MATH 566 LECTURE NOTES 3: THE FOUNDATIONS OF CAUCHY’S
FUNCTION THEORY

TSOGTGEREL GANTUMUR

1. INTRODUCTION

In this set of notes, we continue to explore the fundamental theorems of complex analysis.
Among others, we will prove and discuss the following result.

Theorem 1. Let Q C C be open, and let f € C(Q). Then the followings are equivalent.
(a) f is holomorphic on Q, i.e., f € O(Q).
(b) For all closed triangles T C 2, the integral of f over the boundary of T is zero.

(c) f is locally integrable in 2, i.e., for each z € Q there exist an open neighbourhood U of z
and a function F € O(U) such that F' = f on U.
1 f(z)dz

(d) For all closed disks D C Q2 and for a € D, it holds that f(a) = — .
2mi Jop z—a
(e) f is analytic on Q, i.e., f € C¥(Q).

The implication (e) = (a) follows from the termwise differentiation theorem that has been
proven in the previous set of notes on analytic functions. The implication (a) = (b) is
Goursat’s theorem in §3, and (b) = (c) is Theorem 8 in §4. Then (a) = (d) is the argument
leading to Cauchy’s integral formula in §5 and §8, where we also use the implication (a) = (c),
and (d) = (e) is the Cauchy-Taylor theorem in §9. Using all of these, (¢) = (a) is proven as
Morera’s theorem in §9. Theorems having a conclusion of type (b) with triangles replaced by
more general curves are typically called Cauchy theorems, and we will prove several versions
of Cauchy theorems in §5 and §6. Statements of type (d) are called Cauchy integral formule;
we shall prove a couple of those in §8, after presenting the residue theorem in §7, which is a
generalization of both Cauchy theorems and Cauchy integral formulse. Let us start by fixing
some terminology regarding curves, and clarifying the notion of integrating a complex-valued
function over curves.

2. CONTOUR INTEGRATION

Let Q C C be an open set. A (topological) curve in € is simply a continuous map = :
[a,b] — €, and it is called a closed curve or a loop if y(a) = v(b). Loops in © can also be
defined as continuous maps v : S' — €. The terms path, contour and arc are also used
for a curve, sometimes with slight differences in meaning. We will not make any distinction
between any of these terms. Non-self-intersecting curves are called simple, and simple closed
curves are called Jordan curves. The length of a curve v € C([a,b],Q), the latter notation
meaning that the space of continuous functions on [a, b] taking values from (2, is defined as

n
9l = sup > [y(t:) = y(ti-1),
P g=1

where the supremum is taken over all possible partitions P = {to,t1,...,t,} of [a,b] with
a =1ty <ty <...<ty,=> Finite length curves are said to be rectifiable. Integration over
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rectifiable curves is possible via the Riemann-Stieltjes integrals, but we will consider here a
smoother class of curves for which the theory of Riemann integrals suffices.

If ¢ : [c,d] — [a,b] is a monotone increasing surjective function, then we say the curve
vyoo : [e,d — £ is equivalent to the original v : [a,b] — €, and call the equivalence
classes of curves under this equivalence relation oriented curves. Intuitively, given the image
|v| = v([a, b]) of the curve ~, an oriented curve can be recovered upon identifying the initial
and terminal points, and specifying how to traverse at self-intersection points. By abuse of
language we call the particular representation 7 : [a,b] — € of the underlying oriented curve
also an oriented curve. Note that one can take the interval [a,b] to be, say, [0,1] at one’s
convenience. Now, the inverse or the opposite of v is defined by reversing the orientation:
v 1t) =y(b+a—t) fort € [a,b]. Ifv:[0,1] — Q and o : [1,2] — Q are two curves with
v(1) = o(1), then their product or concatenation yo : [0,2] — € is defined as yo(t) = 7(t)
for t € [0,1] and yo(t) = o(t) for t € [1,2]. When the order of the operations are not
important, the above operations on curves can suggestively be written in the additive notation
as —y=~"land v+ 0 = 0.

The curve v : [a,b] — Q is called differentiable if v € C'([a,b]) (with v'(a) = +/(b) for
loops) and +/(t) # 0 for t € [a,b], where the derivatives at a and b are to be understood
in the one-sided sense. The curve  is called piecewise differentiable in Q and written v €
C’gw([a, b, Q) if ~y is the concatenation of finitely many differentiable curves. We assume that
differentiable and piecewise differentiable curves are oriented, which amounts to saying, e.g.,
for the case of piecewise differentiable curves that we allow piecewise differentiable monotone
reparameterizations of curves.

