
solve and above which it may be unsolvable. In fact Yamabe had studied the more general
equation

Ap + h(z)p = ()" ! (3)

where N =p, h, f € C>°(M), and ¢ # 0 is a non-negative function in Hy (the first Sobolev
space). He wished to find A € R such that the above problem admits a solution. He
considered the functional

I,(¢) = { | veveav+ [ nwg dV} [ /| f(w)soq] o (1)



where 2 < ¢ < N. The denominator is defined since H; C Ly C L, (2.21). Yamabe next
shows the above functional with ¢ = N has (3) for its Euler-Lagrange equation. Define

pg = inf{I,(p) : p € Hi, ¢ >0, ¢ #£0}

As we will soon see, showing uy (as N = p, this is the case we are most interested in) is
attained directly is difficult since we cannot invoke Krondrakov’s theorem where we would
like. Thus Yamabe turned his attention to the approximate equations with ¢ < N :

Ap+ h(z)p = Af(z)p? (5)

Theorem (Yamabe): For2 < g < N, there exists a C* strictly positive @, satisfying (5)
with X = pg and I,(¢q) = pg-

Proof: The proof is split into several parts.

a) For 2 < ¢ < N, p, is finite. Indeed

Lile) = Li&fﬁovh(@)} [ug; f(w)] ol

and

llell3llell;? < VI < sup(1, V™)

with V' = [;,dV. On the other hand,

fg < I,(1) = [/M h(:c)dV] [/M f(:v)dV} o

b) Let {¢;} be a minimizing sequence such that [, f(x)pldV = 1:
i € Hi, ;i 20, lim Iy(0i) = g

First we prove that the set of the ¢; is bounded in Hi,

il = 913+l = To() = [ aotav + Ll

Since we can suppose that I (¢;) < ptq + 1, then
i, < i+ 1+ |1+ sup [ ol
xeM

and



—2/q
o < WPl < 112/ | it 7o)
c) If 2 < ¢ < N, there exists a non-negative function ¢, € H; satisfying
Iq(pq) = g

and

| f@ggav =1

M

Indeed for 2 < ¢ < N the imbedding H; C L, is compact by Kondrakov’s theorem (A2) and
since the bounded closed sets in H; are weakly compact (A7), there exists a subsequence of

{¢:}, {¥;}, and a function ¢, € H; such that

1. ¢j = g in L.
2. p; = @4 weakly in H;.

3. @ — g a.e..

The last assertion is true by A8. The first assertion implies
/ f(x)pldV =1
M

and the third implies ¢4, > 0. Finally the second implies

lpglla, < liminf{[]
1— 00

Hence
Iy(pg) < lim I, (p;) = pg
J—o0

because ¢; — ¢, in Ly according to the first assertion above, since ¢ > 2. Therefore, by
definition of pg, I4(pq) = pq-

d) ¢4 satisfies (5) weakly in Hy. We compute the Euler-Lagrange equation. Set ¢ = ¢, +v
with ¢y € H; and v € R small. An asymptotic expansion gives:

L) = o) [ [ sty e

+2v [/ Vip,VihdV —|—/ h(a:)(pqd)dV} +O(v)
M M

thus ¢, satisfies for all 1) € Hy:



/ Vig,VivdV + / W) pdV = iy / f (@)t pav
M M M

which is the weak form of (5) with A = p4. To check that the preceding computation is
correct, we note that since (M) is dense in Hy and ¢ # 0, then

inf I(p)= inf I,(¢)= inf I > inf  I(p)> inf I
nf () nf () nf a(lel) = () = ()

I,(¢) = I;(J¢|) when ¢ € C because the set of points P where p(P) = 0 and |[Vp(P)| # 0
is null.

