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1 Introduction

In this report we will talk about generalized solutions to the Monge-Ampére Equation. We will

follow closely [I], trying to provide more detail in the proofs where it felt needed.

2 The Normal Mapping

In this Section we introduce the concept of normal mapping of a function and study some of his
properties. We will then use it in the next Section to introduce the notion of generalized solutions to
the Monge-Ampére equation.

Let © be an open subset of R” and u : 2 — R. Given xy € (), a supporting hyperplane to the
function u at the point (zg,u(zp)) is an affine function I(x) = u(xg) +p- (x — x¢) such that u(z) > I(z)
for all z € Q or u(z) <lI(z) for all x € Q.

Definition 2.1. The normal mapping of u, or subdifferential of u, is the set-valued function Ou :
Q — P(R™) defined by

Ou(xo) = {p: u(x) > u(zo) +p- (x — xo), for all x € Q}
Given E C Q, we define Ou(E) = Ugepdu(x).

Remark 2.2. In other words, Ou(xg) is the set of supporting hyperplanes to u at the point (zg,u(xo)

from below.



Remark 2.3. Note that the set du(zo) may be empty. Let S = {x € Q: du(x) # 0}. If u € CH(Q)
and x € S, then Qu(x) = Du(z) (we drop the brackets every time Ou(x) consists of a single point),
where Du denotes the gradient of u at x. This means that when u is differentiable the normal mapping
is basically the gradient. Moreover, if u € C?(Q) and x € S, then the Hessian of u is non-negative
definite, that is D?*u(x) > 0. This means that when u € C?, S is the set where the graph of u is

convex. Indeed, for x € S we have by Taylor’s Theorem that
u(z + h) = u(x) + Du(z) - h + % (D*u(&)h, h)

where & lies on the segment between x and x + h. From the definition of the normal mapping of u we

have also that
u(x + h) > u(x) + Du(zx) - h
for all h sufficiently small. Hence <D2u(§)h7 h> > 0 for all h sufficiently small and the claim follows.

Remark 2.4. Given xo € ), then Ou(xg) is conver. However, if K C Q is convez, then du(K) is

not necessarily convex.

Example 2.5. Let’s compute the normal mapping of a function whose graph is a cone in R"+1. For
that effect, let Q@ = Bgr(zo) in R™, h > 0 and u(z) = hLRx”l. The graph of u, for x € Q, is a right
circular cone in R"*1 with vertex at the point (xo,0) and base on the hyperplane x,4+1 = h. We will
show that

h z—x
Du(z) = ATt for 0 < |z — x| < R,

By /r(0),  for x = xq.
Let x € Q. If 0 < |z — xo| < R, then the value of du follows by computing the gradient of u at x.
Otherwise, take © = xg. By the definition of normal mapping, p € du(xo) if and only if

h
E|x—x0|2p-(m—xo)

for all x € Br(zp). Clearly, if p = 0 then p € du(zg). If p # 0, taking x = xo + Rﬁ in the above
inequality leads to |p| < %. Using the Cauchy-Schwarz inequality, it is clear that |p| < % implies that

p € Ou(xg). Hence Qu(xo) = By, r(0).
Lemma 2.6. If Q CR"” is open, u € C(Q) and K C Q is compact, then Ou(K) is compact.

Proof. We will prove that every sequence in du(K) has a convergent subsequence whose limit lies in
Ou(K). Let {pr} C Ou(K) be a sequence. The proof will go as follows: first we show that that the
sequence {pi} is bounded; then by the Bolzano-Weierstrass theorem it has a convergence subsequence
whose limit we prove to lie in u(K).

Step 1 : The sequence {p} is bounded.

By the definition of normal mapping, for each k there exists xp € K such that py € du(xy), i.e.,

u(z) > u(wg) +pr - (r — xk)



for all x € . Since K is compact, we may assume, by passing if necessary to a subsequence, that
xp — xo for some xy € K. Also from the compactness of K, K5 = {x : dist(z, K) < §} is compact
and contained in € for all § sufficiently small, For all |w| = 1 and for all k¥ we have that xy + dw € K

and
u(zg + ow) > u(xy) + opg - w.

If pi. # 0, taking w = % in the above inequality leads to

u <xk + 5”) > u(ar) + O|pil
||

and therefore
max u(z) > minu(z) + 6|px|,

for all k. Since u € C(Q), u is bounded on any compact set contained in © and therefore the claim is
proved.

Step 2 : There exists a convergent subsequence {p, } with limit pg € R™.

This is a direct consequence of the Bolzano-Weierstrass since {py} is bounded.

Step 3 : py € Ju(K).

We will prove that pg € du(zg). Since pg, € du(xy,,), we have that

u(z) = u(zg,,) + Pk, - (T — Tk,,)
for all x € Q. Since u is continuous, by letting m — oo, we obtain
u(x) > u(zo) + po - (x — o)
for all x € Q and thus py € Ou(zg), completing the proof of the Lemma. O

Lemma 2.7. If u is a convex function in Q and K C Q is compact, then u is uniformly Lipschitz in
K, i.e., there exists a constant C = C(u, K) such that |u(z) — u(y)| < Clz —y| for all x,y € K.

Proof. Since u is convex, u has a supporting hyperplane at any x € Q. Let C = sup {|p| : p € Ju(K)}.
By Lemma 2.6 C < co. Let z € K. Then

u(y) 2 u(z) +p- (y — )
for p € Ou(z) and for all y € Q. In particular, for y € K, we have
u(y) —u(z) = —|plly — .
By reversing the roles of  and y we prove the Lemma. O

Lemma 2.8. If ) is open and u is Lipschitz continuous in €2, then u is differentiable a.e. in €.

Proof. See [[2], p.81]. O



Lemma 2.9. If u is convex or concave in §2, then u is differentiable a.e. in Q.
Proof. Follows immediately from the previous two Lemmas. O

Definition 2.10. The Legendre transform of the function u :  — R is the function u* : R™ — R
defined by

u*(p) = sup{z-p—u(z)}.
e

Remark 2.11. If Q is bounded and u is bounded in ), then u* is finite. Also u* is convex in R™.

Indeed, let p1,ps € R™ and 0 <t < 1. Then

w*(tpr + (1 — t)p2) = sup {z - (tp1 + (1 — t)p2) — u(x)}

z€Q
= sup {t(z-p1 —u(@) + (1 - t)(z - p2 — u(z))}
< tsup {z-p1 —u(@)} + (1 — 1) sup {z - p2 — u(x)}
€N zEN

= tu*(p1) + (1 — t)u"(p2).

Remark 2.12. There is a close relation between the normal mapping of a function u and its Legendre

transform: p € du(xo) if and only if u*(p) = p- xo — u(xo).

Lemma 2.13. If Q is open and u € C(R), then the set of points in R™ that belong to the image by

the normal mapping of more than one point of  has Lebesgue measure zero. That is, the set
S={peR": thereisx1,xo2 € Q with x1 # x2 and p € Qu(x1) N Ju(xs)}

has measure zero. This also means that the set of supporting hyperplanes that touch the graph of u at

more than one point has measure zero.

