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1 Introduction

The study of asymptotics can provide insight into certain differential equations. More pre-
cisely, say, in a D.E., there’s a term involving a coefficient which is expected to be either very
small or very big, we can study solutions as we let such coefficients vanish, or blow up.In
turn, once we have such solutions in explicit form, we may be able to approximate solutions
for when the coefficients aren’t truly zero, or infinite.

This paper is split into two sections. The first treats the case of fluid flow with a per-
turbation. The P.D.E treating the non perturbed case is solved first, then the P.D.E. with
a perturbative diffusion is solved with the method of asymptotics.

The second section introduces the WKB approximation for a nonlinear equation of second
order, where the solutions are expected to be oscillatory in nature. This method can be used
to solve physics related PDE’s, some that come out in geometric optics or in quantum physics,
namely the Schrodinger equation.

2 Fluid Flow

PDE’s can be used to model fluid flow, among these we have
div(ub) = &g (1)
where u denotes density and b velocity

—eAuc + div(u‘b) = g (2)

The first term in 2 denotes a diffusion term added to 1. Solving the general case of 1 can
be done by first parametrizing the curve followed by the fluid.

X(t) = b(x(t)) ; X(0) =0 (3)

x = X(t) + yv(X(1)) (4)

In 4 x denotes the postion along the curve, v the unit normal to the curve and y the
distance from the curve along v. This permits us to express



x = (z'(y,t),2%(y,1)) (5)

o(x',z%)  |bl 4yt
i.v) botg? 02 o(1 — rky) where o = ||b|| (6)
with this we can say
231
V= @ and ¥ = —okT = —kb where 7 is the unit tangent and —7 = 5’

We can let the fuild density can be expressed as a density function parametrized along
the curve multiplied by the dirac measure:

u(z) = p(t)d(y) (7)
We can state that f udx = ty — t1 between times (or the points) t5 and ¢; on the given
R

curve, since u denotes density

t2

ude = | p)3(y)o(t) (L = ry)dydt = [ p(t)o(t)dt = t2 — t, (8)
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To confirm our result we can see that, for a generic function v(x,t) we can have

JDbudr= | Db o (t)(1 — y)dydt — ZODU(X(L‘)) b(x(t))dt

from this we can infer p(t)o(t) = 1 = u(z,t) =

= J%v(x(zﬁ))dt = —v(0)
We can let the radius of the diffused dye be O((et)2) and we can define z = ¢ 2y and
v = e2u. We can also express b as such
b =o(t)T + {a(t)T + B()v}y + O(y*) (9)

Parametrization will require the usage of the chain rule. For a generic function w we
have, in this case

Ot Ox? 1 9
W = Way + Wey 5 = Way 0(1 = K(Y))T" + weo (1 — K(y))T (10)
ox? ox?
_ ot 9a” 11
Wy wxl ay _'_ w332 ay ( )

or, equivalently

_wr? —wyo (1 — ky)T? —w; T + wyo (1 — ky)7!
T (1= ry) (1= ry)
This relation is true since (1'% — v172) = 1 and since v is the unit normal to the curve

and 7 is the unit tangent to the curve. Using 9, we have

and Wy, = (12)



b Duf = (o()7 + (a(t)T + Bt)ry + OY?)) - (o, @1 + sy @2) (13)

agt Al + Bt x2 - 0'(]. — fiy)(Tlffl —+ TQJ?Q)

| (%2-z (225,)2|  [[(yo(1 = ky)* + (1 + 7?)

T = H = T13A31 + 7'25%2 (14)

The last equahty holds since 72; + 725 = 1. It was not a priori evident, but comes out
naturally as a result of the parametrization, as 10 and 11 were used.
Similarly, we can obtain

vV = Vlfl?l + VQZfQ (15)
And so, using 12,13, 14, 15 we have
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since v¢ = €'/2u€ and z = €2 y we now have, for € <

1
W e, o _ozchi
~ € A ~ — O(€ 17
1 — Ky " o1 = ky) o(1 — Kze?) ) "
1
w, = ~v, = Byu, = fe 120%,; O | Du |) = O(e?) (18)
€

and so, substituting these previous equations into 16 we end up with

b - Dv® = v+ fzv,° + O(e%) (19)
Similarly, using 9, we have
divb = bjv® —bjv') + (t'b — 7%b,)

or

o(1- Fvy)(

, 1 1y 2 2y 1 1/, 2 2 2/ 1 1
divb = m((m’ V' — (o)) 4+ (T (ar? + Bre) — 3 (am + fr)) + O(y)  (20)

The second term in 20 can be identified as 5. From the first term we can see that:

((O’T1>tv2 — (07’2)tul) = UTtIVZ —07’31/1 —i—d(TlVQ —7'21/1) = 0'2I<&(V1V2 —V2V1)+<'7(1) =0 (21)

from this we have, recalling that we can express y as €3

divb = (§+B)+O(y) as (1 —ry) ~ 1 fore <k (22)

eAUS = €(Dyy v + Opv°) = €(€710,,0° + Fpv) = 00 + 0(5%) (23)

Going back to the original differential equation, we have



—eAuf + div(ub) = dg = —0,,v° + o(e%) + vV b+ bVo° (24)
Equation 24 can be rewritten as
—ut, 4 0(e}) + (% + B)0 + v + Bvt + O(e?) (25)

as € — 0, we have v¢ — v in R? which lets us cleverly write, in order to solve v:

Vv — s + (B), + 20 = O(€72) in R x (0, 00) (26)
g

This equation can be solved analytically. Once we have solved for v with a given initial

condition, of the form v(t =0) = (U‘S((Z))), we can find u:

€ —

U =€

v =20+ o(1)) (27)
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3 WKB Method for Non-Linear Equations

3.1 General treatment

Consider
2q + flt,x)=0 (28)

with € > 0, f € C*(R) with an e dimensionfull. Here let’s assume the solution for = to be
oscillatory in nature as € — 0.