e) g € C for 2 < ¢ < N and the functions ¢, are uniformly bounded for 2 < ¢ < gy < N.
Let G(P, Q) be the Green’s function. ¢, satisfies the integral equation

oo(P) = V! /qu@)dwcg) (6)
+ [ 6. I f Qg - 1@ aV(Q)
M

We know that ¢, € L™ with 1o = N. Since by A6 part 3 there exists a constant B such
that |G(P,Q)| < B[d(P,Q)]> ™, then according to Sobolev’s lemma A1l and its corollary,
pq € L™ for 2 < g < qo with
1 -2 -1 -1 2
1. n=2 @-1 , @-1_2
1 n r+0 0 n

and there exists a constant Ay such that [|¢g|l,, < A1llgg||% ! By induction we see that
0q € L' with

1 -1 2 (0-D" 2(@-1"-1

TR The1 M To nooqo—2

k
and there exists a constant Ay such that ||¢g||r, < Ak||gpq||§g_1) . If for k large enough,

1/ry is negative, then ¢4 € L. Indeed suppose 1/rx—1 > 0 and 1/r,y < 0. Then (g0 —
1)/re—1 —2/n < 0 and Holder’s inequality A4 applied to (6) yields |[¢4]loc < Clleg||%
where C' is a constant. There exists a k such that

because n(gy — 2) < 2ro = 2N, since gg < N = % Moreover, there exists a constant A
which does not depend on ¢ < ¢ such that

—_1)k
Palloo < Agllqlle™"

But the set of the functions ¢, is bounded in H; (same proof as in part b). Thus by the
Sobolev imbedding theorem A3, the functions ¢, are uniformly bounded. Since ¢, € L,



differentiating (6) yields p, € C1. ¢, satisfies (5); thus Ay, is in C! and ¢, € C? according
to A5.

f) ¢4 is strictly positive. This is true because
/ f (:r)(png =1
M

Then A9 establishes this result since ¢, cannot be identically 0. Lastly ¢, € C*° by
induction according to A5. [J

Remark: We cannot use the same method for the case ¢ = N. This is because in ¢) we
cannot apply Krondrakov’s theorem and therefore only have

/ f@)en <1
M

What’s more, the method in e) gives us nothing as gqo = N. In this case r, = ro = N for all
k.

2.2 The Yamabe invariant

In view of the preceding theorem, to solve (2) Yamabe had considered the functional

n—1

nie) = 2= [ Vv + [ spav] e )

n—2

This is known as the Yamabe functional. which is the functional (4) corresponding to (5),
divided by a constant. Define Aq(M) = inf Jy(p) for all ¢ > 0, ¢ # 0, belonging to H;.
Set A(M) = Ay(M) and J(¢) = Jn(p). In view of the following proposition, A(M) is
appropriately called the Yamabe invariant. When M is understood, we will simply write A
and A,.

Proposition: A\(M) is a conformal invariant.
Proof. Consider a change of conformal metric define by g = gpﬁ g. We have dV’ = oNdV
and )

422 [ [, VUV ipdV + [, o2 ApdV] + [, Se*¢2dV

J =
(p) [fM gonNdV]z/N

using (1) gives J(py) = J(1) and consequently A\ = A. O

2.3 Trudinger’s work

From now on, we will assume without loss of generality that M has unit volume. Yamabe
had claimed that the functions ¢, corresponding to J, are uniformly bounded and therefore
uniformly continuous, from which he showed a solution to (2) with the desired properties
exists by a limiting argument. However, he was in error. The fault was discovered by



Trudinger in 1968. In the next section we will see a counter-example. The following theorem
is due to Trudinger:

Theorem (Trudinger): There evists a(M) > 0 such that if \(M) < a(M), then there
exists a positive C* solution to (2) with S = N(M). Thus Yamabe’s problem is solved under
this assumption on (M, g).

We do not prove this result as it is subsumed by the work of Aubin, which we shall look
at next. We observe that if (M, g) has non-positive mean scalar curvature, then the above
implies (M, g) indeed admits a conformal metric with constant scalar curvature; indeed
one easily sees J(1) is, up to a positive constant, the mean scalar curvature and since
A(M) < J(1), the result immediately follows.

