SOLUTIONS TO PRACTICE PROBLEMS 1, 4, 5(A), 6(B), AND 8(D)

MATH 387 WINTER 2016

PROBLEM 1

Analyze the convergence of the fixed point iteration
T+l = Ty + Ksinzy,,

for computing the solutions of sin(x) = 0, where x # 0 is a constant. That is, how do the
existence as well as the value of the limit lim x,, depend on the initial guess xg, and what
is the order of convergence? Of course, the answers will most likely depend on the value
of k. Sketch a cobweb plot of the iterations.

SOLUTION

Let ¢(z) = x + ksinz. If x,, — « for some «, then x, 11 = ¢(x,) = ¢(a) by continuity,
meaning that z, — ¢(a). Hence we conclude that o = ¢(«), that is, @ must be a fixed
point of ¢. The fixed points of ¢ are easily found to be

a=T7mm, m € Z.
We know that the local behaviour of the iteration is dictated by the derivatives
¢ (mm) =1+ (—1)"k.
For m even, o = mm is a stable fixed point when —2 < x < 0, and unstable when k < —2
or kK > 0. For m odd, a = mm is a stable fixed point when 0 < x < 2, and unstable when

Kk < 0 or k > 2. This information is better displayed as a table:

K< —2 —-2<k<0 0<kr<2 K>2
m even unstable stable unstable unstable
m odd unstable unstable stable unstable

Case k < —2 or k > 2. To clarify what we mean by stable and unstable fixed points, let
a be a fixed point, and let x =~ «. Then we have

$(x) —a = ¢'(a)(x — @) + O(jx — a?), (1)
and so if | — «| is sufficiently small, then |¢/(«)| > 1 implies |¢(z) — «| > |z — «|, and
|¢/(a)] < 1 implies |¢p(z) — a| < | — «|. This means that when k < —2 or kK > 2, one
cannot have the convergence x, — « with =, # «a, cf. Figure 1. The only possibility of
convergence in this case is if x, = « for some finite n. However, in order to have z,, = «,
the initial condition zy must be carefully chosen (In fact there are only countably many
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possibilities), and this type of “convergence” would never occur in practice. One of the
initial conditions shown in Figure 1(b) almost leads to xo = 2, but if we zoom in on the
region around the fixed point a = 27, we would reveal that there is no convergence.

(A) k=22 (B) k =-22

Ficure 1. Cobweb diagrams for unstable fixed points.

Case 0 < k < 1. In this case, the fixed points mm with odd m are stable, and the fixed
points mm with even m are unstable. By periodicity, it is sufficient to look at only the
interval [0, 27]. We observe from Figure 2(a) that the sequence {x,} is monotone. To prove
this, first, note that as long as x > 0, we have

¢(x) >z for 0<z<m, and o) <z for 7m<ux<2m (2)
Thus if the sequence {x,} stays in either one of the intervals (0,7) or (m,27), then the
sequence would be strictly increasing or decreasing. Moreover,
¢ (z) =1+ rcosx >0 for x € (0,7)U (m,2m),
that is, ¢ is strictly increasing, provided that x < 1. Since ¢(7w) = 7, this shows that
r<¢(xr)<m for 0<uz<m, and 7w<o¢(z) <z for 7<z<2m

In other words, if zg € (0,7), then {z,} is a strictly increasing sequence, bounded above
by 7, and if zg € (m,27), then {x,} is a strictly decreasing sequence, bounded below by 7.
In either case, the sequence converges, and as we have reasoned earlier, the limit must be
a fixed point. However, the only fixed point in the interval (0,27) is 7, and hence z,, — 7
as n — oo. From (1), the convergence is linear for 0 < k < 1, and quadratic for k = 1.



SOLUTIONS TO PRACTICE PROBLEMS 1, 4, 5(A), 6(B), AND 8(D) 3

Ezercise: What happens when zg € (2km, 2km 4 27), or x¢g = 2kn?

|/

/

4

(A) k=1 (B) k=138

FIGURE 2. Stable fixed points present.