Proof. We start by proving that we can assume that € is bounded u is bounded in 2. We write
Q = U2 Q9 where the €, C €41 are open and the Q) C Q are compact. Let

Sm = {p € R™: there is x1,x5 € Q with 1 # x5 and p € du|q,, (x1) N u|q,, (x2)}

where ulq,, is the restriction of u to Q,,,. Then S C UYX_,S,,. Indeed let p € S. Then there exists

x1, %o € Q with 21 # x5 and

u(z) = u(zi) +p- (2 — i)

for all z € Q and ¢ = 1,2. Since the  increase with k, z,y € Q,, for some m and obviously the
previous inequalities hold for all z € ,,,. Hence p € S,.

Since S C Uge_; Sy, it is enough to prove that each S,, has measure zero. Hence we can in fact
assume that €2 is bounded and u is bounded in €.

Let E = {p € R™: u* is not differentiable at p}, where u* is the Legendre transform of u. By
Remark and Lemma u* is finite and is differentiable a.e. and therefore E has Lebesgue
measure zero. Thus, proving that S C E completes the proof of the Lemma. Let p € S. Then there



exists x1, z2 € Q with 21 # 2 and p € du(z1) N du(zz). Then by Remark u*(p) = p-a; —u(z;)
for ¢ = 1,2. We have from the definition of u* that

u (2) > x; -z — u(x;)
for all z €  and ¢ = 1,2, which we can rewrite as
u*(z) 2 u'(p) + @i (2 —p)

for all z € Q and i = 1,2. Hence if u* were differentiable at p we would have by Remark
Du*(p) = x; for i = 1,2, but since z1 # 2, u* is not differentiable at p, i.e., p € E. O

Theorem 2.14. If Q is open and v € C(Q)), then the class
S={E CQ:0u(FE) is Lebesgue measurable}
is a Borel o-algebra. The set function Mu :S — R defined by
Mu(E) = |0u(E)| (1)

is a measure, finite on compacts, that is called the Monge-Ampére measure associated with the function

u.

Proof. We need to show that S is closed under countable unions and complements. If {E;};°, is
a sequence of subset of Q then Ju(UX E;) = U, 0u(E;) and so if E; € S for i = 1,2,---, then
U2, E; € S. By Lemma[2.6] the class S contains all compact subsets of 2. Hence 2 € S since we can
write ) = U2, K; with K; compact.

It remains to show, in order to prove that S is a o-algebra, that if £ € S then Q\ E € §. We first
note that for any set £ C Q

u(Q\ E) = (0u(Q) \ du(E)) U (9u(Q\ E) N du(E)).

Let E € S. Clearly, 0u(Q) \ du(E) is Lebesgue measurable. By Lemma[2.13] [0u(\ E) N Ou(E)| =0
and so it is also Lebesgue measurable. Hence by the formula above du(Q2\ E) is Lebesgue measurable,
ie, Q\E€S.

We now show that Mwu is a measure. Clearly Mu()) = 0 and so we only need to show that
Mu is o-additive. Let {E;};2, be a sequence of disjoint sets in S and set H; = Ou(E;). Since
ou(U2, E;) = U2, H; we need to show that

U H|=>IHl
=1 1=1

Let us write



o0

where H; = H; \ (U;;llHj). Hence {ﬁi}iﬂ is a sequence of disjoint Lebesgue measurable sets and
therefore

U a| =1

i=1 i=1

We have E; N E; = () for i # j. Then by Lemma|Hi NH;| =0fori# jand |H;N (Ué;llHj) | = 0.
Hence |H;| = |H;| and thus proving that Mu is o-additive.

We only have left to prove that Mu is finite on compacts but that is just a simple consequence of

Lemma [2.6l 0

Example 2.15. If u € C?(Q) is a convex function, then the Monge-Ampeére measure Mu associated

with u satisfies
Mu(E) = /Edet D?*u(x)dx
for all Borel sets E C ). To prove this we need to use the following result, which we won’t prove.
Theorem 2.16. (Sard’s Theorem, see [{|]) Let Q € R™ be an open set and g : Q — R™ a C function
in Q. If So = {x € Q:det ¢’(x) = 0} then |g(So)| =0, where ¢'(x) = (agiig))jj:l,
We first notice that since u is convex and C*(Q), then Du is one-to-one on the set
A={ze€Q:D%u(z) >0}.
Indeed let x1,x9 € A with Du(z1) = Du(xs). We will show that x1 = xo. By convezity
u(z) > u(z;) + Du(z;) - (2 — ;)
for all z € Q and i = 1,2. Hence taking z = x5 fori =1 and z = x1 for i =2 we get that
u(zy) — u(ze) = Du(zy) - (x1 — 22) = Du(zs) - (1 — x2)

By the Taylor’s formula we can write

1
u(zy) = u(xze) + Du(ze) - (1 — x2) +/0 t <D2u(z2 +t(x1 — x2))(x1 — T2), 21 — x2> dt.

Therefore the integral is zero and the integrand must vanish for 0 < t < 1. Since xo € A it follows
that xo 4+ t(x1 — x2) € A for t small. Therefore x1 = x5.

If u € C?(Q) then g = Du € CY(Q). Since u € C*(Q) and u is convezr, Ou(E) = Du(E) and so
Mu(E) = |Du(E)|. Also

Du(E) = Du(E N Sp) UDu(E \ Sp).

Since E CR™ is a Borel set, ENSy and E\ Sy are also Borel sets. Hence, by the formula of change

of variables and Sard’s Theorem, we get
Mu(E) = Mu(E 1 So) + Mu(E\ Sp) = /
E\So
Example 2.17. If u(x) is the cone of Example then the Monge-Ampére measure associated with

u is Mu = |Bp,/p|0z,, where 65, denotes the Dirac delta at xg.

detDZU(x)darz/ det D*u(z)dx.
E



3 Generalized Solutions

In this Section we introduce the notion of generalized solutions, using the Monge-Ampére measure

defined in the previous Section, and study their stability .

Definition 3.1. Let p be a Borel measure defined in 2 an open and convexr subset of R™. The convex

function u € C(Q) is a generalized solution, or Aleksandrov solution, to the Monge-Ampére equation
det D*u = p (2)
if the Monge-Ampére measure Mu associated with u is defined by equals 1.

Remark 3.2. Given f € C(Q) with f > 0, we will also say that the convex function u € C(Q) is a

generalized solution to the Monge-Ampére equation
det D*u = f (3)
if Mu(E) = [}, f(x)dx for all Borel subsets E of .

The following Lemma addresses the stability of generalized solutions proving that this notion is
closed under uniform limits. In other words, if u; are generalized solutions to det D*>u = y in 2 and

u; — w uniformly on compact subsets of €2, then u is also a generalized solution to det D?u = y in Q.