3 Results by Aubin

Aubin looked attentively at the Yamabe problem on the unit sphere. He had shown that
A(S™) =n(n— l)wg/ " where w is the n-dimensional volume of S™. Furthermore, he showed
that the constant in the sharp Sobolev inequality is obtained from A(S™). This allowed
him to show that for any manifold M, A(M) < A(S™). If the inequality is strict, then the
Yamabe problem is solved; thus a(M) above may be taken to be A\(S™).

3.1 Yamabe’s problem on the sphere

Central to the treatment of Yamabe’s problem is a firm grasp of the case of the sphere S™.
Here it is shown that the infimum for the functional (7) is attained by the standard metric
on S™ which we will denote throughout this section by g. The proof is based on an argument
by Obata with simplifications by Penrose.

Theorem (Obata). If g is a metric on S™ that is conformal to the standard metric g and
has constant scalar curvature, then up to a constant scale factor, g is obtained from g by a
conformal diffeomorphism of the sphere.

Proof. We begin by showing ¢ is Einstein (i.e. the Ricci tensor is proportional to g). From
here on, the metric equipped to S™ is g. We can write § = ¢~ 2g where p € C*°(S") is
strictly positive. Making the substitution e?/ = ¢ =2, we compute

%

VipV'p

Rjx =Rj+¢ ! ((n —2)Vrp —(n—1) Gjik — A%k)

in which the covariant derivatives and Laplacian are to be taken with respect to g, not with
respect to g. If By = Rjx — (S/n)g i represents the traceless Ricci tensor, then since g is
Einstein,

0=Bjr = Bjr + (n—2)¢" (Ve + (1/n)Apgjr)

since the scalar curvature S is constant, the contracted Bianchi identity (B1) implies that
divergence Ry, o f the Ricci tensor vanishes identically, and thus so also does B}, ;. Because



By, is traceless, integration by parts gives
[ eppav, = [ euptay,

B 1
= —(n- 2)/ Bk (%k + gAQOij> dVy

~n-2) [ By,

= -2 [ Bleav, o
Sn

Thus Bj; must be Einstein. Since g is conformal to the standard metric g on the sphere,
which is locally conformally flat, we have W = 0 as well as B = 0. This implies that ¢ has
constant curvature, and so (S™,g) is isometric to a standard sphere. The isometry is the
desired conformal diffeomorphism. [J

Let P = (0,...,1) be the north pole on S™ C R"*!. Stereographic projection o : S"—{P} —
R" is defined by o(¢t,..., (", &) = (21, ..., 2") for (¢, &) € S — { P} where

Cj
1-¢

f—

We can verify that o is a conformal diffeomorphism. If ds? is the Euclidean metric on R”,
then under o, g corresponds to

p*G=4(z]* +1)%ds?

where p denotes o', This can be written as 4u?~>ds? where

ur(2) = (|2 +1)E/2

By means of stereographic projection, it is simple to write down conformal diffeomorphisms
of the sphere the group of such diffeomorphisms is generated by the rotations, together with
maps of the form o~ '7,0 and 06,0 where 7,0, : R® — R™ are respectively translation
by v € R™:

() =2 —v

and dilation by a > 0;

Sa(z) =a 'z
The sphereical metric on R™ transforms under dilations to
85p*g = dub2ds?

)<2—n>/2'

where uy(2) = (W



Theorem. There exists a positive C™ function b on S™ satisfying J(p) = A(S™).

Proof. For 2 < g < p, let ¢, be the solution on S™ to the subcritical problem (5). Composing
with a rotation, we may assume that the supremum of ¢, is attained at the south pole for
q. If {¢4} is uniformly bounded, then following the argument proposed by Yamabe we can
show that a subsequence converges to an extremal solution, so assume sup ¢, — oc. Now
let kKo = 0 19,0 : S™ — S™ be the conformal diffeomorphism induced by dilation on R" as
described above. If we set g, = kg, we can write g, = t£~2g where the conformal factor
to is the function

Q2(1 — ) &)/
ta(“):((lﬁ)ga (1 5))