Let a = pdx + gdy be a differential 1-form on €2 having values in some finite dimensional
vector space V, i.e., the components p and g are V-valued functions on 2. The integral of «
over a dlfferentlable curve v : [a,b] — € is an element of V', defined by

() /a—/ L)+ a(r(D)7(0)] dt,

where ~y, and v, are the z- and y-components of 7. One can verify that this definition is
invariant under differentiable monotone reparameterizations of v. We will use the notation
(ar,7y) for the integral of a over v wherever it is not too awkward, which is more in line with
the duality between the differential form and the domain of integration than the conventional
notation. For piecewise differentiable curves the integral is defined via “linearity”:

(0,71 + .o ) = (,71) + . (@, ).

If ¢ is a V-valued 0-form on €2, i.e., if ¢ : Q@ — V its exterior derivative is defined to be
the 1-form d¢ = Oy¢dz + Jypdy. Note that we have implicitly assumed the existence of the
derivatives of ¢. We recall below a version of the fundamental theorem of calculus.

Theorem 2 (Fundamental theorem of calculus). Let ¢ : Q@ — V be a continuously differ-
entiable function, and let v € CIl)W([a, b],Q) be a piecewise differentiable oriented curve in €.
Then we have

/szwww»—www»

If we consider the boundary 0y of v as the formal linear combination of the initial point
v(a) with weight —1 and the terminal point ~v(b) with weight +1, i.e., 0y = v(b) — v(a),
and moreover if we define the evaluation (or “integral”) of the O-form ¢ on formal linear
combinations k121 + ...+ k,z, of points z1,..., z, € Q with weights k1, ..., k, € Z, again by
“linearity” as (@, k121 +...+knzn) = k1(z1)+. ..+ knp(2,), then the conclusion of the above
theorem can be written compactly as (dp,v) = (p,07). Finite formal linear combinations
kizi + ...+ kpz, of points z1,...,2, € Q with weights ki1,...,k, € Z are called 0-chains
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in . The collection of all 0-chains in 2 forms a free abelian group Cy(€2), called the 0-th
chain group of {2. Similarly, the notion of curves can be extended to 1-chains, which are finite
formal linear combinations k1y1 + ... + ky7y, of oriented curves 71, ...,v, € C([0,1], Q) with
weights ki, ...,k, € Z. The set of 1-chains forms a free abelian group C1(f2), called the 1-st
chain group of ). The boundary operator 0 can be extended to 1-chains by linearity

Ok1vi+ ...+ knyn) = k1071 + ... + kO,

so that 9 : C1(Q2) — Cp(£2) is now a group homomorphism. Also the integral over piecewise
differentiable 1-chains (i.e., 1-chains that can be written as linear combinations of piecewise
differentiable curves) can be defined via linearity as (a,kiyi + ... + knyn) = ki{a,71) +
oo+ kypa,y,). With the above concepts at hand, the fundamental theorem of calculus
immediately generalizes to 1-chains: If ¢ : 2 — V is continuously differentiable, then there
holds that (dy,~) = (p, 07) for piecewise differentiable v € C1(£).

Let us now consider the special case V' = C. In this case, making use of the algebraic
structure of C, it is convenient to express everything in terms of the elementary differential
forms dz = dz 4+ ¢dy and dz = dz — idy. For instance, we have
dz +dz dz—dz p—qi p+qi

y Ty T g B
i.e., any C-valued 1-form can be written as Adz + pudz with C-valued functions A and pu.
Conversely, any pair of functions A and p defines a 1-form. Among all C-valued 1-forms, we are
mainly interested in holomorphic 1-forms, which are of the form o = Adz with a holomorphic
function A. Furthermore, for a holomorphic (or more generally a complex-valued) function A,
we define the integral of A over a piecewise differentiable curve (or more generally a piecewise
differentiable 1-chain) = to be the integral (Adz,7), and if there is no risk of confusion we
write it simply as (A, 7).

Let ¢ be a C-valued 0-form (i.e., a garden-variety complex function). We have
Ozp ;iay@dz + Oup "; iaySOdZ
and if ¢ is holomorphic, then 0z = 0, so that dp = 0,¢ dz = 0. By applying the fundamen-
tal theorem of calculus to such functions, we get the following useful theorem. In particular,
this theorem will be used to show that if f is an integrable holomorphic function, i.e., if there
exists a holomorphic function F' such that 0,F = f throughout €2, then the integral of f over
any closed curve in 2 is zero.

a=pdx+qdy =p dz =: Adz + pdz,

dy = Oppdx + Oypdy = = 0,pdz+ O:pdz =: Jp + Oy,

Theorem 3 (FTC for holomorphic functions). Let ¢ € O(2) be a holomorphic function, and
suppose that 0,p is continuous in Q2. Then for any piecewise differentiable v € C1(2) we have

(0:0,7) = (i, 07).

Proof. We only have to show that d,¢ and 0, are continuous in £2. But this is true since by
definition ds¢ = 0 and by hypothesis 0,y is continuous throughout €. O

Remark 4. The continuity hypothesis on 0,¢ is in fact superfluous, since it will turn out that
holomorphic functions are analytic, so in particular they are infinitely often differentiable.
However, the above form (with the continuity hypothesis) will be used to prove that fact.