Lemma 3.3. Let u; € C(Q) be a convex functions such that u; — u uniformly on compact subsets of
Q. Then

i) if K CQ is compact then
lim sup du; (K) C Ju(K)
j—o0
and by Fatou’s Lemma
lim sup |u; (K)| < |0u(K)|
Jj—o0
it) if K is compact and U is open such that K CU C U C Q then

Ou(K) C liminf Ou,;(K)
j—o0

where the inequality holds for almost every point on the set on the left-hand side and by Fatou’s

Lemma

0u()| < Tim it |0 (K.

i) if uj are generalized solutions to det D*u = p in Q and u; — u uniformly on compact subsets of

Q, then u is also a generalized solution to det D*u = p in Q.



Proof.
i) Let K C Q be a compact and p € limsup,_, ., Ou;(K). By definition of limsup for each n there
exists j, and z;, € K such that p € du;, (z;,). Passing to a subsequence z; of x;, if necessary, we

may assume that x; — xo for some g € K. Now, since p € du(z;) we have
ui(®) = ui(i) +p- (v —24)

for all x € Q. Letting ¢ — oo, by the uniform convergence of u; on compact subsets of 2 we obtain
w(w) > u(ws) +p- (2 — o)

for all z € Q, i.e., p € Qu(xop).

ii) Let
S ={peR":pe du(zr1)Nu(xs) for some 1,x2 € Q with z1 # x2}
By Lemma [2.13| we know that |S| = 0. We will prove that

Ou(K) \ S C liminf 0u;(U)
j—oo

Let p € Ou(K) \ S. Then there exists a unique ¢ € K such that p € du(zo) and p ¢ du(x;) for
all z1 € Q with z1 # x¢. Let U be an open set satisfying the assumptions and x; € €2 with x; # xg.
Since p € du(xg), we have u(x1) > u(zo) +p - (1 — zo). Moreover, we can say that the inequality is

strict. Suppose u(z1) = u(zo) +p - (£1 — x0). Then using again the fact that p € du(zg), we have

u(z) > u(zo) +p - (v — x0)
=u(z1) —p- (v1 —x0) +p- (v — 0)
>u(xy) +p- (@ — 1)

for all x € ) and therefore p € Ju(xy) which is a contradiction with the choice of p.

Now, let I(x) = u(zg) + p- (x — xo) and set 6 = min {u(x) —I(z) : x € dU}. Since z9 ¢ OU, § > 0
due to what we proved above. By the uniform convergence of u; on compact subsets of 2, there is jg
such that |u(x) — u;(z)| < §/2 for all z € U and for all j > jo. Let

;= max {I(x) - u;(x) + 6/2}.
xcU

We have, for j > jo, §; > 0 and w;(z) — I(z) > 6/2 for € OU due to the choice of jo. Hence if
z; € U is point the point where the maximum is attained, z; ¢ 9U.

We now prove that p € Ju,;(x;) for all j > jo and therefore p € liminf; , Ou;(U). Let j > jo.
We have that

85 = Ux;) — uj(x;) +0/2 = u(wo) + p- (x; — xo) — uj(x;) +6/2
and therefore, by the definition of §;,

u(zj) +p- (25 —x0) — uj(x;) +6/2 > u(wo) + p- (z — x0) — uj(z) +9/2



for all z € U, which we can rewrite as
uj(z) 2 uj(z;) +p- (- z5)

for all z € U. Since u; is convex in 2 and U is open the inequality above is true for all z € Q and
therefore p € Ju;(x;).
iii) It follows from i) and ii). O

Lemma 3.4. If up are convexr functions in 0 such that uxr — w uniformly on compact subsets of Q

then the associated Monge-Ampére measures Muy, tend to Mu weakly, that is
/ f(@)dMug(z) — / f(z)dMu(zx)
Q Q
for every f continuous with compact support in §2.

Proof. 1t is a consequence of i) and ii) of the previous Lemma. O

4 Viscosity Solutions

Definition 4.1. Let u € C(Q) be a convez function and f € C(Q) with f > 0.

i) w is a viscosity subsolution of the equation det D*u = f if for all convexr functions ¢ € C?(Q) if

xg € Q is a local maximum point of u — ¢ then

det D*¢ > f(x).

ii) w is a viscosity supersolution of the equation det D?u = f if for all convex functions ¢ € C%(£2)

if xg € Q is a local minimum point of u — ¢ then

det D*¢ < f(xo).

We say that u is a viscosity solution of the equation det D?u = f if it is both a wiscosity sub and

supersolution of det D?u = f.

One of our goals is to compare the notions of viscosity solutions and generalized solutions. In this
Section we will see if u is a generalized solution then w is a viscosity solution. The converse result will
be proved later.

Before we prove the result we make some remarks about the class of test functions used in the

definition of viscosity solutions.

Remark 4.2. If u € C(Q) is convez, ¢ € C*(Q) and u — ¢ has a local mazimum at zo € 2, then
D%¢(z0) > 0. Indeed, since ¢ € C*(Q), we have

8(z) = Blwo) + Dolwo) - (2 = w0) + 5 (D*6(x = w0), = o) + ol = wof?)

10



Let N be a neighbourhood of xq where x¢ is a mazimum point of u — ¢. Then for x € N,
u(z) < u(xo) — ¢(z0) + o(x)
— u(z) + Do(an) - (z = 70) + 5 (D*6(e — o), = 20) + off — wof’)
Since u is convezx, there exists p € R™ such that
u(z) = u(zo) +p- (v — 0)
for all x € Q. Hence we get
p-(z — o) < Dglao) - (z — o) + 5 (D*6(z — o), = — 70) + ol |z — 7o[?)

for allz € N. Now, fir w € 0B1(0) Choose x € N such that x — xg = pw for p > 0 sufficiently small.

Then the above inequality becomes
op-w < pDO(ao)w + 3 (D*0(wo)w, w) +0(?).
Diving by p and letting p — 0 leads to
(Do) —p)-w =0
Since w was chosen arbitrarily in 0B1(0) we conclude that p = D$(xg). Then we have
o) + 37 (Do), ) > 0
Dividing by p* and letting p — 0 shows that <D2¢(x0)w,w> > 0 and so we are done.

Lemma 4.3. We can restrict the class of test functions used in the definition of viscosity solutions

to the class of strictly convex quadratic polynomials.

Proof. We consider first the subsolution case. It is enough to prove that if det D> P(z0) > f(z0) holds
for all strictly convex quadratic polynomials P and z, € ) local maximum of v — P implies that then
u is a viscosity subsolution of the equation det D?u = f in Q. Let then ¢ € C%(2) be convex such
that u — ¢ has a local maximum at xo € 2. We want to show that det D%2¢(xg) > f(z¢). Let P be

the quadratic polynomial given by
1
P(z) = ¢(xg) + Do(xg) - (x — mg) + 3 (D*¢(x — z0), 2 — 20) -

Then since ¢ € C%(Q), ¢p(x) = P(x) + o(|x — x0|?). Let € > 0 and consider the quadratic polynomial
P.(z) = P(x) +¢|z — x0|>. We have

D?P.(x) = D*P(x0) + 2¢Id
and so P is strictly convex. We have

$(x) = Pz(x) = o]z — wo|*) — elz — zof?