Observe that at the south pole t, = a(>~™/2, For each ¢ < p, let Vg = takhpq, With a = a4
chosen so that ¢, = 1 at the south pole. This implies that «, = (sup goq)Q/(’“Q) — 00 as
q — pand ¢, < " 2/2t, on M. Let O, denote the conformally invariant Laplacian with
respect to the metric gq; by naturality of O, O (k) ¢q) = k5 (0p,g). Then by computation
we find

D(ta’iz%z) = t:gz—lDa(’fZ@q) = /\qtg_l(’iZ%’q)q_l (8)
Agthpd!

g

where ), is defined as section 2.2. Observe that this transformation law also implies that

[bgllan < C /S gDy = C /S aDpadVs < C'l|gqll21

so {¢s} is bounded in L?(S™) and hence also in LP(S™) by the Sobolev theorem. Let
¥ € L3(S™) denote the weak limit.

Now if P is the north pole, on any compact subset of S™ —{ P} there exists a constant A such
that t, < Aa®>~™/2 and thus the RHS of (8) is bounded there by Ay AP~ independently of
g. This implies that on any such set the RHS is bounded in L" for every r. One can argue
using local elliptic regularity that {¢,} is bounded in C** on compact sets disjoint from
P. Let K1 C Ky C --- be a sequence of compact sets whose union is S™ — {P}. By the
Arzela-Ascoli theorem, we can choose a subsequence of {t,} that converges in C?(K;) and
then a subsequence that converges in C?(K>), etc. Taking a diagonal subsequence, we see
that the limit function ¢ is C? on S™ — {P}.

Since Ap — A(S™) and 279 < 1 away from P for q near p, we conclude that ¢ satisfies
ey = fpP~! on S™ — {P} for some C? function f with 0 < f < A\(S™). By the removable
singularities result (A...) the same equation must hold weakly on all of S™. For each p,

Il = [ teegravs
= [ eV = llegllp = Vol(S) g

This implies that ||1¢]|, > 1 and therefore J(1) < A(S™). But since A(S™) is by the definition
the infimum of J, we must have Oy = A(S™)yP~! and J(¢) = A(S™). It remains to show



that ¢ is positive and smooth. This can be accomplished by using the regularity theorem.
O

The two results above combine to give us:

Theorem. The Yamabe functional (7) on (S™,g) is minimized by constant multiples of
the standard metric and its images under conformal diffeomorphisms. These are the only
metrics conformal to the standard one on S™ that have constant scalar curvature.

Another result by Aubin gives us A(S™) = n(n — 1)w,2/", where w_ is the volume of S™.

3.2 The sharp Sobolev inequality

Then Li{(R™) is continuously embedded in L"(R™). In particular, for

1 k
Suppose = o
p= 2, we have the following Sobolev inequality:

1
q
qg=2,k=1,r=

lel2 < o / Veldz, ¢ € LA(R™)
]Rn

We call the smallest such constant o, the best n-dimensional Sobolev constant (on R™). The
above results can be used to prove that in fact

on = a/\S™)
= 2w o —2) 2

(one uses stereographic projection to convert the Yamabe problem on the sphere to an
equivalent problem on R™ and uses the conformal invariance of J). Thus the sharp form of

the Sobolev inequality is
2
Il < 55 [ 199!

and we can show that equality is attained only by constant multiples and translates of the
functions u,, defined above. The following result will also be useful to us:

Theorem. Let M be a compact Riemannian manifold with metric g, p = 2n/(n — 2), and
let o, be the best Sobolev constant. Then for every € > 0 there exists a constant C. such
that for all p € C*°(M),

lell2 < (14 )o / Vo2V, + C. / SV,
M M

3.3 Aubin’s Theorems

We are in the position to prove:

Theorem (Aubin). If M is any compact Riemannian manifold of dimension n > 3, then

A(M) < A(S™).