3. GOURSAT’S THEOREM

For a set U C C that is not open, the notation f € O(U) means that f is holomorphic in
an open neighbourhood of U. Let us denote by [z122] the (oriented) line segment with the
initial point z; € C and the terminal point zo € C, and by [z12223] the (possibly degenerate)
triangle with vertices z € C. The boundary Ot of T = [z12923] is defined to be the loop
[2122] + [2223] + [2321]. Note that the orientation of the boundary depends on the order of the
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vertices in [z12923], so for example, J[z12923] = 0]2z22321] = —0[z22123]. If the interior of T is
on the left of d7, then we say that 7 is positively oriented, otherwise — negatively oriented.
The following is called Goursat’s theorem.

Theorem 5. Let 7 C C be a triangle, and let f € O(T). Then (f,01) = 0.

Proof. Let us subdivide 7 into 4 congruent triangles 71, 72, 73, 74 by connecting the midpoints
of the edges of 7. All lengths of the smaller triangles are measured as half the corresponding
length of the original triangle 7. Moreover we have

(f.0r) = Z (f, aTj>'
1<j<4

Let 7,, be a triangle among the 4 triangles that gives the largest contribution to the sum, and
call it 7(1)| that is, 7, (with some m between 1 and 4) satisfies |(f,d7m)| > |(f, d7;)| for any
1 < j <4. Then we have

[(f,0r)] < 4|(f,arD)).

Now subdividing 7(!) into 4 still smaller triangles, and repeating this procedure, we get
[(f,0m)] < 47|(f, 07 )], (1)

with any length of 7™ being 2= part of the corresponding length of 7. In particular, if
¢n is the barycenter of 7(™ then the sequence {en} is Cauchy, so ¢, — ¢ € 7. Since f is
holomorphic in a neighbourhood of 7, by definition we have

F(2) = fle) + Mz —c¢) +0(27™), z € or™,

with some constant A € C. We calculate the integral of f over the boundary of 7 to be

(07 = (£(c) — Ac) /

1o}
where the displayed integrals vanish because of the integrability of 1 an z, and we have taken
into account that the perimeter ||[07(™| = O(2~™"). Substituting this into (1) establishes the
proof. O

dz + )\/ 2dz + o(2-"[9r™]) = o(4~),
T(”) 87’(”)

It is possible to slightly relax the hypothesis of Goursat’s theorem, so that only holomorphy
in the interior and continuity up to the boundary are assumed. The argument is a continuity
argument that can be used to strengthen many of the theorems that follow.

Corollary 6. Let 7 C C be an open triangle, and let f € O(17) N C(T). Then (f,01) = 0.

Proof. Let a, b, c be the vertices of 7, and let {a,}, {b,}, {cn} be sequences of points in 7 such
that a, — a, b, — b, and ¢, — ¢ as n — oo. As the closure of the triangle 7, = [a,bncy]
is entirely in 7, Goursat’s theorem applies to 7,, meaning that (f,d7,) = 0. By uniform
continuity, (f,d7,) tends to (f,d7), hence (f,d1) = 0. O

4. LOCAL INTEGRABILITY
In what follows, by default 2 will always denote an open subset of C.

Definition 7. A continuous function f € C'() is called integrable on € if there is F' € O(Q)
such that 0,F = f on Q. It is called locally integrable on € if for any z € () there exists a
neighbourhood U of z such that f is integrable on U.

In combination with Goursat’s theorem, the theorem below implies that holomorphic func-
tions are locally integrable.

Theorem 8. Let f € C(2) and suppose that (f,01) = 0 for any closed triangle T C Q2. Then
f is integrable on any open disk D C Q.
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Proof. Let ¢ € D be the centre of D, and define F(z) = (f,[cz]) for z € D. We would like to
show that F/ = f on D, or equivalently that

F(w) = F(z) + f(2)(w — 2) + o|w — 2|).

From the definition of F' we have F(w) — F(z) = (f,[2w]), and taking into account that
w — z = (1, [zw]), we infer

F(w) = F(z) = f(2)(w = 2) = (f, [z2w]) = f(2)(1, [zw]).
Now f = f(2) + 0jy—z|(1) on [2w], so the right hand side is of order o(|w — 2]). O

In the subsequent sections, by a sequence of several theorems, we will prove that locally
integrable functions are analytic, therefore also holomorphic, cf. Theorem 31 on page 11.
Hence local integrability is equivalent to holomorphy.

As a simple application of the theorem, we get Cauchy’s theorem for disks.

Corollary 9. Let f € O(Q) and let D C Q be an open disk. Then (f,~) = 0 for any piecewise
differentiable loop v € CgW(Sl, D) lying in D.