11



and therefore for x sufficiently close to xg, ¢(x) — P.(x) < 0 = ¢(x9) — P-(x0) and so ¢ is a local

maximum of ¢ — P.. Then by assumption
det D*P.(z) = det (D*¢(z0) + 2¢1d) > f(o).

By letting € — 0, we obtain the desired inequality.

As for the supersolution case, let ¢ € C?(Q) be convex such that u — ¢ has a local minimum at
xo. If D?¢(z0) has some zero eigenvalue, then det D?¢(z0) = 0 < f(z0) since f > 0 in Q. If all
eigenvalues are positive, consider P(z) as in the subsolution case. Then P.(z) = P(z) — e|lx — xo|? is
strictly convex for all € > 0 sufficiently small. Hence, proceeding as in the case of subsolutions, we
can show that u — P. has a local minimum at x¢ and consequently det D?¢(z0) < f(x¢) by letting

& — 0 as before O

Proposition 4.4. Let f € C(Q) with f >0 in Q. If u is a generalized solution to det D*u = f, then

u s a viscosity solution det D?u = f.

Proof. Let ¢ € C%() be a strictly convex function such that u — ¢ has a local maximum at xo. By
the previous Lemma, to show that u is a viscosity subsolution we need to prove that det D?¢(xq) >
f(xzo). Without loss of generality we can assume that u(zg) = ¢(xo) and that u(z) < ¢(x) for all
0 < |z — x| <4 for § > 0 sufficiently small. The first assumption can be made by considering if
necessary ¢(x) = é(z) + u(zo) — (zo) and observing that ¢ is still a C2(Q) convex function such
that u — gg has a local maximum at zy and det D2g£ = det D%¢. As for the second assumption, we can
consider instead ¢, (z) = ¢(x) + r|r — z0|?, prove that det D?¢, > f and then let r — 0.

Assume then that zg is a strict local maximum with u(zg) = ¢(x¢). Then there is § > 0 such that
u(z) < ¢(x) for all 0 < |x — xg| < 6. Let

m= _min ¢(z) — u(x)
§<|z—wo| <6

We have m > 0. Let 0 < e < m and S. = {z € Bs(wo) : u(z) +& > ¢(x)}. If § < |z — 20| < 4, then
¢(z) — u(xz) > m by definition of m and so = ¢ S.. Hence S, C Bs (zg). Now, let z € 9S.. Then
there exists sequences {z,} C S. and {Z,} C Bs(xg) \ Se such that z,, — z and T, — z. We then
have u(zy,) + ¢ > ¢(x,) and u(Z,) + & < ¢(F,,) and therefore taking the limit as n — +o00, leads to
u(z)+e > ¢(2) and u(z) +¢ < ¢(z). Hence u+e = ¢ on 9S.. Since u+e and ¢ are convex, by Lemma
(which will be proved and presented in the next Section), we have that d(u + €)(S:) C 9p(Se).

Note that O(u + €)(Se) = Ou(Se). Hence, since u is a generalized solution, we have
/ f(@)dz = Mu(S.) = |0u(S.)| = 0(u +€)(S2) < |06(S.)| = / det D26 (x)dx
Se Se

Then by continuity of f, we obtain that D?¢(zq) > f(z0).

A similar argument shows w is a viscosity supersolution. O

12



5 Maximum Principles

Lemma 5.1. Let Q C R be a bounded open set and u,v € C(Q). If u =v on 0Q and v > u in Q,
then
ov(2) C Ou(Q)

Proof. Let p € 0v(£2). Then there exists xo € Q such that
v(z) = v(zo) +p - (v — 2,0)
for all z € Q. Let

a = sup {v(zo) +p- (z — o) —u(x)}.
€N

Since (2 is bounded and u and v are continuous in C(Q), a is well-defined and there is z; € Q such
that

a=wv(zo) +p- (x1—20) — u(21).
Also, since v(xg) > u(zg), we have a > 0 and by definition of a
u(z) >v(xg)+p- (x—x0) —a

for all x € Q. We now consider two cases: ¢« = 0 and a > 0. If a = 0 then the above inequality
becomes
u(z) > v(zo) +p - (z — x0)

for all x € Q and so p € du(zg) C Ju(?). If a > 0, then we can rewrite the above inequality as
w(@) = u(zr) +p- (z —21)

for all z € . Thus proving that 21 € 2 ends the proof since in that case p € du(z1) C v(Q). Indeed,
since p € dv(xg) and v € C(Q), we have

v(z1) > v(zo) +p- (x1 — o)

which due to the choice of x1 we can rewrite as v(x1) > u(z1) + a. Since u = v on 0, we have in
fact x1 € Q. O

Theorem 5.2 (Aleksandrov’s maximum principle). If Q@ C R™ is a bounded open and convex set with

diameter A, and u € C(Q) is convex with u =0 on OS2, then
lu(z0)|™ < Cp, A" dist (29, 092)|0u(Q)]
for all xg € Q, where C,, is a constant depending only on the dimension n.

Proof. Fix xg € 2 and let v be the convex function whose graph is the upside-down cone with vertex
(20, u(xzp)) and base Q, with v = 0 on 9. Since w is convex, v > u in 2. Then by Lemma

0v(Q) C du(9).

13



The idea is then to estimate the measure of 9v(Q) from below. We first notice that dv(2) = dv(xg)
and therefore dv(Q) is convex by Remark Indeed, let p € Ov(§2). Then there exists 1 € Q such
that

v(z) >v(x)+p-(r—21), Yre

If 1 = 9 we are done. Otherwise since the graph of v is a cone with vertex (xg,u(zg)) we have

v(xo) +p- (1 — x9) = v(x1) and then we can write the above inequality as
v(z) > v(x0) +p- (¥ —m0), V€.

Thus p € dv(zg). Geometrically we proved that any supporting hyperplane of v at (z1,v(z1)) is also
a supporting hyperplane of v at (zg,v(zo)).

—u(xo)
dist(x0,00) *

convex. Indeed, we take x; € 90 such that |x; — xg| = dist(zp, Q) and H is supporting hyperplane

We now notice that there exists pg € Ov(Q) such that |pg| = This follows because €2 is

to the set 2 at x1. The hyperplane in R"*! generated by H and the point (xg,u(z0)) is a supporting
hyperplane to v that has the desired slope.

Now notice that the ball B with center at the origin and radius _“X':O) is contained in dv(Q2), and
|po| > %. Hence the convex hull of B and py is contained in dv({2) and it has measure
n—1
—u(zg)
Cy ;
(Z52)
which proves the Theorem. O

6 Aleksandrov-Bakelman-Pucci’s maximum principle
Consider u € C(Q2) with Q convex and the class of functions
Fu)={v:v<wuin Q and v convex in Q}

G(u) ={w:w >wuin @ and w concave in Q}.