Proof. The functions u, satisfy a||Vua|[3 = A(S™)||ua||* on R™. For any fixed ¢ > 0, let
B, denote the ball of radius ¢ in R™ and choose a smooth radial cutoff function 0 <7 <1

10



supported in By with n = 1 on B.. Consider the smooth, compactly supported function
© = Nug. Since @ is a function of r = |z| alone,

/ alVe|*dx
Rn

[ (@ Vual? + 20 (V0 Vo) + a2 [VoP)ds ()
B2£

IN

/ a|3rua|2d$+0/ (Ua|Ortia| + u2)dx

where A.denotes the annulus By, — B.. To estimate these terms we observe that

2 2y /2
Oty = (2 —n)ra™? (7r ta )

a
and 50 u, < a®2/2¢27" and [D,us| < (n — 2)al*=2/2p1=" Thus for fixed e, the second
term in (9) is O(a"~2) as a — 0. For the first term,

2/p
/ alOrusPde = A(S™) </ ugda:—l—/ uﬁdm)
n B. R"—B.
2/p
A(S™) (/ ©F +/ a”rzn)
Bae R™—B.

= ([ @) o

Therefore the Sobolev quotient of ¢ on R™ is less than A(S™) + Ca™ 2. On a compact
manifold M, let ¢ = nu, in normal coordinates {z'} in a neighborhood of P € M extended
by zero to a smooth function on M. Since ¢ is a radial function and ¢"" = 1 in normal
coordinates, we have |V|? = |9,¢|? as before. The only corrections to the above estimate
are introduced by the scalar curvature term and the difference between dV, and dx. Since
dVy = (1 + O(r))dz in normal coordinates, the previous calculation gives

IN

E(p) /B (a[VeP? + 507V,

IN

2¢e
(1+Ce¢) ()\(S")||cp||§ +Ca™? + C/ / uir"‘ldwdr)
0o Js,

One can then argue that the last term is bounded by a constant multiple of . Thus choosing
€ and then « small, we can arrange that

J(p) <1+ Ce)(AS™) + Ca)

which proves A\(M) < A(S™). O

Theorem (Trudinger, Aubin). Suppose A\(M) < A(S™), and let ¢, be the collection of
functions defined before. There are constants go < p, r > p and C > 0 such that ||¢4l||» < C
for all ¢ > qo.

11



Proof. Let 6 > 0. Multiplying (5) by g0(11+2‘5 and integrating, we obtain
/M(a (depg, (1420)92dpg) + Sp2t?°)dV, = A /M @It ay,

146
q

if we set w = ;7 this can be written as

1420 9 / 9 g—2 9
—_— dw|*dV, = A i== g dV
(1+5)2/a| w|*dV, (Aqw @l w?)dV,

Now applying the sharp Sobolev inequality for any € > 0,

2 1+5L/ d 2dV+CE/ 2qv,
||w||p — ( ))\(Sn) M| ’LU| g Mw g

(1+5)2/ Ag 9 40 ’ 2

< (1 ==d

= ( +E)(1+25) o )\(S")w </7q Vg+ca||w||2
14+46)2 A _ /

< 14 A o e 2

(1+ 20) A(S™)

by Holder’s inequality. Since ¢ < p, (¢ — 2)n/2 < g and thus by Holder’s inequality again
gl (g=2)n/2 < ll@gllg = 1. Now if 0 < A(M) < A(S™), then for some go < p, Ag/A(S") <
Ago < 1 for ¢ > go. Thus we can choose ¢ and J small enough so that the coefficient of the
first term above is less than 1, and so can be absorbed in the LHS. Thus

[Jwlf; < Cllwlf3

The same result obviously holds if A(M) and hence A, is less than 0. But applying Holder’s
inequality once more we see that

1+6

§
lwllz = leallgs) < leall57 =1

1+6

Therefore [[w|l, = [lpqll, (1} 5)

is bounded independently of ¢q. O

We can now prove the Yamabe problem has a solution if A(M) < A(S™). We first state a
regularity theorem without giving proof (see theorem A9).

Theorem (Regularity). Suppose p € L3(M) is a non-negative weak solution of (5) with
2 < g <pand|\| < K for some constant K. If ¢ € L"(M) for some r > (¢ —2)n/2 (in
particular if r = s <p orif s =p < r) then @ is either identically 0 or strictly positive and
C>® and ||¢||cz.« < C where C depends only on M, g, K and ||¢||.