Case 1 < k < 2. As before, let us restrict ourselves to the interval (0,27). Since k > 0,
we still have the property (2). Figure 2(b) shows that we no longer have monotonicity of
the sequence {x,}, and hence we cannot resort to a monotonicity argument as in the case
O0<kr<1.

(a) Note that ¢”(x) = —ksinz. Then since

¢"(5)=—r, and  ¢"(¥)=
there is dg > 0 small enough, such that
¢"(x) < -1 for ze (5,5 + b, and  ¢'(z)>1 for z€[3F -5, 3]
This implies that
¢(r)<1—6 for x€[3+435 4],

as long as 0 < § < dg.
(b) The function ¢(x) is increasing when x € [0, § + 6] provided that § > 0 is sufficiently
small, so if 2 € (0,5 + §), then

P(x) <P(5+0) <P(5)+6 =75+ K+,
where we have taken into account that ¢'(§) <1 for § € [F, 5 +6] Now, by choosing 6 > 0
small, we can guarantee that T + x + 6 < 2T, so that z € (0,% + 0) implies gb( ) < 21

What this means is that if zo € (0,% + 0), then we have either z,, € [5 + 6,2 — 4] for
some m, or &, < 5 + ¢ for all n. In the latter case, since {x,} is monotonlcally 1ncreasing
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and bounded, it must converge to some point in (0, 5 4 6]. However, the map ¢ has no
fixed point in the interval (0, + ¢], leading to contradiction. Therefore, if g € (0, § + 0)
then x,,, € [3 4 6, 2% — §] for some m. The case o € (3F — 6, 2m) can be treated similarly,
and we conclude that for any z € (0,2), there is some m such that z,, € [3 + 6, 2T — 4].

(c) Finally, we want to show that if @, € [§ 4 6,2F — §] for some m, then z, — 7 as
n — oo. The minimum of ¢'(z) is attained at = 7, which is ¢'(7) = 1 — k. Hence we
infer

¢/(z)| <pr=max{l—6rk—1} <1 for z€[F+6 3 -4,

leading to
6(a) 7| = | / S0yt <ple | for we (g4l

Since p < 1, we conclude that if z,,, € [§ + 9, 37” — ¢] for some m, then z,, — m as n — oo.
As discussed before, the convergence is linear in this case, cf. (1).
Exercise: Treat the case —2 < k < 0, cf. Figure 3(a).

(A) k=-1.8 (B) k=2

FicURE 3. Negative x and the borderline case k = 2.

Case k = 2. This case is a bit more delicate because ¢'(7) = —1. If ¢ was simply a line
with slope —1, then there would be no convergence. However, in the current situation we
have ¢/(x) = 1+ 2cosz > —1 for & € (7 —e,m) U (m, 7 + &) with £ > 0 small. Thus we
conjecture that x,, — m as n — oo, for xg € (0,27), cf. Figure 3(b).
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To prove the conjecture, we can reuse the arguments (a) and (b) from the preceding
case (0 < k < 2) without any modifications. Namely, we can choose 6 > 0 small, as in the
preceding case, such that z¢ € (0,27) implies z,, € [§ + 0, 37” — 0] for some m, and that

¢ (x) <1—-6 for ze[f+63 -4
The argument (c) breaks down because min ¢/ = ¢/(w) = —1. Consider the set
K.=[Z+06,m—¢clU[r+e, 2 -4
In this set, we have ¢’ > —1, and so
¢ ()| < pe for ze€ K,
with some p. < 1, possibly depending on € > 0. Let x € 7 + ¢, 37” — d]. Then we have

6(z) — 7| < \/ﬂm S0t + | /+ S| < et pele — 7 — | < peler — 7| + (1 - po)e.

Similarly, for = € [§ + 6, ™ — €], we have

o) =al<| [ o +] [ o] <pdn—cmal+e < pdo =+ (- poe

Now suppose that x,, € I.. Then we have
[Zm41 — 7| < pelzm — 7| + (1 — pe)e,
[Tt — 7| < ,0?|$m — 7|+ pe(1 — pe)e + (1 — pe)e,
(@mis = 7| < pllam — 7| + p2(1 = pe)e + pe(1 = pe)e + (1 = pe)e,

Tk — 7] < pElwm — 7|+ (14 pe + .+ pE (1 = pe)e < pElam — 7| +e,

and hence |z, — 7| < 2¢ for all large n. Since this is true for any ¢ > 0, we conclude that
Ty — T AS M — 00.