Proof. By the preceding theorem (in combination with Goursat’s theorem) there is F' € O(2)
such that F/ = f on D. Then the fundamental theorem of calculus for holomorphic functions
(Theorem 3 on page 3) states that the integral of f over any piecewise differentiable closed
curve must be zero. U

We can slightly extend the argument in the proof of Theorem 8 to get a criterion on (global)
integrability.

Theorem 10. A continuous function f € C(Q) is integrable on Q if and only if (f,v) =0
for any v € CéW(Sl, Q).

Proof. One direction is immediate from the fundamental theorem of calculus. For the other
direction, assume that € is connected (otherwise we work in connected components of §2 one
by one). Let ¢ € Q, and for z € Q define F(z) = (f,~) with v a piecewise differentiable curve
connecting® ¢ and z. The value F(z) does not depend on the particular curve v, since if o is
another curve connecting ¢ and z, then v — ¢ is a piecewise differentiable loop in €2, so that
(f,v) = (f,o) by hypothesis. Now noting that F'(w) — F(z) = (f, [zw]), the proof proceeds
in exactly the same way as in the proof of Theorem 8. O

5. CAUCHY’S THEOREM FOR HOMOTOPIC LOOPS

Definition 11. Given aset F' C [0, 1], curves 70,71 € C([0, 1], Q) are called homotopic relative
to F, and written vy ~p 71, if there exists a continuous map I": [0,1] x [0, 1] — € such that
['(¢,0) = yo(t) and T'(¢,1) = y1(¢t) for t € [0,1], and T'(¢,s) = vo(t) for all ¢t € F and s € [0, 1].

Note that 79 ~p 71 implies in particular that vo(t) = v1(t) for all t € F. Homotopy relative
to F' is an equivalence relation in the space of curves that are “fixed” at F', and so this space
is partitioned into (relative) homotopy classes. Let us first show that when F' is finite, every
such a class contains a polygonal (i.e., piecewise linear) representative.

Lemma 12. Let Q C C be open, and let v € C([0,1],Q) be a curve in Q. Then for any finite
set F C [0,1], there is a polygonal path o in Q such that o <p 7. Moreover, given an open
cover {U;} of ||, the polygonal path o can be chosen to be also covered by {U;}.

1Any two points in a connected open planar set can be connected by a piecewise linear curve.
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Proof. We prove the lemma for the case F' = {0,1}. Since [0, 1] is compact, v is uniformly
continuous, and the image |y| = {y(¢t) : t € [0,1]} is compact in . Fix ¢ > 0 such that
e < dist(|v],C \ ), and that U;D.(y(t)) C U;U;. Moreover, for an integer n that will be
chosen shortly, let z; = v(j/n) for j =0,...,n. Let 0; = [2;2j41] be the line segment joining
zj and zj11, and let v; = ¥|[j/n (j+1)/n)- Then by uniform continuity, for sufficiently large n
one has 0; C D.(z;) and 7; C D.(z;) for all j. Without loss of generality assuming that o; is
parameterized by the interval [j/n, (j +1)/n], the map T'j(¢,s) = (1 — s)o;(t) + sy(t) defines
a homotopy between o; and y; relative to their endpoints. This shows that ~ is homotopic to
the polygonal path ¢ = o1 + ... 4+ o, relative to their endpoints. O

Corollary 13. Let f be locally integrable in €2, and let v € C%W([O, 1],9) be a piecewise
differentiable curve. Then there is a polygonal path o =1y v such that (f,o) = (f,7).

Proof. Let {D;} be a finite cover of |y| by open disks such that f is integrable on each Dj.
Choose a partition 0 =ty < ... < t, = 1 such that v([t;,t;41]) C D, for each j. Then by the
preceding lemma there is a polygonal path o : [0, 1] — € covered by {D;}, such that ¢ meets

7 at each of the points (Z;). If we set o; = o, ¢, and vj = Y|}z, ¢,,,], then since

<fa’)/> - <f’0> :Z<fa’YJ _o-j>’

J

and v; — o; is a closed curve entirely contained in Dj, on which f is integrable, by the
fundamental theorem of calculus we have (f,v; — 0j) = 0. This completes the proof. O

This corollary points to the possibility of defining the integral (f,~) of a holomorphic
function f when v is only a continuous curve by replacing v with a polygonal path o =~ 1} 7.
For this definition to be meaningful it has to hold that (f,~0) = (f,71) for any two piecewise
differentiable curves vy ~y 1} 71. We will accomplish this by first proving a more general
statement about integration over homotopic loops.

Definition 14. Loops 79,71 € C(SY,Q) are called (freely) homotopic to each other, and
written 7o ~ 1, if there exists a continuous map I' : S x [0,1] — Q such that T'(¢,0) = ~o(t)
and I'(t,1) = v1(t) for t € S*.