Definition 6.1. Let
Usx (I) = Supve]:(u)v(z)v u* (I) = Z.nfweg(w)w(l’)

We call these functions the convex and concave envelopes of u in 2, respectively.

It is easy to see that u, and u* are, respectively, convex and concave in 2 (using a similar reasoning
to what we did in Remark and that the inequalities

for all x € Q.
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Definition 6.2. We call the sets
Ci(u) ={z e Q:u(z) =u(x)}, C'(u)={reQ:u"(z)=u(z)}.
the sets of contact points.

Since —(u*)(z) = (—u)«(x) we have that

Since u. is convex,u, has a supporting hyperplane at xg € Cyi(u). Additionally, u.(x¢) = u(xg) and,
by the definition of the convex envelope, u.(z) < u(z) for all x € Q and so this hyperplane is also a

supporting hyperplane to u at the same point. We have then just proved that
I(us)(zo) € u(zo)
for all 2o € C.(u) and so
O(u ) (Cu(u)) S Ou(Cu(u)).

If xzg & Ci(u), then du(xg) = 0. We argue by contradiction. Suppose there exists p € du(xg) such
that
u(z) > l(x)

for all x € Q where I(z) = u(z) + p- (x — x0). Then [ € F(u) and therefore u,(z¢) < I(zg) = u(xo).

But since zg € Ci(u) and u, < w in © we have u,(zo) < u(zo) and so we get a contradiction. Hence
Ou(Q\ Ci(u)) = 0 and therefore

ou(Y) = Ju(

= Ou(

«(u) U (Q\ Cu(w)))
«(u)) U Ou(Q2\ Cu(u))

aQa a

since given any sets A,B, we always have du(A U B) = du(A) U Ou(B).

From the definition of u, and C,(u) it is easy see that
Ou(Cy (1) C Oy )(Cu(u)).

Thus
Ou() = Ou(Cy(u)) = O(us)(Cs(w)).

Now let
D, (z0) ={p:ulz) <ulxg)+p-(x—1x0), VreQ}.
Notice that ®_,(z¢) = —du(xo).
Lemma 6.3. Let u € C(Q) such that u(zx) <0 on 9Q, and x¢ € Q with u(zo) > 0. Then
Q(z, u(zo)) C Py (C*(u)),
where Qz,t) = {y 1y (€ —z) +t > 0,Q} and

wpu(zo)"™ u u
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Proof. Let y € Q(xg,u(xp)). Then
y - (§— o) +ulxo) >0 (4)

for all ¢ € Q. Let
Mo =inf {A: X+y-(£—x0) >u(é), V&€ Q}.

Clearly Ag is finite and by continuity we have
Ao +y - (€= 20) = u(§) ()

for all £ € Q. Consider now the minimum
min {Ao +y - (§ — z0) —u(§)}-
£eq

Since § is compact and u € C(£2), this minimum is attained at some point & € 2. We claim that

Ao +y- (€ —x0) —u() =0. (6)
We argue by contradiction: if there existed € > 0 such that

Aoty (§—a0) —ul§) >e

for all £ € Q, then A\g would not be the infimum.
We want to show now that y € ®,«(€) with & € C*(u) and if so we proved the first part of the

Lemma. We first prove that £ € Q. Since u < 0 on 99 it is enough to show that w(£) > 0. Taking
=10 in we get A\g > u(xg) and consequently from we get

y-(E—x0)+ A >0

for all £ € Q. In particular for £ = £ we get u(§) =y - (€ — zg) + Ao > 0.
So far we have proved that if y € Q(xg,u(zo)) then there exists £ € 2 such that

u(€) =y - (€ —x0) + Xo
and
u(§) <y-(§—z0) — Ao
for all ¢ € Q. By the definition of u*, we have
u(§) <u™(€) <y-(§—x0) + o
for all ¢ € Q. From @, we can rewrite the inequality above as
u(€) <u'(§) Su@) +y-(E-¢)

for all £ € Q. In particular for £ = £ we get u(£) = u*(£) and therefore y € @, (£) and € € C*(u).

As for the second part we first observe that
D= (C*(u)) = —0(=(u))(C*(u) = =O((—u)«)(Cs(—u))
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and so we just have to prove that

wpt™
Since
y-(g—x0)+t=t(%(§—xo)+1)
we have

Q(xo, t) = tQ(fE(), 1)
Thus if we prove that
Bl/ diam(£2) (O) - Q(I07 1)

we are done. Let £ € Q and y € B1/ diam(2)(0). Then

Y- (§—mo) +1 = y[[€ — o[ cos(d) + 1

€ — |
diam(92) cos(9) +1

: € — ol
ly| dlam(Q)diam(Q) +1

— [y| diam(Q)

Y

>0

and therefore y € Q(z0,1). O
We can prove the following maximum principle:

Theorem 6.4 (Aleksandrov-Bakelman-Pucci’s maximum principle). If u € C(Q) and v < 0 on 052,
then
max u(z) < w, /" diam(2)|0((~u).) (C. (~u))| /"

If in addition u € C*() (without any assumptions on the sign of u on 0)), then
1/n
max u(z) < maxu(z) + w;, /™ diam(Q) / | det D?u(z)|dz .
Q o0 Ci(—u)

Proof. Using Lemma we only have to prove that the second inequality. Let u € C?(). Sub-
tracting from u the maximum on the boundary, we may assume that « < 0 on 9€2. We now notice
that

(1)) (Cu(—u)) = O(=u)(Cu(~u))

and, since u € C?(Q), D?(—u)(z) > 0 if z € C.(—u). Thus by the formula for change of variables we

obtain

1B(~u)(Cu(~u)| < /C e Dt

and so we are done. O
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7 Comparison Principle

In this Section we discuss a comparison principle for generalized solutions, from which we can

deduce their uniqueness.

Theorem 7.1. Let u,v € C(Q) be a convex functions such that
|Ou(E)| < |Ov(E)|,  for every Borel set E C Q.

Then
min {u(z) — v(z)} = min {u(z) —v(z)}.

zeQ €052
Proof. We argue by contradiction. Let
a = minu(x) — v(x)
€
and

b= Inin u(z) —v(z).

Suppose a < b. Since u,v € C(Q), there exists zg € Q such that
a = u(zo) — v(xo).

Pick § > 0 sufficiently small such that

b—a

§(diam(Q)? < 5

and let .
w(z) = v(x) + 8|z — z0|* + %.