Exercise: Determine the exact order of convergence for the case k = 2.

Exercise: Treat the case k = —2.

PROBLEM 4
Consider the polynomial
p(x) =ag+ar1x+ ...+ apz",

as a function p : [0,1] — R, where ag,...,a, € R. Let a = p(y), with y € [0,1] given,
and let @ € R be the result of a computation of p(y) in floating point arithmetic, with the
“machine epsilon” € > 0. Show that there exists a polynomial p of degree at most n, such
that p(y) = & in exact arithmetic and that

1P = Plloc = max |p(z) — p(z)| < Ce, (3)
z€[0,1]
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for all small € > 0, where C' may depend on n and the coefficients of the polynomial p.
Argue that evaluation of polynomials is backward stable, and estimate the error |& — «|.

SOLUTION
We consider the following simple algorithm
a=a0® (1Y) B...0(, QYR - Ry). (4)
Let

bjr=0a; Y- VY.
k times

Then we have INJj,O = a;, and

bjk = bjk1y(1+8j) = ajy" (1 +85,0) -~ (14 6j),
where |d;;| < e. With these notations, we have

a=boo@bi1®...0byn,
and hence
& = (- (oo + 1)1+ 1)+ bo2)(1+3) - o)1+ 20)
= (boo+bra)(1+e1) - (14en) +boo(l+e2) - (14en)+ ...+ bun(l+en),
where || < e. Now it is clear that the polynomial
p(z) =ap+ a1z + ...+ apz”,

with the coefficients defined by

ap=ap(l1+e1) - (1+ep),

a1 =a1(14+011)1+e1) - (14en),

g = az(1 +d62,1)(1 + 022)(1 +e2) - (1 +&n),

a = ak(l + 5&1) cee (1 + 5k,k)(1 —i—é‘k) cee (1 —l—z’;‘n),

an = an(148p1) - (L4 0pn) (1 +ep),
yields
a=ply)=ao+ay+...+ay".
Next, we need to estimate the norm ||p — p||oc. We start with
|k — ap| < lag] - [(1+0k1) - (14 0pp) (1 +ex) - (1 +en) — 1]
< ag|-[(1+e)" T =11,
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Then taking into account
k

. k 00
(e = PR < S < S =
=0 =0 =0

which is valid for ke < 1, we infer

- 1 (n+1)e
|ay — ax| < (m - 1)|ak| = m\ak\

for (n+1)e < 1. Now, for 0 <z < 1, we have

Pz |<Z!ak—ak\|$| <Z!ak—ak\

(n+1)e
<
T 1-(n+1) Z’k’
n

2(” + 1)82 |a/€|7

k=0
for (n+ 1)e < 1. This is the desired stability estimate (3) with

—2n+ 1) .
k=0

In the context where we interpret the evaluation p(y) as a map p — p(y) : P, — R,
backward stability means that the computed value & of p(y) can be thought of as the exact
evaluation p(y) of a polynomial p, where p is within the distance Ce of p. If we use the
uniform norm || - || to measure the distance between polynomials, what we have achieved
is exactly backward stability of the polynomial evaluation algorithm (4).

Finally, for the error |& — a, we have the following estimate

n
6 — af = [py) — p()] < 15— plloo < 2(n+ 1)y _Jaxl,
k=0

where £ > 0 and n are assumed to satisfy (n + 1)e < 3.
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PROBLEM 5(A)

Find the minimax polynomial approximation of degree 2 for the function f(z) = sinx
on the interval [—1, 1].

SOLUTION

Since sin z is an odd function on [—1, 1], the minimax polynomial p(x) must also be odd.
Moreover, assuming the form p(z) = ax? + bx + ¢, we infer that a = ¢ = 0. In view of the
Chebyshev oscillation theorem, we need to choose the coefficient b such that f(x) — p(z)
takes the values £||f — p|loo at least 4 times, with alternating signs. From Figure 4 it is
clear that b must be in the range sinl < b < 1. Then the local maximums and minimums
of f(z) — p(z) are achieved at +1 and +&, where £ € (0,1) satisfies f/(§) — p'(€) =0, i.e.,

cos& =b.
The condition for p(z) = bz to be the minimax polynomial is now
f(=1) = p(=1) = p(=£) = f(=€) = f(§) —p(§) = p(1) = f(1).