Similarly to the relative homotopy case, the space of loops is partitioned into (free) homo-
topy classes. The following theorem shows that at least in the piecewise differentiable case,
the integral of a given holomorphic function over a loop depends only on the homotopy class
the loop represents. In other words, denoting by II(€2) the set of homotopy classes of loops in
Q, any holomorphic function f on € induces a well-defined function on II(2) by v — (f,~),
where 7 is a (piecewise differentiable) representative of the homotopy class [y] € II(€2).

Theorem 15. For f € O(Q) and for piecewise differentiable loops v0,71 € Cpy, (S, Q) with
Yo ~ 71, we have

(fivo) = (f,m)-

Proof. Since holomorphic functions are locally integrable by Goursat’s theorem and Theorem
8 on page 4, by the preceding corollary it suffices to prove the theorem for polygonal paths g
and 71. Moreover, let us parametrize the circle S' by the interval [0,1], so the curves will be
maps defined on [0,1]. Let I : [0,1]> — Q be a homotopy between 7o and ;. Since [0,1]? is
compact, I' is uniformly continuous, and the image |I'| = {I'(¢,s) : (¢, s) € [0,1]?} is compact
in Q. Fix € > 0 such that ¢ < dist(|I'|, C\ ) and that f is integrable on any disk D.(z) with
z € |I'|. For a large integer n, let z;;, = F(%, %) for j =0,...,n,and k =0,...,n. Let Q;x
be the oriented polygonal loop with the vertices z;x, 2j41k, Zj+1,k+1, and 2j 41 in the same
order. We choose n to be so large that Q; C D.(z;) for all j and k. Then defining the
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polygonal loop o to be the one with the vertices zgg,...,2z,—1% for £ =0,...,n, we claim
that (f,00) = (f,on). Note that

<f7 UO> - <fa 0n> = Z(f? Qj,k>a
i,k

where the contribution from any edge of @, that does not coincide with an edge of either
op or o, is canceled due to the opposite orientations that a common edge inherits from
neighbouring polygons. Moreover, each integral (f,Q;) is zero because f is integrable on
D.(zj1) C  and Q1 is a polygonal loop in D.(z; ). The claim is proven.

It remains to show that (f,v0) = (f,00) and (f,y1) = (f,on). This can be done by
adjusting the grid on [0, 1] so that the vertices of vy and ~; correspond to grid points, and so
making sure that oy = 9 and o, = 1. O

If a loop 7 is homotopic to a constant path, i.e., v =~ & with ¢ : [a,b] — € such that § = z
for some z € €2, then ~ is said to be topologically trivial or homotopic to zero, and this fact is
written as v < 0.

Corollary 16. If v € C’éw(Sl, Q) is topologically trivial, then (f,~) =0 for any f € O(Q).

Finally, we prove the result we alluded to earlier that the integral of holomorphic functions
can be defined over a continuous curve vy by replacing v with a polygonal path o =~ 13 7.

Corollary 17. For f € O(Q) and for piecewise differentiable curves ~y,v1 € CII)W([O, 1],9)
with Yo =013 71, we have (f,v0) = (f, 1)

Proof. One can show that the curve v — 1 is a topologically trivial piecewise differentiable
loop, by constructing a homotopy that, e.g., first follows the homotopy between ~y and v,
relative to the endpoints to collapse 7y onto 71, and then contracts v to a point. O

A somewhat trivial way to ensure that a particular closed curve in 2 is topologically trivial
is to simply require that every closed curve in §2 is topologically trivial.

Definition 18. 2 C C is called simply connected if it is connected and every closed curve in
) is topologically trivial.

Ezample 19. Convex sets are simply connected. More general simply connected sets are star-
shaped sets, which are characterized by the property that there is ¢ €  such that z € Q
implies [zc] C €.

Corollary 20. If Q is simply connected then (f,~v) =0 for f € O(Q) and v € C’FI)W(SI, Q).

6. CAUCHY’S THEOREM FOR HOMOLOGOUS CYCLES

As we have seen in §2, integrals over curves can be generalized to integrals over 1-chains.
Cauchy’s theorem has a very natural form in the language of chains. In this setting, loops
shall be replaced by more general objects called cycles, and homotopy shall be replaced by a
weaker notion of homology.

Definition 21. A chain v € C1(Q2) is called a cycle if 9y = 0, and the set of all cycles is
denoted by Z1(2). If v € Z1(Q2) can be written as v = ki1 + ... + kpy, with each v; a
topologically trivial loop, then ~ is called a null-homologous or homologically trivial cycle,
and written v ~ 0. Two cycles 79,71 € Z1(Q2) are said to be homologous to each other, and
written g ~ 71, if they differ on a null-homologous cycle, i.e., if v —y1 ~ 0.