Consider the set G = {z € Q: u(z) < w(z)}. We have

u(zo) =v(xg) +a
a+b

< U(:L'o) + T

= u(wo)

since a < b and so zg € G. Also GNIN = . In fact if z € GNOQ, then u(x) — v(z) > b and so

b—a
2
b—a
2

w(z) < u(z)+ 6z — zo)® —

< u(z) + §(diam(Q))* —
< u(z).
Hence = ¢ G and therefore we have a contradiction. We then have that 0G = {x € Q : u(x) = w(x)}.
By Lemma we obtain Ow(G) C Ju(G). If A and B are symmetric and non-negative definite
matrices, then det(A + B) > det(A) + det(B). So since dw = d(v + 8|z — x0|?), if v € C*(Q) we have

the inequality
A(v + dla — z0|*)(G)| = |00(G)| + 198z — wo|*)(G)].
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If v is not smooth, we can approximate v be a sequence v, € C?(2) of convex functions converging
uniformly on compact subsets of ). This can be achieved by taking a smooth function ¢ > 0 with
support in B1(0) and [ ¢ = 1 and then letting v. = v*¢., where ¢.(z) = ¢(x/c). Hence the inequality

above now follows from Lemma [3.3] Therefore
u(G)| > [0v(G)| + |0(6]x — xo|*)(G)| = |0v(G)]| + (20)"|G,
which contradicts the assumption of the theorem. O

Corollary 7.2. If u,v € C(Q) are conver functions such that |0u(E)| = dv(E) for every Borel set
ECQ and u=wv on 99, then u=v in .

8 The Dirichlet problem

In this Section we will prove the existence of a solution to the (homogeneous) Dirichlet problem

of the Monge-Ampére equation.

Definition 8.1. The open set 8 C R™ is strictly convez if for all z,y € Q the open segment joining

x and y lies in €.

Theorem 8.2. Let QO C R™ be bounded and strictly convex, and g € C(02). Then there exists a
unique convex function u € C(Q)) generalized solution of the problem
det D?°u=0 inQ

(7)
u=g on0f)

Proof. Let F = {a(z) : a is an affine function and a < g on 9Q}. Since g is continuous, F # ). Define
u(z) =sup{a(z) :a € F}.

We will prove that « is a solution to and then that is in fact the unique solution.

Step 1 : u is convex and u = g on 0f).

Since u is the supremum of convex functions < g on 912, u is convex and u < g on ). Now
let £ € 9Q. We ounly need to prove that u(§) > g(£). Let e > 0. Since g € C(99), there exists
o > 0 such that |g(x) — g(&)] < € for z € 9Q N Bs(§). Let P(x) = 0 be the equation of the
supporting hyperplane to €2 at the point £&. Such P exists since €2 is convex and without loss of
generality we assume that Q C {z : P(x) > 0}. Since ) is strictly convex, there exists 7 > 0 such that
S={zeQ:P(x)<n} C Bs(&). Let

M =min{g(x) : z € 9Q, P(z) > n}

and consider

where A is a constant satisfying



a is an affine function and so if a < g on 92 we have a € F. Let x € 02N S. Then

9(§) —e < glz) < g(§) +e¢

by the choice of § and since S C Bs(§). Hence

g(x) > g(§) —e — AP(z) + AP(x)
> g(§) —e — AP(x)
= a(z)

since Q C {z: P(z) >0} and A > 0. If x € 9Q N S¢ then P(x) > n and by definition of M and the

choice of A we have

(£)+ M —g(§) — e+ AP(x)
> afa) + M~ g(6) + = + An
(z).

)

Therefore a € F, and in particular u(§) > a(§) = g(&) — ¢ for every € > 0 and therefore u(¢) > g(§)

=a

v
2

as desired.

Step 2: u € C(Q).

Since u is convex in €2, u is continuous in Q. To prove the continuity on 9Q, let & € 99, {z,,} C Q
with =, — £ We will show that u(z,) — g(§). Let a be the affine function constructed in Step 1.

Then u > a in Q and in particular u(x,) > a(z,). Hence

liminf u(z,) > liminf a(z,)
= liminf(g(¢) — e — AP(x,)
=9(&) —e

for all € > 0. Hence liminf u(z,) > ¢g(§). We now prove that limsup u(z,) < g(§). Since Q is convex,
there exists h harmonic in 2 such that h € C(Q2) and h = g on 9. If a € F, then a is harmonic and
by the maximum principle a < h in €. Taking the supremum over a we obtain u(z) < h(x) for z € Q.
In particular, u(z,) < h(z,) and therefore lim sup u(z,) < limsup h(x,) = g(£) and we are done.
Step 3: 0u(Q) C {p € R™: thereis z,y € Q with x # y and p € du(x) N u(y)}
If p € Ou(R), then there exists zy € 2 such that

u(@) = u(xo) +p- (x —x0) = afx)

for all z € Q. Since u = g on 99, we have g(x) > a(x) for all x € 9Q. There exists £92 such that
g(&) = a(§). Otherwise, there exists some € > 0 such that g(z) > a(z) + ¢ for all z € 9Q and then
u(z) > a(z)+e for all z € Q and in particular u(xzg) > a(xg)+e = u(xg)+e, a contradiction. Since Q is
convex, the open segment I joining xy and & is contained in Q. Now u(zg) = a(zo) and u(§) = a(§). If
z € I, then z = txg+ (1 —1t)¢ and by convexity u(z) < tu(xo)+(1—t)u(§) = ta(zo)+(1—t)a(§) = a(z).
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But u(z) > a(z) for all x € Q and so a is a supporting hyperplane to u at any point on the segment
I, therefore p € Ou(z) for all z € T and (1.5.2) is then proved.

Step 4 : u is a solution of .

From Step 3, |0u(2)| = 0 by Lemma

Step 4 : the solution of is unique.

It follows from Corollary [7.2] O

9 The non-homogeneous Dirichlet problem

In this Section we solve the non-homogeneous Dirichlet problem for the Monge-Ampére operator
using the Perron method and Theorem 1.5.2. Let € be an open bounded convex set, p a Borel measure
in Q, and g € C(99). Set

F(u,g) ={veC(Q):vconvex ,Mv > pin Q,v =g on 90} .

Suppose that F(u,g) # 0 and let v € F(u,g). Assume that Q is strictly convex. By Theorem
let W € C(Q) be the unique convex solution to MV = 0 in Q and W = g on 9Q. We have
0=MW < pu < Mvin Q and therefore we have that v < W in Q by Theorem [7.1} Hence all functions

in F(u,g) are uniformly bounded above and we can define

U(z) =sup{v(z) :v € F(p,9)}- (8)

The idea to solve the non-homogeneous Dirichlet problem is firs to construct U when the measure is a
combination of delta masses and then to approximate a general measure u by a sequence of measures
of this form, and in this way construct the desired solution. With this in mind we start begin with

two Lemmas.

Lemma 9.1. Let Q2 CR" be a bounded convex open set and u a convex function in €2 such that u <0
in OQ. If xo € Q and p € du(xg) then

—u(zo)
< .
Ipl < dist(xo, )

Proof. Let p € Qu(x) and assume that p # 0. We have
u(z) > u(zo) +p- (z — o)
for all x € Q. Let r > 0 be such that r < dist(xg,9Q). Then z = z¢ + TI%I € Q and therefore
0> u(x) = u(z) +rlp|

from where the Lemma follows. O

Lemma 9.2. Let Q C R" be a bounded open strictly conver domain, u;, j be Borel measures in €2,
u; € C(Q), and g € C(9R) such that

1. u; =g on 09,
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2. Mu; = pj in Q,
3. pj — p weakly in Q, and
4. 1 () < A for all j.