It is not uncommon for such equations to arise in physical systems. For example, say for
a potential U(z) = [ f(y)dy we have that the energy E = 3¢%i*+U(x) is conserved in time,
taking a derivative with respect to time leads back to a certain form of 28. Furthermore,
the WKB method is widely used to solve certain forms of the Schrodinger equation. More
precisely, regions where the total energy is larger the the potential energy are called classically
allowed regions since the kinetic energy is positive. Solutions to the Schrodinger equation in
a classically allowed region are expected to be oscillatory in nature, and so the WKB method
is a great tool, especially when potentials take a really strange shape which can make the
Schrodinger equation difficult, if not impossible to solve analytically.

Now to begin, we can treat the case where f(z,t) = f(z)

i+ f(x) =0 (29)
Say we let y(t1,€) = x(t, €), let t; = £ we then have
d*y
2T fly)=0 (30)
1

This gives us motivation, while considering the more general equation 28, to let

y(ti,t,€) = x(t,€) = wheret; = @ (31)



Using chain rule we can compute the following:

Oy oty Oy 0,0y oty Py oty, 0Py oty | Oy It
oot Tor - atan th) et =50 ) T ar Tan e Y
L Pyort, Py ot | Oy Ot, Oy  PyS %y S Oy 9Sr 9%y
YT 0 o ot or T (815) o ot ¢ “otote ton e tor (33)
or
Dy , 0%y 0? 0
2 207y oy _ v
i =8 o + €Ly + € 62whereL1 258t18t+58t1 (34)
Now we can let y = Z Yn(t1,t)€" where € is dimensionfull.
. a2y 82
S? atZ—i—eLly—l—e 8t2+f(t Yo+eyi +eys +...) =0 (35)

0? 0?
s? @(yo +y16+0)+eLi(y+y1e+0) + € 52 W y1e+0)+ f(t,y0) + ey fa(t, yo) + O (36)
The beauty of expanding around ¢ is that this is a term that is dimensionfull, and so by
dimensional analysis we can gather terms with the same order of e:

82
terms : 52 @yo + f(t,90) =0 (37)
120%1
e'terms : €S? + eLyyo + eyr fo(t,y0) =0 (38)

o2
Evidently, we can do the same for terms of higher order €”. Now let’s assume yo(t1,1) is
periodic in ¢ by mT;m € N, with period T'= T'(t;) and not T'(¢).
Applylng - to 37 we obtain

o 03 Oy
S o+ falt: o) 5 =0 (39)
It is useful to define
‘o o?
Lo = S*—yo + fo(t, 1) (40)
oty
this allows us to state, using 38
—Loy1 = L1yo (41)

It is useful to first find the solution to the homogenous D.E. Low = 0 by equating it to
39



3

5 0 0 0
Low—O_S a3y0+.f:c(t yo) Yo —O=>w1(t1,t) yo(tl,t) (42)

oty ot

Now for the solution for 41 we know that the solution will be the sum of the homogeneous
and particular solutions, that are, by construction, both orthogonal. By assumption, both
Lyyg and wy are periodic. It is thus fair to state:

T T
¢ O &yo 3yo Yo Iyo

2 — 4

/ o6+ 25000 e, / (5 / proion ™ W)
0 0

this in turns implies

8yo

S/ 8t1 ) dt;y =0 (44)

(93/0
- 4
S/O <8t1) dtl Co ( 5)

3.2 Example of WKB treatment

Example 1 : €27 + a(t)r = 0 where a(t) > 0 where we expect a T periodic solution By
inspection, we see that f(z,t) = a(t)x from this, we can use 37 to express

aZ?Jo
52 i +a(t)yo =0 (46)
Which leads us to the solution
a
yolti,t) = A(t)cos(?\/._tl) (47)

from expected periodicity of the equation we have

T . Vva
t
=S = —— / a(7)d (49)
21 mer
0
We can set S(t f\/ T)dr; T = n:1:>‘/?a:1

In 47 we can replace va by 1, and t; by S(t)e~! where S is of the form expressed in 49
S

—A(t)COS{%/\/a(T)dT} (50)



From 45 we have
SA2(t) [77 sin®(t)dt, = C = aA*(t)r = C = A(t) = Ca’7 (t)
And so, constants omitted, we have

x1(t,€) = a_1/4(t)cos{%/0 Va(r)dr}

similarly, we have
1 t
To(t,€) = a_1/4(t)sm{—/ Va(r)dr}
€Jo
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