Being the kernel of the group homomorphism 9 : C1(€2) — Cp(£2), the set of cycles Z1(2) =
{y € C1(Q) : 9y = 0} forms a subgroup of the chain group C7(2). Homology between cycles
is an equivalence relation, so the cycle group Z;(2) is decomposed into homology classes.
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We write [y] for the homology class containing the cycle v € Z;(€2). Since B1(2) = {v €
Z1(Q) : v ~ 0} is a subgroup of Z1(Q2), the set of homology classes forms a factor group,
called the first homology group of 2, denoted by H; () = Z1(2)/B1(2). Moreover, while the
groups Z1(€2) and B;(2) are free abelian essentially by definition, it is a nontrivial topological
fact that, e.g., when Q has finitely many holes (i.e., when C \ Q has finitely many connected
components), H; () is also free abelian®.

The following theorem says that the integral of a holomorphic function over a cycle is
uniquely determined by the homology class of the cycle.

Theorem 22. For f € O(Q), and for piecewise differentiable cycles vo,71 € Z1(2) with
Yo ~ 71, we have

<f770> = <f7'71>'

Proof. Tt suffices to prove that (f,v) = 0 for v ~ 0. By definition v = kiy1 + ... + knn
with each v; = 0, and by Lemma 12 there is a polygonal loop o; =~ «; for each j. Then an
application of Cauchy’s theorem for homotopic loops concludes the proof. O

Considered as cycles, homotopic loops are homologous, but homologous loops are not nec-
essarily homotopic (find an example!). So the preceding theorem is stronger than Cauchy’s
theorem for homotopic loops. However, it turns out that if the underlying domain is simply
connected, then the two theorems are equivalent.

Lemma 23. Every cycle v € Z1(2) can be written as

7:k171+--~+kn'7n7

where all j are closed oriented curves.
Proof. Since + is in particular a 1-chain, we can write

y=kiv1i+ ...+ knVn,

with oriented curves v;. By replacing v; with —; if necessary, we can assume that all k; > 0.
We apply induction on k = k; + ...+ k,. If k=1, then v =~ and 0 = 91 = y1(b) — 11(a)
by definition, hence v1(b) = v1(a). In other words, ~; is a loop.

Assume the lemma for all ¥ < K — 1, and suppose that k1 +...+k, = K. If 9y, = 0, then

v — ki = kayve + ...+ kpym,

is a cycle with ke + ...+ k, = K — k1 < K. If 9y; # 0, then in order for dv = 0 to be
true, the terminal point of y; must coincide with the initial point of at least one of o, ..., V,.
Without loss of generality, let 9 be such a curve, and define 79 = 1 + 2 which forms a
genuine oriented curve. With this new curve + can be written as

Y=+ (k1 = Dy 4 (k2 =Dy + ... + kn s
and the sum of the coefficients is 1 + (k1 — 1) + (ke — 1) + ks + ... + k= K — 1. O

Corollary 24. A connected open set Q C C is simply connected if and only if every cycle in
Q is null-homologous.

2This claim is not used in these notes, except in §7 to motivate a couple of definitions. A related assumption
will be used in Theorems 27 and 28, but it will be explicitly mentioned whenever there is an assumption involved.
To prove the claim, one would have to show that the group H1(£2) has no torsion, i.e., that there is no element
[v] € H1(Q) such that n[y] = 0 for some n € N. For bounded open subsets of S with finitely many holes, the
homology group is torsion-free. Examples of compact manifolds with nonzero torsion in their homology group
include nonorientable surfaces such as the Klein bottle and the real projective plane.
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Proof. Let € be simply connected, and let v be a cycle in 2. The preceding lemma gives
v=kivi+ ...+ knn,

where all y; are closed oriented curves. But v; = 0 by simple connectedness, meaning that
is null-homologous. Since every loop is also a cycle, the other direction is trivial. O

Corollary 25. If Q is simply connected then (f,v) = 0 for f € O(Q) and for piecewise
differentiable v € Z1(2).

7. THE RESIDUE THEOREM

Let us assume that the homology group H;(f2) has a finite basis [y1], ..., [ys] of n elements,
i.e., that any homology class [y] € H;(f2) has a unique expansion

['7] = kl [71} +...+ knh/n]

An equivalent way of saying this is that any cycle v € Z; () can be written uniquely as
v~ kv Ry
Then the integral of f € O(Q) over 7 can be computed as

<f77> :k1<f771>+"'+kn<f77n>;

meaning that once the integrals (f, ;) are computed, integration over general cycles reduces
to knowing the coefficients k;. For open sets {2 C C with finitely many holes, it is known
that the basis elements [y;] can be chosen to correspond to loops around the holes in 2. In
particular the rank n of Hy(f2), also called the first Betti number, is equal to the number of
holes in 2. So given a bounded domain with finite number of holes, and given a holomorphic
function, in certain sense the only nontrivial integrals over cycles are the integrals over the
contours around each hole.