Theorem. Let {p,} be as before and assume A(M) < A(S™). As ¢ — p, a subsequence
converges uniformly to a positive function p € C°(M) which satisfies J(¢) = A(M) and
equation (2).

Proof. Since the functions {¢,} are uniformly bounded in L" (M), the above regularity result
shows that they are uniformly bounded in C?%(M) as well. The Arzela-Ascoli theorem then

12



implies that a subsequence converges in the C? norm to a function ¢ € C?(M). The limit
function ¢ therefore satisfies
Op =", J(p) = A

where A\ = limg,, Ay. If A(M) > 0, then one can show that A = A(M). On the other
hand, if A(M) < 0, the fact that Apis increasing implies that A < A(M) but since A\(M)
is the infimum of J, we must have A = A(M) in this case as well. Another application of
the regularity result in elliptic theory shows that ¢ is C'°° and is strictly positive because
[lepllp = limsp [l@qglg = 1. O

The above shows that Yamabe’s problem is resolved in the affirmative provided A(M) <
A(S™). Tt is normal to ask then if this is true for all manifolds M; the Yamabe problem
would then be completely resolved. In the case n > 6 and M is not locally conformally flat,
this turns out to be true.

Definition: A Riemannian manifold M is said to be locally conformally flat if each point
has a neighborhood where there exists a conformal metric whose curvature vanishes.

Theorem (Aubin). If M has dimension n and n > 6 is a compact nonlocally conformally
flat Riemannian manifold, then A\(M) < A(S™). Hence the minimum A(M) is attained and
equation (1) has a strictly positive solution with S = \(M), so Yamabe’s problem is solved
in this case.

Proof. When n > 4, a necessary and sufficient condition for a manifold to be locally
conformally flat is that the Weyl tensor vanishes identically. By definition the Weyl tensor
is

1
Wi = Rz‘jkl_m(
S

+m(gjzgm — gjkGit)

Rikgji — Rugjk + Rjgit — Rikgir)

and lekl is a conformal invariant. If M is not locally conformally flat there exists a point
P where the Weyl tensor is not zero. After a change of conformal metric, the calculation of
an asymptotic expansion yields a second term whose sign is —W;x;; W% k' when n > 6, thus
showing A(M) < A(S™). O

4 Further results by Schoen

Richard Schoen proved the following theorem:

Theorem (Schoen): If M has dimension 3,4 or 5, or if M is locally conformally flat, then
A(M) < A(S™) unless M is conformal to the standard sphere.

Schoen made heavy use of the Green function for the operator [J. He also serendipitously
found the positive mass theorem of general relativity, which had recently been proved in
dimension 3 and 4 by Schoen and Yau. The proof of the above theorem requires an n-
dimensional version of the positive mass theorem. The 5-dimensional case is a generalizing
of the proof of the 4-dimensional case. The n-dimensional case, n > 6, is more difficult.
However, by Aubin’s results only conformally flat manifolds need be considered.
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5 Appendix: Preliminary Results

We collect here a number of results useful to us. The proofs can be found in [Aub].

5.1 Analytic results

Theorem Al. (Sobolev’s lemma). Let p’ > 1 and ¢’ > 1 be real numbers. Define A by
1/p'+1/¢ +X/n=2. If X satisfies 0 < X\ < n, there exists a constant K(p',q',n) such that
for all f € LT (R™) and g € LP (R™) :

/ / T@IW) 40y < k!, )1l gl
o Jgn yll

|

||| being the Euclidean norm.
Corollary. Let Abe a real number 0 < X <n and ¢ > 1. Ifr defined by 1/r = X\/n+1/¢' —1
satisfies r > 1 then
h(y) = / L)Adx
ze |z —yl|

belongs to L, when f € LY (R™). Moreover there exists a constant C(\, ¢ ,n( such that for
all f € Ly (R™)