By symmetry, we only need to consider the points x = £ and x = 1, that is,

siné — b = b —sin 1.
In terms of £, this becomes
(E+1)cosé =sin€ +sinl,
which has a solution ¢ &~ 0.49. Finally, the minimax polynomial can be written as

p(x) = bx = x cos&.

b

<
sin 1

FIGURE 4. The graphs of y = sinz (blue) and y = bz (red).
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PROBLEM 6(B)

Compute weights and nodes of the quadrature formula

1
/0 / @;f” ~ wof (o) + w1 f (1),

so that the order of the quadrature is maximum.

SOLUTION

We know from the Gauss-Jacobi theory that the maximum degree of exactness of a
quadrature with 2 nodes is 3. Thus we impose

/1 dz
wo + w1 = 7:27
0

JT
B 1xdx_2
w0w0+w1x1_/0 R -
w0$3+w1x%:/1 *dx :g,
o Vz 5
ww%%—wlx‘;’:/l zidz :g.
o V& T

In order to find the nodes zg and x1, let
m(x) = (x — o) (z — x1) = 2” + pr + ¢,

and derive equations for p and ¢ from (5). First, we multiply the equations in (5) by ¢, p,
1, and 0, respectively, and sum them, to get

2 2
2q+p+-=0.

3 5
Next, by performing the same operation with the coefficients 0, ¢, p, and 1, we infer
31T EP T T

The solution of this system is
6 3

b= _?’ q= %)
and the roots of 7(x) = 22 + px + q are

With these nodes, the first two equations in (5) yield

1 /5 1 /5
w0:1+§ 67 W]_:].—g 6
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PROBLEM 8(D)

Find the least squares approximation polynomials of degrees 0, 1 and 2 for the function
f(z) = |z| on the interval (—1,1) with respect to the weight function w(z) = 1.

SOLUTION

Let p, € P, be the least squares approximation of f from P,. Then a characteristic
property of p, is that the error f — p,, must be orthogonal to P,, i.e.,

1
/l(f(:n) Cpe(@))atdz =0 k=0,....n.
If we express pj,, in terms of the monomial basis {1, z, 2?2, ...}, this leads to a Vandermonde
type system. A more convenient option is to write p,, in terms of a basis that is orthogonal
with respect to the given inner product, in which case one needs to solve a diagonal system.
However, for the current problem, we shall use an ad hoc approach.

Let us start with the n = 0 case. Here, we need to find a constant ¢ such that f — ¢ is
orthogonal to all constants (or equivalently, to the constant function 1).

/1(f(:£)—c)d:x:O = C/_lldx:/_llf(m)d:x.

-1
This simply means that ¢ is equal to the average of f:

1 [t 1
po(x)zc:Q/_l\x]da:ZQ.

Now we consider n = 1. Let pi(z) = az + b. First of all, we require

1
/ (|z| — ax — b)zdz = 0.

-1
Since |z| — b is an even function, the integral of (|z| — a)x over (—1,1) is 0. This means
that the integral of az? must be 0, implying that a = 0. Thus p; is a constant, and since
f — p1 must be orthogonal to constants, we conclude that p; = pg.
Finally, let n = 2 and pa(x) = az? + bz + c. As in the preceding case, a parity argument
gives the constraint b = 0. The remaining conditions are

1 1
/ (Jz| — ax® — ¢)dx = 0, / (|| — az® — ¢)z*dz = 0.
-1 -1

Upon integration, we get

2c+ 2 1 2 + 2 1
c+-a= —c+—-a=
3 ’ 3 5 ’
yielding a = 14—5 and c = —%. The conclusion is that
152% — 3
p2(x) = —

See Figure 5 for an illustration.
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FIGURE 5. The graphs of y = |z| (blue), y = po(x) (green), and y = pa2(z) (red).
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