We consider here the special situation where the relevant holes are isolated points. Let
Q C C be a bounded open set, and let z1,...,2, € Q. Suppose that v € B1(Q) is a null-
homologous cycle (in Q) that does not intersect any of the points 21, ..., z,. Then in light of
the above discussion, let us assume that as an element of Z3(Q\ {z1,...,2,}), the cycle v can
be written uniquely as®

vy~ kv kpn, with v; =0D:(%;), j=1,...,n, (2)

where € > 0 is chosen so small that the circles dD.(z;) are pairwise disjoint and that each
of those circles is disjoint from 0f). An approach to finding the coefficients k; would be to
construct functions gy, (¢ = 1,...,n), such that (g¢,7;) = 0. Then it is easy to see that
k;j = (g;,7). In trying to find such functions, let us note that for a,b € C with |[a — b| > ¢

/ dz = 2m1, and / dz = 0.
ODc(a) # — @ 8D.(a) # — b

So if we define the Cauchy kernel K, by K,(z) = -, then we have (K., 0De(2¢)) = 2mid e,

giving the formula z—a
1 1
o7 = g (B 1 ODe(2) - 525 (K 1) ODe(zn))

for arbitrary f € O(Q\ {z1,...,2,}). This motivates the following definitions.

3This can be proven either by a purely topological argument, or by a careful study of isolated singularities
as we will do in the next set of notes (in particular the reasoning will not be circular). Nevertheless, we will
make it clear in the following if any particular assertion depends on this assumption.
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Definition 26. For a cycle v € Z1(C) that does not pass through a € C, the index (or the
winding number) of v with respect to a is defined to be

1 1 dz
Ind(v,a) = —(Kq,7) /
.

271 “omi ) z—a
If f is holomorphic on the punctured disk D,(a) \ {a} with r > 0, then with ¢ € (0,r)
1 1
Res(f.a) = 5 (£ 0Da) = o [ fa)a,
L dD.(a)

" 2mi

is called the residue of f at a. Note that the residue does not depend on the value of € € (0, r),
so in particular one could take the limit ¢ — 0.

Modulo the assumption in (2), we have proved the following theorem.

Theorem 27. Let Q C C be a bounded open set, and let z1,...,z, € . Suppose that
v € B1(Q) is a null-homologous cycle that does not pass through any of the points z1,. .., zy.
Then we have

(f,v) = ZTriZInd(%zj)Res(f, 2j), for  feO@Q\{z1,...,2n}).

J=1
8. CAUCHY INTEGRAL FORMULZE

If f is holomorphic at a, then Res(f,a) = 0, meaning that in order to have a nonzero
residue, f has to have a singularity at a. Assuming that f is holomorphic in a neighbourhood
of a, let us compute the residue of g = K, f at a. For z € 0D, (a) with small € > 0, we have

o(z) = B T w0,

z—a z-—a
inferring that
(9,0D:(a)) = f(a){Kq,0D:(a)) + f'(a)(1,0D:(a)) + o(e) = 2mif (a),
where we have taken the limit ¢ — 0 to conclude that the o(e) term is indeed zero. Hence
Res(K.f,a) = f(a), (3)
and by applying Theorem 27 to K, f, we immediately get the following result.
Theorem 28. Let Q2 C C be a bounded open set, and let a € Q. Suppose that v € B1(R) is a
null-homologous cycle that does not pass through a. Then for f € O(Q) we have
1 1 f(z)dz
Ind(y,0)f(@) = o (Kofr) = 5= [ 1)

2

)
21 v 2

The main message of this result is that the values of f at points a with Ind(v,a) # 0 are
determined by the values of f at the curve 7. The condition Ind(vy,a) # 0 means that ~
wraps around a, or that a is “inside” . Note that since we have used Theorem 27, this result
depends on the assumption in (2). We will revisit Theorem 27 and give it a self-contained
proof in the next set of notes, so for the sake of clarity in what follows we shall not use
Theorems 27 and 28 anymore. To develop the theory further, we will need the following
special case of Theorem 28, which we prove without the assumption in (2).

Theorem 29. Let f € O(Q), and let D.(a) C Q with € > 0. Suppose that v € Z1(Q\ {a}) is
a cycle that is homologous to 0D.(a) in Q\ {a}. Then one has

fla) = 2 (Kufiy) = = [ 1)

27

21 v 2
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Proof. Since K,f € O(Q\ {a}), by Cauchy’s theorem for homologous cycles we have
(Kof,v) = (Kuof,0D(a)) = 2miRes(K,f, a),
the latter equality by definition, and taking into account (3) the proof is established. O
9. THE CAUCHY-TAYLOR THEOREM

In this section we will complete the proof of Theorem 1 on page 1, by proving the implica-
tions (d) = (e) and (c¢) = (a).