Then {u;} contains a subsequence, also denoted by u;, and there exists u € C(Q) convex in Q such

that u; converges to u uniformly on compact subsets of Q, and Mu = p, u = g in 0.

Proof. We have u; € F(uj,g) and therefore u; are uniformly bounded above as we have seen above. We
now prove that u; also uniformly bounded below in Q. Let £ € 012, ¢ > 0 and a(x) = g(§) —e — AP(x)
be the affine function constructed in the proof of Theorem Recall that a(z) < g(z) for z € 09,
P() =0, P(z) > 0forz € Q, and A > 0. Set vj(z) = uj(z) —a(z). If x € 9Q, then v;(z) =
g(x) —a(z) > 0, and the v; are convex in Q. If v;(z) > 0 for all z € Q, then u; is bounded below in
Q. If at some point v;(z) < 0, then by the Aleksandrov maximum principle, Theorem 1.4.2, applied
to vj on the set G = {z € Q: v;(x) < 0}, we obtain

(—vj(z))™ < C, dist(x, 0G) A" Mv;(G)
< Oy, dist(z, 0Q) A" Mv; ()
< C, dist(z, 0Q)A" 1A,

with A = diam(f2), and consequently v;(z) > —(C,, dist(z, Q) A" "L A)1/" that is
uj(x) > g(&) — e — AP(x) — Cdist(z, 0Q)"/", (9)

which proves that u; are uniformly bounded below in Q. On the other hand, u;(z) < w(z) with
Aw = 0in ©Q and w = g on 99 by the maximum principle since u; is weakly subharmonic from being
convex. Now dist(z,99) < |z — ¢| and from [J] we obtain

w(x) > uj(z) > g(&) —e — AP(x) — Clo — ¢/, (10)

and therefore u;(z) — g(§) as ¢ — &.

Therefore by Lemma @ and Lemma |§|, we get that u; are locally uniformly Lipschitz in €2 and
by Arzéla-Ascoli there exists a subsequence, denoted also u;, and a convex function in © such that
u; — u uniformly on compact subsets of 2. We also have from (10| that v € C(). The Lemma then
follows from Lemma [3.41 O

We now state and prove the main result in this Section

Theorem 9.3. If Q@ C R™ is open bounded and strictly convex, p is a Borel measure in Q with

w()) < 4o0, and g € C(00Q), then there exists a unique convezr function u € C() generalized

solution of the problem

det D>u=p inQ
(11)
u=g on0f)
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Proof. We start by observing that the uniqueness follows by the comparison principle, Theorem

There exists a sequence of measure p; converging weakly to p such that each u; is a finite com-
bination of delta masses with positive coefficients and p;(€2) < A for all j. If we solve the Dirichlet
problem for each p; with data g, then the Theorem follows from Lemma Therefore we assume

from now on that N
W= Zaiéwi x; €Q, a; >0.
We claim that -
(a) Flu,9) #0
(b) If u,v € F(u,g) then u Vv :=max {u,v} € F(u,g)

(¢) U € F(u,g), with defined by

Step 1 : proof of (a).
By Example M(|Jz — x;]) = wpdy,, with w, the volume of the unit ball in R™. Let

1 N
1/n
f@) = =7 > 0w —x
i=1

wn
and u be a solution to the Dirichlet problem
det D*u =0 in Q
u=g—f on 0

We claim that v = u + f € F(u, g). Indeed, it is clear that v € C(Q), v is convex and v = g on 9.

Let us calculate Mv. We have
1 X N
Mv=M@u+f)>Mu+Mf>—S M (ai/"\f‘? —xi|) =" aids, = 1.
Wy, :
i=1 =1

Therefore F(u, g) # (), and consequently U given by (1.6.1) is well defined.
Step 2 : proof of (b).
Let ¢ = u Vv and

Qo ={ze€Q:ulz)=v(z)}
O ={zeQ:ulz)>v(x)}
Qo ={zxe:ulx) <v(z)}.

If £ C Q) then M¢(F) > Mu(E), and if E C Qo, then M¢(E) > Mv(E). Also if E C Qg then
Ou(E) C 0¢(E) and Jv(E) C d¢(FE). Given E C ) a Borel set, write E = EyU Ey U Ey with E; C €.
We have
M¢(E) = M¢(Eo) + M¢(Er) + M¢(E2)
> Mu(Ey) + Mu(E1) + Mv(Es)
> 1(Eo) + p(Er) + p(Ez)
= u(E).

23



Step 3 : For each y € Q there exists a uniformly bounded sequence v,, € F(u,g) converging
uniformly on compact subsets of € to a function w € F(u, g) such that w(y) = U(y), where U is given
by [§

By Step 1, let vg € F(u, g), then v < W with W defined at the begging of this Section. Fix y € Q,
then by definition of U there exists a sequence v,, € F(u, g) such that v,,(y) = U(y) as m — oo. Let
Uy = Vo V V. By Step 2, U, € F(u,g) and therefore v, (y) < 0,,(y) < U(y) and so T, — U(y).
Notice that |[7,,(x)| < C; for all z € Q. Therefore we may assume that the original sequence vy, is
bounded above and below in Q. Since v, is convex in 2, it follows from Lemma 1.1.6 that given

K C Q compact, v, is Lipschitz in K with constant
C(K,m) = sup{|p| : p € dum(K)}.

We claim that C(K,m) is bounded uniformly in m. Let p € Ov,,(x¢) with 29 € K. Be Lemma 3.2.1,

Cy
Tt (K.

in 2. By Arzéla-Ascoli there exists a subsequence vy,,; converging uniformly on compact subsets of €2
to a function w, and so w(y) = U(y). By Lemma we have that w € F(u, g) and therefore w < U
in Q.

Step 4: MU > pin Q.

It is enough to prove that MU ({z;}) > a; for i = 1,..., N. We may assume i = 1. By Step 3,

we get that |p| < and the claim follows. Therefore v,, are equicontinuous on K and bounded

there exists a sequence v, € F(u,g), uniformly bounded, such that v,, = w € F(u, g) uniformly on
compact of € as m — oo with w(z1) = U(z1). We have Mw({z1}) > a;1. If p € Ow(x1), then

w(z) >w(z)+p- (x—x1)
for all z € Q and hence, from the definition of U,
Ux) > U(x1) +p- (z —x1)

for all x € O, i.e., p € Ou(z1). So MU({x1}) > |0U({z1})| > |Ow({z1})| > a1.

Step 5: MU < pin Q.