7]l < CO\ ¢ )| flly

Theorem A2. (Kondrakov): Let k > 0 be an integer and p,q € R satisfying 1 > 1/p >
1/q—k/n > 0. The Kondrakov theorem asserts that, if Q@ C R™ is a bounded domain with
smooth boundary then

1. The imbedding W*1(Q) C LP(Q) is compact.

2. The imbedding W*4(Q) C C*(Q) is compact, if k —a > n/q with 0 < a < 1.

3. The following embeddings Wéc’q C LP(Q) and Wé’q(ﬂ) C C*(Q) are compact.

The Kondrakov theorem also holds for compact Riemannian manifold.

Definition: The injectivity radius at a point P of a Riemannian manifold is the largest
radius for which the exponential map at P is a diffeomorphism. The injectivity radius of a
Riemannian manifold is the infimum of the injectivity radii at all points.

Theorem A3. The Sobolev imbedding theorem holds for M a complete manifold with
bounded curvature and injectivity radius § > 0. Moreover for any € > 0, there exists a
constant A4(e) such that every p € H{ (M) satisfies

llelly < [K(n,q) +ell[Vellg + Ag(e)llellq
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with 1/p=1/q—1/n> 0 (see section 3.2).

Proposition A4 (Holder’s inequality). Let M be a Riemannian manifold. If f €
L"(M)NLI(M),1<r<q<oo, then f € L? forp € [r,q] and

A1l < ARl

1/p—1/q

1/r—1/q"

Theorem A5. Let Q2 be an open set of R and A = a,V* a linear elliptic operator of order
2m with C* coefficients (ag € C°(Q2) for 0 < £ < 2m). Suppose u is a distribution solution
of the equation A(u) = f and f € CH**(Q) (resp. C>®(2)). Then u € C*2m2(Q) (resp.
C>(Q)) with 0 < o < 1. If f belongs to W*P(Q), 1 < p < oo then u belongs locally to
Wk+2m,p'

with a =

Theorem A6. Let M be a compact C* Riemannian manifold. There exists G(P,Q) a
Green’s function of the Laplacian which has the following properties:

1. For all functions ¢ € C?:
o) =V [ Qv+ [ GP.@AQI Q)
M M

2. G(P,Q) is C*>® on M x M minus the diagonal (for P # Q).

3. There exists a constant k such that:

IG(P, Q)| < k(1 +|logr|) forn=2 and
|G(P,Q)| < kr*™" forn>2, |VoG(P,Q)| < kr'™"
IVRG(P,Q)| < kr™™ withr =d(P,Q)

4. There exists a constant A such that G(P,Q) > A. Because the Green function is
defined up to a constant, we can thus choose the Green’s function everywhere positive.

5. [ G(P,Q)dV (P) is constant. We can choose the Green’s function so that its integral
is equal to 0.

6. G(P,Q) = G(Q, P).

Theorem AT. A Banach space is reflexive iff the closed unit ball is weakly sequentially
compact.

Proposition A8. Let {fx} be a sequence in LP (or in L) which converges in LP to f € LP
. Then there exists a subsequence converging pointwise to [ a.e.

Theorem A9. Let M be a compact Riemannian manifold. If a function ¥ > 0 belonging
to C%(M) satisfies an inequality of the type Ay > o f(P,v), where f(P,t) is a continuous
numerical function on M x R, then either v is strictly positive or v is identically 0.
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5.2 Geometric results

Theorem B1l. (Bianchi identities): Let R be the curvature tensor of a Riemannian
manifold M. It satisfies the Bianchi identities: Rijr + Rikij + Rijr = 0, Rijrt,m + Rijim 1+
Rijmi, = 0.

Theorem B2. Let (M, g) be a Riemannian metric and § = ¢2fg a conformal metric. Then
we have the following transformation law for the Ricci curvature:

Rji = Rji, — (n = 2)Vif + (n = 2)V; fVif + (Vf — (n = 2)|Vf*)gjn

where R and R are the Ricci curvatures of g and § respectively.
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