Theorem 30. Let f € C(Q), and assume that for all closed disks D,(c) C 2 one has

1
1O = gl Kef.0D ), Jor e Dylo)
Let D,.(c) C Q be any of those disks. Then the power series f(¢) = an(¢ — )™ with
_ 1 e _ 1/ f(z)dz
Ap = o <Kc s aDE(C» = o oD.(¢) (Z — C)n""l’ O<e<m,

converges on Dy (c). In particular, O(2) C C¥(Q).
Proof. Without loss of generality, let us assume ¢ = 0, and start with the integral formula

1 f(z)dz
f(C)_% oD, Z_Cv

with € € (0,7). This can be rewritten as

for (€ D,

where we have used

11 11 ¢ =
zg_z'lc/z_z<1+z+'”>_z_:zn+1'

n=0
Each term in the series under integral in (4) can be estimated as

F2)¢ _u@m,<@>"

on+1
so as a function of z, the series converges uniformly on 0D.. Therefore we can interchange
the integral with the sum, resulting in

z)dz
27‘(‘2 Z ZnJr I

0D.
Now the individual term of the series satlsﬁes

e [ 2 <ominn, (1),

implying that the series converges locally normally in D,.

Finally, we note that since this proof implies that f € C*(Q) so in particular f is holomor-
phic, the coefficients a,, do not depend on the choice of &, and in particular a,, = Res(K?*1 £, ¢),
since K?T!f is holomorphic on the punctured disk D,(c) \ {c}. O

The following result gives a useful criterion to recognize holomorphy.

Theorem 31 (Morera’s theorem). A function f € C(Q) is holomorphic if either
(a) f is locally integrable, or



12 TSOGTGEREL GANTUMUR

(b) (f,01) =0 for any closed triangle T C §Q.

Proof. Part (b) follows from (a) by Theorem 8 on page 4. For (a), by definition each point in
Q2 has a neighbourhood U and F' € O(U) such that F' = f on U. The Cauchy-Taylor theorem
guarantees that F' € C¥(U), and by termwise differentiating we infer f € C¥(U). This means
that f € C¥(12), or in other words f € O(Q). O

As an application, one can prove that the locally uniform limit of holomorphic functions is
holomorphic. This is to be contrasted with the situation in the real differentiable case where
the uniform limit of smooth functions is not smooth in general.

Theorem 32 (Weierstrass convergence theorem). Let {fi} C O(f2) be a sequence such that
fr — f locally uniformly on Q2 for some f:Q — C. Then f € O(Q) and f,gn) — £ Jocally
uniformly on Q, for each n € N.

Proof. First of all we have f € C(Q). Let 7 C Q be a closed triangle. Then since 07 is
compact, f, converges uniformly to f on d7, and so we have

(.07) = lim (fi.,07) =0,

implying that f € O(Q2) by Morera’s theorem.
For the second part of the claim we employ the Cauchy estimates. Let Dys(a) C € for
some § > 0. Then since fr — f € O(R), for k € N the Cauchy estimate gives

n n Cn
||f]<; ) _ f( )HDg(a) < 57“]% - fHDzs(a)’

where C,, > 0 are constants. This completes the proof. O

10. SIMPLE CONNECTIVITY

We list here several important consequences of simple connectivity. They will turn into
characterizations of simple connectivity upon proving the Riemann mapping theorem, which
states that for every connected open proper subset Q of C satisfying the condition (g) of the
following theorem, there is a bijection ¢ : 2 — D such that 1 € O(2) and ¥~! € O(D). Here
we denote by D the unit open disk in C.

Theorem 33. Let Q C C be an open set. Then each of the following statements (except (f))
implies the statement following it.

(a) @ C C is homeomorphic to D.

(b) Q2 is simply connected.

(¢) For any f € O(Q), and for any v € CL,(S',9Q), it holds that (f,~) = 0.

(d) For any f € O(Q), there exists F € O(Q) such that F' = f.

(e) For any f € O(Q) with 1/f € O(), there is g € O(Q) such that expog = f in .

(f) For any f € O(Q) with 1/f € O(Q), and for any integer n > 1, there is g € O(Q) such
that g(2)" = f(z) for all z € Q.

Proof. The implication (b) = (c) is Corollary 20 on page 7, and (¢) = (d) is Theorem 10 on
page 5. Moreover, (d) = (e) can be proven by considering a primitive of f’/f on €2, and then
(e) = (f) is immediate.

So we need only to prove (a) = (b). Suppose that ¢ : Q@ — D is a homeomorphism.
Obviously €2 is path-connected. Now if v : S — Qs a loop in Q, then I'(t, s) = ¥~ (s¢(y()))
with (t,s) € S x [0,1] is a homotopy of loops between the point ~1(0) € Q (considered as
a constant loop) and +, hence € is simply connected. O