We first prove that the measure MU is concentrated on the set {x1,...,2x}. Let zy € Q with
xo # i, 4= 1,..., N, and choose r > 0 so that |x; — x| > r for i =1,..., N and B,(z¢) C Q. Solve
Muv =0 in B,(zg) with v =U on dB,(x¢), and define the "lifting of U"

Ulx) z€Q,|z—uax| >,

v(xz) | —x| <1

We claim that w € F(u,g). In fact, w is convex, because by Step 4, MU > p > 0 = Mwv in B,(zo),
and then by the comparison principle Theorem (7.1, v > U in B,(x¢). It is clear that w € C(Q). We
verify that Mw > p in Q. Let E C Q be a Borel set. We write

E = (EN By (x0)) U(EN B (20)%))

and so
Mw(E) = Mw(E N B,(x9)) + Mw(E N B,.(x))).
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Now notice that if F' C B,(xg), then Qw(F) = 0v(F), and if F C B,(x)¢, then dw(F) = OU(F).
Therefore
Mw(E) = Mv(E N B.(x)) + MU(E N By(x0)°))

=04+ MU(E N B-(z0)))

> w(E N By(x0)%))

> uwEN{zy,...,zN})

= uw(E),
by (c¢) and the definition of p. Hence we have w € F(u, g) and by the definition of U w < U, and since
w=wv>U in B.(xp), we get v =U in B,.(zg), and so MU = Mv = 0 in B,(xg), where B,(zg) C Q
is any ball with B,.(z9) N{z1,...,2zn} = 0. Hence if £ C Q is a Borel set with EN{z1,...,2n} =0,
then MU(E) = 0 by regularity of MU. Therefore MU is concentrated on the set {z1,...,xyx}, that
is

N
MU =" Xaids,,
i=1
with \; > 1,4 = 1,..., N since by Step 4 MU > p. We claim that \; = 1 for all ¢ = 1,..., N.
Suppose by contradiction that A; > 1 for some 7. Without loss of generality, we may assume that
MU = Xady with A > 1 and in the ball B,.(0). We have |0U({0})| = Aa > 0. Since 0U({0}) is convex,
there exists a ball B.(pg) C 0U({0}). Then U(x) > U(0) + p -z for all p € B.(pp) and x € Q. Let
V(z) =U(x) —po-x. Then V(z) > V(0)+ (p —po) - x for all x € Q and p € B.(po). Given z € 2
take p — pg = ez/|x| and so
V(z) > V(0) + ¢|x|

for all x € Q. Let « be a constant such that V(0) — a is negative and close to zero, and define
V(z) = V(z) — a. We have V(0) is negative and small, and V(z) > V(0) + ¢|z| for all z € Q. If

r= —@, the V(z) > V(0) + €|z| > 0 for all |z| > r. Let
V(z) it V(z) >0
w(z) = _ _
AV (z) if V(x) < 0.

Notice that since A > 1, we have A~/"V(z) > V(z) on the set {z : V(z) < 0}. Consequently the
function w is convex in Q. Also, on the set {z : V(z) < 0}, we have Mw = M(A"Y/"V) = 1 MV =
+MU = ady. On the other hand w = V on the set {z: V(z) >0}, so Mw = MV = MU > p on
the same set. Consequently Mw > p in . This means that w € F(u,g), where g are the boundary
values of V(x) = U(z) — po - * — . By the definition of U,

V(z)=U(x) —po -z —a=sup{v(x) —po-z—a:veF(ug)}.
It is clear that v'(z) = v(x) —po -z — a € F(u,g) if and only if v(x) € F(u, g). Therefore,

Viz)=sup{v' :v € F(u,3)},

and since w € F(u,g), we get that w(z) < V(z) for all x € Q. In particular w(0) < V(0) and so
A=Y/ (0) < V(0), and since V(0) < 0 we obtain A™*/™ > 1, a contradiction since A > 1. This
completes the proof of Step 5 and the Theorem. O
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10 Return to viscosity solutions

In this Section we prove that viscosity solutions are generalized solutions.

We start with a comparison principle.

Lemma 10.1. Suppose f € C(Q), f >0, andu € C(Q) is a viscosity supersolution (resp. subsolution)
to det D*>u = f in Q. Suppose v € C*(Q) N C(Q) is a classical convez solution to det D*v > g (resp.
<g)inQ withge C(Q). If f < g (resp. > g) in Q, then
mén(u —v) = rg}zn(u —v) (resp. mﬁax(u —v) = r%%x(u —0)).

Proof. Tt follows directly from the definition of viscosity solutions. We consider only the case where
u is a supersolution. Suppose by contradiction that ming(u — v) < mingn(u — v). Then there exists
zo € § such that (v — v)(z9) = ming(u — v), and so v — v has a local minimum at zy. Since u
is a viscosity supersolution to det D?u = f in Q we get det D?v(z¢) < f(x). But by assumption

g(z0) < det D?v(zg) and so we have a contradiction. O

Proposition 10.2. Let f € C(Q) with f > 0 in Q. If u is a viscosity solution to det D*u = f in ,

then u is a generalized solution to det D*u = f in Q.

Proof. We have 0 < A < f(z) < A in Q. Given zg € Q and 0 < n < \/2, there exists € > 0 such that

f(xo) —n < f(x) < f(x0) +1

for all x € B.(x). Let ur € C*®°(9B:(x0)) be a sequence such that

1
Jmax [u(z) — (@) < 7.
and v,j and v, the convex solutions to
det D*vif = f(x0) £ 1 in B:(xo)
sz = uy on OB (xg).

We have that v € C2(B.(z0)) N C(B:(z0)) (see [3], Section 17.7) and

det D*v, < f(z) < det D*v; in Be(zo)
v = uy on 0B.(xg).
By Lemma we get
N 1 _ 1
o (2) ~ 1 < ula) <o () + ¢ (12)

for x € Be(zp). By Theorem let v* be the generalized solutions to

det D?vE = f(z0) £ 1 in B.(xo)

vE=u on 0B (xp).
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Applying Theorem we get that [v*(z) — vif(x)| < 1/k and consequently letting k — oo in
yields
v(z) <u(z) <v ()

for x € Be(x¢). From Lemma we obtain
0v™ (Be(0)) € Ou(Be(x0)) € Ov™ (Be(x0)),

and consequently

| Be(20)[(f (z0) — 1) < |0u(B:(20))| = Mu(Be(x0)) < [Bz(w0)|(f(20) + n)- (13)

Therefore if @ is a cube with diameter diam(Q) < e, then

G1lQ < Mu(Q) < C|Q) (14)

for some positive constant Cy, Cy. If F© C ) is a set of measure zero, then given § > 0 there
exists a sequence of non overlapping cubes Q; C Q with diam(Q,) < ¢, F C UQ, and > |Q;| < 4.
Then applying 14| we obtain Mu(F') < Ce0. That is Mu is absolutely continuous with respect to the
Lebesgue measure and therefore there exists h € Li, () such that Mu(E) = [, h(z)dz. Dividing

by |B:(zo)| and letting e — 0 we get that f(xo) —n < h(zg) < f(zg) + n for almost all 2y € 2 and

for all n sufficiently small. Hence Mwu has density f and we are done. O
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